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Duality and quasi-normability for complexity
spaces

SALVADOR ROMAGUERA* AND MICHEL SCHELLEKENS

ABSTRACT. The complexity (quasi-metric) space was introduced in
[23] to study complexity analysis of programs. Recently, it was intro-
duced in [22] the dual complexity (quasi-metric) space, as a subspace
of the function space [0, +00)“. Several quasi-metric properties of the
complexity space were obtained via the analysis of its dual.

We here show that the structure of a quasi-normed semilinear space
provides a suitable setting to carry out an analysis of the dual com-
plexity space. We show that if (E,||.||) is a biBanach space (i.e., a
quasi-normed space whose induced quasi-metric is bicomplete), then
the function space (B%, ||.||z«) is biBanach, where By = {f: w — E |
Yoo 27UV II=f(n)]]) < +oo}, and [ fllge = 2no 27" [If ().
We deduce that the dual complexity space admits a structure of quasi-
normed semlinear space such that the induced quasi-metric space is
order-convex, upper weightable and Smyth complete, not only in the
case that this dual is a subspace of [0,4-00)* but also in the general
case that it is a subspace of F“ where F' is any biBanach norm-
weightable space. We also prove that for a large class of dual complexity
(sub)spaces, lower boundedness implies total boundedness. Finally, we
investigate completeness of the quasi-metric of uniform convergence and
of the Hausdorff quasi-pseudo-metric for the dual complexity space, in
the context of function spaces and hyperspaces, respectively.
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1. INTRODUCTION AND PRELIMINARIES
Throughout this paper the letters R, RT, w and N will denote the set of

all real numbers, of all nonnegative real numbers, of all nonnegative integer
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numbers and of all positive integer numbers, respectively. Our basic references
for quasi-metric spaces are [7] and [12].

Let us recall that a quasi-pseudometric on a (nonempty) set X is a non-
negative real-valued function d on X x X such that for all z,y,z € X: (i)
d(z,x) =0 and (ii) d(z,y) < d(z, z) + d(z,y).

In our context a quasi-metric on X is a quasi-pseudometric d on X which
satisfies: (iii) d(z,y) = d(y,z) =0 <z =y.

If d is a quasi-(pseudo)metric on X, then the function d® defined on X x X
by d*(x,y) = max{d(z,y),d(y,z)} is a (pseudo)metric on X.

A quasi-(pseudo)metric space is a pair (X, d) such that X is a (nonempty)
set and d is a quasi-(pseudo)metric on X.

The function u defined on R xR by u(z,y) = (y—x)VO0 for all z,y € R, is an
interesting example of a quasi-metric, where, as usual, V denotes the maximum
of y — x and 0. Note that u® is exactly the Euclidean metric on R.

The function u_; defined on (0,400] x (0,400] by u_1(z,y) = (i -Hvo
for all z,y € (0, +00] also provides an interesting example of a quasi-metric, in
our context, where we adopt the convention that é =0.

Each quasi-pseudometric d on X generates a topology T'(d) on X which
has as a base the family of open balls {Si(z,r) | € X, r > 0}, where
Sa(z,r) ={y € X |d(z,y) < r} for all z € X and r > 0. It is clear, that d is
a quasi-metric if and only if T'(d) is a T topology.

A quasi-(pseudo)metric d on X is called bicomplete [7] if d* is a complete
(pseudo)metric on X. In this case, (X,d) is said to be a bicomplete quasi-
(pseudo)metric space.

In [27] and [28], Smyth presented a topological framework for denotational
semantics based on the theory of complete (and totally bounded) quasi-uniform
and quasi-metric spaces. Siinderhauf continued this work in the setting of topo-
logical quasi-uniform spaces [29]. Kiinzi characterized in [12] both Smyth com-
pletable and Smyth complete quasi-uniform spaces in terms of left K-Cauchy
filters as discussed in [19]. We shall formulate these characterizations in the
special case of quasi-(pseudo)metric spaces:

A quasi-(pseudo)metric space (X,d) is Smyth completable if and only if
every left K-Cauchy filter on (X, d) is a Cauchy filter on the (pseudo)metric
space (X, d®) [12], where a filter F on (X, d) is left K-Cauchy provided that for
each € > 0 there is an F, € F such that Sg(z,e) € F for all z € F, [18]. A
quasi-metric space (X, d) is Smyth complete if and only if every left K-Cauchy
filter on (X, d) is convergent with respect to the metric topology T'(d®) [12].
Therefore, every bicomplete Smyth completable quasi-metric space is Smyth
complete.

Smyth completable quasi-pseudometric spaces also can be studied in terms of
left K-Cauchy sequences. In fact, it is proved in [25] that a quasi-pseudometric
space (X, d) is Smyth completable if and only if every left K-Cauchy sequence
in (X,d) is a Cauchy sequence in the pseudometric space (X,d?®), where a
sequence (z,)nen in (X, d) is left K-Cauchy if for each € > 0 there is an n. € N
such that d(z,,z,) < € whenever m > n > n. [17] (equivalently, (2, )nen i8
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left K-Cauchy if and only the filter that generates is left K-Cauchy [18, Lemma
2)).

The weightable quasi-metric spaces, or the equivalent partial metric spaces,
were introduced by Matthews [16], as a part of the study of denotational se-
mantics of dataflow networks. Excellent topological results on this class of
spaces may be found in [12] and in [15]. Let us recall that a quasi-metric
space (X, d) is called weightable if there is a function w: X — R¥, such that
w(z) + d(z,y) = w(y) + d(y,z) for all z,y € X. The function w is said to
be a weighting function for (X, d). It was proved in [12] that every weightable
quasi-metric space is Smyth completable. Hence, every weightable bicomplete
quasi-metric space is Smyth complete.

The upper weightable quasi-metric spaces were introduced in [24], in the
context of the development of a topological foundation for complexity analy-
sis. A quasi-metric space (X, d) is called upper weightable if it is functionally
bounded by a weighting function w, where (X, d) is functionally bounded pro-
vided that there is a function f: X — RT, such that d(z,y) < f(y) for all
z,y € X.

As usual, the associated preorder <, of a quasi-pseudometric space (X, d) is
defined by « <4 y < d(z,y) = 0. A quasi-pseudometric space has a maximum
if the associated preorder has a maximum. A join semilattice is a partially
ordered set (X, <) such that every two elements z,y € X have a supremum zLly.
According to [24] a quasi-pseudometric join semilattice is a quasi-pseudometric
space which is a join semilattice for its associated preorder. An optimal quasi-
pseudometric join semilattice is a quasi-pseudometric join semilattice (X, d)
such that d(z Uy,y) = d(z,y) for all ,y € X. A quasi-pseudometric space
(X,d) is called order-convex if d(z, z) = d(x, y)+d(y, z) whenever z <;< y <4 x
(see [24]).

The theory of complexity (quasi-metric) spaces, introduced in [23], pro-
vides a topological foundation for the complexity analysis of algorithms. This
theory constitutes a part of the research in Theoretical Computer Science
and Topology and is developed in the setting of the Smyth completion of
quasi-metric spaces. Applications of this theory to the complexity analysis
of Divide & Conquer algorithms have been discussed in [23]. Let us recall
that the complexity space (with values in (0, +o0]) is the pair (C,d¢), where
C={f:w— (0,400 | 307, 2”‘% < 400}, and d¢ is the quasi-metric
defined on C by de(f,9) = > 0y 2‘"[(@ - ﬁ) V0], whenever f,g € C. do
is called in [23] “the complexity distance”, and intuitively it measures relative
improvements in the complexity of programs.

The dual complexity space (with values in (R*)%) is introduced in [22] as
a pair (C*,d¢+), where C* = {f: w — RT | 77 /27" f(n) < +oo}, and dc-~
is the quasi-metric defined on C* by de-(f,9) = > 0o o2 " [(9(n) — f(n)) V0],
whenever f,g € C*.

(C,d¢) is isometric to (C*,de+) by the isometry ¥: C* — C, defined by
U(f) =1/f (see [22]). Thus, via the analysis of its dual, several quasi-metric
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properties of (C,d¢), in particular Smtyh completeness and total boundedness,
are studied in [22]. A motivation for the use of the dual instead of the original
complexity space is the fact that the dual is mathematically somewhat more
appealing, since dc« is "derived” from the restriction to R™ of the quasi-metric
u defined above. Consequently, the presentation of the proofs becomes some-
what more elegant. Furthermore, it is possible to carry out the complexity
analysis of algorithms based on the dual complexity space. In fact, the dual
complexity space has the advantage that it respects the interpretation usually
given to the minimum L in semantic domains (see [22, Section 4]).

The complexity of a given program is frequently obtained by a summation
of complexity functions or by a product of a complexity function by a constant,
where these operations intuitively correspond to operations carried out by the
program on data structures. In order to obtain an appropriate structure both
for realizing these operations and for developing a consistent theory for the
analysis of the dual complexity space we introduce, in Section 2, the notion of
a biBanach space and study a kind of biBanach function space for which the
dual complexity space is a quasi-normed semilinear subspace whose induced
quasi-metric is upper weightable, order-convex and Smyth complete, even in
the general case that the dual is a subspace of F, where F' is any biBanach
norm-weightable space (see Section 3). We also show, among other things, that
a dual complexity space having a lower bound is totally bounded whenever the
induced quasi-metric on the range space is linear. Finally, in Section 4, we study
completeness of the quasi-metric of uniform convergence and of the Hausdorff
quasi-pseudometric for the dual complexity space, in the context of function
spaces and hyperspaces, respectively.

2. BIBANACH FUNCTION SPACES

We start this section giving the definitions of a quasi-norm and of a quasi-
normed space in the sense of [5], [6] and [21] (see [4] for the related notion of a
nonsymmetric norm).

Let (E,+,-) be a linear space on R. A quasi-norm on E is a nonnegative
real-valued function ||.|| on E such that for all z,y € E and a € R*:

(@) ||| = ||-z|]| = 0 & o = e (where e denotes the neutral element of
(B, +));
(@) ozl = allz];
(i) [lz +yll < llzfl + llyll-

The pair (E, ||.||) is then called a quasi-normed space. (Note that the function

||l.II” defined on E by ||z||* = max{||z|, |-z}, for all z € E, is a norm on E.)
The quasi-norm ||.|| induces, in a natural way, a quasi-metric dj on FE,
defined by

dH,”(x,y) = ||y - .TH for all z,y € E.

If the quasi-metric dj | is bicomplete, we say that (E,||.||) is a biBanach
space.
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Example 2.1. Let (R,+,-) be the (usual) Euclidean linear space. For each
z € R define ||z|| = max{z,0}. Then |.|| is a quasi-norm on R such that |.||*
is the Euclidean norm. Therefore, (R, ||.||) is a biBanach space.

Example 2.2. Let (E, ||.||) be a quasi-normed space. Define

Bp={f:w—E[Y 27"[|f(n)]" < +oo}.
n=0
If for each f,g € By and each a € R we define f + g and a - f in the natural
way, then it easily follows that (B}, +,-) is a linear space (on R) because,
clearly, — f € By whenever f € Bj. We then deduce that (B, ||.|[z.) is a
quasi-normed space, where

/]

g = 27" [|f(n)]
n=0

for all f € By,

Remark 2.3. The definition of the space B} may seem somewhat surprising
at first because it could be considered more natural to define this space as
{frw—=E|[Y, 27" f(n)|| < 4oc}. However, the following simple example
justifies our selection:

Consider the biBanach space (R, ||.||) of Example 2.1. Define f: w — R by
f(n) =—=2"foralln € w. Then, > o> 27" | f(n)|| =0, but >_.° ;27" |- f(n)||
= +o00, so for the possible alternative definition mentioned above, B}, would
not be a group.

In the rest of this section we focus our attention on the quasi-normed space
(B%, ||z ), because the dual complexity space will be a closed semilinear sub-
space of it (see Section 3 for the definition of a semilinear space).

Theorem 2.4. Let (E,|.||) be a biBanach space. Then (By,|.||.) is a bi-
Banach space.

Proof. Let (fr)rew be a Cauchy sequence in the normed space (B}, (||
Define a quasi-metric p on By, by

5+)°)-

p(f.9) =Y 2 "min{llg(n) — f(n)],1}

n=0

for all f, g € By. Then p induces the topology of pointwise convergence on B%,.
Since p < dj ||,5. » (fx)kew 1s a Cauchy sequence in the metric space (B}, p®).
Then, for each n € w, the sequence (fx(n))rew is a Cauchy sequence in the
Banach space (E, ||.||*), so it is convergent to a point z,, € E with respect to
the topology induced by the norm |[|.||* on E.

Define a function g: w — E, by g(n) = x,, for all n € w. We first prove that
gEeBL:



96 S. Romaguera and M. Schellekens

Indeed, assume the contrary. Then, for each j € w there is an m; € w such
that

(2.1) J<d 27" gl
n=0

On the other hand, since (fx)rew is a Cauchy sequence in (B}, (.|
exists a k1 € w such that for each k > k1,

5)°), there

oo

(2.2) > 27" 1 frn) = fru()]” < 1.
n=0

Thus,

(2.2') D27 feln) = fru ()" < 1
n=0

whenever k > k.
Let j € w. Then there exists a kg > k; such that ||g(n) — fi, (n)||* < 277,
forn=0,1,...,m;. Hence,

23 S o2 lgln) — fuy () <277 Y2 < 276,
n=0

n=0

By (2.1), (2.3) and (2.2), we obtain,

(2.4) §<270 132 S ()T <24 Y27 L fe ()1,

n=0 n=0

which implies that
2 | fi () = +oo,
n=0

a contradiction. We conclude that g € BY,.

Finally, we prove that (||g — fxlls+)® — 0 as k — +oo. (Compare [22, proof
of Theorem 3)):

Let j € w. Then there exists a k(j) € w such that for every k,m > k(j),

(25) > 27 ) = F(w) < 27,
n=0
Since both fi(;) and g are in B, there exists ng € w (depending on j) such
that ng > 1 and
(2.6) 2= (o=Vpy < 2737,

S 27 fuy)]” <27¥, and

n=no

Y 27 gt <27,

n=no
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Moreover, there exists a k; > k(j) such that for every k, m > k;,

(oo}

(2.7) ST 27| fi(n) = fun()]|® < 2770

n=0

Choose any k > k;. Then for each n € w with 0 < n < ng — 1, there exists
an my > k such that ||g(n) — fm, (n)||° < 27™. By (2.7) and the triangle
inequality, [|g(n) — fr(n)|” < 27" (1+2") whenever 0 < n < ng—1. Therefore

no—1
3" 277 [lg(n) — fu(m)|* <27 - 200 < 279,
n=0

Moreover, it follows from (2.5) and (2.6), that

Yo 27 lgln) = fu)* < D0 2 gl + D 27 Ife(@)]”

n=ng n=no n=no
<274y 27 )"+ 27
n=no
<3.27%

for every k > k;. Thus we have shown that for each j € w there is a k; € w
such that

S 27 lg(n) — fu(n)||® <4273 <27
n=0

whenever k > k;. We conclude that (B}, |||

5+) is a biBanach space. O

Remark 2.5. Note that if (£, ||.||) is a quasi-normed space, then (]|.||5.)® and
(|l-II*) 5+ are equivalent norms on B.

We finish this section with a result on the preservation of order-convexity
which will be used later on.

A quasi-normed space (F,||.||) is called order-convex if the quasi-metric
space (E,d)|) is order-convex.

Proposition 2.6. Let (E,||.||) be an order-convezr quasi-normed space. Then
(B |-l 5+) is order-conveu.

Proof. Let f,g,h € By, besuch that f Sdje 9 Sdp . h, where d) | .. denotes
the quasi-metric induced on Bg, by ||.[|z.. Then f(n) <q, , g(n) <a,, h(n) for
all n € w. Since (E,|.]|) is order convex, ||f(n) —h(n)|| = ||f(n) —g(n)|| +
llg(n) — h(n)| for all n € w. But

Y27 f(n) —g(n)|l < +oo and Y 27" |lg(n) — h(n)|| < +oo.
n=0

n=0
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Hence,
27 f(n) — gl + > 27" g(n) — h(n)|
n=0 n=0
= 27"(If(n) = g(n)]| + llg(n) = h(n)]]
n=0

=Y 27" [|If(n) = h(n)]|.
n=0

So, [[f = hllg- = [If = gl

convex.

g tlg—hl

5+ We conclude that (B, ||.|

5+ ) is order-

3. THE DUAL COMPLEXITY SPACE

In our context a semilinear space on R is an ordered triple (E,+, ), such
that (E,+) is an Abelian semigroup with neutral element e, and - is a function
from RT x E to E such that for all z,y € F and a,b € R™: a-(b-z) = (ab) -z,
(a+b)-z=(a-z)+b-z),a-(z+y)=(a-2)+(a-y),and 1 -z = x.

Let us recall that every semilinear space is a cone in the sense of Keimel and
Roth [10].

Definition 3.1. A quasi-normed semilinear space is a pair (F,|.|| z) such that

F'is a nonempty subset of a quasi-normed space (E,|.||), ||.||z denotes the
restriction of the quasi-norm ||.|| to F', and (F,+ |, |F) is a semilinear space
on RT.

If (F,|.||z) is a quasi-normed semilinear space, then the restriction to F' of
the quasi-metric dj, induced on E by the quasi-norm ||.||, will be denoted by
). -

N

Definition 3.2. A biBanach semilinear space is a pair (F,|.||z) such that F
is a nonempty subset of a biBanach space (E, ||.||), F' is closed in the Banach
space (E,|.]|*), and (F, ||.|| ) is a quasi-normed semilinear space.
If in addition, the following condition is satisfied:
(i) (F,dy.,.) is an order-convex optimal quasi-metric join semilattice hav-
ing a maximum,

then, (F,|.||z) is called a biBanach norm-weightable space.
The terminology “norm-weightable” is justified by Corollary 3.8 below.

Remark 3.3. Note that if (F, ||.| ) is a biBanach semilinear space, then d .
is a bicomplete quasi-metric on F.

Lemma 3.4. Let (F,|.||) be a biBanach semilinear space such that (F,dy )
has a maximum. Then the neutral element e is the (unique) mazimum of

(F.dy.,.)-
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Proof. Let o be the maximum for (F,d) ). Then e <q = zo, so [|zo[z =
dy.j . (e, 70) = 0. Moreover, 2 - xg <dy , %o, SO, |=zoll = dj. . (2 20, 70) = 0.
We conclude that xg = e. ([l

Corollary 3.5. Let (F, ||.||) be a biBanach semilinear space such that (F,dy )
has a mazimum. Then, ||z —y|| < ||z|| @, for all z,y € F.

Proof. Let x,y € F'. Then |z —y| =d) . (y,7) < d) . (y,e) +d) (e, ). By
Lemma 3.4, d) | .(y,e) = 0. Hence, ||z —y|| < dj (e, z) = ||z] g O

Example 3.6. Consider the biBanach space (R, ||.||) of Example 2.1. Tt is
straightforward to show that (R*, ||.||g+) is a biBanach norm-weightable space.
Of course, (RT, + |g+) is not a group.

Next we give an auxiliary lemma on quasi-metric join semilattices, which,
joint with its corollaries, will be useful later on. It can be derived from [24,
Theorem 15] which states that an optimal quasi-metric join semilattice (X, d)
is weigthable if and only if it is it is functionally bounded and order-convex.
However, in order to help the reader we shall give a direct proof.

Lemma 3.7. Let (X,d) be an order-convex optimal quasi-metric join semilat-
tice having a mazimum element xo. Then, (X,d) is upper weightable by the
weighting function w: X — RT defined by w(x) = d(xg,x) for all z € X.

Proof. Choose any pair of points z,y € X. Since (X,d) is a join semilattice
and xq is its maximum, we obtain x <g z Uy <4 zg, and y <4 z Uy <4 zg.
Therefore,

’U/(iL’) = d($07m) = d(an x U y) + d(l’ u y71') = d(l’o,l’ u y) + d(yax)
and
w(y) = d(zo,y) = d(zo,z Uy) + d(z Uy, y) = d(zo,z Uy) + d(z,y).
Hence,
w(z) +d(z,y) = d(zo,x Uy) + d(y, ) + d(z,y) = w(y) + d(y, z).

Finally, d(z,y) < d(x,z¢) + d(zo,y) = w(y), since d(z,xo) = 0.
We conclude that (X, d) is upper weightable with weighting function w(z) =
d(zg,x) for all x € X. O

From Lemmas 3.4 and 3.7, we deduce the following result.

Corollary 3.8. Let (F,|.|z) be a biBanach norm-weightable space. Then
the quasi-metric space (F), le\p) is upper weightable by the weighting function
w: F — RY defined by w(z) = ||z||z for all z € F.

Since every (upper) weightable bicomplete quasi-metric space is Smyth com-
plete [12], we deduce from Lemma 3.7 and Remark 3.3 the following

Corollary 3.9. Let (F,|.|) be a biBanach norm-weightable space. Then the
quasi-metric space (F,dy ) is Smyth complete.
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Let (F,||.||z) be a biBanach semilinear space. Then, by Definition 3.2, there
exists a biBanach space (E,|.||) such that F' is a (nonempty) closed subset
of the Banach space (E,||.||?), ||| denotes the restriction of ||.|| to F and
(F, |-l ) is a quasi-normed semilinear space. Now define

Ch={frw—F|Y 27" /()" < +oo},

n=0

and, for each f € Cy,
1£lle- =D 27" [F )l -
n=0

Obviously, Cj C By
The following proposition should be compared with Remark 2.3.

Proposition 3.10. Let (F,||.||z) be a biBanach norm-weightable space. Then

Co={fiw—F|> 27" f(n)|lp < +oo}.

n=0
Proof. Let f:w — F be such that Y o> 27" || f(n)| < +oco. Since e € F,
it follows from Corollary 3.5 that ||—f(n)|| = |le|| = 0 for all n € w. Hence

Sl 27 If)))° =0 027 || f(n)||p < +oo. We conclude that f € Cy. O

Proposition 3.11. Let (F,|.|p) be a biBanach semilinear space. Then
(Ch, |I-llg+) is a biBanach semilinear space.

Proof. Let (E,||.||) be the biBanach space for which (F,|.||z) is a biBanach
semilinear space. From the semilinearity of (F,+ |r,- |F) it immediately fol-
lows that (Cy,+,.) is a semilinear space on R for the natural addition and
multiplication. On the other hand, (B%, ||.||5.) is a biBanach space by The-
orem 2.4. We shall prove that C} is a closed subset of the Banach space
(Bis (I1lg«)?)- Indeed: Let f € By be such that (||f — fillz.)® — 0, where
(fr)kew is a sequence of elements of Cj.. Then || f(n) — fx(n)||> — 0 whenever
n € w. Since F is closed in (E,|.||"), we deduce that f(n) € F for all n € w.
Thus, f € Cy.

We conclude that (Cy, ||.||c~) is a biBanach semilinear space. O

It follows from the preceding result that the quasi-metric d) ||, defined on
Ci by dy..(f.9) = llg — [l is bicomplete.

Definition 3.12. Let (F,||.||») be a biBanach norm-weightable space. Then,
the quasi-metric space (Cf, d)..) is called the dual complexity space (of

(E -l 2))-

Any subspace of (C}., dH-Hc*) is also called a dual complezity space.

Lemma 3.13 ([26]). A quasi-pseudometric join semilattice (X,d) is optimal
if and only if for all x,y,z € X, d(x Uz,yU z) < d(z,y).
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It is interesting to note that the equivalent condition to optimality, in the
preceding lemma, is exactly the more familiar notion of Ll-invariance as dis-
cussed in [8].

Proposition 3.14. The dual complexity space (Ch, d”,”c*) s an order-convex
optimal quasi-metric join semilattice and it has a maximum.

Proof. We first show that (Clt“’dl\-l\c*) is a quasi-metric join semilattice. Let
f.g € Cj. Since (F7d\|-\|p) is a quasi-metric join semilattice, for each n € w
there is a supremum f(n) U g(n) € F of f(n) and g(n). Define a function
fUg:w— Fby (fug)(n)=f(n)Ug(n) for all n € w. By Lemma 3.13 and
the fact that e is the maximum of (F)d) | ), we have:

[f(n)Ug(n)llp=dy, (e f(n)Ug(n))
=dj.(eUg(n), f(n)Ug(n))
< dj,. (e, f(n))
=|If(n)
(fu

for all n € w. Therefore, > 2 27" M) < S 27 f(n)|lp <
~+o0,s0 fUg e Ch by Proposmon 3.10. On the other hand, since f(n) <djin
f(n) Ug(n) and g(n) <q,,  f(n)Ug(n) for all n € w, we deduce that
1(F Ug)n) — £l = I Ug)(n) — gm)l] = 0 for all n € w, s0 dy . (f,f U
9) = dyy.(g.f Ug) = 0, and, hence, f <q,  fUgand g <a 0. fUg.
Furthermore, if h € Cp, satisfies f <q, , = hand g <q, h, we deduce, by the
definition of supremum, that (f U g)(n) <q,,  h(n) for all n € w. Therefore,
fug<a,,. h- Thus, we have shown that the function f L g, is the (unique)
supremum of f and g in (C*,d) .. ). Hence, (C*,d) .,) is a quasi-metric join
semilattice.

Next we show that the quasi-metric join semilattice (C*, dH»Hc*) is optimal.
Let f,g € Cj. Then, by the optimality of (F,d ), we have

||Fa

dji e (fL 9, 9) 22 "d) . (f(n) U g(n), g(n))

= Z 27"dy . (f(n), g(n))

=g - fHB*
=dy).. (f:9):

Hence, (C*,d‘|“|c*) is optimal.

On the other hand, the argument used in the proof of Proposition 2.6 shows
that (C*,d ..) is also order-convex.

Finally, the function f.: w — F defined by fe(n) = e for all n € w, is the
(unique) maximum of (C*,d |, ) because dy |, (f, fe) = 0 for all f € Cy. This
completes the proof. |
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From Propositions 3.11 and 3.14, we immediately deduce the following

Theorem 3.15. Let (F,||.||p) be a biBanach norm-weightable space. Then,
(Chi|l-lle«) s a biBanach norm-weightable space.

Corollary 3.16. The dual complexity space (C}, d”,”c*) s an upper weightable
Smyth complete quasi-metric space.

Proof. By Theorem 3.15 and Corollary 3.8, (C,d).|..) is upper weightable
with weighting function w: C; — RT given by w(f) = ||f||. for all f € Ci.
Finally, by Theorem 3.15 and Corollary 3.9, (C%,d)||..) is a Smyth complete
quasi-metric space. (Il

Remark 3.17. In Proposition 3.14, we have shown that for any dual complex-
ity space (Cg,d).|..); 4. (fs fe) = 0 whenever f € Cf, where fe(n) = e for
all n € w. From this fact, it easily follows that the dual complexity space also
is a Baire space.

Example 3.18. Let (E, ||.||) be a biBanach space. By Theorem 2.4, the func-
tion space (Bj,|.||z-) is also a biBanach space. Now let F' be a nonempty
subset of E such that (F,||.||z) is a biBanach norm-weightable space. Thus,
(Ci.l-llo<) is a biBanach norm-weightable space by Theorem 3.15. Define

By, ={f:w— By Y 27"(If(0)]|z.)" < +o0}

n=0

and

Cor ={f:w—Cr| D 27" If ()]l < +00}.
n=0

By Theorem 2.4, (8;3*;;’ I|l.l|z- ) is a biBanach space and, by Proposition 3.10
o
and Theorem 3.15, (C’C*}, Il

CE*) is a biBanach norm-weightable space.

Let (C, )l o ) be the dual complexity space (of the biBanach norm-weight-
able space (F\||.||)) and let 7 C Cp. Then, the restriction of d .. to F will
be also denoted by dj .. -

Definition 3.19. A dual complexity space (F,d| .. ), where F C C}, has an
upper bound U € C}, if for each f € F, f <dj o U. Similarly, (F,d ..) has
a lower bound L € C, if for each f € F, L <q, . f

For each U € Cj., we define (C)V = {f € C} | U is an upper bound for f}.
The following easy example shows that the structure of a semilinear space
of C} is not preserved by (C;)Y, in general.

Example 3.20. Let (R*,|.||z+) be the biBanach norm-weightable space of
Example 3.6. Let U € C;. defined by U(n) = 1 for all n € w. Then the
function f defined on w by f(n) = 3U(n) for all n € w is in C; \ (C;)Y.
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However, the complexity (sub)space ((C3)Y, d|.||.. ) inherits the quasi-metric
properties of (C, Al flos ), obtained in Proposition 3.14 and Corollary 3.16, as
follows.

Theorem 3.21. For each U € Cj, ((C})U,dH,”c*) is an upper weightable
Smyth complete order-convex optimal quasi-metric join semilattice and it has
a mazrimum.

Proof. Let U € Cj. Let f,g € (C;)V. By Proposition 3.14, there is f U g €
Cj. By the definition of supremum, f U g <dj o U,so fug € (Cp)Y.
Hence, ((C3)Y, dj.||..) i @ quasi-metric join semilattice. Moreover, it is upper
weightable, order-convex and optimal, because these properties are hereditary,
and, obviously, U is its maximum. Finally, in order to show that ((C;)Y, Al Jlox)
is Smyth complete, it suffices to show that (C})V is a closed subset of the met-
ric space (Cy, (d‘|“|c* )*), and, then, apply Corollary 3.16. Assume the contrary.
Then there is f € Ci \ (C3)Y such that (A1, )°(f, fx) — 0 for some sequence
(fx)kew in (Cx)Y. Furthermore, there is ng € w such that dj. . (f(no), U(no)) =
6 > 0. Therefore, § < dH‘Hp(f(nO)’ fk(no))+d|\.|\F(fk(n0), U(ng)) = dH‘Hp(f(nO)’
fr(no)) for all k € w. But, d) . (f(no), fx(no)) — 0 as k — +oc. So, we have
reached a contradiction. The proof is complete. O

Let us recall [24] that a linear quasi-metric space is a quasi-metric space
(X, d) such that is associated order <, is linear. It is known [24] that every
linear quasi-metric space is an optimal quasi-metric join semilattice.

Note that (RT, dH,”RJr) is a linear quasi-metric space.

A quasi-metric space (X, d) is called precompact if for each € > 0 there is
a finite subset A of X such that X = (J,.4 Sa(a,e). (X,d) is called totally
bounded if (X, d®) is a totally bounded metric space (see, for instance, [7]). It
is well known that every totally bounded quasi-metric space is precompact but
the converse implication is not true in general.

It follows from a result of Kiinzi [12, Proposition 12] that every hereditarly
precompact weightable quasi-metric space is totally bounded. By using this
result we shall prove the following

Theorem 3.22. Let (F,|.||) be a biBanach norm-weightable space such that
<dy, is linear and let F C Cp. If (F, d)..) has a lower bound, then it is
totally bounded.

Proof. Since (Cg,d)..) is (upper) weightable and weightability is a heredi-
tary property it suffices to show that (F,d |, ) is hereditarily precompact by
Kiinzi’s proposition cited above. Actually, it is enough to prove that any sub-
space (G, dj|..) of (Ci,d.|..) which has a lower bound is precompact, since
all subspaces of (F,d) .. ) are of this kind.

Hence, let (G, d) .. ) be a subspace of (C%, d| ||..) which has a lower bound,
say L € C} and let € > 0.
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Since (F, ||.|| z) is a biBanach norm-weightable space, it follows from Lemma
3.4 and Corollary 3.8, that d) | _(x,e) = 0 for all z € F, and that the quasi-
metric space (F,d) ) is (upper) weightable by the function w defined on F' by
w(x) = ||z| p for all z € F. (Let us also recall that F' is a subset of a biBanach
space (E, ||.||) such that |.|| » denotes the restriction of ||.|| to F.)

Since L € Cjr, >-02 0 27" (|| L(n)||p)* < +oo. Hence, there is k € w such that
S 2 L)l < /2

Moreover, for each f € G and each n € w, we have d) (e, f(n)) <
djy,.(e; L(n)) +dy . (L(n), f(n)) = dy,.(e; L(n)). Thus, ||f(n M < 1)
Therefore, for each f € G,

> 2 fM)p <e/2, and |[f(n)l|p < B for all n < k,
n=k+1
where B = max{||L(n)| » | n < k}.

Now consider the set of functions G* obtained from G by restricting each
function of G to the domain {0,...,k}. Fix an m € w such that m > 1 and
w1 <

Deﬁne a partition of the real interval [0, B] consisting of the intervals By, ..., By,
where BJ* = [0, m+1] and for all j € {1,...,m}, B* = (j m+1,(] + 1)m+1]

Take the quotient of the set G*, given by the equlvalence relation ~, defined
on G by:

[ ~ g <« for eachn <k there is j < msuch that both ||f(n)||p, |lg(n)|r € B}".

The set G¥/~, is clearly finite. Let its cardinality be h, and choose h ele-
ments f1,..., fn of G, such that f1 | {0,...,k}, ..., fn | {0,...,k}, is a list of
representatives, one for each class of the quotient G* /~.

Given f € G, let i € {1,..., h} be such that f; is the representative for which

fil{0,...,k} ~ f]40,...,k}. Then

dH Hc* fz, 22 dH HF fz ) f( ))

n=0

—ZQ "y, (filn Z 27y, (fi(n), f(n)).

n=k+1

Let n € w. If fi(n) <q . f(n), we obtain dy | _(fi(n), f(n)) = 0. Other-
wise, since <gq - is linear and w is a weighting function on F', we deduce that

Ay (fi(n), f(n)) = [1f ()| p = || f(n)|| o Therefore,

k
dj e (fis ) Z Z 27" || £(n)]|
n=0 n=k+1
< 2B +€
m+1 2
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We conclude that (G,d) |, ) is precompact. Hence, (F,d |, ) is hereditarily
precompact and, thus, totally bounded. O

Remark 3.23. It is shown in [22] that the dual complexity space (Cj, lelc*)
is not precompact and, thus, not totally bounded, in general. Hence, the
condition of the existence of a lower bound cannot be omitted in the statement
of the preceding theorem.

For each L € C} and each F C CF, we define Fr, = {f € F | L is a lower
bound for f}. In particular, (C5)r = {f € C; | L is a lower bound for f}.

Let us recall that a subset Y of a topological space X is said to be relatively
compact if Y (in X) is compact.

Theorem 3.24. Let (F,|.||) be a biBanach norm-weightable space such that
<dj, s linear. Then, for each L € Ci and each F C Cy, Fr is relatively
compact in the (complete) metric space (Cp, (dj |j...)")-

Proof. Given L € Cf and F C C},, we first prove that L is a lower bound for
F1, where Fy, denotes the closure of Fy, in (Cf, (d).),.)°)-

Assume the contrary. Then there is f € Fy, such that d) | _(L(no), f(no)) =
0 > 0 for some ng € w. On the other hand, there is a sequence (fx)rew in Fr,
such that (d) .. )°(f, fx) — 0. Thus, 6 < d) (L(no), fr(no)) + d).y,.(fx(no),

flno)) = dH_HF(fk(no),f(nO)). Since d”,”F(fk(no),f(no)) — 0 as k — +o0, we
obtain a contradiction.

Hence, (Fr, dll-\lc*) is a totally bounded quasi-metric space by Theorem 3.22.
It then follows from the Smyth completeness of (C,d ) that Fr is compact
in (Cx, (d). ). )°)- O

Corollary 3.25. Let (F,|.||r) be a biBanach norm-weightable space such that
<ay, i linear. Then, for each L € Cy, ((Cy)r, (d).))..)°) is a compact metric
space.

Proof. A similar argument to the given in the proof of Theorem3.21, shows
that (C})r is closed in (Cj, (d|\~llc*)s)' By Theorem 3.24, ((C})r, (dll~\|c*)s) is
compact. O

The following example shows that the condition that the order <dy, s
linear on F' cannot be omitted in Theorems 3.22 and 3.24 and Corollary 3.25.

Example 3.26. Consider the biBanach norm-weightable space (R, ||.|z+)
and the biBanach norm-weightable space (C., ||- C£+) (see Theorem 3.15).
Define L: w — Cjy by (L(n))(m) = 22" if m = n, and (L(n))(m) = 0 other-
wise. Now consider the sequence (fx)rew such that for each k € w, fi: w — Cy
is defined by (fx(n))(m) = 22" if m = n = k, and (fx(n))(m) = 0 otherwise.
Clearly, dy .. (L(n), fx(n)) = 0 for all n,k € w, because (fx(n))(m) is only
different from zero when m = n = k and in such a case one has (f,(n))(n) =
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22" = (L(n))(n). Therefore, L is a lower bound for F = {f; | k € w}. However,
A fiee (frs frew1) = 1 for all k € w, because
.

d. les. (fr, frt1) = 22 "d .. (fe(n), fr1(n))

=2 27 [ D27 [((frrr () () = (fr(m))(5)) V O]
j=0

and (fe+1(n)(j)) = O except when j = n = k + 1. In this case, one has
(fre1(n)) () = (fr(n))(F) = 2%, so d. leg. (s fier1) = 2772792% = 1. We
conclude that (F,d) ., ) is not totally bounded.

o

We remark that it is possible still to endow the complexity space with a
satisfactory structure in this context. To this end we first introduce the notion
of a unitary quasi-normed space.

Definition 3.27. A wunitary quasi-normed space is a triple (E,||.||,*) such
that (E,|.||) is a quasi-normed space (on R) and * is an internal commutative
(multiplication) law for which there is a unique element 1x € E such that for
each x € E\{e} there exists a unique 1 € E\{e} satisfying z x L = 15.

If (E,].|]| ,*) is a unitary quasi-normed space, we may define a quasi-metric
d_1 on E\ {e} as follows:

for all z,y € E\{e}.

Now let F' be a (nonempty) subset of E which is closed for the law * and

such that (F,||.||z) is a biBanach norm-weightable space satisfying that for
each z € F\{e}, 2 € F (note that, in fact, 15 € F). Then, we construct a set
Fy = (F\{e}) U{oc}, where co ¢ F is defined by the conditions: (i) for every
x€F, 00+x=x400=00, (ii) for every € F, coxz = zx00 = oo and (iii)
L =e.
* Note that, by (iii), the quasi-metric d_; |f\ e} can be extended to Fi,. This
extension will be also denoted by d_;. (Moreover, if one defines co-r = r-o0o0 =
oo for all r > 0, then (Fx,+,-) is a cone in the sense of [10].)

Under the above conditions we define

Cr.. :{f:w—>Foo|ZZ°:02_

o) < +oo}

and

=Y 27"d_1(f(n), g(n))
n=0

for all f,g € Cr__. Then, it is straightforward to check that d¢ is a quasi-metric
on Cp__.
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Definition 3.28. The quasi-metric space (Cp_,dc) is called the complezity
space (of (Foo,d_1)).

Remark 3.29. Note that (R, |.||,*) is a unitary quasi-normed space, where
(R, ||.]|) is the biBanach space of Example 2.1 and * denotes the usual multipli-
cation on R. Moreover the induced quasi-metric d_; is exactly the quasi-metric
u_1 defined in Section 1.

Taking F' = RT, we have that Fi, = (0,+00] and Cr_ = {f: w — (0,+00] |
>l 2‘”% < 4o00}. Thus, we obtain the complexity space (with values in
(0,40o0]), as discussed in [23].

Given a biBanach norm-weightable space (F, ||.|| ), consider the complexity
space (Cp._,dc) and the dual complexity space (Ck,dc+). Then, as in [22],
we may define an isometry ¥: Cp — Ci by ¥(f) = 1/f for all f € Cr__.
Combining this fact with the propositions and theorems proved in this section,
we obtain, among other, the following results:

A) The complexity space (Cp,dc) is an optimal join semilattice order-
convez quasi-metric space and the point f is its maximum, where
foo(n) =00 for alln € w.

B) The complezity space (Cr.,,dc) is an upper weightable Smyth complete
quasi-metric space.

C) Let (F,||.|z) be a biBanach norm-weightable space such that <q,  —is
linear and let F C Cp_. If (F,dc) has a lower bound, then it is totally
bounded.

D) Let (F,|.[[z) be a biBanach norm-weightable space such that <q  is
linear. Then, for each L € Cr_, ((Cr,.)L,(dc)®) is a compact metric
space.

Comment. Our assumption regarding complexity lower bounds both for
the dual complexity space and the complexity space (see Theorem 4 and state-
ment C) above), may seems restrictive at first from a computational point of
view.

Indeed, by the Blum speed up theorem ([3] or [9]), there exist problems for
which any algorithm computing such a problem can be replaced by a new algo-
rithm which computes the given problem significantly faster. More specifically,
an asymptotic gain can be obtained at each time which is logarithmic in the
complexity of the program one starts out with. However, such problems may
be seen as artificially constructed to prove the theorem according to [9] which
continues to state that ”for an important class of problems that can occur in
practice an optimal algorithm does exists”, by Levin’s theorem, and hence one
does obtain a lower bound, in general. As such our assumption is justifiable
not only by the concrete examples of complexity lower bounds which one can
find in the literature (e.g. [11]), but also finds formal justification by the above
cited result.
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4. FUNCTION SPACES AND HYPERSPACES FOR COMPLEXITY SPACES

In this section we investigate completeness of the quasi-metric of uniform
convergence and of the Hausdorff quasi-pseudometric for dual complexity spaces,
in the context of function spaces and hyperspaces, respectively.

We will need to consider extended quasi-(pseudo)metrics. They satisfy the
usual axioms for a quasi-(pseudo)metric, except that we allow d(z,y) = +oo.

Let X be a nonempty set and let (Y,d) be a quasi-(pseudo)metric space.
Denote by D the extended quasi-(pseudo)metric defined on the set YX of all
functions from X to Y by

D(f,9) = sup{d(f(x), g(x)) | » € X}

for all f,g € YX.

D is called the extended quasi-(pseudo)metric of uniform convergence (of
(Y,d)) (compare [20, p. 88-89]).

Similarly to [13, Proposition 5] we obtain that if X is a nonempty set and
(Y,d) is a bicomplete quasi-(pseudo)metric space, then D is a bicomplete ex-
tended quasi-(pseudo)metric on Y. From this result and Theorem 2.4 we
deduce the following

Proposition 4.1. Let (E,|.||) be a biBanach space. Then, for each nonempty
set X the extended quasi-metric of uniform convergence of (BE’dHJ\B*) is bi-

complete on (B)X.

Now suppose that (F,|.|p) is a biBanach norm-weightable space. It then
follows from Propositions 3.11 and 4.1, that for each nonempty set X, the
extended quasi-metric of uniform convergence of the dual complexity space
(Cr»d).|..) s bicomplete on (Cx)™X. In the light of Corollary 3.16, it seems
natural to ask if this extended quasi-metric is actually Smyth complete. The
following example shows that this is not the case.

Example 4.2. Let (R, |.|[z+) be the biBanach norm-weightable space of
Example 3.6. Denote by D the extended quasi-metric of uniform convergence
of (Cg+,d).|.. ). Define a sequence (Gy)ren of functions from w to Cg by

Culm) 2y, ifm >k
m) =
b 0 otherwise

for all m € w (here, x,, denotes the characteristic function of {m}).
Note that for each £ € N and each m,n € w, we have (Gr11(m))(n) <

(Gr(m))(n), so

D(Gy, Gy+1) = sup{d) .. (Gr(m), Gk1(m)) [ m € w} =0
for all k¥ € N. Hence, (Gi)ken is a left K-Cauchy sequence with respect to D.
Since, for each k € N, (Gy(k))(k) = 2* and (Gx11(k))(k) = 0, we deduce that

(Gk)ken is not a Cauchy sequence in the extended metric D*. We conclude
that D is not Smyth completable and, thus, it is not Smyth complete.
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Let (X, d) be a quasi-pseudometric space and denote by Py(X) the collection
of all nonempty subsets of X. According to [1], the extended Hausdorfl quasi-
pseudometric of d on Py(X) is defined by

dy (A, B) = max{sup d(a, B),sup d(A4,b)}
a€A beB

whenever A, B € Py(X).

Our next example shows that the if (C}, dwc*) is the dual complexity space
(of (F,]].|)), the extended Hausdorft quasi-pseudometric of the Smyth com-
plete quasi-metric d || . is not Smyth completable, in general.

Example 4.3. Let (R, |.|[z+) be the biBanach norm-weightable space of
Example 3.6. As in Example 4.2 define a sequence (G )ren of functions from
w to Cxy by

Gi(m) 2" xXm fm >k
m) =
F 0 otherwise

for all m € w.

Then (Aj)jen is a sequence in Py(Cty), where A; = {Gr(m) | & > j,
m € w} for all j € N. Fix j € N and let Gi(m) € A;. Since (Gjy1(m))(n) <
(Gr(m))(n) for all n € w and Gjy1(m) € Aj41, we deduce that

.. (Gr(m), Aj11) = 0.
Similarly, for each Gi(m) € Aj1, d) .. (A, Gr(m)) = 0. Hence,

(o)) (A, Ajn) = 0

for all j € N, and, thus, (A4;),en is a left K-Cauchy sequence with respect to
the extended Hausdorff quasi-pseudometric of dj.||..- Nevertheless,

() )H)(Aj41,45) =1 forall j €N,

because d| |, (4;+1,G;(j)) = 1. So the extended Hausdorff quasi-peudometric
of dj .. is not Smyth completable on Po(Cg; ).

However, several interesting kinds of dual complexity (sub)spaces have Smyth
completable extended Hausdorff quasi-pseudometrics (actually totally bounded)
as we shall show.

Indeed, it follows from results of Kiinzi and Ryser [14, Corollaries 2 and 9],
that the extended Hausdorff quasi-pseudometric on Py(X) of a totally bounded
(resp. totally bounded and bicomplete) quasi-pseudometric d on a set X, is to-
tally bounded (resp. totally bounded and bicomplete). Combining these results
with Theorems 3.22 and 3.24, respectively, we obtain:

Proposition 4.4. Let (F,|.|r) be a biBanach norm-weightable space such
that <q ,  is linear and let 7 C Cp. If (F,d|..) has a lower bound, then the
extended Hausdorff quasi-pseudometric of d) .. is totally bounded on Po(F).
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Proposition 4.5. Let (F,|.|p) be a biBanach norm-weightable space such
that <q, ,  is linear, let L € Cyp and F a closed subset of (Cg, (dj ..)°)-
Then the extended Hausdorff quasi-pseudometric of d) .. is totally bounded
and bicomplete on Po(FL). Hence, the (hyper)space (Po(FL), ((d)...)m)°) is
compact.

Let us recall that the Vietoris topology of a topological space (X,T) is
defined as the topology on Py(X) which as a subbase the collection of sets of
the form VT ={A e Py(X) | ACV}and W™ ={A € Po(X) | ANW # &},
whenever V' and W are open sets in (X, T).

Let (X, T) be a quasi-pseudometrizable space and let d be any quasi-pseudo-
metric on X compatible with 7. It is well known (see [1]) that the topology
generated by the extended Hausdorff quasi-pseudometric of d is finer than
the Vietoris topology on the collection of all nonempty compact subsets of
(X,T(d)). In [2] it is given an example of a compact quasi-metric space (X, d)
for which the topology of the extended Hausdorff quasi-pseudometric of d is
strictly finer than the Vietoris topology of (X,T(d)) on the collection of all
nonempty compact subsets of (X,T(d)). However, we can prove that the two
topologies coincide when one works on the collection K§(X) of all nonempty
compact subsets of the pseudometric space (X, d®). It is easy to see that the
restriction of the extended Hausdorff quasi-pseudometric to K§(X) is actually
a quasi-pseudometric.

Proposition 4.6. Let (X, d) be a quasi-pseudometric space. Then the Vietoris
topology of (X,T(d)) coincides with the topology generated by the Hausdorff
quasi-pseudometric of d on K§(X).

Proof. Let A € K§(X) and choose an arbitrary ¢ > 0. Then, there is a finite
subset A, of A such that A C Ugeca,(Sq)®(a,e/4). Then, the sets

VH lksy={B € K§(X) | B C Ugea, Sala,e/4)}

and
W™ |ksx)=1{B € K3(X) | BN Sa(a,e/4) # @ for all a € A}

are open neighborhoods of A with respect to the Vietoris topology of (X, T(d))
on K (X). Denote their intersection by G. We shall show that G C Sy, (4, ¢).
Indeed: Let B € G. Choose any a € A. Then, d*(a,a.) < &/4 for some
a: € A.. Moreover, there is a b € B such that d(a.,b) < €/4. Therefore,
d(a,b) < €/2. So, sup,c4d(a,B) < ¢/2. Now, choose any b € B. Then,
there is an a € A, such that d(a,b) < /4. Hence, sup,cpd(A,b) < /4.
Consequently, Sq, (A4, B) < ¢/2. We conclude that the Vietoris topology of
(X,T(d)) coincides with the topology of dp on K§(X). O

As a consequence of the preceding proposition and Corollary 3.25, we obtain
the following

Corollary 4.7. Let (F,|.||z) be a biBanach norm-weightable space such that
<djp linear. Then, the Vietoris topology of the dual complezity space
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(Cy, d”~“c*) coincides with the topology generated by the Hausdorff quasi-pseudo-
metric of dy ., on the collection of subsets of Po(C}) defined by {(Cy)" | L €
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