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ABSTRACT

In this paper, we define digital homotopic distance and give its relation
with LS category of a digital function and of a digital image. Moreover,
we introduce some properties of digital homotopic distance such as
being digitally homotopy invariance.
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1. INTRODUCTION

Macias-Virgos and Mosquera-Lois introduced homotopic distance between
maps in [16]. One of the benefits of homotopic distance is to cover the concepts
of Lusternik-Schnirelmann category (denoted by cat, see [8]) and topological
complexity (denoted by TC, see [9]). If one computes the homotopic distance
between some specific maps, then they end up with cat or TC of the domain
of these maps. So there is a well-defined relation between homotopic distance,
TC, cat and even the sectional category (secat) of some specific fibrations.

We investigate an analog of this relationship in the digital setting. After
constructing the digital homotopic distance between digital functions, one of
our aims is to show the relation between digital homotopic distance and digital
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LS category of a digital image as defined in [2] and digital LS cat of a digital
function as defined in [18].

Our another aim is to investigate how the adjacency relation effects the
digital homotopic distance; see Theorem 3.5 and Theorem 3.6.

2. BACKGROUND

In this section, we recall some definitions and theorems from digital topology.
A digital image X is a subset of Z™ with an adjacency relation which is
defined as follows.

Definition 2.1 ([6]). Let p = (p1,...,pn) and ¢ = (¢1,...,¢n) in Z™. Then
for 1 < /¢ <mn, pand q are said to be cy-adjacent if

(i) there are at most ¢ indices ¢ which satisfies |p; — ¢;| = 1 We would
like to call attention to that digital LS category is also introduced with
a different point of view using subdivisions by Lupton, Oprea, and
Scoville in [14] and [15].
(ii) p; = g; for all other indices j satisfying |p; — ¢;| # 1
Here ¢, indicates the number of adjacent points in Z™. For example, ¢; = 2

in Z; ¢ = 4 and ¢, = 8 in Z2. Also notice that adjacency relations are often
denoted by Greek letters.

Definition 2.2 ([4]). A digital interval which is a subset of Z can be defined
as follows

[a,b]z = {n € Z|a < n < b}

where 2-adjacency is assumed.

Definition 2.3 (|5]). Let (X, ) and (Y, A) be digital images. Given a function
f: X =Y, if f(z) and f(y) are A-adjacent or f(z) = f(y) in Y whenever x
and y are k-adjacent in X, then f is called (k, \)-continuous.

Definition 2.4 (|5, 13|). Let f,g: X — Y be (k, \)-continuous functions. If
there exist m € Z* and a function

F:Xx[0,m]z =Y
with the following conditions, then F' is called a (x, A)-homotopy, and f and g
are called (k, \)-homotopic in Y (denoted by f ~, x g).
(i) For all z € X, F(x,0) = f(z) and F(z,m) = g(x).
(ii) For all z € X, the induced function Fy : [0,m]z — Y, Fy(t) = F(z,t)
is (2, \)-continuous.
(iii) For all ¢t € [0,m]z, the induced function F; : X — Y, Fi(x) = F(x,t)
is (k, A)-continuous.
Proposition 2.5 ([5]). If f: X - Y and g : Y — Z are (k, \)-continuous

and (A, 7)-continuous functions, respectively, then go f : X — Z is (k,7)-
continuous.
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Definition 2.6 ([7]). If x and X are two adjacency relations on X, then we say
# dominates A (denoted by k >4 A) if for z,y € X and if z,y are x-adjacent
imply x,y are A-adjacent.

Proposition 2.7 ([7]). Let k, K1, ke be adjacency relations on X and A\, A1, Ao
be adjacency relations on Y.
() If f + X = Y is (k, \1)-continuous and Ay >4 A2, then f is (k, A2)-
continuous.
(b) If f : X = Y is (k1, A)-continuous and ke >4 k1, then [ is (ka, \)-
continuous.

Definition 2.8 ([1, 17]). Let (X, x) and (Y, A) be digital images. Two elements
(x1,11), (T2,y2) € X XY are called NP(k, \)-adjacent if either

(i) 1 = x2 and y1,y2 are A-adjacent or
(ii) y1 = y2 and z1, z9 are x-adjacent or
(iii) =1, o are k-adjacent and y1,y2 are A-adjacent.

Definition 2.9. If a (k, A)-continuous function f: X — Y is (x, A)-homotopic
to a constant map ¢ : X — Y, ¢(x) = yo, then f is said to be (k,\)-
nullhomotopic.

If f: X — X is (k,k)-nullhomotopic, then we omit one of the adjacency
relations and simply write “x-nullhomotopic”.

3. DicitaL HoMoTOPIC DISTANCE

Recall that a covering of a space X is a collection of subsets of X whose
union is X.

Definition 3.1. Let f,g: X — Y be (k, \)-continuous functions. The (k, \)
homotopic distance (so-called digital homotopic distance) between f and g is
the least non-negative integer n such that there exists a covering Uy, U, ..., U,
of the digital image X with the property f|u, ~«,  g|u, for each i. It is denoted

by Dy A (f 9)-
If there is no such covering, we define Dy »(f, g) = oo.

Proposition 3.2. Let f : (X, k) — (Y, \) be continuous. If X is finite and
k-connected, then Dy A(f,g) < 0.

Proof. Let U, = {«}. Then {U, |z € X} is a finite covering of X. Since X is x-
connected, for each z € X there is a (c¢1, k)-continuous f, : [0,m,]z — X such
that f.(0) = z and f.(m.) € f~'(g(z)). Then the function H : U, x [0, m,]z —
Y defined by H(x,t) = f(f.(t)) is a homotopy between f|y, and g|y, . It follows
that Dy A (f,9) < o0. O

Proposition 3.3. Let f,g: X =Y be (k,\)-continuous. The following prop-
erties hold.
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Proposition 3.4. Let (X, k) and (Y, \) be digital images. Let f, f',g,9' : X —
Y be (k, \)-continuous functions. If f ~, x f' and g ~; » ¢’ then Dy A(f,9) =
Dﬁ,A(f/agl)'

Proof. Suppose Dy A(f',¢') = n. Then there exist subsets Uy, Un, ..., U, cov-
ering (X, k) such that f'|y, ~xx ¢'|u, for all i.

From the assumption f ~, » f’ and g ~, x ¢/, we have f|y, ~. 1 f'|u, and
U; =k g/|Ui for all 1.

Therefore, for all ¢, we have

9

Floe e o, e d'lus e glu,-
Hence D, A (f,9) < n.
The other way around can be proved similarly. Thus we conclude that
Dia(f',9") = Dea(f, 9)- O

The following theorems state how the adjacency relations in the domain and
in the image affect the digital homotopic distance.

Theorem 3.5. Let (X,k), (Y,\) and (Y,\N) be digital images. Let f, [ :
X =Y be (k,\)-continuous and g,9' : X =Y (k, \)-continuous functions. If
~ea s gen g and N >g X, then Dy a(f,9) <D (f',9")-

Proof. Suppose Dy x(f’,¢’) = n. Then there exist subsets Uy, Uy, ..., U, cov-
ering (X, k) such that f'|y, ~u. x» ¢'|v, for all 4.

From the assumption f ~, » f’ and g ~. x ¢/, we have f|y, ~xx f'|u, and
glu, ~.n ¢'|u, for all 4.

On the other hand, since X >4 A and g, ¢’ are (k, \')-continuous, by Propo-
sition 2.7(a) g, g’ are (k, A)-continuous. Moreover, (k, \’)-homotopies are also

(K, A)-homotopies. Hence, since gy, ~u..» ¢'lv;, and f'|u, ~ux.n ¢'|u,, thus
glu, =k ¢'lu, and f'lu; = ¢'|u, for all 4.
Therefore, for all i, we have
flo: e f'lus = 9'lus e glu,-
It follows that f|y, ~« x glu, for all i. So we have D, A(f,g) < n. Thus we
conclude that Dy x(f,9) <Dy (f',9'). O

Theorem 3.6. Let (X,k), (X,s') and (Y,\) be digital images. Let f,f' :
X =Y be (k,\)-continuous and g,9' : X =Y (k/, \)-continuous functions. If
.f 25,)\ f/7 g 2/@/,)\ g/ and ’il Zd K, then Dn’,)\(f/ag/) S DK,)\(fa g)

Proof. Suppose Dy (f,g) = n. Then there exist subsets Uy, Uy, ..., U, cover-
ing (X, k) such that f|y, ~..x g|u, for all i.

From the assumption f ~, » f’ and g ~./ x ¢/, we have f|y, ~xx f'|u, and
glu, ~=w . ¢'|u, for all 4.

On the other hand, since k' >4 k and f, f" are (k, \)-continuous, by Propo-
sition 2.7(b) f, f’ are (k’, A)-continuous. Moreover, (x, A)-homotopies are also
(', A)-homotopies. Hence, since f|y, ~..a f'|lu, and flu, ~u.x 9lu,, it follows
that flu, ~w o f'lu, and flu, = ,a glo, for all .
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Therefore, for all ¢, we have

flos e flus 2erx glus = d'lus-

It follows that f'|y, ~xx ¢'|u, for all i. So we have D A(f',¢) < n.
Notice that U;’s also admit x’-adjacency. Thus we conclude that D,/ z(f', ¢') <
Dn,)\(fa g)

Proposition 3.7. If f,g : X — Y are (k,\)-continuous maps and if
{Uo,U1,...,U,} is a finite covering of X, then we have

O

Dia(f,9) <Y Dualflu, glu,) +n.
=0

Proof. Suppose Dy A (f|u:, 9lv;) = m; for each i = 0,1,...,n. So there exist
U,U}, ..., U™ covering (U;, k) such that f|;; ~«x gl for all 4, 5.

Consider the collection = {U§,U¢,..., Uy, UL, UL, ... ,U™, ..., UL, UL, ... .U},
Notice that (Jy o, V = X. Moreover, f|v ~ x glv for all V€ Y. Hence

Duan(f,9) < (mo+1)+ (mi+1)+...+ (my, +1)
=(mo+mi+...+my)+n

= Z Dn.)\ (f
1=0

U;» 9 Ui) +n.

4. RELATIONS BETWEEN THE DIGITAL ANALOGS OF HOMOTOPIC
DISTANCE AND cat

In this section we introduce the relation between digital homotopic distance
and digital LS category both of a digital image and a digital function. Let us
first recall the definition of digital LS categories.

Definition 4.1 (|2]). The digital LS category of a digital image (X, x) is the
least non-negative integer k such that there is a covering Uy, Uy, -+ , Uy of X
such that inclusion map ¢; : U; — X is digitally x-nullhomotopic in X for each
1=0,1,..., k. It is denoted by cat.(X) = k.

Definition 4.2 (|18]). Let f : X — Y be a (k, A)-continuous function. The
digital LS category of f is the least non-negative integer k£ such that there is
a covering {Up,...,Ur} of X such that f|y, is (x,A)-nullhomotopic for each
j=0,1,...,k. It is denoted by cat, r(f).

By Definition 4.2, if f : X — Y is (k,A)-continuous and ¢ : X — Y is a
digital constant function, then cat, x(f) = Dxa(f, ¢) provided X and Y are -
and A-connected, respectively.

By Definition 4.1, cat,(X) = Dy (Id,c) where ¢ : X — X is a digital
constant map and X is k-connected.
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Example 4.3. Consider the digital image ({0,2},c;1). cate, ({0,2}) = 1 but
D¢y e, (Id, €) = 0.

Digital Lusternik-Schnirelmann category can be written in terms of digital
homotopic distance as follows.

Theorem 4.4. For a fized g € X, let i1 : X - X X X, i1(z) = (x,20) and
ir: X = X x X, is(x) = (x0,7). Then cate(X) = Dy np(er)(i1,12).

k. Then there are Uy, U,...,Uy covering X such that j; : Uy — X is k-
nullhomotopic for each ¢ = 0,1,... k.
Let F*: U; x [0,m;]z — X be (k, k)-homotopy such that
(al) F'(z,0) = ji(z) = z and Fi(z,m;) = c¢(z) = 9 where ¢ : X — X,
c(x) = g is a constant map.
(a2) For all x € U;, the induced function F} : [0,m;]z — X, Fi(t) = Fi(z,t)
is (2, k)-continuous.
(a3) For all t € [0,m;]z, the induced function F} : U; — X, Fi(z) = Fi(x,t)
is (k, k)-continuous.
Define H' : U; x [0,2m;]z — X x X as follows.

Proof. Let us first show that D, np(,x)(i1,72) < cate(X). Let caty(X) =

(Fi(z,t),0), t € [0,m;]z
(x(), FZ(le — t)), t e [mi, 2m1]Z

Hi(z,t) :{

Then we have

(bl) H(z,0) = i1(x) and H'(z,2m;) = iz(z).

(b2) For all z € U;, the induced function HE : [0,m;]z — X x X, Hi(t) =
Hi(x,t) is (2, NP(k, k))-continuous:

Suppose t1,ty are 2-adjacent.

Case LI: If t1,to € [0,m;]z, then Hi(t;) = (F'(x,t1),70) and
Hi(ty) = (F¥(x,t2),m0) are NP(k,k)-continuous since the first com-
ponents are k-adjacent or equal from (a2) and the second components
are equal.

Case II: If t1,ta € [mi,2mi]z, then H;(tl) = (xo,Fi(:c,2mi — tl))
and H!(t3) = (w0, Fi(x,2m; — t3)) are N P(k, k)-continuous since the
first components are equal and the second components are k-adjacent
or equal from (a2).

Case III: If m; € {t1,t2} then either Case I or Case II applies.

(b3) For all t € [0,m;]z, the induced function H} : U; — X, Hj(z) =
H'(z,t) is (k, N P(k, k))-continuous:

Suppose z,y € U; are k-adjacent.

Case I: If t € [0,m;]z, then H{(z) = Hi(z,t) = (F(x,t),20) and
Hi(y) = Hi(y,t) = (F(y,t),70). So the first components are r-
adjacent, or equal due to (a3) and the second components are equal.

Casell: If t € [my, 2m;|z, then H} (z) = H'(x,t) = (xo, F(z,2m;—t))
and Hi(y) = H'(y,t) = (w0, F(y,2m; —t)). So the first components
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are equal and the second components are k-adjacent or equal due to
(a3).

Hence i1|u;, ~x NP(x,x) t2|v;- This establishes the desired inequality.

Now let us show that cat,(X) < Dy np(w,x)(i1,72). Let Dy np(u,n) (i1, i2) =
k. Then there are Uy, Uy, ..., Uy covering X x X such that i1|y, ~. np(e,x)
is|y; for each j =0,1,... k.

Let G7 : U;j x [0,m;]z — X x X be (k, NP(k, r))-homotopy such that

(c1) GI(z,0) = i1 (x) and GI(z,m;) = iz(x).

(c2) For all z € Uj, the induced function GY : [0,m;]z — X x X, GI(t) =
GI(x,t) is (2, NP(k, k))-continuous.

(¢3) For all ¢ € [0,m;]z, the induced function G} : U; — X x X, GJ(z) =
GI(x,t) is (k, N P(kappa, k))-continuous.

Let ¢; : U; = X be the inclusion function and ¢ : U; — X, ¢(z) = xo be a

constant function.

Define K7 : U; x [0,m;]z — X by KJ(x,t) = pry o G’(x,t) where pr; :
X xX — X is the projection to the first factor. Notice that pry is (NP(k, k), k)-
continuous, [10]. Then we have

(d1) K¥(z,0) =z = 1j(z) and K7 (z,m;) = zo = c(x).

(d2) For all x € Uj, the induced function K7 : [0,m;]z — X, K'(z,t) =:
KI(t) = pr; o GL(t) is (2, N P(k, k))-continuous due to Proposition 2.5,
the (NP(k, k), k)-continuity of pr; and the (2, N P(k, ))-continuity of
G7.

(d3) For all ¢ € [0,m;]z, the induced function Kj : U; - X x X, K’ (z,t) =:
K (z) = pry o GJ(z) is (k, £)-continuous due to due to Proposition 2.5,
the (N P(k, k), k)-continuity of pr; and the (2, N P(k, ))-continuity of
G7.

Thus we have ¢;|y;, ~« x c for each j. O

Theorem 4.5 ([18]). cat, np(xx)(Ax) = caty(X) where Ax : X — X x X,
Ax(z) = (z,2) is (k, NP(k, K))-continuous.

Corollary 4.6. Let iq1,i2 be inclusions as defined in Theorem 4.4 and Ax :
X = X x X be (k, NP(k, k))-continuous digital diagonal function. Then

Dy NP(r) (Ax, ) = Dy(in,d2).

Proof. This follows from Theorems 4.4 and 4.5.
O

5. DiGITALLY HOMOTOPY INVARIANCE OF DIGITAL HOMOTOPIC DISTANCE

Theorem 5.1 which states that the digital homotopic distance is homotopy
invariant, is the main theorem of this section. Before we mention the theorem,
let us recall right and left digital homotopy equivalences.

A (k, A)-continuous function f : X — Y is left digital homotopy inverse if
there exists a (A, k)-continuous function g : Y — X such that go f ~, . Idx.
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A (k, A)-continuous function f : X — Y is right digital homotopy inverse if
there exists a (A, k)-continuous function h : Y — X such that fog >~y ) Idy.

Theorem 5.1. Let f,g : X — Y be (k, \)-continuous and f',¢g' : X' — Y’
be (k',N)-continuous functions. If ho : X' — X and hy : Y — Y’ have
left and right digital homotopy equivalences respectively such that the following
diagram is commutative both with respect to f and g in the following sense:
hiofohy~ux f and hyogohs ~u x g'. Then Dy (f,9) = Du v (f',9').

An immediate consequence of Theorem 5.1 is the following.
Corollary 5.2 ([2]). Digital LS category is digitally homotopy invariant.
For a proof of Theorem 5.1 we need the following lemmas.

Lemma 5.3. Let f,g: X = Y be (k,\)-continuous and h : Y — Z be (A, 7)-
continuous functions. Then Dy (ho f,hog) <D, (f,9).

Proof. Let Dy A(f,g) = k. Then there exists a covering Uy, ..., U of X such
that flu, ~«x glu, for each ¢ =0,1,..., k. Then for each ¢, we have

(ho f)|Uz =ho f|U¢ Sk ho g|U1: = (h Og)lU'L
where the (k,7)-homotopy follows from Proposition 2.5. Hence D, ,(h o
.fvh’og)SDli,)\(fag)' O

Lemma 5.4. Let f,g: X = Y be (k, \)-continuous and h : Z — X be (v, k)-
continuous functions. Then D, x(f oh,goh) <D, x(f,9).

Proof. Let Dy A(f,g9) = k. Then there exists a covering Uy, ..., U of X such
that flu, ~ux gly, foreach i =0,1,... k.

Consider h~'(U;) C Z. Notice that {h~'(U;)}*_, is a covering of X and
the restriction map h; : h™1(U;) — Z can be written in terms of h as h; :

h=1(U;) & U; < Z, hj = 1o h. Then we have

(foh)|h-1w;) = farw;) © My =yx glh-1w;) © by = glu-1;) 0 (Lo h) -1,

=go(oh)|h-1w,) = (9o h)|h-1wv,
So (foh)|lh-1w,) =y (90 h)|[h-1v,) for each i. Notice that the (v,

)_
homotopy on above line follows from Proposition 2.5. Hence D, z(foh,goh) <
k. O

By using these lemmas we prove the following propositions.

© AGT, UPV, 2021 Appl. Gen. Topol. 22, no. 1 190



Digital homotopic distance between digital functions

Proposition 5.5. Let f,g: X — Y be (k, \)-continuous and hy : Y — Y’ be
(A, X)-continuous function with a left digital homotopy inverse. Then
DH,)\’ (hl o fa hl o g) = DH,)\(f? g)

Proof. By Proposition 3.4 and Lemma 5.3, it follows that D, x(f, g) = Dk a(ho
hio fihohiog) <Dy (hiof,hiog) <Dua(f,9)- O

Proposition 5.6. Let f,g: X — Y be (k, \)-continuous and hy : X' — X be
(', K)-continuous function with a right digital homotopy inverse. Then

DH,,)\(f o h?vg © h2) = DNJ\(f? g)

Proof. By Proposition 3.4 and Lemma 5.4, it follows that D, x(f,g) = Dxa(fo
haoh,gohyoh) <D \(foha,gohz) <Dea(f,9)-
O

Proof of Theorem 5.1. By Proposition 5.5 and Proposition 5.6, we have
D(f',g'") =D(h1o foha,hiogohs) =D(foha,gohs)=D.x(f,9).

6. FUTURE WORK

There is a relation between usual homotopic distance and TC. A similar
relation can be found between digital homotopic distance and digital TC (as
defined in [12]).

Higher digital topological complexity is studied by Is and Karaca in [11].
Motivated from the fact that if digital homotopic distance is a generalization
of digital TC, it can be predicted that a higher analog of homotopic distance
(defined in a similar way as in [16]; see also [3]) can be realized as a general-
ization of higher digital TC.
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