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ABSTRACT

In this paper, we prove some new fixed point theorems for a generalized
class of Meir-Keeler type mappings, which give some new solutions
to the Rhoades open problem regarding the existence of contractive
mappings that admit discontinuity at the fixed point. In addition to
it, we prove that our theorems characterize completeness of the metric
space as well as Cantor’s intersection property.
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1. INTRODUCTION AND PRELIMINARIES

If f is a self-mapping on a complete metric space (X, d) satisfying a contrac-
tive condition, then the contractive mapping, in general, ascertains that: For
a point x € X, the sequence of iterates is a Cauchy sequence, {f"x} — z, and
z is the fixed point of f. However, there exists Meir-Keeler type contractive
mapping which ensures the existence of sequence of iterates which is Cauchy
and {f"x} — z, but z may not be a fixed point of f. Meanwhile, a more com-
plete study (data dependence, well-posedness, Ulam-Hyers stability, Ostrowski
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property) was recently proposed in [34].

Fixed point theorems studied by Kannan are considered as the genesis of the
question on continuity of contractive mappings at the fixed point (see [15, 16]).
Subsequently, the question whether there exists a contractive definition which
is strong enough to generate a fixed point but which does not force the mapping
to be continuous at the fixed point was ingeminated as an open problem by
Rhoades[33]. In 1999, Pant [27] proved two fixed point theorems in which
the considered mappings were discontinuous at the fixed points, hence gave
affirmative solutions to the Rhoades problem for both the single and a pair of
self-mappings. Some new solutions to this problem with applications to neural
networks have been reported in [2, 3, 4, 5, 6, 12, 23, 24, 25, 26, 29, 30, 31, 32, 37,
39]. Fixed point theorems for discontinuous mappings have found a variety of
applications, e.g., neural networks are generally used in character recognition,
image compression, stock market prediction and to solve non-negative sparse
approximation problems ([10, 11, 20, 21, 22, 38)).

Here, we list various classes of Meir-Keeler (M-K) type conditions which ensure
convergence of the successive approximations but the limiting point may or may
not be a fixed point for the given mappings. For ¢ € {1,...,11}, we consider:

[M-K] for a given e > 0 there exists a d(e) > 0 such that, for any z,y € X,
e <m;(z,y) < e+ ¢ implies d(fz, fy) < e.
It is obvious that [M-K] satisfies the following contractive condition:

d(Tx, Ty) < m;(z,y), for any x,y € X with m;(z,y) > 0, where

mi(x,y) = d(z,y), (Meir-Keeler [18])

a2, y) = d(z, fx) ;d(%fy)

ms(x,y) = max{d(z, fz),d(y, fy)}, (Bianchini [1])

d(z, fy) +d(y, fr)
2

maa,y) = max{ad(% f2) + (1 - a)d(y. fy). (1 — a)d(z, fx) + ad(y, fy>},

0<a<1, (Pant [28])
me(x,y) = max{d(x,y),d(x, fx),d(y, fy)}, (Maiti and Pal [17])

(e, ) = max{du,y),d(x,fx),d(y, fy>,d<m,fy>,d<y,fx>}, (Girié [9])

d(z, fy) + d(y, fr)
2

, (Kannan [15])

my(x,y) = , (Chatterjea [7])

mg(z,y) = max{d(&y),d(x,fx),d(y, fv), }, (Jachymski[14])
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kld(x, fx) + d(y, fy)] kld(=, fy) + d(y, fz)]
2 ’ 2

mo(z,y) = max{d(:v,y)7 },O <k<1,

(e, y) = max{d<x, y).ad(z, f2) + (1 — a)d(y, fy), (1 — a)d(z, fz) + ad(y, fy).
bld(z. fy) +d<y,fa:>1}

5 0<a<land0<b<1,

( Bisht and Rakocevié [5])
mi(z,y) = max{d(x, y),ad(z, fx) 4+ (1 —a)d(y, fy), (1 — a)d(z, fr) + ad(y, fy),

[d(z, fy) + d(y, f=)]
2

Now, we recall some notions of weaker forms of continuity conditions.

},O§a<1.

Definition 1.1 ([8, 9]). If f is a self-mapping of a metric space (X,d), then
the set O (z, f) = {f"x : n =1,2,...} is called the orbit of f at = and f is called

orbitally continuous if v = lim; f™ix implies fu = lim; ff™ix.

Definition 1.2 ([25]). A self-mapping f of a metric space X is called k-
continuous, k = 1,2,3,..., if f*x, — ft whenever, {z,} is a sequence in X
such that f*=1z, —t.

Definition 1.3 ([26]). A self-mapping f of a metric space (X,d) is called
weakly orbitally continuous if the set {y € X : lim; f™iy = u = lim; ff™iy =
fu} is nonempty, whenever the set {x € X : lim; f™x = u} is nonempty.

Remark 1.4. The following observations are now well-established (see [25, 26]):
(i) Continuity implies orbital continuity but not conversely.

(ii) 1-continuity is equivalent to continuity and

continuity =—> 2 — continuity —> 3 — continuity =—> ..., but not con-
versely.

(iii) Orbital continuity implies weak orbital continuity but the converse need
not be true.

(iv) k-continuous mappings are orbitally continuous but the converse need not
be true.

The notion of f-orbitally lower semi-continuity was given by Hicks and
Rhoades [13].

Definition 1.5. Let (X,d) be a metric space and f : X — X. A mapping
g : X — R is said to be f-orbitally lower semi-continuous at a point z € X
if {z,} is a sequence in O(z, f) for some z € X, lim, o0 &, = 2z implies
liminf, e g(z,) > g(2).

In [19], the author has shown that the f-orbital lower semi-continuity of
x — d(zx, fz) is weaker than orbital continuity and k-continuity of f. The
following example illustrates this fact:
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1 1
Example 1.6. Let X = {0’1}U{3_n n=1,2--- U{l—i— g M= 1,2,~~}
and d be the usual metric. Define f: X — X by

0 ifz=0
4
= ifz=1
fr= 3 1
1+izﬁ lfx:?)_n,l n=12
3_n lf.’E:l+3—n, n=1,2,~--
Then
11 1 1 1 1
O(1 =<l 1+-, =14+ =,—=, -, 14+—,—,-- >
()f) {7 +3737 +327327 7+3n73n7 }

1
Let {z,} be a sequence in O(1, f) with z,, = 3 for n > 1. Then, z, — 0
as n — oo. However, fx, = 1+ Bn% — 1 # f0. Thus, f is not orbitally

1
continuous. Now, let {z,} be a sequence in X with z, = 30 for n > 1. Then

we have fz, = 1+

TS, and f?z, = s Since lim,, ,o, fz, = 1 and

lim,, 00 f?2, = 0 # 4/3 = f1, the mapping f is not 2-continuous.
Also,

0 ifex=0
1 .
3 fr=1
= = 2
g(x) d(x’fx) 1_ ifl’:—, n:1727'..
3n+1 3n 1
1 fe=1+—, n=12---

3TL

Let € X and {x,} C O(z, f). If {x,} converges, then it converges to 0 or 1.
If lim,, o0 2, = 0, then

0
liminf g(x,) = ¢ or >g(0)=0
n—oo 1

. I limy 00 @, = 1, then liminf,, o g(z,) = 1 > 1/3 = ¢g(1). Thus, z —
d(x, fx) is f-orbitally lower semi-continuous.

In this paper, we prove some new fixed point theorems for a generalized
class of Meir-Keeler type mappings, which give some new solutions to Rhoades
open problem regarding the existence of contractive mappings that admit dis-
continuity at the fixed point. Further, we prove that our theorems characterize
completeness of the metric space as well as Cantor’s intersection property.
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2. SEQUENCE OF SUCCESSIVE APPROXIMATIONS

Here we show that there exists a large class of contractive mappings which
ensure that the sequences of iterates are Cauchy and {f™z} — z, but z may
not be a fixed point of f. We begin with the following result:

Proposition 2.1. Let f be a self-mapping of a complete metric space (X, d)
such that for all x, y in X we have

(1) Given € > 0 there exists a 6 > 0 such that ¢ < myg(x,y) < e +3d =
d(fx, fy) <e. Then given x in X, the sequence of iterates {f"x} is a Cauchy
sequence and nlLrI;ofTLx = z for some z in X.

Proof. Condition (i) implies that if mo(z,y) > 0, then

(2.1) d(fz, fy) <mio(z,y).
Let xy be any point in X. Define a sequence {z,} in X recursively by z,+1 =
fx, = fxo and v, = d(z,, Tpe1) for each n € NU {0}.
We assume that x,, # x,41 for each n. Using (2.1), we get
Yo = d(@p,Tpi1) = d(fTn-1, frn)
d(xp—1,n),ad(xn_1, frn—1) + (1 —a) d(xn, fx,),

< max{ (1 _ a)d(xn_1, fxn—l) + a,d(ﬂfn, fxn)a b[d({l)n_l’ ffl?n) + d(xvu fxn—l)]

2

TYn—1,aYn—-1 + (1 - CL) Tns

= max b VYn—1+ 7n
(1 — a)Yn—1 + avn, M

= In-1-

This shows that {7,} is a strictly decreasing sequence of positive real num-
bers and, hence, tends to a limit v > 0. Suppose v > 0. Then there exists a
positive integer IV such that
(2.2) n>N=v<y, <v+08(y)

By virtue of (i) the above inequality yields d(fay,, fpi1) = d(@nt1, Tnia) <
r. This contradicts with (2.2). Hence, 74, — 0 as n — oo.

We now prove that {z,} is a Cauchy sequence. Arguing by contradiction,
suppose that {z,} is not a Cauchy sequence. Then there exist an € > 0 and a
sub-sequence {x,, } of {z,} such that
(2.3) d(Tn;, Ty, ) > 26
Select ¢ in (i) such a way that 0 < § < e. Since lim 7, = 0, there exists a

n—roo
positive integer N such that
1)
(24) Tn < 63
whenever n > N. Let n; > N. Then there exist integers m; satisfying n; <
m; < njy1 such that

]
(2.5) AT,y Tm,) > €+ 3"
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If not, then using (2.4) and (2.5), we have
d(xnml'ni-u) < d(xni7xni+l_1) + d(xnz‘+1—17$m‘+1)
< 8+é+é—€+é<2€
36 2 ’

a contradiction with (2.3). Let m} be the smallest integer such that n; < m} <
n;4+1 and

)
(2.6) (T, Tm:) > €+ 3
Then d(zy,, Tpr—1) < €+ g. In view of (2.1) and (2.2), we get

)
e < €+ g < d(mnzammj‘) = d(fxm—lafxmf—l) < mlO(xm—lvl'm;“—ﬂ

d (xni717xm:71) 7ad($ni717 fxni,l) + (1 - a>d(xm;‘71> fmmjfl)7
(I —a)d(zn,—1, fon,_,) + ad(@my—1, fTm:-1),
bld(zn,—15 fTm:—1) + d(Tmz—1, fTn,—1)]

2

I
g
&

< maX{d(xm—laxm;‘—l)vd(xm—hxni)vd(xm;‘—laxm)+d(mni—17xni)}
< d(xni7xm:71) +d(xni71u$n.;)
< + -+ 0 + 0
e+-+-=c+<
3 6 2’
that is,
) 0
e+ 3 < m(xni,l,:cm;,l) <e+ 7

By virtue of (i), the last inequality yields d(fxn,—1, frm:—1) < &, ie.,
d(wp,;, mx) < €. This contradicts (2.6) and, hence, {x,} is a Cauchy sequence.

Since X is complete, there exists a point z € X such that lim z, = lim f"z =
n—oo n—oo

z. O

We now present two examples which satisfy the above proposition but f is
fixed point free.

1
Example 2.2. Let X = [1,2]U {1 —gain= 0,1,2,--- } and d be the usual
metric. Define f: X — X by

0 ifl<zx<2
fx= 1 1

— g Hr=1-o

n=0,1,2,---.
Then
1
f(X) = {1371 :n0,1,2,~~~}
and f is fixed point free. The mapping f satisfies the contractive condition

(i) with

5e) = - if s <e<am,n=0,12--
€ if e>1.
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Example 2.3. Let X = [0,2] equipped with the Euclidean metric d. Define
f: X —>Xby

0 if x>1
Then X is a complete metric space and f satisfies the contractive condition (7)
with

fx{!%ﬁ if 0<z<l1

S if 0<e<?

—e if % <e<l1

€ if e>1

but does not posses a fixed point. It is easy to verify that for each x in X, the
sequence of iterates {f"z} is a Cauchy sequence and f"z — 1 (see [29]).

Se) =4 1

Replacing m1o(x, y) given in the condition (7) of Proposition 2.1 by my1(z,y)
and using similar arguments, proof of the following proposition follows easily.

Proposition 2.4. Let (X, d) be a complete metric space and f: X — X be a
self-mapping such that for all x,y € X we have
(i) Given e > 0 there exists a § > 0 such that

e <my(z,y) <€+5:>d(f$,fy) <e.

Then the sequence of iterates { f"x} is a Cauchy sequence for a given x € X
and lim f"xz = z for some z € X.
n—oo

3. DISCONTINUITY AT FIXED POINT

We give a new solution to the problem of continuity at the fixed point for
the number mqo(x,y).

Theorem 3.1. Let f be a self-mapping of a complete metric space (X, d) such
that
(1) Given € > 0 there exists a § = §(c) > 0 such that
€ S mlO(‘ray) < 5+5 = d(fl',fy) <g,
forallz, y in X. If x — d(z, fz) is f-orbitally lower semi-continuous, then
f has a unique fived point z € X and f"x — z as n — oco. Moreover, f is
continuous at z if and only zfil_anz max {d (x, fx),d(z, fz)} = 0 or, equivalently,

lim supd (fz, fz) =0.
r—z

Proof. Let x be any point in X. Define a sequence {z,} in X recursively by
zy, = ffz,n =0,1,2,3.... Then following the proof of Proposition 2.1 above,
we get that {z,} is a Cauchy sequence. Since X is complete, there exists a
point z € X such that z,, = z.

Since x,, — 2 satisfying d(z,, fz,) = d(f"z, f**1z) — 0 as n — oo, by
f-orbital lower semi-continuity of x — d(z, fx), one gets

d(z, fz) <liminf d(zy, fz,) = 0,
n—oo

which implies that z = fz, i.e., z is a fixed point of f. Uniqueness of the fixed
point follows easily.
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Let f be continuous at the fixed point z. For liin max {d (z, fx),d(z, f2)} =
0; let y, — z. Then fy, — fz =z, d(Yn, fyn) = 0 and

nhﬁrrgo max {d (Yn, fyn) ,d (2, f2)} = 0.

Conversely, let liin max {d (z, fx),d(z, fz)} = 0. To show that f is contin-

uous at the fixed point z, let y, — 2. Then, we have
lim max {d (yn, fyn) ,d (2, f2)} = 0.

This implies that lim d (yn, fyn) = 0 and, hence, lim fy, = lim y, =z = fz.
n—o0 n—o00 n—00

Therefore, f is continuous at the fixed point z. This completes the proof. [

Theorem 3.2. Let f be a self-mapping of a complete metric space (X,d) such
that

(i) Given € > 0 there exists a 6 = d(e) > 0 such that
e < mlO(xay) <E+6$d(f1’,fy) <g,
for all x, y in X. Then f possesses a fized point if and only if f is weakly
orbitally continuous. Moreover, the fized point is unique and f is contin-
wous at z if and only if liLn max {d (z, fx),d(z, fz)} = 0 or, equivalently,
x z

lim supd (fz, fx) =0.
r—z

Proof. Let x be any point in X. Define a sequence {z,} in X recursively by
Ty, = ffx,n =0,1,2,3.... Then following the proof of Theorem 3.1 above, we
get that {x,} is a Cauchy sequence. Since X is complete, there exists a point
z € X such that x,, — z.

Suppose that f is weakly orbitally continuous. Since f™"xg — z for each z,
by virtue of weak orbital continuity of f we get, f"yo — 2z and f"Hlyy — fz
for some yy € X. This implies that z = fz since f"t'yy — 2. Therefore z is a
fixed point of f.

Conversely, suppose that the mapping f has a fixed point, say z. Then
{f"z = z} is a constant sequence such that lim, f"z = z and lim,, f**!z =
z = fz. Hence, f is weak orbitally continuous. Rest of the the proof follows
from the proof of Theorem 3.1. ([l

Remark 3.3. The last part of Theorem 3.1 or Theorem 3.2 can alternatively be
stated as: f is discontinuous at z if and only if liin max {d (x, fx),d(z, fz)} #0
T z

or equivalently, lim supd (fz, fz) > 0.
Tr—z
Remark 3.4. Theorems 3.1 and 3.2 hold true if we replace mqo(x,y) given in
(i) by mai(z,y).
The following theorem is a consequence of above theorems.

Theorem 3.5. Let f be a self-mapping of a complete metric space (X,d) such
that
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(i) Given € > 0 there exists a § = §(e) > 0 such that
e <mg(z,y) <e+6=d(fz, fy) <e,
for all z, y in X. Then f possesses a fized point if and only if f is weakly
orbitally continuous or if x — d(x, fx) is f-orbitally lower semi-continuous,
then f has a fized point z € X and f"x — z as n — co. Moreover, the fixed
point is unique and f is continuous at z if and only if ig supd (fz, fx) =0.

The following result is an easy consequence of Theorem 3.1.

Corollary 3.6. Let f be a self-mapping of a complete metric space (X,d)
satisfying (i) of Theorem 3.1 for all x, y in X. If f is k-continuous for some
k > 1 orif f is orbitally continuous then f has a unique fized point, say z.
Moreover, f is continuous at z if and only if %1_)mz supd (fz, fx) =0.

W now give an example to illustrate the above result.

Example 3.7. Let X = [0,2] and d be the usual metric. Define f: X — X
by
fx_{ Hrogf 0<a<1
Tl & if l<a<2
Then f satisfies all the conditions of Theorem 3.5 and has a unique fixed point
z =1 at which f is discontinuous [29]. One can compute that

z—1 .
- _ | 5= if 0<zx<1
The mapping g(x) = x — d(x, fz) is f-orbitally lower semi-continuous and

satisfies the condition (i) with

5 if ES%
§(e)=Q 1—¢ if 3<e<l
€ if e>1

Here, liin max {d (z, fx),d (z, fz)} does not exist. Also, lim supd(fz, fz) =
x z T—z
1.

Theorem 3.8. Let f be a self-mapping of a complete metric space (X, d) such
that

(17) Given € > 0 there exists a 6 = 0(g) > 0 such that
€ S mlO(x7y) < €+6:> d(fx,fy) <g,
forallxz, y in X. If a =b =0, then f has a unique fized point whenever x —
d(x, fx) is f-orbitally lower semi-continuous or f is weakly orbitally continuous.
If a,b > 0, then f possesses a unique fized point at which f is continuous.

Proof. The proof follows on the same lines of the proof of Theorem 3.1 above.
As seen in Theorem 3.1 above, f need not be continuous at the fixed point if
a =0 ="0. We now show that f is continuous at the fixed point when a,b > 0.
Suppose a > 0 and z is the fixed point of f. Let {z,} be any sequence in X
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such that x,, — z as n — co. Then using (ii), for sufficiently large values of n,
we get

< max{d(zwn),ad(z, f2)+ (1 —a)d(zy, frn),

(1 —a)d(z, fz) + ad(zp, fx,),

bld(z, frn) + d(wn, f2)] }

2
= max{d(z, zn), (1 —a)d(xy, fx,), ad(xy, fz,), bld(z, fan) ;_ d(an, 12)] }
< max {61, ea+ (1 —a)d(z, fxg), es + ad(z, fx,), W} ,
where €;(i = 1,2,3,4) — 0 as n — oo. This yields d(z, fz,,) < €1, ad(z, fz,) <
€2, (1 —a)d(z, fx,) < €3 or bd(z, fzn) < €4. On letting n — oo, we get
lim, oo fx, = 2= fz. Hence f is continuous at the fixed point. O

4. CHARACTERIZATION OF METRIC COMPLETENESS

In a complete metric space, the following well-known variant of Cantor’s
intersection theorem holds.

Theorem 4.1. Suppose that X is a complete metric space, and C,, is a se-
quence of non-empty closed nested subsets of X whose diameters tend to zero:

lim,,_, oo diam(Cy,) = 0, where diam(C,,) is defined by diam(Cy,) = sup{d(z,y)|
x,y € Cy}. Then the intersection of the C,, contains exactly one point:

Moo, Cy = {z} for some z € X.

A converse to this theorem is also true: if X is a metric space with the
property that the intersection of any nested family of non-empty closed subsets
whose diameters tend to zero is non-empty, then X is a complete metric space.

In the next result, we show that Theorem 3.5 characterizes metric complete-
ness of X. However, there is a substantive difference between the next theorem
and similar theorems (e. g., Subrahmanyam [35], Suzuki [36]) giving charac-
terization of completeness in terms of fixed point property for contractive type
mappings. Subrahmanyam [35] and Suzuki [36] have shown that the contrac-
tive condition implies continuity at the fixed point; and completeness of the
metric space X is equivalent to the existence of fixed point. In the next theorem
motivated by ([25, 26]) we prove that completeness of the space is equivalent
to fixed point property for a larger class of mappings including continuous as
well as discontinuous mappings.

Theorem 4.2. If every x — g(x) = d(x, fx) is f-orbitally lower semi-continuous
or weak orbitally continuous self-mapping f of a metric space (X,d) satisfying
the condition (i) of Theorem 3.5 has a fized point, then X is complete.
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Proof. Suppose that every x — d(z, fx) is f-orbitally lower semi-continuous
or weak orbitally continuous self-mapping f of a metric space (X, d) satisfying
the condition (i) of Theorem 3.5 possesses a fixed point. We will prove that X
is complete. Arguing by contradiction, suppose that X is not complete. Then
there exists a Cauchy sequence in X, say M = {uy, }nen having distinct points
which does not converge in X. Let x € X be any arbitrary point. Then, since x
is not a limit point of the Cauchy sequence M, and we have d(z, M — {z}) > 0
and there exists an integer n, € N such that x # u,_ and for each m > n,

(4.1) d(tUn,,, Um) < %d(m,um)

Consider a mapping f : X — X by f(z) = un,. Then, f(z) # x for each x
and, using (4.1), for any z,y € X we get
d(fz, fy) = d(un,, Un,=y) < %d(m,uni) =d(z, fx),if ng, <ny,
or )
d(fz, fy) = d(un, un,) < 5d(y,un,) = d(y, fy),if ne >ny.
This implies that

1
Or equivalently, given € > 0 we can select §(e) = € such that
(4.3) e <maxf{d(z, fr),d(y, fy)} < e+ =d(fz, fy) <e

It is clear from (4.2) and (4.3) that the mapping f satisfies condition (i) of The-
orem 3.5. Moreover, f is a fixed point free mapping whose range is contained
in the non-convergent Cauchy sequence M. Hence, there exists no sequence
{Zn}neny in X for which {fx,}nen converges, i.e., there exists no sequence
{Zn}nen in X for which the condition f*~'x, — t = fFx, — ft for k > 1is
violated. Therefore, f is k-continuous mapping. Since z, € O(z, f), it is of
the form z,, = fi»a with i, € N. Set v, = fi»*t1%2 when i, > k — 1. Then,
fF" Yy, =z, — t as n — oo. By k-continuity of f, we get fx, = fFy, — ft
as n — 00. Thus, lim, e g(xy) = limy, oo d(xy, fx,) = d(t, ft) = g(t), which
implies that g is f-orbitally lower semi-continuous at t. In a similar manner
it follows that f is weak orbitally continuous. Thus, we have a self-mapping
f of X which satisfies all the conditions of Theorems 3.5 but does not possess
a fixed point. This contradicts the hypothesis of the theorem. Hence X is
complete. O

We now show that Theorem 3.5 characterizes Cantor’s intersection property.

Theorem 4.3. Let (X, d) be a metric space and f a self-mapping of X satis-
fying condition (i) of Theorem 3.5. Suppose X satisfies Cantor’s intersection
property and x — d(z, fx) is f-orbitally lower semi-continuous or f is weakly
orbitally continuous. Then f has a fixed point and f is continuous at z if and
only if imy_, , maz{d(z, fz),d(z, fz)} = 0.
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Proof. Let x be any point in X. Define a sequence {z,} in X recursively by
zy, = ffz,n =0,1,2,3.... Then following the proof of Proposition 2.1 above,
we get that {z,} is a Cauchy sequence. Define a sequence {T,, : n =1,2,3,...}
of nonempty subsets of X by T;, = {x; : i > n}. Let C,, denote the closure of
T, € X. Then for each n it is obvious that C,, is a nonempty closed subset of X,
Cpt+1 C Cp, and lim,, o, diam(C,,) = 0. Since Cantor’s intersection property
holds in X, N{C,} consists of exactly one point, say z, which is nothing but
the limit of the Cauchy sequence {x,}. Rest of the proof follows from Theorem
3.5. (I

Theorem 4.4. Let (X,d) be a metric space. If every x — d(z, fz) is f-
orbitally lower semi-continuous or weak orbitally continuous self-mapping f of
a metric space (X,d) satisfying the condition (i) of Theorem 3.5 has a fized
point, then X satisfies Cantor’s intersection property.

Proof. Suppose that every x — d(z, fx) is f-orbitally lower semi-continuous
or weak orbitally continuous self-mapping f of a metric space (X, d) satisfying
the condition (i) of Theorem 3.5 possesses a fixed point. We assert that X
satisfies Cantor’s intersection property. If possible, suppose X does not satisfy
Cantor’s intersection property, then there exists a sequence {C,, }of nonempty
closed subsets of X satisfying C,,11 C C), and lim,_, diam(C,,) = 0 and
having empty intersection. Construct a sequence T' = {z,} € X such that
x; € A limy, o0 diam(Cy,) = 0, given € > 0 there exists a positive integer
N such that n,m > N implies d(z,,2,) < €. Therefore {z,} is a Cauchy
sequence. However, T' = {z,,} is a non-convergent Cauchy sequence since the
sequence {C,, } has empty intersection. As done in the proof of Theorem 4.2 we
can now define f-orbitally lower semi-continuous or weakly orbitally continuous
self-mapping on a metric space (X, d) satisfying condition (i) which does not
possess a fixed point. This contradicts our hypothesis. Therefore, Cantor’s
intersection property holds in X. O

Combining Theorem 4.2 and Theorem 4.4, we get the following theorem:

Theorem 4.5. For a metric space (X, d), the following are equivalent:

(a) X is complete.

(b) X satisfies Cantor’s intersection property.

(c) every x — d(z, fz) is f-orbitally lower semi-continuous or weak orbitally
continuous self-mapping f of a metric space (X, d) satisfying the condition:

Given € > 0 there exists a 6 = §(¢) > 0 such that
e <mg(x,y) <e+6=d(fz, fy) <e,

for all x, y in X, has a fized point.
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