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Tightness of function spaces
SHou LIN*

ABSTRACT. The purpose of this paper is to give higher cardinality
versions of countable fan tightness of function spaces obtained by A.
Arhangel’skii. Let vet(X),wH(X) and H(X) denote respectively the
fan tightness, w-Hurewicz number and Hurewicz number of a space X,
then vet(C, (X)) = wH(X) = sup{H(X") : n € N}.
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The general question in the theory of function spaces is to characterize topo-
logical properties of the space, C(X), of continuous real-valued functions on a
topological space X. A study of some convergence properties in function spaces
is an important task of general topology. It have been obtained interested
results on some higher cardinal properties of first-countability, Fréchet prop-
erties, tightness[2, 4, 6, 9]. Arhangel’skii-Pytkeev theorem[2] is a nice result
about tightness of function spaces: t(C,(X)) = sup{L(X") : n € N} for any
Tychonoff space X. The following result on countable fan tightness of function
spaces is shown by A. Arhangel’skii[l]: C,(X) has countable fan tightness if
and only if X™ is a Hurewicz space for each n € N for an arbitrary space X. In
this paper the higher cardinality versions of countable fan tightness of Cp,(X)
are obtained.

In this paper all spaces will be Tychonoff spaces. Let a be a network of
compact subsets of a space X, which is closed under finite unions and closed
subsets. Then the space C,(X) is the set C(X) with the set-open topology as
follows[9]: The subbasic open sets of the form [4, V] = {f € C(X): f(A) C V},
where A € v and V is open in R. Then C,(X) is a topological vector space[9)].
The family of all compact subsets of X generates the compact-open topology,
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denoted by Ci(X). Also the family of all finite subsets of X generates the
topology of pointwise convergence, denoted by C,(X). For each f € C(X), a
basic neighborhood of f in C,(X) can be expressed as W (f, K, ) for each finite
subset K of X and € > 0, here W(f, K,e) = {g € C(X) : |f(z) — g(z)| < € for
each x € K}. In this paper the alphabet A is an infinite cardinal number, ~ is
an ordinal number, and 7, m, n, 7, k are natural numbers.

The fan tightness of a space X is defined by vet(X) = sup{vet(X,z) : z €
X1}, here vet(X,z) = w + min{\ : for each family {A,} < of subsets of X
with = € ﬂ7</\zry there is a subset B, C A, with |B,| < A for each v < A

such that = € (J,, By}. A space X has countable fan tightness[1] if and only
if vet(X) = w. An a-cover of a space X is a family of subsets of X such that
every member of « is contained in some member of this family. An «a-cover is
called a k-cover if « is the set of all compact subsets of X. Also an a-cover
is called an w-cover if « is the set of all finite subsets of X. The a-Hurewicz
number of X is defined by aH(X) = w + min{\ : for each family {U/,},<x of
open a-covers of X there is a subset B, C U, with |By| < X for each v < A
such that (J, _, By is an a-cover of X }. The a-Hurewicz number of X is called
the Hurewicz number of X and written H(X) if « consists of the singleton of
X. A space X is Hurewicz space[5] if and only if H(X) = w.

Theorem 1. vet(C, (X)) = aH(X) for any space X .

Proof. Let A = vet(C_ (X)), and let {{,},<x be any family of open a-covers
of X. For each v < A, put A, = {f € Co(X) : there is U € U, such that
f(X\U) C {0}}. Then A, is dense in C,(X). In fact, let N, .,,[K;, Vi] be a
non-empty basic open set of C,,(X), fix f € <, [K:, Vi]. Thereis U € U, such
that |J,-,, Ki C U because U, is an a-cover on X. Since |J;.,, K; is compact
in Tychonoff space X, there is g € Co(X) such that 9|Ui<mK_¢ = fluic,k, and
g(X\U) C {0}. Then g € A, N (N;<,,[K:, Vi]), and A, = Co(X).

Take f1 € C(X) with f1(X) = {1}, then f1 € ﬂ,y<)\zv. For each v < A
there is a subset B, C A, with [B,| < A such that fi € J, ., By by A =
vet(C,(X)). Denote By = {fx}xeca,, here |®,] < A. There is U, € U, such
that fi.(X\ Ux) C {0} for each € ®,. Put U, = {Uy}rea,. Then U, L{; is
an a-cover of X. In fact, for each A € a, since f; € [A,(0,2)], there are vy < A
and r € @, such that f. € [4,(0,2)], then A C Uy, so U, U, is an a-cover
of X. This shows that aH(X) < vet(C_(X)).

To show the reverse inequality, let A = aH(X). Since C,(X) is a topological
vector space, it is homogeneous. It suffices to show that vet(C,(X), fo) < A,
here fo € C(X) with fo(X) = {0}. Suppose that fo € (), A, with each
A, C Co(X). Foreachy < Aand n € N, put Uy, = {f~1(O,) : f € A,}, here
{On}nen is a decreasing local base of 0 in R. Then U, n is an open a-cover
of X. In fact, for each A € a, fo € [A,O,], there is f € [A,0,] N A,, thus
AC f7H(On) € Uy .
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Case 1. X\ > w. For each n € N, since {Uy n},<x is a family of open a-
covers of X, there is a subset U, , C U, , with U, | < A for each v < A such
that (J,_, U, , is an open a-cover of X. Denote U, ,, = {Ur};ca,,. There
is fr € Ay such that U, = f-1(0,,) for each 7 € ®.,,,. Let B, = {f; : 7 €
®yn,n € N}. Then By C A, and [B,| < A. We show that fo € U, ., B,.
For arbitrary basic neighborhood [A, V] of fp in C,(X), there is n € N such
that O, C V. Since U, U, ,, is an open a-cover of X, there are v < A and
T € @, such that A C U, = f-(0,,), hence f-(A) C V,ie., f; € [A V], so
foe{friTe€®ynneNy<At=U, .\ By

Case 2. A =w. Pt M ={neN: X e€lU,,}. If M is infinite, there
is m € M such that O,, C V for arbitrary basic neighborhood [A, V] of f; in
Ca(X). By the definition of Uy, m, there is g, € A, such that X = g,,}(On),
then g,,(X) C V, so g € [4,V], thus the sequence {g,, }menm converges to
fo. If M is finite, there is ng € N such that for each m > ng and g € A,,,
g HOm) # X. Since {Up m }m>n, is a sequence of open a-covers of X, there
is a finite subset U;, of Uy, m for each m > ng such that U,,>,, Uy, is an
open a-cover of X. Denote Ul, = {Up;}j<iom). There is fm; € A, such
that U, ; = f;:j(Om) for each m > ng,j < i(m). Next, we shall show that
fo € {fm,j : m >ngp,j <i(m)}. For arbitrary basic neighborhood [A4, V] of foy
in Co(X),let F = {(m,j) € N>:m >ng,j <i(m)and A C Uy, ;}. Obviously,
F # @. If F is finite, take z,,; € X \ Up,; for each (m,j) € F because
Um,j # X. There is K € a with AU {z,, ; : (m,j) € F} C K. Then K is not
contained by any element of ,,~,,, Up,» 50 U,;,>p, Us, is not an a-cover of X,
a contradiction. Hence F' is infinite, and there are m > ng and j < i(m) such
that A C Uy j = £.5:(Om) and O,, C V, 50 frn ;(A) CV, i, fj € [A, V],

m,j
Thus fo € {fm,;:m >mno,j <i(m)}.
This shows that vet(Cy (X)) < aH(X). O

By Theorem 1, C,(X) has countable fan tightness if and only if for each
sequence {Uy,} of open w-covers of X there is a finite subset U], C U,, for each
n € N such that |, .U}, is an w-cover of X.

Theorem 2. vet(Cp(X)) = sup{ H(X™) : n € N} for any space X.

Proof. Let A = vet(C (X)) and n € N. Suppose that {Uy},< is a family of
open covers of the space X™. For each v < A, a family V of subsets of X is
called having a property P, - if for each {V;}i<,, C V there is U € U, such that
[[;<, Vi € U. Denote by I, , the family of the all finite sets, which has the
property P, ., of open sets in X. For each V € T, -, let Iy = {f € C,(X) :
F(X\UV) C {0}}. We show that the set A, = J{Fy :V €T, ,} is dense in
Cp(X).

Let W(f, K,e) be any basic neighborhood of f in C,(X). Since K is
finite, there is a finite family W of open subsets in X such that for any
(x1,22,...,xn) € K" there are U € U, and a finite subset {W;},<,, C W
such that (z1,x2,...,2,) € [[;«, Wi C U. Then K C [JW. For each z € K,

neN
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put Vo =({WeW:ze W} andV ={V, : 2 € K}. Then K C |JV and the
family V has the property P, .. In fact, take an arbitrary (z1,z2, ..., x,) € K™,
there are {W;}i<, C W and U € U such that (z1,22,...,2,) € [[,<,, Wi C U.
Since each V;, C Wi, [T;<, Va: C U. Now, take g € C,,(X) such that fix = g/x
and g(X \UV) = {0}, then g € F\, C A,, so W(f,K,e)N A, # @. Thus
A, =Cp(X). B

Let f1 € C(X) with f1(X) = {1}. Then f; € ﬂv<>\A There is a subset
B, C A, with |B,| < A for each v < X such that f; € U » By. Then there
is a subset A, C Ty with [A, 4] < A such that B, C U{Fy Ve Ayq)
Let V € A, . For each & = (V1,V5,...,V,) € V", take G¢ € U, such that
[[i<,Vi C Ge. Put G, = {Ge: &€ V",V € Anv} Clearly, |QV| < X and
G, C U,. We show that U, <1 Gy covers X.

For an arbitrary (z1,2,....,2,) € X", let ' = {f € Cp(X) : f(x;) > 0
for each i < n}. Then F is an open neighborhood of f; in C,(X). Since
fe U,Y<)\BW, there is v < A such that F'N B, # @. Then F'NFy # & for
some V € A, . Let g € FNFy. Then g(X \JV) =0 and g(z;) > 0 for each
i < n. Take V; € V such that x; € V; for each i < n, then there is G¢ € G, such
that (z1,22,...,2s) € [[;<,, Vi C Ge. So (21, 22,....;2) € U(U,<, Gy)- Hence
H(X™) < vet(C,(X)).

Conversely, suppose A = sup{H(X™) : n € N}. Fix f € C,(X) and a family
{A,}y<x of subsets in C,(X) such that f € ﬂv<)\ . For each n € N, v < A
and x = (21,2, ...,2n) € X", there is g, 4 € W(/, {$1,$2, con}, 1/n) (A,
For each i < n, since |gq ~(z;) — f(z;)| < 1/n, by the continuity of f and g,
there is an open neighborhood O; of x; in X such that |g. ~(yi) — f(v:)]| < 1/n
if y; € O;. The set Uy, = [],<,, O:i is a neighborhood of  in X™. Thus
Uy = {Upry : © € X"} covers X", and g, (yi) — f(yi)] < 1/n for each
(Y1,Y2, -, Yn) € Uz 5.

Case 1. A\ > w. Since H(X™) < A, there is a family {S,, ,},<x of subsets in

X" with |Sp 5| < A for each v < A such that |, .\ S,y covers X", here each

={Uz :x € Sy} Foreachy < A, let B, , = {gacv S Snw}, and
B’v :UnEN n~- Then B, C A,,|By| < A, and f € UV<)\

In fact, let W (f, {yl,yg, o Ynt,€) be a basic nelghborhood of fin Cp(X)
with 1/n < e. There is v < A such that (yi,y2,...,yn) € [JSn,, thus there is
x € Sy~ such that (y1,92,...Yn) € Uz, 80 gz € By v and |gz ~(vi) — f(yi)| <
1/n < e for each ¢ < n, hence g, » € W(f,{y1,¥2, ..., Yn},€) N By. This shows
that f € U, By

Case 2. A\ = w. Replace v < A by k > n, and let By, = |J,,<;, Bn i in the
proof of Case 1, then By is finite subset of Ay and f € U,y B

In a word, vet(C,(X)) < sup{H(X") : n € N}. O

The following result obtained by A. Arhangel’skii[l] is generalized: C,(X)
has countable fan tightness if and only if X™ is a Hurewicz space for each n € N.
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