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Flows equivalences

GABRIEL SOLER LOPEZ*

ABSTRACT. Given a differential equation on an open set O of
an n-manifold we can associate to it a pseudo-flow, that is, a flow
whose trajectories may not be defined in the entire real line. In
this paper we prove that this pseudo-flow is always equivalent to
a flow with its trajectories defined in all R. This result extends a
similar result of Vinograd stated in the n-dimensional euclidean
space.
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1. INTRODUCTION.

It is well known that given a C"-flow (r > 1) on an n-manifold M, ¥ :
R x M — M, we can associate to it a C"'-autonomous differential equation
y' = f(y). Where f maps M onto its tangent bundle, TM, in the following
way f(y) = Z£(0,y).

The converse does not work in general because the solutions of a differential
equation could not be defined in the entire real line. For example, if we take
the autonomous differential equation (z',4') = (1,1 + tan?(z)), the solutions
are defined for each initial condition (z¢,yp) in an interval of length 7. Then
we can not associate to this autonomous differential equation a flow. However,
if the manifold is compact, the converse does work [1, Theorem 4, §1.9] and [5,
p.11].

Let us introduce some terminology. Given two flows ¥ and ® on an n-
manifold M we say that they are C"-equivalent if there exists a C"-diffeo-
morphism A : M — M such that h conserves the orbits of ®. That is, the
subsets h(®(R, p)) and U(R, h(p)) of M are equal for any p € M. Moreover the
orientations of the curves Wy, (t) = ¥(, h(p)) and ho®,(t) = ho®(¢,p) coincide
for any p € M, that is, there exists a continuous increasing map 4, : R — R
for which h o ®@,(t) = W) (ip(t)). When we use the norm of a vector z € R"
we are always using the norm [|z|| = [|z[|c = maxeqi .. pyil21l; l22]s - [20]}
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By Ry we denote the set of positive real numbers. As usual, given O C M,
Bd(O) denote the topological boundary of the set O.

From now on, when speaking of C?-differential equations they are supposed
to be continuous and locally Lipschitz. Let » € NU{0} and take a C"-differential
equation ' = f(y) on an open set O C M, f: O — TO. The classical theory
of differential systems assures that there exists a C"-map ¥ : D — O called
pseudo-flow, where D is an open subset of R x O and for each p € O the curve
Pp(t) = 1(t,p) is the solution of the equation y' = f(y) with initial condition
y(0) = p. Analogously to the definition of equivalence between flows we say that
two pseudo-flows p: D C RxO — Qand ¢ : £ C RxO — O are C"-equivalent
if there exists a C"-diffeomorphism A : O — O such that h conserves the orbits
of ¢ and the orientations of the curves ¢y, (t) and h o ¢,(t) coincide for all
p € O. With this terminology we will say that two autonomous differential
equations are C'"-equivalent if their associated pseudo-flows are C"-equivalent,
moreover the diffeomorphism A will be called equivalence diffeomorphism.

The basic question in which we are interested is to prove that for any C"-
autonomous differential system in an open set O, we can find a C"-equivalent
autonomous differential equation such that the associated pseudo-flow is in fact
a flow, that is, defined in all R x 0. This question was solved by Vinograd [4,
pp. 19-21] when the phase space is R".

Theorem 1.1 (Vinograd). Let O be an open set of R* and let f : O — R®
be a C"-map (r > 0). Then there exists a C"-map g : O C R* — R" such
that the equations y' = f(y) and y' = g(y) are C"-equivalent and the associated
pseudo-flow to g is a flow. Moreover, the equivalence diffeomorphism is the
identity map. (When r =0 we consider f and g to be locally Lipschitz)

The aim of this paper is to prove the following theorem that generalizes the
previous one:

Theorem 1.2 (Main Result). Let M be an n-manifold, O an open set of M
and f: O = TO a C"-map (r > 0) . Then there exists a C"-map g: O — TO
such that the equations y' = f(y) and y' = g(y) are C"-equivalent and the
associated pseudo-flow to g is a flow. (When r = 0 we consider f and g to be
locally Lipschitz)

Section 2 is devoted to state some classical results that we need in the proof
of our result. We also construct a positive C°°-function that vanish only in
the boundary of . This function will be essential in the proof of the Main
Theorem in Section 3.

2. PRELIMINARY RESULTS

In the sequel we are going to use the Whitney theorem that provides a C'*
n-manifold M embedded in R**! (see [2, §1.3]). Another Whitney theorem
about function extensions is stated and used in the proof of Lemma 2.4 to
construct a scalar C*-function f : R* — R vanishing only in the boundary of
an open set O and being strictly positive in O.
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Theorem 2.1 (Whitney). Let M be an n-manifold of class C", r > 1. Then
there erists a CT-embedding f : M™ — R*" 1 such that f(M) is a closed
C™-submanifold of R?"*1,

We will use another less known Whitney’s Theorem. Its proof can be found
combining [7, p. 177, Th. 4] and [8]. We introduce some necessary terminology
for its statement: if 5 € ({0} UN)", y € R® and f is a map defined on an
open subset of R”, we denote 8! = B1!82!... 8., |Bl = BL+Bo 4+ B, ¥ =
y*flygz ) ..yﬁ” and Daf(y) = %]"(y). As usual we mean Dof = f.

x| 0xy” .0z
Theorem 2.2 (Whitney). Let C C R" be a closed set (as a subset of R").
Then the following statements hold.

(1) Let fO: C — R™ be a bounded Lipschitz map. Then there is a bounded
Lipschitz map f: R* — R™ such that f(z) = f(z) for any x € C.

(2) Let 1 < k < oo and let fP : C — R™ be arbitrary maps for any
g€ ({0} UN)" with 0 < |B| <k. Let F7" : C x C — R™ be defined by

8 (1) (y—u)B
f1(y) - Zog\mgr %
[l — yl|”

FY (z,y) =

if £ £y and
Fr"(z,z) =0
otherwise, for any v € ({0} UN)" and 0 < r < oo with |y| +r < k.

Suppose that all maps F" are continuous. Then there is a C* map
f:RY — R™ such that Dgf = f° for any B € ({0} UN)", 0 < |B| < k.

The following result is an easy consequence of the previous Theorem:

Corollary 2.3. Let C C R" be a closed set decomposed into disjoint sets A
and B, C = AU B. Given two real numbers a and b define f, : C — R™ as
follows: f.(xz) = a for any x € A and f.(x) = b for any x € B. Then there is
a C®-map f: R* = R such that f(z) = fi(x) for any x € C and any partial
derivate of f is equal to 0 in C.

Proof. Take for each 8 € ({0}UN)”, f%:C — R with f% =0 for any 0 < |3| <
oo and fO = f,. It is clear that the functions f? satisfy the conditions of part
2 of Theorem 2.2. Then there exists a C*°-function f : R® — R that extends
f° and whose derivates are 0 in C. O

We also need some previous lemmas:

Lemma 2.4. Let O C R* be a nonclosed set. There exists a C®-map f: R* —
[0, 1] such that f(z) =0 for any x € BA(O) and f(x) €0, 1] for any z € O.

Proof. We are going to construct the C°°-map as the sum of a function series.
Thus we are going to construct C*°-functions f; : R" — [0, 1] for every ¢ € N.
Define C; = @ for j € Z\N, C; = {z € O : 1 < d(z,Bd(0)} and for j € N\{1}

consider C; = {z € O : % < d(z,Bd(0)) < ]%1} (eventually C; = @ for j
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small). Let A = Uz and B = Uj>i+1€jU Uj<i_1UjUBd(O). It is clear that
ANB =@ and A and B are closed sets. We define

() = 1 ifze A
I\ =0 itz e B

Using that R and | — 2, 2[ are C*°-diffeomorphic (being 0 a fixed point of the
diffeomorphism) and the precedent Corollary, we extend g;. to R™ obtaining
the C*°-function g; : R" —] —2,2[ that vanishes in Bd(O) and verifies g;(z) = 1
if € C;. Define f; = %f_ and obtain the C*°-function f; : R* — [0, 1] with
fi(x) =0 for every x € Bd(O).

Let us define f(z) = .2, Z% fi(xz) which is clearly uniformly convergent
because it is bounded by the series of real number ) °, Z% Moreover, the
function f is C'° in each point x € O because, in a neighborhood of z the
function f is at most the sum of three C*°-functions f; different of 0. Then f
is C*°. Obviously the function f can not vanish in the set 0. That concludes
the proof. O

Finally we state a Theorem about maximal solutions of differential equations.
Find the proof, e.g., in [3, p.195, Th. 25.9].

Theorem 2.5. Let f : R* — R" be a continuous bounded map. Then every
mazimal solution of y' = f(y) is defined in the entire real line.

3. PROOF OoF THE MAIN RESULT

Theorem (Main Result). Let M be an n-manifold, O an open set of M and
f:0—=TO aC"-map (r > 0) . Then there exists a C"-map g : O — TO such
that the equations y' = f(y) and y' = g(y) are C"-equivalent and the associated
pseudo-flow to g is a flow. (When r = 0 we consider f and g to be locally
Lipschitz)

Proof. As M is embedded in R?"*! thanks to Whitney theorem, i : M —
R?"+1 we can see the manifold M and the vector field f in R?"*!. Thus we
have f : O C M — R?"T1. Denote by f; the j-th component of f, fj : M — R.

Let A : R?""1 — R be a C®-function equal to 0 in Bd(Q) and strictly
positive outside (see precedent section, Lemma 2.3). Define v : O — R as

— 1 . 2n+1
7(15) = eXp(E?ZB” fj(;l?)z) and G: M = R as
Gy = [ON@I@) siceo,
0 siz ¢ M\O.

G is bounded by \/%

(@) A(@) f(2) ]l () f (2)lloo

a
SUPgecr (611_2
1
V2e

VAN VAN VAN
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and it is locally lipstchitz in M: it is clear that G is locally Lipschitz inside
and outside of O, let us now show that G is locally Lipschitz in Bd(O).
Take y € Bd(O) and z in a neighborhood U, of y. Then

IG@) - GWI = [()A@)f ()]

I (@)A()f ()]
@ @lA@]
L A@)].

IAIA

Since A is O it will be locally Lipschitz and taking U, small enough we will
have

IG(@) = Gl < <= IN@)| < —=Mz —y].

Therefore G is locally Lipschitz in M.

By Theorem 2.1 M is closed in R?"*!, Now we can use Theorem 2.2 for
extending G to a locally Lipschitz function G' : R — R#HL with Gy =
G. Hence the autonomous differential equation 4’ = G'(y) has uniqueness of
solutions and using Theorem 2.5, the solutions are defined in the entire real
line.

Denote by ¢ the pseudo-flow associated to f and by ¢ the restriction of the
flow associated to G' to R x O. Notice that ¢ is the pseudo-flow associated to
y' = g(y) where g : O — TO is defined by g(y) = G'(y). We must see that ¢
and 1 are C"-equivalent with equivalence diffeomorphism Id : O — O, that is,
we must prove that the orbits of ¢ are orbits of ¢ with the same orientation.
Let y : I = (a,b) — O be an orbit of v, that is y'(t) = f(y(¢)). Consider the
real function s : I = (a,b) — R defined by s(t) = ¢+ fct Wl/\(y(u))du with

cel. Ass(t) = m > 0, s is strictly increasing and there exists its

inverse ¢ : s(I) — (a,b). Define z : s(I) — O as z(s) = y(¢(s)) and notice that

#(s) = y'(t(S))S,(tl(S)) = [y ()7 (y(E(s)Ay(t(s))) = G(2(s)) = g(2(s))

and z(c) = y(t(c)) = y(c). Thus the orbits of 1 and ¢ coincide and also their
orientations because s is strictly increasing. 0
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