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Weak completeness of the Bourbaki
quasi-uniformity
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ABSTRACT.  The concept of semicompleteness (weaker than
half-completeness) is defined for the Bourbaki quasi-uniformity
of the hyperspace of a quasi-uniform space. It is proved that
the Bourbaki quasi-uniformity is semicomplete in the space of
nonempty sets of a quasi-uniform space (X,U) if and only if each
stable filter on (X,U*) has a cluster point in (X,U). As a conse-
quence the space of nonempty sets of a quasi-pseudometric space
is semicomplete if and only if the space itself is half-complete. It
is also given a characterization of semicompleteness of the space of
nonempty U*-compact sets of a quasi-uniform space (X,U) which
extends the well known Zenor-Morita theorem.
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1. INTRODUCTION

Our basic reference for quasi-uniform spaces is [8].

A (base B of a) quasi-uniformity & on a set X is a (base B of a) filter U
of binary relations (called entourages) on X such that (a) each element of U
contains the diagonal Ax of X x X and (b) for any U € U there is V € U
satisfying VoV CU.

Let us recall that if ¢ is a quasi-uniformity on a set X, then &Yt = {U ! :
U € U} is also a quasi-uniformity on X called the conjugate of U. The unifor-
mity & VU ! will be denoted by U*. If U € U, the entourage U N U~! of U*
will be denoted by U*.

Each quasi-uniformity ¢ on X induces a topology 7 (U) on X, defined as
follows:

T(U) ={A C X : for each z € A there is U € U such that U(z) C A}.

*The author acknowledges the support of the Spanish Ministry of Science and Technology,
under grant BFM2000-1111.
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If (X,T) is a topological space and U is a quasi-uniformity on X such that
T =T (U) we say that U is compatible with 7.

A quasi-uniform space (X,U) is precompact if for each U € U there exists
a finite subset F' of X such that X = U(F). (X,U) is U '-precompact if
(X,U1) is precompact and (X,U) is U*-precompact (totally bounded) if the
uniform space (X,U*) is precompact.

A sequence (zp)nen in a quasi-pseudometric space (X, d) is called right K-
Cauchy [12] if for each € > 0 there is k& € N such that d(zy,z,,) < € for each
n>m > k. (X,d) is said to be right K-sequentially complete if each right K-
Cauchy sequence converges. A filter F on a quasi-uniform space (X,U) is called
right K-Cauchy [13] if for each U € U there is an F € F such that U~!(z) € F
for each z € F. (X,U) is said to be right K-complete if each right K-Cauchy
filter converges.

Obviously a quasi-pseudometric space (X, d) is right K-sequentially complete
if the quasi-uniformity U, is right K-complete. It is known that the converse
holds for regular spaces [2].

A filter F on a quasi-uniform space (X,U) is called left K-Cauchy [13] if for
each U € U there is an F' € F such that U(z) € F for each z € F. (X,U) is
said to be left K-complete if each left K-Cauchy filter converges.

A quasi-uniform space (X,U) is half complete [7], if each Cauchy filter on
(X,U*) converges in (X,U).

Let (X,U) and (Y,V) be two quasi-uniform spaces. A mapping f : (X,U) —
(Y, V) is said to be quasi-uniformly continuous if for each V' € V there is U € U
such that (f(z), f(y)) € V whenever (z,y) € U.

Let (X,U) be a quasi-uniform space and let Py(X) be the collection of all
nonempty subsets of X. The Bourbaki (Hausdorff) quasi-uniformity on Py(X)
is defined by Uy = {Ug : U € U}, where Uy is defined by Uy = {(4,B) €
Po(X) : BCU(A) and A CU 1(B)} for each U € U (see [3] and [11]).

Let (X,U) be a quasi-uniform space. Let denote by Ko(X) (resp. Ky'(X),
K5(X)) the family of nonempty compact (resp. U !l-compact, U*-compact)
subsets of X, by Fy(X) the family of nonempty finite subsets of X, by Co(X)
(resp. Cy (X)), Ci(X)) the family of nonempty closed (resp. U~ '-closed, U*-
closed) subsets of X and by PCy(X) (resp. PCy'(X), PCH(X)) the family of
nonempty precompact (resp. U !-precompact, U*-precompact) subsets of X.
We will use the same symbol Uy to denote the restriction of Uy to any of the
previous subspaces.

In this paper the concept of semicompleteness of the Bourbaki quasi uni-
formity is introduced and used to extend the main theorems concerning com-
pleteness in uniform (metric) spaces to the setting of quasi-uniform (quasi-
pseudometric) spaces.

The well-known Zenor-Morita theorem states that a uniform space (X,U)
is complete if and only if (Ko(X),Uy) is complete. In [5] it is proved that
a compactly symmetric quasi-uniform space (X,U) is complete if and only if
(Ko(X),Up) is complete, providing a generalization of the Zenor-Morita theo-
rem for compactly symmetric quasi-uniform spaces. Here completeness is meant
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in the sense used by Fletcher and Lindgren in their monograph [8]. In section
3 it is given a generalization of the Zenor-Morita theorem for quasi-uniform
spaces in terms of semicompleteness.

Burdick [4, Corollary 2], based on former work of Isbell [9], answered a ques-
tion of Csédszar [6] in the affirmative by proving the following characterization:
The Hausdorff uniformity on Py(X) of a uniform space (X,U) is complete if
and only if each stable filter on (X,U) has a cluster point. In [11] it is proved a
satisfactory generalization of this result to the setting of quasi-uniform spaces,
since it was proved that (Po(X),Uy) is right K-complete if and only if each
stable filter on the quasi-uniform space (X,U) has a cluster point in (X,H). In
section 3 it is given another generalization of Isbell-Burdick theorem for quasi-
uniform spaces. In particular it is proved that (Py(X),Up) is semicomplete if
and only if each stable filter on (X,U*) has a cluster point in (X,U). Moreover,
a characterization of half completeness of (Py(X),Uy) is obtained in terms of
doubly stable filters on (X,U).

It is known (see e.g. [4, Corollary 6]) that the Hausdorff metric of a (bounded)
metric space (X,d) is complete if and only if (X,d) is complete. In [11] it
is proved a satisfactory generalization of this result to the setting of quasi-
pseudometric spaces, since it was proved that (Py(X), dp) is right K-sequentially
complete if and only if (X, d) is right K-sequentially complete. In section 3 a
simpler proof of this result is given. It is also proved that (Py(X),dy) is semi-
complete if and only if (X, d) is half complete.

2. PRELIMINARY RESULTS

Let us denote NPCy (X) = {A € Py(X) : for each U € U there exists a
finite subset F' of X such that A C U~1(F)}.
NPCyH(X) can be used to describe the closure of Fy(X) in (Po(X),Us).

Proposition 2.1. Let (X,U) be a quasi-uniform space. Then Cly ) (Fo(X))
= NPC;H(X).

Proof. Let A € Clyy, (Fo(X)), and let U € U. Then there exists F € Fo(X)
such that F € Uy (A), and hence A C U~(F). Therefore A € NPCy*(X).
Conversely, let A € N'PCy'(X) and let U € U. Then there exists F' € Fo(X)
such that A C U~Y(F). Let F' = FNU(A). It is easy to check that F' € Uy (A)
and hence A € Clyq,,)(Fo(X)). O

Corollary 2.2. Let (X,U) be a quasi-uniform space such that (X,U™') is pre-
compact. Then KCo(X) is dense in (Po(X),Un).

Proof. Tt is clear that Cly,)(Fo(X)) C Clyw,)(Ko(X)). Since (X,U 1) is
precompact then X € N'PCy'(X), and hence A € N'PC;*(X) for each A €
Po(X). By the previous result we conclude that Clyy,)(Ko(X)) = Po(X). O

Proposition 2.3. Let (X,U) be a quasi-uniform space. Then it holds that
Clr(u=)m)(Fo(X)) = PCH(X) and hence Clyyxy,) (K5 (X)) = PCHX).
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Proof. Let A € Cly(qry,)(Fo(X)), and let U € U. Then there exists F' €
Fo(X) such that F € (U*)y(A), and hence A C U*(F). Therefore A €
NPCH(X) = PCyH(X).

Conversely, let A € PCj(X) and let U € U. Then there exists F' € Fo(X)
such that F C A and A C U*(F). Then F € (U*)g(A) and hence A €

Clr () (Fo(X))- O

Corollary 2.4. Let (X,U) be a totally bounded quasi-uniform space. Then
IC§(X) is dense in (Po(X), (U*) i) and hence in (Po(X), U )*).

Let us denote C*(Fp(X)) = {A € Py(X) : there is a (U*)g-Cauchy net in
Fo(X) which T (Ug )-converges to A}, C(Fo(X)) = {A € Po(X) : there is a left
K-Cauchy net in (Fo(X),Up) which T (Ug)-converges to A} and C~H(Fy(X)) =
{A € Py(X) : there is a right K-Cauchy net in (Fo(X),Uy) which T (Uy)-
converges to A}.

The proof of the following result is a slight modification of [10, Lemma 1].

Proposition 2.5. Let (X,U) be a quasi-uniform space.
(1) PCo(X) C C(Fo(X))-
(2) PC;H(X) € C~H(Fo(X)).
(3) PCH(X) = C*(Fo(X)).

Proof. Let us prove that PCy(X) C C(Fo(X)). The proofs of PCy'(X) C
C~Y(Fy(X)) and PC(X) C C*(Fo(X)) are analogous to this one.

Let A € PCo(X). Let [A]<¥ be the set of nonempty finite subsets of A
directed by set-theoretic inclusion. Then [A]<* can be considered a left K-
Cauchy net in (Fo(X),Uy). Indeed, since A € PCy(X) for each U € U there
exists Ay € [A]<¥ such that A C U(Ay). Then for each B,C € [A]<¥ with
Ay C BC Cwehavethat C C ACU(Ay) CU(B)and BC C C U '(C), and
hence C € Uy (B). On the other hand, it is clear that [A]<¥ T (Uy)-converges
to A and hence A € C(Fy(X)).

Now, let us prove that C*(Fy(X)) C PCH(X). Let A € C*(Fo(X)), then
there exists a (U*)y-Cauchy net (F;)ics in Fo(X) which T (Upy)-converges to
A. Given U € U, let V € U with V2 C U, then there exists ¢ € I such that F; €
(V*)u(A). Then A C V*(F;) and F; C V*(A). Since F; is finite there exists
B C A finite and such that F; C V*(B) and hence A C V* o V*(B) C U*(B).
Therefore A is totally bounded, and hence A € PCj(X). O

3. SEMICOMPLETENESS OF THE BOURBAKI QUASI-UNIFORMITY

The following concept is the main key of this paper.

Definition 3.1. Let (X,U) be a quasi-uniform space. (Po(X),Ur) is said to
be semi-complete if each (U*) g -Cauchy net is T (Ug)-convergent.

Note that if (X,U) is a uniform space then (Py(X),Uy) is semi-complete if
and only if it is complete.

Since (Up)* C (U*)u ([11]), it follows that if (Py(X),U) is half complete
then it is semi-complete.
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The following result shows that semicompleteness of (Ko(X),Uy ) is a strong
condition.

Proposition 3.2. Let (X,U) be a Hausdorff quasi-uniform space.

(1) If (Ko(X),Un) is semicomplete then Co(X) N C*(Fo(X)) C Ko(X).

(2) If (K5(X),Un) is semicomplete then Co(X) N C*(Fo(X)) C K§H(X).

(3) If (Ko(X),Upn) is left K-complete then Co(X) N C(Fo(X)) C Ko(X).
(4) If (KK§(X),Unr) is left K-complete then Co(X) N C(Fo(X)) C KGH(X).
(5) If (Ko(X),Ug) is right K-complete then Co(X)NC 1 (Fo(X)) C Ko(X).
(6) If (KK§(X),Up) is right K-complete then Co(X)NCH(Fy(X)) C KH(X).

Proof. Let us prove the first item. Suppose that (Ko(X),Uy) is semicomplete
and let A € Co(X)NC*(Fp(X)). Then there exists a (U*) y-Cauchy net (Fy)g4ep
in Fy(X) which T (Upy)-converges to A. Since (Ko(X),Uy) is semicomplete,
there exists K € ICo(X) such that the net T (Uy)-converges also to K. Then it
is easy to check that (Fy)gep T (Um)-converges to AU K.

If AC K, since K is compact and A is closed then A is compact and hence
A € Ky(X). Suppose that A ¢ K. Then there exists z € A\ K. Since X is
Hausdorff and K is compact, there exists U € U such that U(z) NU(K) = @.
Then Uy (K UA)NUy(K) = @. Indeed, if there is B € Uy (K U A) N Uy (K),
then AC AUK CUY(B) CU'oU(K), and hence x € U~ o U(K) which
contradicts that U(z) N U(K) = @. Therefore Uy (K U A) N Uy (K) = @, but
(Fg)gep converges to K U A and converges to K, so there exists dy € D such
that Fy, € Ug(K U A) N Uy (K). The contradiction shows that A C K, and
A € Ko(X) (note that this implies that A = K) .

The rest of the items have an analogous proof. We only note that ICj(X) C
Ko(X) and Co(X) C CJ(X). O

The next result provides a generalization of the Zenor-Morita theorem to the
setting of Hausdorff quasi-uniform spaces.

Theorem 3.3. Let (X,U) be a Hausdorff quasi-uniform space. It follows that
(K§(X),Um) is semicomplete if and only if (X,U) is half-complete and Co(X)N
C*(Fo(X)) € Ko (X).

Proof. Suppose that (Kj(X),Um) is semicomplete. It is easy to prove that
(X,U) is half complete and Cy(X) N C*(Fo(X)) C K;(X) by Proposition 3.2.
Conversely, suppose that (X,U) is half-complete. Let {C, : @ € D} be a
(U*)g-Cauchy net in K5(X). Let us show that {C, : @ € D} is convergent in
(G (X), Ui ).
For each a € D, let Fo, = Uy, Cp. Let F = fil{Fy:a € D}.

(1) Let F' be an ultrafilter containing F. Let us prove that F' is (U*)py-
Cauchy. Let U € U and V € U with V2 C U. Since {C, : a € D} is
(U*) g-Cauchy, there exists g € D such that Cy, € (V*) g (Cly,) for each
a > ap and hence Cp C V*(C,y,) for each a > ag. Since Cy, € Kj(X)
there exists a finite subset B of C,, such that C,, C V*(B) and hence
Foy CV*(Cq,) CV*oV*(B) CU*(B). Since F,, € F', B is finite and



106 M. A. Sanchez-Granero

F' is an ultrafilter there exists b € B such that U*(b) € F'. Therefore
F' is U*-Cauchy.
Set C' = (N,ep Fa- First, we note that C' # @ by (1).

(2) Let us prove that {Cy : @ € D} T (Up)-converges to C. Let U € U (we
can suppose that U(z) is open for each 2 € X), then there exist V € U
with V2 C U and ag € D such that C C F, C V~1oV*(C,) C U HCy)
for each a@ > «ag. Suppose that F, ¢ U(C) for each o > . Let
Gg=fil{(X\U(C))NF:FeF}. Itisclear that F C G. Let G’ be an
ultrafilter containing G. Analogous to (1), it can be proved that G is U*-
Cauchy and hence it T (U)-converges to yo € X. Note that yo € C since
F C G and yp € X \U(C) since X \ U(C) is closed. The contradiction
shows that there exists oy > « such that C, C F,, C U(C) for each
a > «y. Therefore C, € Uy (C) for each a@ > «; and so {Cy : a« € D}
T (U )-converges to C.

(3) Let us prove that C' € Kj(X). For each U and o € D there exists
Fou C C, finite such that Cy € (U*)u(Fo,v). Then the net {Fyp :
(a,U) € D x U} (where (o, U) < (¢/,U’) if and only if o < o and
U' CU) is clearly (U*)g-Cauchy and T (Uy)-convergent to C. Then
C € Co(X) NC*(Fo(X)) C K5(X).

Combining the previous arguments, (K§(X),Uy) is semicomplete. O

Remark 3.4. In the proof of the previous theorem the hypothesis that X is
Hausdorff is only used in the only if part. Also note that Kj(X) C Co(X) N
C*(Fo(X)) if X is Hausdorff.

Remark 3.5. Note that if (X, /) is a uniform space and (X, ) is complete then
Co(X)NC(Fo(X)) = Co(X)NPCy(X) which is clearly a subset of ICo(X), since
a closed totally bounded subspace in a complete uniform space is compact (also
note that C(Fo(X)) = C~HFo(X)) = C*(Fo(X)) and Ko(X) = K, H(X) =
K5(X)). Therefore Theorem 3.3 is a generalization of Zenor-Morita theorem.

In order to generalize the Burdick-Isbell theorem, we will need the following
result. Its proof is based on [11, Lemma 6].

Lemma 3.6. Let (X,U) be a quasi-uniform space such that each stable filter
on (X,U*) has a cluster point in (X,U). Let F be a stable filter on (X,U*) and
let C = (\perF. Then U(C) € F for each U €U.

Proof. Suppose that there exists Uy € U such that B\ U(C) # @ for each
E€F. Let Hyp = {a € X : Thereis V € U such that V2 C U; V*(V*(a)) N
Uo(C) =@ and a € (pcr V(F)NE}. GivenU € U and E € F, let V € U with
V2 CUyNU. Then it is easy to check that @ # (Nper V*(F)NE)\UZ(C) C
Hy i, and hence Hy i # @ for each U € Y and E € F.

Note also that for any Uy,Us € U such that Uy C Us and any Ei, Fy € F
such that 1 C Ey we have that Hy, g, C Hy,, p,.

Thus {Hyp : U € U; E € F} is a base for a filter H on X. In order to
show that H is stable on (X,U*), let U,V € U and E € F and let us prove
that Hyx C U*(Hy,g). Let a € Hy x, then there exists W € U such that
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W2C U, W*(W*(a)) NUp(C) = @ and a € per W*(F). Choose Z € U such
that Z2 C VNW. Since a € Nper W*(F) and ENper Z*(F) € F it follows
that there exists y € [EN(pcr Z2°(F)] N W*(a). On the other hand, since
Z*(Z*(y)) ST W*(y) € W*(W*(a)) it follows that Z*(Z*(y)) N Uy(C) = &. We
conclude that y € Hy g and since a € W*(y) € U*(y) we have that Hy x C
U*(Hy,p) and hence # is stable in (X,U*). Hence it has a cluster point z in
(X,U) and since Hx x,r C F whenever F' € F, it follows that = € C, but this
is a contradiction, since Hy,p N Uy(C) = @ and hence H—VE N C = & for each
V €U and E € F. The contradiction shows that U3(C) € F for each Uy € U
and hence U(C) € F for each U € U. O

Now, we generalize the Burdick-Isbell theorem to the setting of quasi-uniform
spaces.

Theorem 3.7. Let (X,U) be a quasi-uniform space. Then (Po(X),Um) is
semicomplete if and only if each stable filter on (X,U*) has a cluster point in
(X,U).

Proof. Suppose that (Py(X),Uy ) is semicomplete, and let F be a stable filter on
(X,U*). Consider the net (F)pe(r o) on Po(X). Let U € U. Since F is stable
on (X,U*) there exists Fiy € F such that Fiy C U*(F) for each F' € F. Thus,
for each ¥’ € F with F' C Fy, we have that Fy C U*(F) and F C Fy C U*(Fy),
so F' € (U")u(Fy) for each F' C Fy and hence (F)pe(r o) is a (U*)g-Cauchy
net on Py(X). Since (Po(X),Un) is semicomplete, the net 7 (U )-converges to
some C € Py(X). It is easy to see that = is a cluster point of F for each z € C.

Conversely, suppose that each stable filter on (X,U*) has a cluster point in
(X,U). Let (Cy)gep be a (U*)y-Cauchy net on Py(X). For each d € D, let
Fg=U.,>4Cc and set F = fil{F;:d€ D} on X. Let U € Y and V € U with
V2 C U, then there exists dy € D such that Cy € (V*)(Cy, ) for each d > dy.
Then Cy C V*(Cy,) and Cy, C V*(Cy) for each d > dy. It follows that
Fq CV*(Cy,,) for each d > dy. In order to prove that Fy, C (\yep U*(Fy), let
T € de and d € D. Let h > d,dy, then x € FdV - V*(Cdv) - V*(V*(Ch)) C
U*(Fy) and hence Fy,, C (\yep U*(Fy). Therefore F is a stable filter on (X,U*).

Let C' = (pex F- Since F is stable on (X,U*) it follows from the hypothesis
that C # @. Let us prove that (Cy)gep converges to C in (Po(X),Un). Let
U €U and let V € U such that V3 C U. It is clear that C C Fy C V™1(Fy) C
VLV (Cy,)) CVHVH(V*(Cyq))) CUL(Cy) for each d > dy .

On the other hand, by Lemma 3.6 we have that U(C) € F, and hence there
exists dy > dy such that Fy, C U(C), and hence Cy C U(C) for each d > dj.
Therefore (Cyq)g4ep converges to C in (Po(X),Un ). O

The next result is a generalization of the following result: a metric space
(X,d) is complete if and only if (Py(X),dy) is complete.

Corollary 3.8. Let (X,d) be a quasi-pseudometric space. Then (X, d) is half
complete if and only if (Po(X), U(d))m) is semicomplete (where U(d) denotes
the quasi-uniformity induced by d).
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Proof. Let U, = {(z,y) € X x X :d(z,y) < 5=}

By Theorem 3.7 we only have to prove that any stable filter on (X, d*) has a
cluster point in (X, d) if X is half complete. Let F be a stable filter on (X, d*),
then for each n € N there exists F}, € F such that F,, C pcrU;(F). Let
x1 € F1, suppose that we have defined z,, and define z,.; as follows: Since
F, CU}(Fny1), let zpy1 € Frp1 MU (zy). Then it is easy to check that (zy,) is
a Cauchy sequence in (X, d*) and since X is half complete it converges to some
point z € X. It is clear that x is a cluster point of F in (X, d). O

Remark 3.9. Let (X,U) be a quasi-uniform space. From the Burdick-Isbell
theorem it follows that the uniform space (Py(X), (*)m) is complete if and
only if each stable filter on (X,U*) has a cluster point in (X,U*). Of course,
(Po(X),Upr) is semicomplete if (Py(X), (U*)g) is complete.

On the other hand, for any half complete non-bicomplete quasi-metric space
(X,d) it follows that (Po(X), (U(d)*)m) is not complete, but (Po(X),Uy) is
semicomplete by Corollary 3.8.

The proof of the following proposition is analogous to the proof of [11, Propo-
sition 7).

Proposition 3.10. Let (X,U) and (Y,V) be quasi-uniform spaces and f :
(X,U*) — (Y,V*) be a uniformly continuous surjection that is T (U)-T (V)-
perfect. If (Po(Y),Vy) is semicomplete then (Po(X),Uy) is semicomplete.

Proof. Let F be a stable filter on (X,U*) and let V € V. Since f is U*-V*-
uniformly continuous there is U € U such that (f x f)(U*) C V*. Since F
is stable on (X,U*), there is Fy € F such that £y C U*(F) for each F' € F,
and hence f(Fy) C V*(f(F)) for each F' € F. Therefore the filter f(F) :=
{f(F) : F € F} is stable on (Y,V*). Since (Py(Y),Vy) is semicomplete, it
follows from Theorem 3.7 that f(F) has a cluster point yy in (Y,V). Since f
is T(U)-T (V)-perfect the filter F has a cluster point zg € f~(yo) in (X,U).
Therefore (Py(X),Ur) is semicomplete by Theorem 3.7. O

Corollary 3.11. Let (X,U) and (Y,V) be quasi-uniform spaces and let f :
(X,U) — (Y,V) be a quasi-uniformly continuous surjection that is perfect. If
(Po(Y), V) is semicomplete then (Po(X),Un) is semicomplete.

Corollary 3.12. Let (X,V) be a quasi-uniform space such that (Py(X),Vy) is
semicomplete. Then for any compatible quasi-uniformity U finer than V on X,
it follows that (Po(X),Un) is semicomplete.

A condition for bicompleteness of (Po(X),Uy) in terms of doubly stable
filters was given in [11].

Recall that a filter F on a quasi-uniform space (X,U) is said to be doubly
stable ([11]) provided that (U (F)NU™(F)) belongs to F for each U € U.

The next result characterizes half completeness of (Py(X),Up) in terms of
doubly stable filters.

Proposition 3.13. Let (X,U) be a quasi-uniform space. Then (Po(X),Uy)
is half complete if and only if each doubly stable filter on (X,U) verifies that
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U(C) € F for each U € U (where C denotes the set of T (U)-cluster points of
F).

Proof. Suppose that (Py(X),U) is half complete, and let F be a doubly stable
filter on (X,U). Consider the net (F)pgr5) on Po(X). Let U € U. Since F
is doubly stable on (X, ) there exists F; € F such that Fy CU(F)NU (F)
for each FF € F. Thus, for each F € F with F' C Fy, we have that Fy C
UF)NU-Y(F) and F C Fy C U(Fy) NU YFy), so F € (Uy)*(Fy) for
each F C Fy and hence (F)pe(r,5) is a (Un)*-Cauchy net on Py(X). Since
(Po(X),Upm) is half complete, the net T (Ug)-converges to some D € Py(X).
It is easy to see that z is a cluster point of F in (X,U) whenever z € D, and
hence, if C' is the set of T (U)-cluster points of F we have that D C C. On the
other hand, given U € U there exists Fy € F such that Fy € Uy (D), and hence
Foy CU(D) CU(C). Therefore U(C) € F for each U € U.

Conversely, suppose that each doubly stable filter on (X, i) verifies U(C) € F
(where C' denotes the set of T (U)-cluster points of F). Let (Cg)gqep be a
(Um)*-Cauchy net on Py(X). For each d € D, let Fy = |, Ce and set
F = fil{Fy:d € D} on X. Let U € U and V € U with V? C U, then
there exists dyy € D such that Cy; € (Vg)*(Cy, ) for each d > dy. Then
Cy CV(Cq,)NV7HCyq,) and Cy, C V(Cy) NVYHCy) for each d > dy. It
follows that Fy C V(Cy,) NV ~Y(Cy,) for each d > dy. In order to prove
that Fy, C Nyep U(Fa) N U Y(Fy), let d € D, and h > d,dy, then Fy, C
V(Cyq,) N V_I(Cdv) CVoV(Ch) N V=lo V_I(Ch) CU(Fy)N U_I(Fd) and
hence Fy, C Nyep U(Fg) NUT(Fy). Therefore F is a doubly stable filter on
(X,U).

Let C' = per F (that is, C is the set of 7 (U)-cluster points of F). Since
F is doubly stable on (X,U) it follows from the hypothesis that C # @& and
that U(C') € F for each U € U. Let us prove that (Cy)gep converges to C' in
(Po(X),Up). Let U € U and let V € U such that V3 C U. It is clear that C' C
By C V-1 (Eg) CVH(V(Cay ) NV (Cay ) € V-HV-H(V-H(Ca))) € U-H(C)
for each d > dy .

On the other hand, since U(C) € F, there exists dy € D such that Fy, C
U(C) and hence Cy C U(C) for each d > dy. Therefore (Cy)4ep converges to
C in (Po(X),U). O

Example 3.14. Let Q be the rationals with the Sorgenfrey quasi-metric dg.
Then (Q, dg) is bicomplete and hence (Py(Q), Uy ) is semicomplete by Corollary
3.8 (in fact, (Po(Q), (U*) ) is complete), but (Py(X),Uy) is not half complete.
Indeed, by [11, Example 7] there is a doubly stable filter F on (Q, dg) without
cluster point in (Q,ds). Then (Py(X),Uy) is not half complete by Proposition
3.13.

The next result is a simpler proof of [11, Proposition 5]. First, we prove a
lemma.

Lemma 3.15. Let (X,d) be a quasi-pseudometric space. Then d is right K-
sequentially complete if and only if whenever (U, ! (xy)) is a decreasing sequence
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(that is, Tp4 € U, Y (zn) for each n € N) it follows that (e Uly(zn) # @
(where Uy, = {(z,y) € X x X :d(z,y) < 5}

Proof. Suppose that whenever (U, *(z,,)) is a decreasing sequence it follows that
MNpen Un L (x,) # @, and let (z,,) be a right K-Cauchy sequence Then there
exists (T,(n)) a subsequence of (z,) such that :vm(nﬂ) e U Nz Tpy(n)) for each
n € N. By hypothesis there exists = € [, U, 2(xm(n)), and hence (%))
converges to x. Since each right K-Cauchy sequence converges to its cluster
points it follows that (x,) is convergent. Therefore d is right K-sequentially
complete.

Suppose that d is right K-sequentially complete and let (z,) be a sequence
with zpi1 € U, H(wn). Then d(Tninyi, Tnin) < Zi_(l) ATnhtitls Tathri) <
in,l, so zy, € UL, (z,) for each k > m > n. Therefore (z,,) is a right K-Cauchy
sequence and hence it converges to some ¢ € X. Now, d(z,z,) < d(:p T) +
d($kaxn) < 2% + infl 2($n) for
each n € N. O

Theorem 3.16. [11, Proposition 5] Let (X,d) be a quasi-pseudometric space.
The following statements are equivalent:

(1) (X,d) is right K-sequentially complete.

(2) (Po(X), (U(d))y) is right K-sequentially complete.

(3) (Clrwy(Fo(X)), U(d)) ) is right K-sequentially complete.

Proof. Let U, = {(z,y) € X x X :d(z,y) < 5=}

2) implies 3) is clear.

3) implies 1). Let (x,)nen be a right K-Cauchy sequence in (X, d). Then it
is clear that ({zy})nen is a right K-Cauchy sequence in Clr,)(Fo(X)), and
since it is right K-sequentially complete there exists C' € Cly(y,,)(Fo(X)) such
that ({xn })nen T (Up)-converges to C. Let 2o € C, then it is easy to check that
xp is a cluster point of (z,,)nen, and since a right K-Cauchy sequence converges
to its cluster points, it follows that (z,)nen is convergent and then (X, d) is
right K-sequentially complete.

1) implies 2). Suppose that X is right K-sequentially complete, and let (Fy)
be a sequence in Po(X) such that £, 1 € (Ug); 1 (F). Let F = ey Uy 2o (Fr),
then it is clear that F C U, ',(F,) for each n € N. On the other hand,
given z,, € F,, since F,.1 € (Uy),'(F,) and F,, € (UH)n_l(Fn, ), it follows
that F,y1 C U, Y(F,) and F, | C U,(F,), and then it is clear that we can
construct a sequence (yi), with y, = z,, yx+1 € Uk_l(yk) and yy, € Fj for each
k € N, and hence (U, '(yx)) is a decreasing sequence, and since X is right
K-sequentially complete, by Lemma 3.15 there exists z € [, oy Uk_fz(yk). It
is clear that z € F and z, = y, € U,_2(x). Therefore F,, C U, _o(F), and
hence F' € (Un),'o(F,) for each n € N, that is, F' € (,cn(Un ), o(Fy), and
by Lemma 3.15 (Po(X),Ur) is right K-sequentially complete. O

Remark 3.17. Let (X,U) be a quasi-uniform space. We have noted that if
(Po(X),Up) is half complete or (Py(X), (U*) ) is complete then (Po(X),Us) is
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semicomplete. In Example 3.14 we proved that completeness of (Py(X), (U*) )
does not imply half completeness of (Py(X),Up ).

On the other hand, by Theorem 3.16, if (X,U/) is any right K-sequentially
complete non-bicomplete quasi-metrizable quasi-uniform space it follows that
(Po(X),Up) is half complete, but (Po(X), (U*) ) is not complete. Note ([14],
[1]) that sequentially half-completeness and half-completeness are equivalent for
quasi-pseudometrizable quasi-uniform spaces.

Finally, note that bicompleteness of (Py(X),Uy) implies that (Py(X),Un) is
half complete, and in the light of Example 3.14 completeness of (Py(X), (U*) )
does not imply bicompleteness of (Py(X),Ur).
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