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ABSTRACT

In this paper, we give an explicit criterion to decide the density of
finitely generated additive subgroups of R™ and C".
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1. INTRODUCTION

It is a classical result of Kronecker that the additive group Z + oZ, o € R,
is dense in R whenever « is irrational. In higher dimensions, this is generalized
as follows: Z" + Z[f1,...,0,]T is dense in R™ if and only if 1,61,...,6, are
rationally independent (see [6] and [5]). For general generated additive groups

P
of the form H = Y Zuy, where p > 1 and uy, € K" (K =R or C), a criterion
k=1

for the density was given by Waldschmidt ([7], see proposition 2.1 for the real
case). However, the use of this theorem in higher dimension or with a large
number of generators is more difficult. So the main aim of this paper is to give
an explicit arithmetic way for checking the density of any finitely generated
additive subgroup of C" and R", which may be used in a future algorithm.
This criterion can be used as a tool to characterize the density of any orbit
given by the natural action of any abelian linear or affine group on K™ (see for
example, [1], [2], [3] and [4]).
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2. PRELIMINARIES

First of all, let us introduce the following proposition which characterizes
the density of additive subgroups Zuy + - - - + Zu,, of R".

Proposition 2.1 ([7], Proposition 4.3, Chapter II). Let H = Zuq + - - - + Zuy,
with u, € R, k= 1,...,p. Then H is dense in R™ if and only if for every

(s1,...,8p) € Z°\{0}:

rank ! Pl =n+1.
S1 Sp

P
Ifp=n+1and (ug,...,u,) is a basis of R", the additive group H = }_ Zu,,
i=1

(2

n
where 1,1 = Y 0;u; is isomorphic (by a linear map) to Z" + Z[bs, ..., 0,]T.
i=1
In this case, proposition 2.1 becomes explicit and have the following form: H
is dense in R™ if and only if 1,6,...,6, are rationally independent.

Now, for the general case, if H is dense in R™ then p > n+ 1 and the vector

P
space Z Ruy, is equal to R™ (proposition 2.1). The last condition means that
k=1
a basis of R™ can be extracted from the set of vectors ug, k=1,...,p.
So let us assume here and after that this basis is (u1,...,u,) and that
p>n+1.

With these assumptions, the rank condition in proposition 2.1 becomes:

1 0 e 0 Qn41,1 e Qpg
0 . . : : . .
(2.1) rank | - . . 0 : : : =n+1
0o ... 0 1 ontin -0 opn
_51 Sn Sn+1 Sp |
where the scalars ay, ; are the coordinates of uy, Kk =n+1,...,p in the basis

(U1, ..., up), i.e.

n
uk:Zakﬂ-ui forall k=n+1,...,p
i=1
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Simplifying further (2.1) using elementary row operations, we get:

1 0 e 0 Qn41,1 e Qp 1
0
rank | © . .0 =n+1
0o ... 0 1 Qnt1n o Qp.n
n n
0o ... . 0 Sn+1 — Zsianﬂﬂ- e Sp— Esiam
L i=1 i=1 _

This condition is fulfilled if the last row is not null, which means that for every
(s1,...,8p) € ZP\{0}, there is at least one integer ko € {n+1,...,p} such that

n
Sk — 2. 8i0y.i # 0, which gives rise to the following proposition:

i=1

Proposition 2.2. Let H = Zui+- - -+Zuy, p > n+1 and such that (u1, ..., uy,)
is a basis of R™ with u, = Zn:ak,iui, for every k =n+1,...,p. Then H is
dense in R™ if and only if folr:évery (s1,...,8p) € ZP\{0}, there is at least one
integer ko € {n+1,...,p} such that sy, — f:lsiakm #0.

Now, let us suppose that 1, g, ..., ak,,, is the longest sequence extracted
from the list {1, a1, . .,k } Which contains 1 and such that its elements are
rationally independent.

Set I, := {il, e 7irk}-

o If I, = {1,2,...,n} for at least one integer kg € {n+1,...,p} then H is dense
in R™. Indeed, otherwise, by proposition 2.2, there exists (s1, ..., sp) € ZP\{0}
such that for every k=n+1,...,p

n

(2.2) Sk — Zsiakﬁi =0

=1

As I, = {1,2,...,n} then using equation 2.2 with k = ko, we get sg, = 0 and

s; = 0 for all ¢ = 1,...,n. Using again this equation for the other values of
ke{n+1,...,p}, we get s = 0. Therefore s; = 0 for every i = 1,...,p, which
leads to a contradiction since (s1,...,s,) € ZP\{0}.

o If I}y = @ all the coordinates of the given vector uy are rational. Actually if
this condition is fulfilled for every k =n 4+ 1,...,p then we have:

P

Proposition 2.3. If I, = & for every k =n+1,...,p, then ZZuj is not
j=1

dense in R™.

We need the following lemma:
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Lemma 2.4. Let (uq,...,u,) be a basis of R™, n > 2. Then:

p
(i) The group Y Zuy, is closed in R™, for any 1 <p < n.
k=1

P q
(i) The group > Rup+ . Zuy is closed in R™, for any 1 <p < q<n.
k=1 k=p+1

P
Proof. let ® : RP — Z Ruy, the natural isomorphism defined by
k=1

P
O(z1,...,2p) = Zxkuk.
k=1

P
Then & is a homeomorphism and we have ®(ZP) = Z Zuy,. Since ZP is closed
k=1

P P

in RP, so Z Zuy, is closed in Z Ruy and hence in R™. A similar argument can
k=1 k=1

be used to the proof (ii) by considering RP x Z47P which is closed in R?. O

Proof of proposition 2.3. If I, = @ for every k =n +1,...,p, then the coor-
dinates of every vector uj are rational. So there exist gr € N* and p, ; € Z

n
such that ay ; = 222, Therefore, u, = qlk > prjuj, forevery k=n+1,...,p.
i=1

ar -
P n n
Hence Zl Zuj C % z:l Zuj, where ¢ = gp+1Gn+2 - - - gp- By lemma 2.4, % Zl Zu,
j= j= j=

P
is closed in R", therefore Z Zu; is not dense in R™. 0
j=1

e For a fixed k = n+1,...,p, assume that I # & and I # {1,2,...,n}.
Then rewrite the scalars «y, ; for every j ¢ I;, as a function of 1 and the scalars

{ag,; i € I;}. Thus there exist 7(1? N ,tk; € Q such that

Jt1? ’ j77‘?"k

k
Qk,j = lpj + E ”Y](,z-)ak,z‘
i€ly
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We obtain:
n
Up = Zoz;w—uj
j=1
_ ) t (k) )
= Qg jUj + kg T Vi Ok | Uy
J€I j¢1x i€l
k
= D anguy Yo [ Yovdw |+ Dt
JEI} €1}, _]Qlk jglk
k
=Yg | wy+ Y| + Yty
JEI i¢ Iy J¢ 1k
(k)
k ; k i
Let g € N* and m§7j),pk,j € Zsuch that t; ; = p;—: and ~yi(7j) = ";—:. Therefore,

k
(2.3) QUK = Za;w qruj + Zm;j)ui + Zp;wuj
JE€L i¢ I J¢ Ik

Notice that the choice of the scalar g is not unique as it can be replaced by a
positive multiple of it.

Set
k
Uy j = Qg+ Zmz(',j)ui
forevery k=n-+1,...,pand j € I. So

(2.4) Uk = Y kUL Y Dhj

VISTES jglk

For a fixed k, the family of vectors (u;w., je Ik) and (u;, j ¢ I) constitute

all together a basis of R™ since the obtained set is a result of transforming the
basis (u1,...,u,) using elementary operations.

3. THE MAIN RESULT: THE REAL CASE

Now, assume that I, # @ for at least one k and that I, # {1,...,n} for
everyk=n+1,...,p.

Definition 3.1. We define My to be the matrix of the coordinates of the
vectors uj , j € [y and k=n+1,...,p.

© AGT, UPV, 2015 Appl. Gen. Topol. 16, no. 2 131



M. Elghaoui and A. Ayadi

The matrix My is actually defined up to scaling of its columns which are the
vectors {uy ;, j € Iy sk =n+1,...,p}. Indeed, for a fixed k € {n+1,...,p},
the choice of ¢ in the definition of u% ; 1s not unique as it can be replaced
by any positive multiple of it. However, the rank of the matrix My does not
change with a particular choice of the set of vectors u}c e

Example 3.2. Let H = Zuy + --- + Zuy with u; = [1,0,0]7, us = [0,1,0]7,
uz = [0,0,1]7, uy = [1,3v2,2]7, us = [0,v2,V5]7, us = [2v2,V3,1]7,
ur = [3, \/5,2\/§]T. Son=3and p="71.

Let k = 4. Then 1,3v/2 is the longest sequence which can be extracted from the
set {1,1,3v/2,2} (of the coordinates of uy along with 1) such that its elements
are rationally independent. Since only @y o has been selected, so Iy = {2}.
Once ay 1 and ay,3 are written as a function of 1, 3v/2, we get:

4 4
tan =1, ta3=2, 7%2) = 75(’2) =0
Using the same procedure for the remaining values of k, we obtain:

I ={2,3}, t51=0, ) =+"=0

Io={12}, tes=1, W =283=0
I7 = {2}5 t7,1 = 37 t713 = 07 75172) = O’ ’Y"S’TQ) =2
We choose q4 = g5 = g6 = g7 = 1 so that py ; =t ; and mz}kj) = %’(7];) for every

iEIk,jﬁlk and k =4,5,6,7.

The vectors uj, ;, j € I, k =4,5,6,7 are:

uﬁm = uy
ug)2 = Uy
’UJE—))3 = Uus
u%)l = U1
u%)2 = U2

u/712 = uz + 2uz

So that My is given by:

000100
Mg=1]11 0 0 1 1
0 01 0 0 2

Theorem 3.3. Let H = Zuy + - - + Zu, with u, € R" and My defined as
above. Then H is dense in R™ if and only if rank(Mpy) = n.

We need the following lemmas for the proof of the theorem 3.3:
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Lemma 3.4. Let uy,...,upt1 € R™ be such that (ui,...,u,) is a basis of
n

R™ and uny1 = > a;u;. Suppose that 1,ay,,...,q, is the longest sequence
i=1

extracted from the list {1, a1,...,a,} which contains 1 and such that its ele-

ments are rationally independent. Then there exist ¢ € N*, my1,...,my, €Z

such that

n+1
1

S RuG+ > Zu; € Zug € R+ = Zuy

jel j¢I k=1 jel qj¢]
where uj; = quj + %:mm»uk foreveryj el and I ={k;, j=1,...,r}.

kgl

Proof. Assume without loss of generality that k; = j, j = 1,...,r. In the
above discussion, we have introduced the vectors u}c ; when several vectors are
added to the basis (uj,...,u,). But in this case, only one vector has been

added (p = n + 1), so we drop the index k from the definition of uj, ;, my ;,
pk,; and I. Thus we have

— Zaju;- + ijuj

jel jel
n+1
where u; = qu; + Y m,; ju;. Moreover, let H := Z Zuy, and
il k=1
ks
’U,;H_l = qUp+1 — ijUj = Z ozju;.

Jj¢r J=1
Now, consider the vector space E of dimension r equipped with the basis B; =
(u},...,u;). The vector u,,; € E and its coordinates with respect to the basis
By are |a1,...,a,]". Moreover, since 1, ay,...,a, are rationally independent,

so for every (si,...,8r41) € Z"T\{0},

1 0O ... 0 aq

det Lo o = Sp41 —;Siai # 0.
0o ... 0 1 fo78 B
S1 Sr Sr41

T
By applying proposition 2.1 to K’ := _ s + Ly, 4y, We get:

Jj=1

K' =FE
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On the other hand, £ & ( > Ruk> =R", so
k=r+1

ZZu + Ly, g + Z Zuk—ZZu + Ly, g + Z Zuy,

k=r+1 k=r+1

Using lemma 2.4, > Zuy is closed in R™, thus:
k=r+1

ZZu + Zuly oy + Z Zuy, = E + Z Ly,

k=r+1 k=r+1

Finally, we have for every 1 < j <1r:

n+1

Uy, u € > Zuy,
k=1

Unil, uJEE—F— Z Zuy,

k r+1

n+1
So K’ C Y Zuy. Then

k=1

n n+1
E+ ZZuk K+ ZZUkCZZUkCE+ ZZuk
k=r+1 k=r+1 k=1 k r+1

The proof is completed. (I

Lemma 3.5. Let B = (u1,...,uy) be a basis of R™, n > 2, andvy,...,vq € ZZui

q n
with 1 < g < n. Then the group ZRUZ' + ZZui 18 not dense in R™.
i=1 i=1

Proof. Without loss of generality, we can assume that the vectors vy, ..., vq are
linearly independent. So they can be completed to the basis B = (v1, ..., v,
Ug41,---,Upn) using the basis B. We may also assume that v; = u; for every

=g+ 1,...,n. Since v; € ZZuj for every ¢ = 1,...,n, it follows that,
j=1

n
through a change of basis, we have u; € Zij. So there exist p € N* and
j=1
n; ;j € Z such that

n

g 4
U; = E 7J’Uj
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1 n
Hence u; € — ZZvj for every i = 1,...,n. Therefore,
j=1

q n q n
> Rui+ > Zu; C Y Ru; +%ZZUZ'
1=1 =1 1=1 1=1
q n
= ZRUZ' + % Z Zv;
1=1

i=q+1
q 1 &
By lemma 2.4, the group ZRvi + — Z Zwv; is closed in R™, so the group
i=1 i=q+1
q n
Z Ruv; + Z Zu; is not dense in R”. O
i=1 i=1

P _
Proof of theorem 3.3. Let H := > Zu;. Suppose that H = R"™, and define
i=1

Hy =Y Zu; + Zug, for every k=n+1,...,p. As
i=1

P
H C Z Hy
k=n-+1

So, we have

(3.1) zp: Hj, =R"

k=n+1
On the other hand, by lemma 3.4, we have
1
S Rup;+ Y Zu; CHy C Y Rufy+— Y Ty
jel il jel U jar,

where for every j € Iy, uj ; = qru;+ 3 ml(-?ui, with m

an

(k)

ij €L and g, € N*.

It follows that

P P
> H.c > Z}Ru;@,ﬁzqikzuj

k=n+1 k=n+1 \j€lx J¢ 1k
p r 1
C g g Ru%)j + g g — L
k=n+1 \jel, k=n+1 \j¢I ak
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Let ¢ = gn+1 - - - @p, the last formula then simplifies to
P

p p
oo Y [ D Ry, 41 S Dz,

k=n+1 k=n+1 \je€li qk:n+1 jélIy
p 1 n
- E E Ruﬁw —l——g L
k=n+1 \j€lx 155

and by equation 3.1, we have

p

(3.2) ST D Ruy, |+ % > Zuw; =R"
j=1

k=n-+1 Jjel}

P

Suppose that Z Z Ruﬁa ;| #R", then we can extract a maximal set of
k=n-+1 Jjel}

independent vectors {v1, ..., vy} with m < n from the set of vectors {u}, ;, j €

1 ¢ 1 ¢
I,k =n+1,...,p}. As u’-e—g Zu; so v-e—g Zu; for every i =
k,j qj:1 J i qj:1 J

p n m n
1 1
1,...,m. Using lemma 3.5, E g Ruj ; | += E LZuj = E Ru; + = E L,

k=n+1 \jElx 153 j=1 153

P
is not dense in R™, this leads to a contradiction with equation 3.2. So Z Z Ruﬁcy ;| =R™
k=n+1 \j€lx
P
Since Z Z Ruj, ; | is the span of the columns of the matrix Mg so
k=n+1 \j€lx
rank(Mpy) = n.

P
Conversely, suppose rank(My) = n, i.e. Z Z Ru;w- = R". By lemma 3.4,
k=n-+1 JEI

we have: for every k=n+1,...,p
Z Ru;w- C ZRu;J— + ZZUJ' C Hy
JEIk JEIk s
So
P P
Y (Yra,) € Yom
k=n+1 \j€lj k=n-+1
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p
As H, C H, so Z H, c H. Thus
k=n+1

p

R'= > > Ruy, | cH

k=n+1 \jely
It follows that H = R™. O

Example 3.6. Let H = Zuy + - - - + Zuz, where u; = [1,0,0]%, u
uz = [0,0, 17, wg = [1,vV2, 17, us = [0,1,v3]7, ue = |
[1,v/2,v2]T. Son =3 and p=7. The sets I, k =4,...,7 are:
Iy = {2}5 I5 = {3}5 IG = {172}5 I7 = {2}

We obtain:
I
U472 = U2
u/573 = Uus
ugJ =u
ué‘,2 = Uy
Uy o = Uz + U3
So that:
0O 01 0 O
Mg=1|1 0 0 1 1
01 0 01

Since rank(Mp) = 3 then H is dense in R3.

Now, let us summarize the approach to follow in order to test the density of a

P
given additive group H = Z Zuy, of R™:
k=1

p
(1) If p<nor ZRuk # R™, then H is not dense in R".
k=1
(2) Otherwise, compute the sets I, k=n+1,...,p:
o If [, = forevery k=n+1,...,p, then H is not dense in R".
e If there is an integer kg € {n + 1,...,p} such that I, = {1,...,n},
then H is dense in R™.
o If I}y # o for at least one k and I, # {1,...,n} for every k = n +
1,...,p, then compute the vectors uy ;, j € Iy, k=n+1,...,p.
(3) Determine the matrix My and its rank.
Then H is dense in R™ iff rank(My) = n.
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4. THE COMPLEX CASE: DENSITY OF ADDITIVE SUBGROUPS OF C"

Let ui,...,up € C*, p > 2n + 1. Suppose that (u1,...,usy,) is a basis of C"
over R. Denote by ur = [R(ux), S(ug)]’ for every k = 1,...,p, where R(w)
and S(w) are respectively the real and the imaginary part of a vector w € C”".
We let H = Zuy + - - - + Uy, so H C R?".

Theorem 4.1. Let H = Zuy + - - - + Zuy with up, € C*. Then H is dense in
C" if and only if rank(Mg) = 2n.

Proof. The proof results directly from theorem 3.3 and the fact that H=C"
if and only if H =R, O

Example 4.2. Let H = Zuj + --- + Zug with u; = [1, 0]7, uy = [0, 1]7,
uz = [i, 0]T,uq = [0, 9|7, us = [1 + 2i, 5V3]7, ug = [ivV2,vV3 + |7, ur =
2v3 4+, V24 20T, ug = [1 + 4iv/2, 5iv/3]T.

Then H = Zuy + - - - + Zug, where @ = [1,0,0,0]7, @ = [0,1,0,0]7,
i3 = [0,0,1,0]7, uy = [0,0,0,1]7, a5 = [1,5v/3,2,0]", us = [0,v3,v2,1]7,
ur = [2v3,v2,1,2)7, s = [1,0,4v2,5v3]T.

The sets I, k=5,...,8 are:
I5 = {2}, IG = {2,3}, I7 = {1, 2} and Ig = {3,4}

We obtain:
63)2::112
6/6,2::112
17’6)3:&3
17’7)1:&1
17’7)2:%
ﬂéﬁgzﬁg
%14:54
Then
0 001 0 0O
1 10 01 0O
Mg=190100 10
0 00 0 O 0 1

Since rank(My) = 4 then H is dense and so is H.
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