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ABSTRACT

The Menger and the almost Menger properties are extended to locales.
Regarding the former, the extension is conservative (meaning that a
space is Menger if and only if it is Menger as a locale), and the latter
is conservative for sober Tp-spaces. Non-spatial Menger (and hence
almost Menger) locales do exist, so that the extensions genuinely tran-
scend the topological notions. We also consider projectively Menger
locales, and show that, as in spaces, a locale is Menger precisely when
it is Lindel6f and projectively Menger. Transference of these properties
along localic maps (via direct image or pullback) is considered.
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INTRODUCTION

Recall that a topological space X is Menger if for every sequence (%, )nen of
open covers of X we can select, for each n, a finite ¥;, C %, such that (J, .7
is a cover of X. This definition is purely in terms of the lattice of open subsets,
and can thus be extended to frames almost verbatim. That is exactly what
we do. It then turns that the extension of the Menger property to frames is
conservative.

On the other hand, a topological space is called almost Menger if for every
sequence (%, )nen of open covers of X we can select, for each n, a finite ¥, C %,
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such that J{V | V € U, en¥} = X. Although this definition is not solely
in terms of the lattice of open sets (because of the appearance of closures),
it can be adapted to frames by working within the lattice of sublocales, with
the union replaced by the join. That is precisely what we do to define almost
Menger frames.

Our aim in this paper is to initiate the study of the Menger-type properties
in pointfree topology. Some of the results we obtain not only extend the known
topological ones to frames, but also sharpen the topological ones. There are
various weaker forms of the Menger property in spaces, but we restrict ourselves
to extensions of the Menger property and the almost Menger property.

Here is a brief overview of the paper. Since the theory of frames and locales
has by now come of age, the preliminaries in Section 1 are written tersely; the
main purpose being just to fix notation and recall the concepts that are used
most throughout the paper.

In Section 2 we study some properties of Menger frames. We start by ob-
serving that (as already been mentioned) a topological space X is Menger if
and only if the frame Q(X) is Menger, and that non-spatial Menger frames do
exist, so that our extension to frames of this property is a genuine extension
covering more objects than topologies of Menger spaces.

Since the contravariant functor €2: Top — Frm preserves and reflects the
Menger property, one may ask about its right adjoint ¥: Frm — Top. A
frame whose spatial reflection is a codense sublocale is Menger if and only if its
spectrum is Menger (Proposition 2.6). It is perhaps worth underscoring that a
frame whose spatial reflection is a codense sublocale is not necessarily spatial.

Defining a frame to be projectively Menger if every subframe with a count-
able base is Menger, we have that a frame is Menger precisely when it is Lin-
delof and projectively Menger (Corollary 2.14). A completely regular normal
countably paracompact frame is projectively Menger if and only if its Lindelof
coreflection is Menger (Corollary 2.16).

In Section 3 we consider almost Menger frames. Our definition, adapted
from spaces as indicated above, turns out to be conservative for sober Tp-spaces
(Theorem 3.3). Although our definition invokes the lattice of sublocales, we
have a characterisation (Proposition 3.6) solely in terms of elements.

1. PRELIMINARIES

We assume familiarity with frames and locales. Our references are [12] and
[15]. In this section we recall just a few of the concepts that we shall need. Our
notation is standard, and is, by and large, that of our references.

1.1. Frames and spatiality. Throughout this section, L denotes a frame.
We denote by Q(X) the frame of open subsets of a topological space X. An
element p € L is called a point (or a prime) if it satisfies the property that

p<l and Vaz,yel)zAy<p = z<pory<p).
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We write Pt(L) for the set of points of L. A frame is spatial if it is isomorphic
to Q(X) for some space X. This is the case precisely when every element is a
meet of primes.

We view the spectrum of L as the topological space whose underlying set is
Pt(L) with the topology

QL) ={Z,|a€ L} where, foreachaec L, X,={pePt(L)]|a<p}.

The map nr: L — Q(XL) given by nr(a) = ¥, is an onto frame homomor-
phism, and is the reflection map from L to spatial frames.

As usual, we shall write < and <<, respectively, for the rather below and the
completely below relations, and recall that L is called regular (resp. completely
regular) if every element of L is the join of the elements that are rather below
(resp. completely below) it.

1.2. Sublocales and localic maps. The lattice of sublocales of L, ordered
by inclusion, is a coframe denoted by S(L). For later use, we recall that joins

in §(L) are given by

\/Si = {/\M | M C Usl}.

i€l iel
Since S(L) is a coframe, when turned upside down it is a frame, denoted S(L)°P,
whose top element is the void sublocale O = {1}. A sublocale of L is called
a one-point sublocale if it is of the form {p, 1} for some p € Pt(L). Spatial
frames are precisely those that are joins of their one-point sublocales.

The open sublocale associated with a € L is denoted by o1, (a), and the closed

one by ¢z, (a). We shall drop the subscript if no confusion may result from that.
The closure of a sublocale S of L, denoted S or cly, S, is the sublocale

§ =Cr (/\S) .
In particular, o7, (a) = ¢z (a*). A sublocale S of L is dense if S = L. If S and
T are sublocales of L and S C T, then S is a sublocale of T'. The closure of S
in T will be denoted by clr S, and S (unadorned) will be understood to be the
closure in L.
A localic map f: L — M gives rise to two maps

fI-]: S(L) = S(M) and f_1[-]: S(M) — S(L)
given by
fIS)={f(@) |z €S} and f.[T]=\/{AeS(L)|AC [T}

The map f[—] preserves all joins and f_1[—] preserves all meets (recall that
they are intersections) and all binary joins. For any S € S(L) and T € S(M),

fISICT <<= SCf4[T)].
Writing h for the left adjoint of f, we have that, for any b € M,
f-1lop(0)] = op(h(b)) and  foifear(b)] = cL(h(b)).
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This then shows that the map f_1[—] also preserves arbitrary joins of open
sublocales. For, if {b; | i € I} C M, then

-1 Le\/JOM(bi)} = [ {UM (16\/151)} =orL (h(ie\/[bi))
=0 (\/n0)) = \or(hv:)) = \/ f-1lon (b))

i€l i€l i€l

1.3. Covers and coverings. By a cover of L we mean a set C' C L such that
\/C = 1. On the other hand, to avoid possible confusion, we say a collection
% of sublocales of L is a covering of L if \/{C | C € ¥} = L, where the join
is calculated in S(L). This terminology is not standard. A cover consists of
elements of L, whereas a covering consists of sublocales of L. If every sublocale
in a covering € of L is open, then ¥ is an open covering of L. There is a
bijection between covers and open coverings given by

C— €Y ={or(c)|ceC} and € C% ={zxecL|oy(zx)€E).

A cover C of L is said to refine a cover D if for every ¢ € C' thereisa d € D
such that ¢ < d. In this case, C' is called a refinement of D.

2. MENGER LOCALES

We aim to define Menger locales in such a way that a space X is Menger
precisely when the frame Q(X) is Menger. Our definition will be localic, and
we will then cast it in frame terms, which will enable us to show easier that
the definition is conservative. Throughout, every sequence is indexed by N.

Definition 2.1. A frame L is Menger if for every sequence (%) of open
coverings of L, there exists, for each n, a finite Z,, C €, such that (J, .yZ» is
a covering of L. In this case, we say the sequence (Z,) is a Menger witness for

(€n)-

From the bijection between covers and coverings, this definition could equiv-
alently have been stated in terms of covers. The reason is that if C' is a cover of
L and D is a finite subset of C, then, in the notation of Subsection 1.3, €7 is a
finite subset of €. Conversely, if € is an open covering of L and 2 is a finite
subset of %, then C? is a finite subset of C¢ because the mapping u + oy, (u)
is one-one.

Proposition 2.2. A frame L is Menger iff for every sequence (Cy,) of covers
of L, there ezists, for each n, a finite D,, C Cy, such that |, .yDn is a cover
of L.

neN

As with coverings, we shall say such a sequence (D,,) is a Menger witness
for the sequence (C,). This proposition makes it most apparent that every
Menger frame is Lindelof, and every compact frame (in fact, every o-compact
one — meaning one that is a join of countably many compact sublocales) is
Menger. Since there are non-spatial compact frames (see [12, p. 89]), it follows
that:
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A Menger frame need not be spatial.

Since every cover of a subframe is a cover of the ambient frame, we deduce
that:

Every subframe of a Menger frame is Menger. Thus, a localic

image of a Menger frame is Menger.
Since a collection of open subsets of a space X is a cover of the frame Q(X) if
and only if it is an open cover of the space X, we deduce the following from
Proposition 2.2.

Corollary 2.3. A topological space X is Menger iff Q(X) is Menger.

Recall that the sobrification of a topological space is the spectrum of its
frame of open sets. Since a space and its sobrification have isomorphic frames
of open sets, we have the following result.

Corollary 2.4. A topological space is Menger iff its sobrification is Menger.

In light of the dual adjunction

Q
Top Frm
bl

and the result in Corollary 2.3, one may ask if it is the case that a frame is
Menger if and only if its spectrum is Menger. We address this for some types
of frames. As is well known, a frame L is spatial if and only if the frame
homomorphism 7n,: L — Q(XL) is one-one. We will show that for frames L
for which 7y, is codense (meaning that nz(a) = loz) implies a = 1r) the
spectrum analogue of Corollary 2.3 holds. We reiterate that such frames need
not be spatial, as the following example shows.

Example 2.5. Let L be a frame with no points, such as the smallest dense
sublocale of Q(R). Let L be the frame obtained from L by adjoining a new top
element 1; > 17. Then L is not spatial and Pt(L) = {17}. From the latter, it
is not hard to see that n; is codense.

Proposition 2.6. A frame whose spatial reflection is a codense sublocale is
Menger iff its spectrum is Menger.

Proof. Let L be such a frame. For any A C L weset ¥4 = {X, | a € A}. Since
2V, cai = UierZa, for any collection {a; | i € I} of elements of L, it follows
that X ¢ is an open cover of 3L whenever C' is a cover of L. On the other hand,
the part of the hypothesis that says 7, is codense ensures that every open cover
of XL is of the form Y for some cover C of L.

Now assume that XL is Menger. We apply Proposition 2.2 to show that L
is Menger. Let (C),) be a sequence of covers of L. Then (3¢, ) is a sequence
of open covers of L. So for each n there exists a finite D,, C C,, such that
UnenXp, = XL. Since J,yED, = 24, cyDn» We deduce from the codensity
part of the hypothesis that | J,.yDn is a cover of L. Therefore L is Menger.

The converse is shown similarly. (I
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When working with covers or coverings, it is at times convenient to deal
with directed ones. When we say a subset of a poset is directed, we mean that
it is up-directed. If C' is a cover of L and ¥ is an open covering of L, we set

Cc* = {\/F | F is a finite subset of C}

and
€ = {\/ﬂ | # is a finite subset of %},

and observe that C'* is a directed cover of L and > is directed (open) covering
of L.

Proposition 2.7. The following are equivalent for a frame L.
(1) L is Menger.
(2) For every sequence (Cy,) of directed covers of L, there exists, for each
n, an element ¢, € C,, such that {c, | n € N} is a cover of L.
(3) For every sequence (%) of directed open coverings of L, there exists,

for each n, a sublocale U,, € %, such that {U, | n € N} is a covering
of L.

Proof. (2) < (3): This equivalence comes from the bijection between covers
and open coverings, together with the observation that this bijection induces a
bijection between directed covers and directed open coverings.

(1) & (2): Assume that L is Menger, and let (C,) be a sequence of directed
covers of L. Let (D) be a Menger witness for (C),). Since each D,, is a finite
subset of C,, and C,, is directed, there exists an element ¢, € C, such that
VD,, < ¢,. Therefore the cover | J, .yDn refines {c, | n € N}, showing that
the latter is a cover of L.

Conversely, let (C,,) be a sequence of covers of L, and consider the sequence
(CX) of directed covers of L. The current hypothesis furnishes, for each n, a
finite B,, C C,, such that the set {\/B,, | n € N} is a cover of L. Clearly, this
makes the sequence (B,,) a Menger witness for (C),), and hence L is a Menger
frame. (]

neN

Now, let us observe that the Menger property is preserved under finite joins.
In the proof we shall use the fact that families of open sublocales are distributive
in the coframe of sublocales, that is, if (Uy)aca is a family of open sublocales
of L and T is any sublocale of L, then

70\ Us=\/(TNU).
acA acA
Recall that open sublocales of a sublocale A of a frame L are precisely the
intersections with A of the open sublocales of L.

Proposition 2.8. The join of finitely many Menger sublocales of a given frame
is Menger.

Proof. Let us first show that a sublocale A of L is Menger if and only if whenever
(%) is a sequence of families of open sublocales of L such that A C \/%, for
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every n, then there exists, for each n, a finite #;, C %, such that A C \/UJ,,cn7n-
To see this, let us introduce the ad hoc notation that if .# is a family of
sublocales of L, we write

ANZ ={ANF|F e F}.

Now, for the “if” part, the equality A = \/{ANU | U € %,} implies that
AN, is an open covering of A for each n. Since A is Menger, we can find,

for each n, a finite ¥;, C %, such that AN UneN”//n is a covering of A. Thus,

a=\{ansise |} =an\{sise Jn}

neN

which implies A C \/{J,,cy7n, as desired. The “only if” part is proved similarly,
taking into account the fact every open covering of A is of the form A N %,
where % is a family of open sublocales of L with A C \/% .

Now let A and B be Menger sublocales of L, and consider a sequence (%,,) of
families of open sublocales of L with AV B C \/%,, for each n. Then A C \/%,
and B C \/%, for each n. So we can find a finite _@,‘? C %, and a finite
9B C %, such that

Ac\/Uz' anda BcC\/|J27

neN neN

Consequently, for each n, .@;{‘ U 25 is a finite subset of 4, such that
AvBC\/{S|Sez}ua?},

which proves that A vV B is Menger. The general case follows by induction
because the binary join is an associative operation on S(L). (I

The sublocales that inherit the Menger property include the closed ones
because for any frame L and a € L, a cover of ¢(a) is a cover of L. In fact,
we have a stronger result. Recall that a frame homomorphism is called perfect
if its right adjoint preserves directed joins. In [8], a frame homomorphism is
called weakly perfect if its right adjoint preserves directed covers.

Perfect homomorphisms are weakly perfect. Weak perfectness is strictly
weaker than perfectness. Indeed, as observed in [7, Example 3.11], if L is a
compact frame which is not Boolean, then the right adjoint of the join map
JL — L (where JL denotes the frame of ideals of L) takes covers to covers
(and hence is weakly perfect), but it is not perfect. On the other hand, weak
perfectness does not imply that the right adjoint takes covers to covers. A
counterexample (also sourced from [7]) is the embedding of the two-element
chain in the four-element Boolean algebra.

We can summarise these “pictorially” using the acronyms that a frame ho-
momorphism satisfies:

e (DJ) if its right adjoint preserves directed joins;
e (DCQ) if its right adjoint sends directed covers to covers; and
e (CCQC) if its right adjoint sends covers to covers.
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Then
(DJ) =% (CC) =% (DJ); (CC) = (DC) =~ (CC)
and
(DJ) = (DC) =4 (DJ).
Thus, weak perfectness is the least restricted of these properties of homomor-
phisms. So a property of frames that is preserved or reflected by weakly perfect
homomorphisms is also done so by the other types of homomorphisms.

In [6], a cover B of a frame L is called a strong refinement of a cover C if
for every b € B there is a ¢ € C' such that b < ¢. Then L is called cover regular
if every cover of L has a strong refinement. Regular frames are cover regular.
Any finite chain with more than two elements is a cover regular frame which
is not regular. Note that if a directed cover has a strong refinement, then it
has a strong refinement which is directed because whenever b; < ¢; for each
ie{l,...,n}, withn € N, then (by V---Vby) <(c1 V- Vcp).

Recall that a frame homomorphism h: L — M is called dense if the zero
of its domain is the only element mapped to the zero of its codomain. This is
precisely when h,(0) = 0, where h, denotes the right adjoint of h. It is well
known that if & is a dense frame homomorphism, then h.(h(z)) < a whenever
z < a in the domain of h.

Corollary 2.9. Let h: L — M be a frame homomorphism.

(a) If h is weakly perfect and L is Menger, then M is Menger.
(b) If h is dense and weakly perfect, L is cover regular, and M is Menger,
then L is Menger.

Proof. (a) Let (C,) be a sequence of directed covers of M. Since h is weakly
perfect, h.[Cy] is a directed cover of L for each n. Since L is Menger, by
Proposition 2.7 there exists, for each n, an element ¢,, € C,, such that {h.(cy) |
n € N} is a cover of L. Therefore {hh.(c,) | n € N} is a cover of M, and
hence {c, | n € N} is a cover of M because hh.(x) < z for every z € M.
Proposition 2.7 again shows that M is Menger.

(b) Let (Cy) be a sequence of directed covers of L, and, for each n, let B,
be a directed strong refinement of C,. Then h[B,] is a directed cover of M
for each n. Since M is Menger, Proposition 2.7 enables us to find, for each
n € N, an element b,, € B,, such that {h(b,) | n € N} is a cover of M. Since h,
takes directed covers to covers, the set C' = {h.h(b,) | n € N} is a cover of L.
Since B,, is a strong refinement of C,,, for each n, there exists some ¢, € C,
such that b,, < ¢,, and since h is dense, we have h,h(b,) < ¢,. So the cover C
refines {c,, | n € N}, whence we deduce that L is Menger. O

Part (a) of this corollary enables us to say a word about coproducts. We do
not need to recall the construction of coproducts.

Corollary 2.10. If L is compact and M is Menger, then L & M is Menger.

Proof. Tt is shown in [11, Lemma 2] that if L is compact, then the coproduct
injection M — L & M is a perfect map (actually, it is a proper map — we
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will recall the definition later). Since any perfect homomorphism is weakly
perfect, the result follows from Corollary 2.9(a) because compact frames are
Menger. ([

We recall that a topological space X is called “projectively Menger” if every
continuous second countable image of X is Menger. In [4], it is shown that a
Tychonoff space is Menger if and only if it is Lindelof and projectively Menger.
We extend this result to frames without restricting to completely regular ones.
Let us first recall some frame-theoretic notions. A subset S of a frame L is said
to be a generating set if L is the smallest (under inclusion) subframe containing
S. This is the case precisely when each a € L is of the form

a= x € L | z is the meet of some finite F' C S}.
VA |

A base of a frame L is a subset B with the property that every element of L is
a join of some elements of B.

Definition 2.11. A frame L is projectively Menger if every subframe of L with
a countable base is Menger.

This definition can clearly be rephrased to say L is projectively Menger
in case whenever h: M — L is a one-one frame homomorphism and M has a
countable base, then M is Menger. Let us record the following easy observation,
which should certainly be known, but for which we provide a proof as we do
not have a reference.

Lemma 2.12. Every frame with a countable base is Lindeldf.

Proof. Let B be a countable base of a frame L. Let C be a cover of L. For
each ¢ € C, let B(®) be a subset of B such that ¢ = \/B(). Then |J, B is
a countable cover of L refining C'. Therefore C' has a countable subcover. [J

In what follows, we say a countable cover C' = {c1,ca,...} is increasing if
¢n < cpy1 for each n. This is standard terminology. Of course, an increasing
cover is directed. For any given countable cover C' = {¢1, ¢, ...}, we denote

by
ct :{01,01\/62,01\/62\/03,...}

the increasing cover constructed from C' as indicated.

Proposition 2.13. The following are equivalent for a frame L.

(1) L is projectively Menger.

(2) Every Lindeldf subframe of L is Menger.

(3) For every sequence (C,) of countable covers of L, there exists, for each
n, a finite D, C C, such that UneNDn is a cover of L.

(4) For every sequence (Cy) of increasing countable covers of L, there ex-
ists, for each n, an element c,, € Cy, such that {c, | n € N} is a cover
of L.

(5) For every sequence (6,) of countable open coverings of L, there exists,

for each n, a finite 2, C €, such that \J,,cx%n is a covering of L.
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Proof. (1) = (4): Assume that L is projectively Menger, and let (C,) be a
sequence of increasing countable covers of L. Put C = J,,cyCn- Then C' is
a countable subset of L. Let M be the subframe of L generated by C'. Then
the set CF whose elements are the meets of finite subsets of C is a base for
M. Since C is countable, C¥ is countable, and so M has a countable base.
Therefore M is Menger, by hypothesis. Since each C,, C M, (C},) is a sequence
of increasing covers of M, so for each n there exists some ¢, € C,, such that
{en | n € N} is a cover of M, and hence of L. Therefore (1) implies (4).

(4) = (3): Assume that condition (4) holds, and let (C,) be a sequence of
countable covers of L. Consider the sequence (C;F) of increasing covers of L.
By (4), there exists, for each n, some d,, € C,I such that {d, | n € N} is a
cover of L. Since each d,, is a join of some finite D,, C Cy,, |, .yDn is a cover
of L.

(3) = (2): Assume condition (3), and let M be a Lindeldf subframe of L.
Let (U,) be a sequence of covers of M. Since M is Lindelof, we can find, for
each n, a countable C,, C U, such that C,, is a cover of M. Then of course
Cy, is a cover of L, and so, by (3), there exists a finite D,, C C,, such that
UnenDn is a cover of L, and hence of M. Thus, M is Menger, and therefore
L is projectively Menger.

(2) = (1): This follows from the fact that every frame with a countable base
is Lindeldf.

(4) & (5): This follows from the bijection between covers and open cover-
ings. O

neN

Since every Menger frame is Lindeldf and every subframe of a Menger frame
is Menger, we deduce the following characterisation of Menger frames from this
proposition.

Corollary 2.14. A frame is Menger iff it is Lindeldf and projectively Menger.

We now turn to some subclass of completely regular frames. Recall from [6]
that a frame L is countably paracompact if for every countable cover C of L,
there is a cover W of L such that each element of W misses all but a finite
number of elements of C. Let us also recall that a countable cover D = {d,, |
n € N} is called a shrinking of a countable cover C = {¢,, | n € N} if d,, < ¢,
for every n € N. By a cozero cover of a frame we mean a cover consisting
entirely of cozero elements.

Theorem 2.15. The following are equivalent for a normal countably paracom-
pact completely regular frame L.

(1) L is projectively Menger.

(2) For every sequence (Cy,) of countable cozero covers of L, there exists,
for each n, a finite D,, C C,, such that UneNDn is a cover of L.

(3) For every sequence (Cy,) of increasing countable cozero covers of L,
there exists, for each n, an element ¢, € Cy, such that {c,, | n € N} is
a cover of L.
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Proof. The implication (1) = (2) follows from Proposition 2.13, and the impli-
cation (2) = (3) is almost immediate.

(3) = (1): Let (U,) be a sequence of increasing countable covers of L. Now
fix n € N, and write

Un:{unlaun27---} with unlgun2§"' .

Since L is countably paracompact, U, has a shrinking [5, Corollary to Propo-
sition 1]. Since z V y < a whenever < a and y < a, and since z < a < b
implies < b, the cover U,, actually has an increasing shrinking

Vi = {vn1,Un2,...} with Unk =< Unk for each k € N.

By normality, v, << unk for each k, and hence, by [2, Corollary 1], there is a
cozero element z,; such that v, << zpr << Unk. Since the join of finitely many
(actually, countably many) cozero elements is a cozero element, the sequence
(znk)ken can be chosen so that it is increasing. Thus, if for each n € N we let
Z,, be the set

Zn = Lz | k € N},

then (Z,) is a sequence of countable increasing cozero covers of L, and so by (3)
there exists, for each n, an element z, € Z, such that {z, | n € N} is a cover
of L. Since each Z,, refines U,, there exists, for each n, an element u,, € U,
such that {u, | n € N} is cover of L. Therefore L is projectively Menger by
Proposition 2.13. ([

Let L be a completely regular frame and AL be its Lindelof coreflection
(see [14] for details). As shown in [1, Corollary 8.2.13], if we let h: AL — L
be the coreflection map to L from completely regular Lindelof frames, then for
any countable cozero cover C of L, h,[C] is a (countable) cozero cover of AL.
Since, as is well known, Coz(AL) = {h.(c) | ¢ € Coz L}, the countable cozero
covers of AL are precisely the covers h,[C], for C' a countable cozero cover of
L. Furthermore, h.[C] is increasing if and only if C' is increasing. In all, this
yields the following corollary.

Corollary 2.16. A normal countably paracompact completely reqular frame L
is projectively Menger iff AL is Menger.

Proof. Suppose that L is projectively Menger, and denote by h: AL — L the
coreflection map to L from completely regular Lindelof frames. Let (h.[Cy])
be a sequence of increasing countable cozero covers of AL. Then (C,,) is a
sequence of increasing countable cozero covers of L. By Theorem 2.15, there
exists, for each n, an element ¢,, € C,, such that {c, | n € N} is a cover of L.
Thus, for each n, there exists d, € h.[Cy] such that {d, | n € N} is a cover
of AL. Therefore AL is projectively Menger by Theorem 2.15, and hence it is
Menger by Corollary 2.14 because it is Lindelof.

The converse is proved similarly. ([
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3. ALMOST MENGER FRAMES

Apart from the projective Menger property that we discussed in the previous
section (solely for purposes of characterising Menger frames), we shall also
consider a weaker form of the Menger property in frames. As with the case of
the Menger property, we will define it by a condition lifted straight from spaces,
mutatis mutandis. We will show that the localic extension is conservative
for sober Tp-spaces. Recall that a space is sober if it is a Ty-space and the
complements of the closures of its singletons are exactly its meet-irreducible
open sets. That is, a space X is sober if and only if it is a Ty-space and

Pt(Q(X)) = {X ~ {z} |z € X}.

On the other hand, X is a Tp-space if each z € X has an open neighbourhood
U such that U \ {z} is open. Hausdorfl spaces are sober Tp-spaces.

Let us recall that a space X is called almost Menger if for every sequence
(%) of open covers of X, there exists, for each n, a finite &,, C %,, such that

U{DIDelU,en%n} = X.

Definition 3.1. A frame L is almost Menger if for every sequence (%) of
open coverings of L, there exists, for each n, a finite &, C %, such that
V{D | D € U,en%n} = L. In this case, we say the sequence (Z,,) is an almost
Menger witness for the sequence (%,).

It is clear that every Menger frame is almost Menger. Before investigating
some of the properties of almost Menger frames, we show that, among sober
Tp-spaces, the definition of almost Menger frames is conservative. We need
some background. Recall (from [16], for instance) that a prime element p of a
frame L is said to be a covered prime if whenever p = AS for some S C L, then
p € S. Since for any sober space X the prime elements of Q(X) are precisely
the open sets X \ {z}, for z € X, we deduce from [16, Proposition 1.6.2] that
if X is a sober Tp-space, then all its prime elements are covered.

We recalled in the Preliminaries that

L is spatial iff L =\/{{p,1} | p € Pt(L)}.
If X is sober, then the one-point sublocales of Q(X) are exactly the sublocales
{X ~ {2z}, 1g(x)}, with 2 € X. Hence, if X is sober, then

QX) = \/{{X e} o} [z € X}

In fact, this equality holds without sobriety, as observed in [17]. The argument
goes as follows. If X is any topological space and U C X is open, then U =
N{X ~{w} | w ¢ U}, so that, calculating in Q(X) and S(Q(X)),

U = int < N (X\m)> = N\ (X~ {w}) e \/{{X~{a}. 1o} |z € X},

wgU wgU
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Lemma 3.2. Let {U, | a € A} be a family of open subsets of a topological
space X.

(a) If UpeaUa = X, then \/{ogx)([Ua) | a € A} = Q(X).
(b) If X is a sober Tp-space and \/{oax)(Ua) | @ € A} = Q(X), then
UacalUa = X.

Proof. (a) Note that
0a(x)(Ua) = cax) (UL) = cacx) (X N Ua).

Now, given p € X, since UQGAU_Q = X, there is an index v € A such that
pE U_,Y, which implies m C U_,Y, and hence X \ U_'y C X~ m Consequently,
the element X ~ {p} of the frame Q(X) belongs to the sublocale cox) (X NT5),
whence we deduce that

{X~ @7 lox)} € cox) (X NU,)

and therefore,

Q(X)

\/{{X Az} lax)} 2z € X}
\/{ea) (X ~Ta) | a € 4}

= \/{UQ(X)(Ua) |a e A}
Q(Xx),

N

N

which proves the claimed equality.
(b) Assume that X is a sober Tp-space and \/{oqx)(Uas) | @ € A} = Q(X).
Then, for any 2 € X, the element X ~ {z} of 2(X) belongs to this join, so that

X \m S \/{CQ(}Q(X \U_a) | [OAS] A}

By the way joins of sublocales are computed, for each « there is an open subset
V., of X such that X ~ U, C V, and X ~ m = A,Va. Since primes are
covered here, there is an index v € A such that X ~ {z} = V,. Therefore
re XNV, C U_,Y, which then shows that UaeAUQ = X. O

Theorem 3.3. Let X be a topological space.

(a) If X is almost Menger, then Q(X) is almost Menger.
(b) If X is a sober Tp-space, then Q(X) is almost Menger iff X is almost
Menger.

Proof. (a) Let (%,) be a sequence of open coverings of Q(X). For each n,
there is an open cover %, of X such that €, = {oqx)(U) | U € %,}. Now,
since X is almost Menger, there exists, for each n, a finite ¥;, C %, such that
UV |V € Upen?a} = X. For each n, put

Dn = {oax)(V) |V € ¥}
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We will show that (2,,) is an almost Menger witness for (%,,). Clearly, each
D, is finite and 2, C €,,. Let us check the final condition. Since | J{V |V €
Unen”n} = X, we deduce from Lemma 3.2(a) that

o(X) = \/{eay M) Ve U} =\{DIDe Y2},
neN neN

which shows that the final condition to make (%) an almost Menger witness
for (%) is satisfied. Therefore Q(X) is almost Menger.

(b) Assume that X is a sober Tp-space and the frame Q(X) is almost
Menger. Let (%,) be a sequence of open covers of X. For each n € N, put

U, ={oax)(U) | U € U},

and observe that %, is an open covering of Q(X); and so we have a sequence
(,}) of open coverings of the almost Menger frame (X). In accordance with
the definition, for each n, there is a finite ¥,/ C % such that the sequence (%)
is an almost Menger witness for (%), and hence

() V{sIse Un}=ax).
neN
For each n, put
V= {V € X) | oaen) (V) € %},

Since the mapping ogx): Q(X) — S(Q(X)) is injective and ¥}, is a finite set,
it follows that ¥, is a finite set. Furthermore, ¥, C %, because if V € ¥,
then oqx)(V) € ¥, C %,, so that oqx)(V) = 0q(x)(U) for some U € %,,
whence V = U. Observe that, for any sublocale T of L,

T e U”//,{ — T =oqx)(V) for some V U”//n,
neN neN
and so, by Lemma 3.2(b), the equality in (}) implies
U{V|Ve U“I/n}:X,
neN
which then shows that X is almost Menger. ([l
Next, we show that in the definition of almost Menger frames, “open cov-

erings” can be replaced with “directed open coverings” without violating the
concept. In the proof we are going to use the fact that

SV VS, =8,V---VS,
for any collection of finitely many sublocales [15, Proposition II1.8.1].

Proposition 3.4. A frame L is almost Menger iff for every sequence (6,) of
directed open coverings of L, there exists, for each n, a sublocale C,, € €,, such

that \J{C,, | n e N} = L.
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Proof. Suppose, first, that L is almost Menger. Let (%) be a sequence of
directed open coverings of L, and let (Z,) be an almost Menger witness for
(%,,). Since each Z, is a finite subset of %,, and %, is directed, there exists
some C), € %, such that D C C,, for every D € Z,. It follows therefore that

L=\/{DIpeJz}cV{CTilnen}cL,

neN

which proves the left-to-right implication.
Conversely, suppose that the stated condition holds, and let (%,,) be a se-
quence of open coverings of L. For each n, consider the collection

€ = {\/ﬁ~ | Z is a finite subset of ‘Kn}

Then (%) is a sequence of directed open coverings of L. By hypothesis, there
exists, for each n, some W,, € € such that

\/{W.|neN}=L.
Now, for each n € N, there exists some k(n) € N and elements Fﬁl), ce Frm)
of €,, such that

Wn:FS)\/--.\/F:(") and hence Wn:Fr(Ll)\/...\/ k()

Consequently, if for each n we let € = {Ffll), e ,F,If(")}, then each €, is a
finite subset of %, such that

L:\/{aneN}g\/{ﬂTe U%,;}QL,

neN

which then shows that (%) is an almost Menger witness for (%), and hence
L is almost Menger. ([l

Although we could have proved directly from the definition that a localic
image of an almost Menger frame is almost Menger, we shall use this result. If
f: L — M is a localic map and % is a collection of sublocales of M, we write

f-1[?%] for the set {f_1[U] |U € % }.

Proposition 3.5. A localic image of any almost Menger frame is itself almost
Menger.

Proof. Let f: L — M be an onto localic map with L almost Menger. Let (%,)
be a sequence of directed open coverings of M. Since f_1[—] preserves joins of
open sublocales, (f_1[%,])nen is a sequence of open coverings of L, and since
f-1[—] preserves order, this sequence is directed. Since L is almost Menger,
the foregoing proposition furnishes, for each n, an element U,, € %, such that
V{f-1[Un] | n € N} = L. Since f[—] preserves joins and f[—]o f_1[~] <ids(n),
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we have (in light of f being onto)

M = f[r] = f [\ FA00] = 7 T0])

neN neN
<\ flratnl]l € \VUn c M,
neN neN
which shows that L is almost Menger by Proposition 3.4. (Il

As with the case of Menger frames, the almost Menger ones can also be
characterised frame-theoretically without invoking sublocales. To do this, given
a collection {or(aq) | @ € A} of open sublocales of L, we note that

\/OL(LLQ):L = \/cL(aZ):L

acA acA
— (Mael) (a = /\ to, for some t, > a:;);
a€cA
where we have surreptitiously used the fact that
L= {/\M | M C UcL(a;)}
acA

and that if M C L is expressible as a union M = |J
then, setting m; = A M, for each i, we have

/\M = /\mi.

el

scrM; of some subsets,

Given a sequence (C,) of covers of L, suppose that, for each n, there is a
finite D,, C C, such that every element a of L is expressible as a = /\ata
where each t, > dj, for some d,, € |J,cyDn. We then say the sequence (Dy,) is
an almost Menger witness for the sequence (C,). Recall the bijection between
covers and coverings. The calculation above shows that a sequence of covers
has an almost Menger witness if and only if the corresponding sequence of open
coverings has an almost Menger witness. Consequently we have the following
result.

Proposition 3.6. A frame L is almost Menger iff for every sequence (Cy,) of
covers of L, there exists, for each n, a finite D,, C C,, such that every element
a of L is expressible as a = /\ata where each t,, > d}, for some d, € UneND"'

We have seen that working with directed covers (or coverings) is often neater.
After all, informally speaking, selecting an element is easier and quicker than
selecting a finite subset. The frame-theoretic characterisation just stated can
be couched in terms of directed covers.

Corollary 3.7. A frame L is almost Menger iff for every sequence (C,,) of
directed covers of L, we can select, for each n, an element ¢, € C,, such that
any a € L is expressible as a = N\ __ntn for some elements t, € L with each
tn >ch.

neN
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Proof. This follows from Proposition 3.6, the equivalences displayed in the
paragraph following the proof of Proposition 3.5, and the fact that if (C),) is a
sequence of directed covers of L, then (4°°"),¢n is a sequence of directed open
coverings of L, and, conversely, if (4,,) is a sequence of directed open coverings
of L, then (C%"),en is a sequence of directed covers of L. O

It is known that regular-closed subspaces of almost Menger spaces need not
be almost Menger [20, Example 3.1], but clopen subspaces inherit the almost
Menger property [13, Proposition 3.3]. In frames we present a formally stronger
result. We are going to impose conditions on an onto frame homomorphism
which we first show by an example not to be so stringent as to make the
homomorphism an isomorphism. Recall that an element a of a frame L is co-
linear in case a V \;c;xzi = \;c (aV x;) for all families {z;}ic; of elements of
L.

Example 3.8. Let a be a co-linear element of L and let k,: L — Ta be the
map given by kq(z) = a V z. Then &, is an onto, weakly perfect (actually,
perfect) frame homomorphism preserving meets (since a is co-linear). Note
though that k, is not an isomorphism if a # 0.

Now let us recall from [10, Remark 7.1] that:
if h: L — M is a perfect frame homomorphism, then h,(a*) <
h«(a)* for every a € M.

Proposition 3.9. Let h: L — M be a meet-preserving perfect onto frame
homomorphism. If L is an almost Menger frame, then so is M.

Proof. Let (C,) be a sequence of directed covers of M. Then (h.[C,]) is a
sequence of directed covers of L. Since L is almost Menger, there exists, for
each n, an element u,, € h.[Cy] such that the set {uy | n € N} has the property
stated in Corollary 3.7. Each w, is of the form h,(c,) for some ¢, € C,,. We
show that the set {c, | n € N} has the desired property as per Corollary 3.7.
Let a € M. For each n, we can select ¢, € L such that ¢, > h.(c,)* and
hi(a) = A\, cntn- By the result cited above from [10], for each n we have

h(tn) = h(h(cn)*) = h(ha(c})) = ¢,

because h is onto. Now, using the fact that h preserves meets, we see that the
elements h(t,) of M, for n € N have the property that

a = h(h.(a)) = N h(t,) and h(tn) > ¢ for each n |
neN
so it follows that M is almost Menger. O

Recall that a coframe is a complete lattice in which binary joins distributive
over meets. A frame which is simultaneously a coframe need not be Boolean.

Corollary 3.10. If L is almost Menger, then cr,(a) is almost Menger for every
co-linear a € L. In particular, every closed sublocale of an almost Menger frame
which is also a coframe is almost Menger.
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We saw in the proof of Proposition 2.8 that if A is a sublocale of L, then
A is Menger if and only if whenever (%,) is a sequence of families of open
sublocales of L such that A C \/%, for every n, then there exists, for each n, a
finite ¥, C %,, such that A C VUneNVn' We present an almost similar result
for the almost Menger property, but only for dense complemented sublocales.
In the proof we shall use the fact that if S is a dense sublocale of L and U
is an open sublocale of L, then SNU = U [15, XIII.1.2.3]. Let us also recall
that if 7" C S are sublocales of L, then the closure of T in S is given by
clsT = SNT [15, 111.8.5]. We also recall that if S is a sublocale of L and
(T})ier is a family of sublocales of S, then

S(5) S(L)

\VATilient=\/{T:|ieTI}.

In the upcoming proof, the unadorned joins will be in S(L).

Theorem 3.11. The following are equivalent for a complemented dense sublo-
cale A of L.

(1) A is almost Menger.
(2) Whenever (%,) is a sequence of families of open sublocales of L with
A C U, for every n, then there exists, for each n, a finite ¥;, C U,

such that AC\A{V |V €U, en"n}-

Proof. Assume that A is almost Menger, and let (%,) be a sequence of families
of open sublocales of L with A C \/%, for every n. Using the notation in the
proof of Proposition 2.8, we have that (AN%;,) is a sequence of open coverings
of A. Since A is almost Menger, for each n, there is a finite ¥;, C %, such that

S(A)

A=\ {clA(AﬂV) Ve U«//n}
neN
S(A)

= \/{AHWH/E U”//n}

neN
c\{vive U}
neN
which shows that (1) implies (2).
Conversely, assume that (2) holds. Let (4;,) be a sequence of open coverings
of A. Then, for each n, there is a family %, of open sublocales of L such that
Gn = ANY,. Then A C \/%,. By hypothesis, there exists, for each n, a finite

Yy C U, such that A C\/{V |V € U, cn"n}, so that

1) A=\/{AnV|ve |7}

neN
because A is complemented. For each n, put

Dy ={ANV |V € )},
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and observe that %, is a finite subset of ¢,. Now, for each V' € (J, .y,
ANV =ANANV because ANV =V as A is dense and V is open. Since

{Aavive Un}={DIpe Uz},

neN neN
we deduce from (1) that
S(4) S(4)
a=\{anDipe Yz} =\ {cunIDe J2},
neN neN
which shows that A is almost Menger. O

As in spaces, regular almost Menger frames are Menger. In fact, there is a
stronger result. Note that if D is a strong refinement of a cover C of a frame
L, then the open covering 2 = {o(d) | d € D} of L has the property that for
each U € Z there exists a V € €, where € = {o(c) | ¢ € C}, such that U C V
because d < ¢ implies o(d) C o(c). As in the case of covers, let us say an open
covering % is a strong refinement of an open covering ¥ if for each U € %

there is a V € ¥ such that U C V.
Proposition 3.12. A cover reqular almost Menger frame is Menger.

Proof. Let L be a cover regular almost Menger frame, and let (%)) be a se-
quence of open coverings of L. For each n, let (Zl be a strong refinement of %,
so that we have the sequence (@) of open coverings of L. Since L is almost
Menger, we can choose, for each n, a finite ¥, C ‘(;”; such that

V{vive Urn}-rL

neN

Since each ‘;’Z is a strong refinement of %,,, and since ¥;, is finite, there is a
finite 2,, C %, such that the closure of each sublocale in ¥;, is contained in
some sublocale in Z,,. Consequently,

L:\/{V|Ve U%}Q\/{DIDG U@n}gL,
neN neN
showing that (2,) is a Menger witness for (%,,). Therefore L is Menger. O

We shall now present a result which is, in a way, an analogue of [20, Propo-
sition 3.7]. We recall some pertinent terminology and facts. A frame is called
scattered [18] just in case every sublocale of it is complemented. As observed
in [18, p. 315]:

If f: L — M is a localic map with M scattered, then f_q [\/ieIS’i] =
Vierf-1[Si] for every family {S;}icr of sublocales of M.

A localic map f: L — M is called nearly open if f_1[V] = f_1][V] for every
open sublocale V' of M. This is a conservative extension of Ptdk’s [19] notion
of nearly open continuous maps, and it is equivalent to saying h(a*) = h(a)*
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for every a € L, where h is the left adjoint of f. Incidentally, this latter
condition was used by Banaschewski and Pultr [3] to define nearly open frame
homomorphisms. Recall that a localic map is called proper if it is closed and
preserves directed joins.

Theorem 3.13. Let f: L — M be a nearly open proper map of locales. Sup-
pose that M is scattered and covered by its compact sublocales. If M is almost
Menger, then L is almost Menger.

Proof. Let (%,) be a sequence of directed open coverings of L. Write the set
of the compact sublocales of M as an indexed family {K, | « € A}. Since f
is a proper map, each f_1[K,] is a compact sublocale of L [21, Corollary 4.3].
Fix n € N. Since %, is an open covering of L, for each a € A we have the
containment f_1[K,] C \/%,, which, by compactness and the fact that %, is
an increasing open covering of L, implies f_1[K,] C Chpa, for some Cn € 6.
Since C,,,, is an open sublocale of L, there exists an element ¢, € L such that
Cho = 01 (Cna). Since M is scattered and covered by its compact sublocales,

L=falM] =V Ka] =V FalKal €\ orlena).
acA a€A a€A

which implies that the collection %, = {or(cna) | @ € A} is an open covering
of L. We show from this that the collection

W ={om(f(cna)) | @ € A}

is an open covering of M; and the idea for that is to show that, for each o € A,
Ko C op(f(cna)). Since f_1[Ka] C 0r(¢na), upon taking supplements, we
have

CL(Cna) =L~ UL(Cna) g L~ f—l[Ka]-

Taking direct images, and using the fact that f is a closed map, we obtain

cM(f(Cna)) = f[cL(Cna)] C f[L N f—l[KaH - M~ Koz;

where the last containment is obtained from [9, Equation (5.2)]. Since every
sublocale of M is complemented, taking supplements in the containment above
yields

Ko = MN(MNK,) € M~ cpu(flena)) = om(f(cna)),

whence we deduce that %, is an open covering of M. Since M is almost
Menger, the sequence (#;,) has an almost Menger witness, (#/), say. Thus,
for each n € N, there exists some k(n) € N and indices A1) -+ s Qn,k(n)) I
A such that

Wr; = {OM(f(Cn,a(n,l)))u ey OM(f(cn,a(n,k(n))))}

and

(#) V{miweUwi}=m

neN
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We claim that the sequence (%)), where, for each n,

%7/7, = {OL(Cn,a(n,l))a B OL(Cn,a(n,k(n)))}

is an almost Menger witness for (4,). It is clear that each %, is a finite subset
of €,. Since M is scattered and f is nearly open, from (#) we obtain

L=f, [\/{W W e nLgJNW,;H - \/{f_1 W] | W e nLeJN%}

Now, if W € #, for some m € N, then W = oM(f(cm)a(m)i))), for some

i€{l,....k(m)}, so that W = car (f(¢m,a(m.i))*)- Since h(f(b)) < b, so that

b* < h(f(b))*, for any b € M, and since f is nearly open, we therefore have
fa[W] = e (h(f(emam.i)) = o (h(f(Cm.am.i)?)

Cep (Crn,a(m,i))

c\V{pIpe s}

neN
because 01, (Crm a(m.i)) € €, It follows therefore that
\/{E|De U%,;} ~ I,
neN
which proves that L is almost Menger. O

The condition that M is scattered was used, among other things, to ensure
that joins (actually, only those that cover the codomain) are preserved under
pullback. It is well known that coverings are generally not preserved under
pullback. However, since in the first part of the proof it is a special type of a
covering (by compact sublocales) that is pulled back along a special type of a
localic map (a nearly open one), it is perhaps worth pointing out that we have
not, over hypothesised by requiring the codomain to be scattered. Here is an
example demonstrating the point.

Example 3.14. Consider the frame Q(R), and let j: B(Q(R)) — Q(R) be
the inclusion of its smallest dense sublocale. For any frame L, the frame ho-
momorphism (—)**: L — BL is nearly open because the pseudocomplement
of an element in any dense sublocale calculated in the sublocale is exactly its
pseudocomplement calculated in the frame. Thus j is a nearly open localic
map. For any z € R, denote by Z the prime element R ~\ {z} of Q(R). By
spatiality,
QR) = \/{{F lom} | 7 € R},

so that Q(R) is covered by its (compact) one-point sublocales. For any r €
R, the set-theoretic inverse image j~1[{7, lom)}] = {lom)} because 7* # 7.
Hence j_1[{7, lom)}] = O, which then says

0=\inl{flow)]  whereas  joi|\/ {7 log}] = BO®)),

reR reR
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showing that, generally, j_1 fails to preserve joins of (covering) compact sublo-
cales.

We close with a result that shows that we can replace open coverings with
regular-open coverings in the definition of almost Menger frames. To recall, a
sublocale of L is called regular-open if it is of the form oy (a) with a = **. An
element of L of the form z** is called regular. Clearly, the bijection between
covers and open coverings restricts to a bijection between covers consisting
entirely of regular elements and open coverings consisting entirely of regular-
open sublocales. For any cover C' we will write C** = {¢** | ¢ € C}, and
observe that C** is also a cover, consisting of regular elements.

Proposition 3.15. A frame is almost Menger iff every sequence of open cov-
erings consisting entirely of reqular-open sublocales has an almost Menger wit-
ness.

Proof. Only one implication needs proving. We do it via covers. So, suppose
that every sequence of covers of L consisting entirely of regular elements has
an almost Menger witness. Let (C),) be a sequence of covers of L, and then
consider the sequence (C}:*). By our supposition, (C}*) has an almost Menger
witness; so, for each n, there exists a finite U,, C C}* such that any a € L is
expressible as

a= /\ta, where each t, > u}, for some u, € U U,.
a neN

For each n, there exists a positive integer k, and finitely many elements

Cnls- -+ Cnk, in Cy such that U, = {c3}, ... ,c:‘;,;n}. Let D, = {cp1,. -\ Cnk, }-
Since (z**)* = x* always, it follows that (D,,) is an almost Menger witness for
(Cy). Therefore L is almost Menger. O
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