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Random selection of Borel sets
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ABSTRACT. A theory of random Borel sets is presented, based on
dyadic resolutions of compact metric spaces. The conditional expecta-
tion of the intersection of two independent random Borel sets is inves-
tigated. An example based on an embedding of Sierpiniski’s universal
curve into the space of Borel sets is given.
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1. INTRODUCTION

The theory of random sets is almost exclusively concerned with random
closed sets [T, [T5, @], the subject of random Borel sets hardly being touched
[T, Ch.1§2.5,p.41]. Probably the most elaborate exposition was given by Straka
and Stépan [I7] where it was observed that the distribution of a random Borel
subset A of the unit segment is uniquely determined by the distribution of
its inspection process A; := A ([0,t] N A), where A denotes Lebesgue measure
on I; but no characterization of the inspections processes occuring thus was
given. This left the characterization of distributions essentially open. Also,
the concept of inspection process does not easily generalize from I to other
compact metric spaces.

The well studied random closed sets are usually considered as elements of
the hyperspace equipped with the Vietoris topology or some variation. We can
conceive of situations where this design choice is inadequate. For instance, a
probability measure on the compactum defines a function on its hyperspace
that is upper semicontinuous but not continuous: Any closed subset can be
arbitrarily closely approximated in the Vietoris topology by finite sets and
hence by subsets of measure 0. In Robbins’ classical papers [I2, [[3] probabilis-
tic properties of a randomly selected subset A are derived from the function
F(z) := P(x € A); however, unless the point = carries mass we would prefer
to consider the sets A and A\ {z} equivalent, and thus events like “x € A” for
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fixed  and random A would be probabilistically meaningless. In applications
such as image analysis using wavelets 0-sets are generally neglected. Allowing
a random set to assume its values among Borel subsets, not just closed ones,
leads to greater variety but reduces complexity by factoring out 0-sets.

We must therefore emphasize that the method we are going to propose is not
a generalization of the conventional one from closed subsets to Borel subsets,
but a different approach that is intended for a different sort of applications.
For instance, we are going to ask the following:

Question 1. If two players independently choose random subsets A and B
and announce their measures p(A) and p(B), what knowledge can we derive
about p(AN B)?

A modification of this would be appropriate if A is a picture (hence deter-
ministic) submitted over a video channel and B is a random distortion:

Question 2. If A is known and B is random, what is the conditional distri-
bution of u(A N B) given p(B)?

This raises the question of invariance: If we were sure that the answer to
question Bl depended only on p(A), that is: only on the size of A but not its
location, then both questions would be equivalent. The reader will probably
observe that in the finite case both questions lead to the same hypergeometric
distribution. Unfortunately, in the infinite case we have to settle for a slightly
weaker property, because complete location invariance will be shown to be
impossible.

The general setting of our paper will be as follows:

Standing Assumption. Let X denote a compact metric space equipped with
a non-atomic Borel probability measure such that Suppyu = X. Thus u has
vanishing point masses and the only open 0-subset is the empty setL.

In section Bl the measure algebra Y (u) of all Borel subsets of X (canceling
those with p-measure 0) will be presented in an abstract setting. A geometric
model for this space will be developed in section Bl but first we need two
digressions. The first one is about isometries of Cantor’s discontinuum, which
will be utilized in context of the invariance property mentioned above. Larger
sets of automorphisms have been studied (eg. [I4]), but it will follow from
section [ that they wouldn’t be an improvement in our context. In section Hl
we review Sierpinskis “intermediate value” theorem for measures [16] and the
Hausdorff-Alexandroff theorem representing compacta as continuous images
of the Cantor space ([I, Ch.IL,§6,Thm.VI’] [, Ch.6,§26.2]); in combination
they state that any compact metric probability space is (more or less) measure
isomorphic to Cantor’s discontinuum equipped with Haar measure. In section Bl
we will study a particular subspace Y of the Hilbert cube that will be shown to
be isomorphic to Y (i) in sectionfl, using the methods of sectionBl This enables

11t can be shown that a measure with these properties exists if and only if X is dense in
itself.
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us to give a nice description of probability measures on Y (i) in section [@
Section B is devoted to the study of question [l The impossibility to reach
the idealized design goal of complete location invariance will be established in
section @l The space Y (u) contains something like a 1-skeleton that will be
shown to be homeomorphic to Sierpingki’s universal curve in section [} this
also provides us with the easiest non trivial example of a probability measure
on Y (u). The relation between random Borel and random closed sets will be
investigated in section [l

2. THE SPACE OF BOREL SETS

We denote by Y (1) € L?(p) the subset of all Borel sets in X, identifying a
set A with its characteristic function y 4 and considering two sets as equivalent
if their symmetric difference has measure 0. From L?(p) it inherits the Hilbert
space topology and the weak topology. In addition, Y (u) is an Abelian group
under the operation A “symmetric difference” with @ as 0-element and with
—A = Aforall A€ Y(u). We define a group valuation on Y (i) by | 4| := p(A4);
evidently we have |A1AAs] < p(A1UA) < |Ay] + |A2]. Thus Y (i) is a
topological group.

Notice that this space is the Lebesgue measure algebra familiar from de-
scriptive set theory [8, Exc.17.2,p.104].

Lemma 2.1. All three topologies on'Y (i) coincide:
(1) The group topology defined above.
(2) The Hilbert space topology induced from L?(u).
(3) The weak topology induced from L?(u).

Y (u) is norm closed in L?(u).

Proof. The first topology is induced by the metric dy(A4,B) = u(AAB) =
p(A\B) + p(B\ A), the second one by da(A,B) = |xa—xal, =

\/u (A\ B)> + 1 (B\ A)®. Therefore 1dy < dy < dy, and the two metrics
are equivalent.

Trivially, the weak topology on Y (u) is coarser than the norm
topology, and we have to show the reverse relation. For A € Y () and € > 0
the sets Uy := {B | |{(xa,xB—xa)| <5} = {B|pu(A\B) <5} and U; :=
{B|{xca:xB —xa)| <5} ={B|p(B\A) < £} are weak neighborhoods of
A such that Uy N Uz C {B | u(AAB) < €}, hence the weak topology is finer
than the group topology on Y (u).

The last statement is obvious. O

We observe that the set operations N and [ as well as the measure function
w are continuous on Y (u).

As an auxiliary object we denote by Z(u) C L?(u) the set of all functions
0 < f < 1. This set inherits the norm topology and the weak topology from
L?(u); the latter is compact by the Banach-Alaoglu theorem.
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Lemma 2.2. Y (u) is weakly dense in Z(u).

Proof. Consider a function g € Z(u) and a weak neighborhood of g defined
as the set of all h € Z(u) such that |(f;,h — ¢g)| < 1 with suitable functions
fi,--- fn € L?(p). Without loss of generality (observe ||[h — g|, < 1) we may
assume that each f; is a step function f; = 27;1 aijx4,;; and that g is a step
function g = Z;n:"l“ Qn1,jXAnsq,; With 0 < app1; < 1and Ay N Ay = @
for j # k. If By,... By is the collection of all intersections A;; N Agr, with non
zero measure, then we may write f; = Zjvzl BijxB; and g = Ejvzl v;XB; with
0<~;<1land B; N By =@ for j # k.

Choose points x; € B;. Then by our standing assumption 0 = p ({z;}) <
1 (Bj) and therefore Sierpinski’s mean value theorem ensures the existence of
sets C; C B, with p (C;) = ~v;u (Bj). Ujvzl C; € Y () is contained in the given
weak neighborhood of g. O

There are two intrinsic characterizations of Y (1) as a subset of Z(u). First:
Y () is the extreme set of the convex set Z(u), because any f € Z(u) can
be written as f = 32+ £ [1— (1 — f)?]. Second: pointwise multiplication
provides us with a product on Z(u) (let’s not worry about its continuity here),
and Y (u) is the set of idempotents. Furthermore, on Y (1) the product equals
the intersection of sets. These observations will be utilized in section

Y (p) can easily be identified as a weak Gs in Z(u); in particular it is Polish
(cf. 8, Exc.17.43,p.117] and |2, Ch.IX,§6.1,Thm.1])

It should be observed that lemma states a much stronger property
than would be obtained by an application of the Krein-Milman theorem [3|
Ch.I1,§7.1,Thm1], which would merely assure us that the conver hull of Y (u)
is weakly dense in Z(u). However, the property is familiar from Lindenstrauss’
proof of Liapounoff’s theorem [I{], applied to the measures f;u.

3. ISOMETRIES OF CANTOR’S DISCONTINUUM

For us, Cantor’s discontinuum is the compact Abelian group C = Zj , equipped
with the dyadic ultrametric [t — t/], = 2 ™t =0#0} ¢ — (1) ¢/ = ().
Observe that the ordering of the coordinates enters essentially. Furthermore,
C is a probability space equipped with the Haar measure.

By G we denote the group of isometries of C; by the Arzela-Ascoli theorem
this group is compact. To obtain a simple description we consider the projection
maps py, : Z5 — Z% onto the first n coordinates. It follows immediately from
the definition that every isometry must factor over p, and provide us with a
ladder of permutations 7, € Gan:
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Definition 3.1. A permutation © : Z% ~ Z% is called filtered, if there exists
a commutative ladder of permutations (not necessarily automorphisms) as in
1) with © = 7,. The group of all filtered permutations is denoted G,,.

2

Doy
(31) Zg —>; Zg_l e Z% P Z%
zl/ﬂ'n %lﬂ'nl z[/ﬂ'2 %lﬂ'l
P 2
Zy —= 7y I > 7}

We obtain Goo = lim  G; as inverse limit of finite discrete (hence compact)
groups this is a compact group. Hence any isometry is measure preserving.
Furthermore, the action of G, on C is transitive but not 2-transitive: indeed,
for two pairs of points x,y € C and X'y’ € C, an isometry 7 € G4 with
vx =x’" and vy =y’ exists if and only if |x — y|, =[x’ —¥],.

4. REVIEW OF MEASURABLE DYADIC SPACES

The classical result obtained by Hausdorff and Alexandroff states that every
compactum can be represented as a dyadic space, i.e. as continuous image of
Cantor’s discontinuum. We have to squeeze measure theoretic properties out
of this theorem. The dyadic resolutions we are about to construct should be
compared to the “rastering” of an image and will be the fundamental tool in
our analysis of the space of Borel sets in section B

Lemma 4.1. Every point of x € X has a fundamental sequence of open neigh-
borhoods U with u (0U) = 0.

Proof. For a given point x € X choose a continuous function ¢ : X — I with
¢ 1(0) = 2. Let C C I be the at most countable subset of all points ¢ € I with
1 (¢71(t)) > 0; for any ¢ € I'\ C the open neighborhood U := ¢~ ([0,¢[) of x
satisfies OU C p~1(t) and therefore p (OU) = 0. O

Lemma 4.2. Suppose A is a locally closed subset of X with u(A) > 0 and
w(0A) = 0. Then for any 0 < B < u(A) there exists a locally closed subset
B C A with p(B) =0 and u(0B) = p(0(A\ B)) =0.

We recall that a set is locally closed if it is the intersection of a closed
and an open set [2 Ch.1,§3.4]. This adds a condition about the boundary to
Sierpiriski’s theorem [T6].

Proof. We construct two sequences of open subsets U,,V,, C A° such that
Unﬂvn :Q; Un g Un+17 Vn g Vn+17 5_% S,U(Un) <6a ,U(A)_B_% S
w (Vo) < p(A) — B and p(0U,) = u(dV,) = 0. Clearly we can start with
Uy = Vi = @. At inductive stage n, if u(U,) = 8 or p(V,) = p(4) — 8
we are finished, so let us assume 0 < 8 — p(U,) < pw(A) — p(Uy) — p(Vp).
Let K C A°\ (U, UV,) be a compact subset with u(K) > 8 — 1 (U,). Using
atomicity of u and lemmaB Tl we can cover K by finitely many open subsets W;
of A°\ (U, UV,) with u(W;) < n+-1 and p (OW;) = 0. Let j be the maximal
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number such that g (W1 U...UW;_1) < —p (Uy,). Then p (W1 U...UW;) >
B—pn(Uy,) and, smce,u(W)<n+l, WhU...UW,_q) >=F— u( ")_n+-1
Set Upy1 = U, UW7 U...UW;_4. Again, if 1 (Ups1) = B we are finished.
Otherwise we have u(A) — p(Upt+1) — p(Va) > w(A) — p (V) — 8 > 0. Let
K'C A°\ (Up41UV,,) be a compact subset with p (K') > p(A) — p (V) — 3
and cover K " by finitely many open subsets W/ of A°\ (Un41UV,) with

uw(W!) < n—+1 and p(OW]) = 0. Let j be the maximal number such that
p(Wiu...UW/_ ) < u(A)—p (V) —B. Then p (W] U...UW/_;) > u(A)—
w(Vy) — B — n+r17 set Voy1 =V, UW] UL .UW/_,.

Now U := |J,, U, and V := |J,, V,, are disjoint open subsets of A° with
w(U) = B and u(V) = p(A) — B. Since OU C A\ (UUV) we must have
w(0U) =0. O

Lemma 4.3. Suppose we are given real numbers 3; > 0 with § := Z?:_Ol G; < 1.
Then for any 0 < e <1 and N > é max; & we can find numbers k; € N (in

Bi
particular k; > 0) such that 31" ki =

< 1

Proof. Set 9 := max; Bﬁ First choose integer k; € Z with ‘% -k < 3.

Then [NV = 3, k] = [S275 (22 — k%) z

-1
2 cases k; := k} = 1 we can assure y ., 3

2 <3
N > 49 > i’é—@ we have N2 > 4 and in particular k; > 0. This gives us
k—g 3[3 < 30 S 1 and therefore ]IX% — 1‘ < %, hence ﬁl B

389 ~ 39  3e
N2 §N2§4N' D

< 3 and hence, by adjusting at most

Since

= @

N| =

Definition 4.4. A type I resolution of X consists of a double sequence of
locally closed subsets Ay € X, n € Ng, 0 <m < 27, subject to the following
conditions:

(1) Ao =X

(2) Apm NApk =2 form £k

(3) n+1,2m U AnJrl 2m—+1 — Anm

(4) lim max? —) diam A, =0

(5) n (6Anm) = 0

(6) There exists a sequence of numbers e, > 0 with )", e, < oo such that
1 ;n 1% (Anm) S 1% (An+1,2m) s U (An+1,2m+1) S 1+5n 1% (Anm)

Proposition 4.5. Fvery compactum satisfying our standing assumption has a
type I resolution.

Proof. We construct the sets A, by induction on n, pushing ahead from
step n to step n + N for a suitable number N and then assembling the inter-
mediate sets as pairwise disjoint unions. Observing lemma Bl we can chop
up Anm into a disjoint union of locally closed sets Ay, = ]_[;:0 B; with
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w1 (0B;) =0 and diam B; < %diam A moreover, since Supp i = X we have
w(Bj) > 0. For any 0 < € < 1 lemma ensures the existence of numbers
k; € N such that Y, k; = 2" and },%ju (B,) — 2—NM(AW)‘ < <=+, provided

N
= > i(f(—%g)). Using lemma EE2 we can partition each Bj into a disjoint union

of k; locally closed sets B; = [[,e; Ane, #1; = kj, with p(0Ane¢) = 0 and
w(Ane) = kiju (B;), so that in particular |p(Ane) =27V p (Anm)| < 75w
Each of the intermediate sets Ay, 0 < v < N, 2m < w < 2Y(m + 1),
is the disjoint union A,y = [c; Ane, #J = 2. Thus 270 (Apyow) =
> es 271 (Any), and by convexity |27V (Ansvw) — 27N (Apm)| < 57

N rffss) 1| < gy and thereford] |22 ense)

Equivalently,

de 2p(Antot12wil) 4 1
S NatAn) and ‘ w(Antv,w) 1’ S NatA,m) if & is chosen small enough.

This takes care of condition B in definition EE4l where the steps from n + 1 to
n+ N contribute a total of at most Zszl N#(‘lj y = #(:‘5 5 to the sum of all

error terms g,,. O

Remark: The proof shows that we can arrange for the total error ) e,
to be arbitrarily small.

Example 4.6. On Cantor’s discontinuum, construct a type I resolution as
follows. For 0 < m < 2" consider the dual expansion m = Z;é en_r2F and
set Crm =, (€1,...€n). Notice that C,,,, is closed and open, diam (C,.,,) =
2771 and v (Cp) = 277

Lemma 4.7. For any type I resolution the finite unions of the sets Apm con-
stitute a dense subset of the space of all Borel sets Y ().

Proof. Inner and outer regularity of u [, Thm.17.10] and small diameter of
the sets A,m. O

Theorem 4.8. Each compactum X satisfying our standing assumption can be
represented as continuous image of Cantors discontinuum f : C — X, such
that there exists a measurable inverse function g : X — C whose points of
discontinuity constitute a 0-set, with fg = idx strictly and gf = id¢ a.s.
Moreover, there exists a continuous, strictly positive density function ¢ : C — R
with gop = v and f.v = ﬁu, where v is Haar measure on C. @ may be chosen
as close to 1 as we please.

Notice for instance that the fibers of f must be non void 0-sets. X can be
changed into Cantor’s discontinuum by altering it at a 0-set. The probability
spaces (X, ) and (C, pv) are measure isomorphic.

Proof. Observe that for any sequence of numbers m,, with m,; = 2m,, or

n—1 2“(A"+1’mk+1 )

Mpy1 = 2my + 1 for each n we have 2"y (Apm) = [[—o 1(Army,) and

20bserve that lr—1]<e< % and |y — 1] <e < % imply

£—1‘§4€
Y
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that the product converges uniformly for all such sequences m,,. Hence, if we
define a continuous function ¢, : C — R to assume the value 2"u (A,,,) on
Chm, then this function will converge uniformly to a continuous function ¢ :

_ 2V (mA) -1 _
C—R, >0 For N>nwehave [, pndv=73 0 fCNk ondy =

ii;;(j#)fl w(Ank) = i (Apm) and therefore anm odv = p (Apm)-

Define f,, : C — X to be the continuous map that assumes on C,,,, a constant
value contained in A,,,. This sequence of functions converges uniformly to a
map f:C — X with f(Cpm) € Appm. For a point x € X consider the unique
sequence m,, with x € A,,,. There is a unique point y € C with y € Cy,,,, for
all n, therefore f(y) € () Anm, . Hence f(y) = =.

Define g, : X — C to be the function that assumes on A,,,, a constant
value contained in C),,,; notice that g, is measurable and is continuous except
possibly at | J,,, OAn,. This sequence converges uniformly to a function g : X —
C with g (Anm) € Cpy, that is measurable and is continuous except possibly at
Xy = Un,m OApm; notice 11 (Xo) = 0. Since fg(Anm) C f(Cnm) C Apm we
must have fg = idx strictly, by the same argument as above.

g (Apm) C Cpy, implies A, € g7 (Crim), but since for fixed n these sets
constitute a partition of X we must have A,,,,, = g~ (Cp,,,). Hence anm wdv =
w(Apm) = 1 (g_lcnm) = (g« pt) Crm- Since the finite unions of the sets Cy,p,
generate all Borel sets we conclude pv = g, pu.

Now let Yy := f~1 (Xo) C C be the inverse image of the singularity set of g.
Then g~' (Yo) = g~ f 7' (Xo) = (f9)~! (Xo) = Xo and in particular [, ¢dv =
I (g_lYo) = 11 (Xp) = 0. Since the continuous density ¢ is everywhere positive
we conclude v (Yp) = 0.

Let’s consider a point y € C \ Yp; for n pick m such that y € Cy,,. Then
fly) € Apm \ Xo € Apy and therefore gf(y) € Cppm. This can happen for
arbitrary n only if gf(y) = y.

We claim f'AS  C Cpy,. For a point y € f71A°  we pick k such that
y € Cpp, then f(y) € Apg. If we had k # m we could conclude A, N A, = 9
and hence A,;, N A2, = @ and hence f(y) & A2,,, thus arriving at a contra-
diction. Therefore we have Cy,, € f Ay € f71(AS,, U Xo) C Cpm U Y.
This implies £~ (A \ Xo) = Com \ Yo, in particular v (f’l (Anm) \Yo) =
v (ff1 (Anm \ XO)) = 27" and hence v (f’lAnm) = 27", This implies
[o Edu= [, dfiv and therefore éﬂ = f.v.

nm g
Finally, ¢ can be made arbitrarily close to 1 because the error sum ) &,
in condition [ of definition EE4l is completely at our disposal. O

Notice that theorem allows to transport the group action of G5, on C
onto X by wx := frg(x). The map x — 7z is a measure isomorphism of #u
and is continuous except at a 0-set, and the equation (wo)z = 7 (oz) holds for
almost all x, the exception set depending on o. The action is transitive in the
strict sense, i.e. for each x € X the orbit equals the entire space Goox = X.
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Definition 4.9. A type II resolution of X consists of a double sequence of Borel
subsets Apm C€ X, n € Ny, 0 < m < 2", subject to the following conditions:
(1) Ago =X
(2) Apm NApr =9 form £k
(3) An+1,2m U An+1,2m+1 - Anm
(4) /L(AnJrl,Qm) =p (An+1,2m+1) = % (Anm)
(5) The finite unions of the sets Anm are dense in Y ().

Type II resolutions have the advantage of reproducing the measure on X
exactly, but otherwise they are considerably weaker. Easy examples such as
taking X as disjoint union of two closed segments of length % and % show
that the properties of type I and type II resolutions are mutually exclusive in
general.

Proposition 4.10. Every compactum satisfying our standing assumption has
a type II resolution.

Evidently, this holds for the unit segment; the general case then follows from
the isomorphism theorem for measures (cf. [8, Thm.17.41], B, §41]). For com-
parison: using type II resolutions instead of type II in the proof of theorem E§
just reproduces the ordinary isomorphism theorem. However, here it is not
necessary to adjust our measure by a density function.

Proposition 4.11. For any compactum X satisfying our standing assumption
there exists a measurable function g : X — C such that g.pu = v, where v is
Haar measure on C. Moreover, for any Borel subset A C X there exists a Borel

subset B C C such that yu (AAg='B) = 0. Thus Y (u) = Y (v).

5. THE COORDINATE SPACE

Let Z denote the set of all sequences of real numbers ,,,,, n € Ny, 0 <m <
2™ subject to the conditions

(5.1) 0< zpm <1

1
(5.2) Tnm = 5 (Tn+1,2m + Tnt1,2m+1)

Z is a closed subset of the Hilbert cube and thus inherits a compact topology,
that will be called the weak topology. Notice that Z is convex.

Lemma 5.1. For all (xpm) € Z

0o (m41)2m Tl
(53) ZEim + Z 2n—r—1 (Ir,Qk - $T72k+1)2 < Znm
r=n+1 k=m2r—n-1
Proof. We show by induction on N > n that
(5.4)
(m+1)27 """ 11 (m+1)2VN "1

N
2 E E —r—1 2 —-N E 2
Tom + A ($r72k - xﬂ?k'l‘l) =2" TNK

r=n+1 k=m2r—n-1 k=m2N-n
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The inductive step is as follows:

(m+1)2VN "1 (m+1)2N "1
—-N 2 —N-2 2
(5.5) 2" E TN T+ g 2" (TN+1,2k — TN+1,26+1)
k=m2N-n k=m2N-n
(5.6)
(m+1)2N "1
—N—-2 2 2
= 2" E [($N+1,2k +aNnt12k41) + (TNf128 — TN41,2041)

k=m2N-n
(m+1)2N "1

_ on—N-1 2 2

(5.7) =2 Z (INH,zk + $N+1,2k+1)
k=m2N-n
(m41)2N+1i-n_q
__ on—N-—1 2
(5.8) =2 Z TN+1,k
k:m2N+lfn
Similarly one shows
(m+1)2N "1
(59) 2n7N Z TNk = Tnm
k=m2N-n

and the asserted lemma follows from 33?\7 b < TN O

This implies in particular that Z is contained in the Hilbert space of all
sequences satisfying (B2), equipped with the scalar product
(5.10)
oo 2"71-1
(s T} = 700200 + D D 27" (@n2m = Tnom1) (Thom — T ms1)
n=1 m=0

Thence Z inherits another topology, finer than the one above.

Lemma 5.2. On Z there is a product (Tnm) = (zh,,) A (zh.,) defined by

nm
(m+1)2VN "1
(5.11) Ty = lim 277N > T on
N—oo i N
=m -n

It satisfies Tpm < \/x! !

X and is continuous as a function Zy X Ly — Ly,
the suffizes indicating Hilbert space topology and weak topology, respectively.
The bilinear map Zy, X Zy — Zy, is separately continuous [B8, Ch.IIL,85.1]. The

A-product is commutative and associative.
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Proof. For all N > n we obtain
(m+1)2V "1

n—N / "
2 E TNETNE

k=m2N-n

(5.12)
(m+1)2N77171
+ Y 2N (e — i) (@428 — P4 ,2601)
k=m2N-n
(5.13)

(m+1)2VN "1

__ on—N-2 / / " "
=2 E ($N+1,2k + $N+1,2k+1) ($N+1,2k + 1’N+1,2k+1)

k=m2N-n

+ (55/N+1,2k — Ty y1oes1) (TN 12k — TN 12801)

(m+1)2N "1

__on—N-—1 / " / "
(5.14) =2 E (xN+1,2k$N+1,2k + $N+1,2k+1$N+1,2k+1)
k=m2N—-n
(m+1)2N+1771_1
__on—N-1 / i
(5.15) =2 E TN4+1,ETN41,k

k:m2N+1—n
Lemma Bl and the Cauchy-Schwarz inequality imply that the perturbation
term in (BI2) converges to 0. We obtain

(m+1)2VN "1
(5-16)  @nm 1= lim_ 2n N N g
k=m2N-n
0o (m41)2r Tl
—r—1
= Ly Ty + Z Z 2nr (35;219 - I;‘,2k+l) (I;‘/,2k: - I;‘/,2k+l)
r=n+1 k=m2r—-n-1

This demonstrates the asserted joint continuity condition right away, as well
as the relation x,, < \/a!,,, x  via another application of lemma Bl and the
Cauchy-Schwarz inequality. Obviously the so defined sequence x,,,, satisfies
ET) and (B2). Commutativity and associativity are easily checked. For fixed
(«!.,) the convergence of the series (BI6) is uniform, this implies separate
continuity on Z,, X Z. O

Proposition 5.3. For any x = (Znm) € Z the following conditions are equiv-
alent:

(1) x is an extreme point of Z.
(2) xAx=x
%) n—1_ e
(3) @0+ Xnti Xheo 27" (Toh — nok1)” = oo
: N, 2
(4) hmn_’oo 2 Zm:() (:I:nm - %) = %
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Proof. With 1 —x := (1 — @) we get x = 3x Ax+ 1 [1 — (1 —x) A (1 —x)],
hence [@M=@). @) is just the 00-component of @). In terms of our scalar

" 2 _ 1 1,7
product (EI0) condition @) means [x||” = xoo. Now assume x = 5x" + 5x".

Then, observing lemma Bl we can conclude zgy = H%x’ + %x”H2 =1 I |1? +

2 2
Le,x) + 1P < (I + Ik < (3v/ho + 3val) < dabo +
$2(o = @oo. Therefore we must have (x/,x”) = ||| [|x"]], i.e. ¥’ and x” must

: 1 / 1 o 1, 1. s Jw / ta :
be collinear, and 5+/xgg+351/Zo0 = 1/ 5200 T 3T00s 1-€- Tog = Tgp- This implies
x' = x”” = x and establishes the equivalence of the first three conditions, and
the equation

2" -1 1\ 2 2" -1 1
—n __ 9—n 2
2 Z(xnm_§> =2 anm_"too—i_z

k=0 k=0

2 no277'-1
1 —r—1 2
= (évoo - 5) +Y0 ) 2 (Tr2k — Tr2k41)

r=1 k=0
takes care of (@). O

(5.17)

Remark 5.4. Equation (BI7) shows that the sequence 27" Zi:;ol (Znm — %)2
increases with n and has limit < %, for all (xnm) € Z.

Definition 5.5. We denote by Y C Z the subspace of all points satisfying the
equivalent conditions of proposition 3.

Now observe that on Y we have ||(2ym)||* = 2oo. Hence for fixed (z7,,,) the
norm distance ||(z,,, — @)l = V@b + 200 — 2 ((2],,n) » (z11,,)) is continuous
as a function of (2 .) on Y,,. Therefore the weak topology and the Hilbert
space topology coincide on Y.

This subspace is closed with respect to the A-product, because for x,y € Y’
we have (X Ay) A (xAy)=(xAX)A(yAy)=%xAYy, hence x Ay € Y. Thus
A induces a continuous product on Y. Y is a weak Gs in Z, in particular it is
Polish.

We can easily establish the density of Y in Z. For given R, N and (z,,,) € Z
we will construct (ynm) € Y with |2xm — ynm| < 27F; then |Zpm — Ynm| <
2~ for n < N follows from (£3). Pick numbers k,,, € Ny such that ‘asz - ’;—3%| <
2~ F. We now define y ~N+R,¢ such that it assumes the value 1 exactly k,, times in
the range m2% < ¢ < (m+1)2% and is 0 otherwise. Observing (B2) this defines
(Ynm) uniquely, and yy., = ’;—’g Moreover, (Ynm) € Y because ypm — 3 = :l:%
forn > N + R.

The group G, we encountered in section Bl acts continuously on Y. Suppose
we are given a ladder of filtered permutations 7, like in diagram @II), and

consider the dual expansion m = Zn ! €n—;i2" of a number 0 < m < 2". Set

1=
(eh,...€) == m(e1,...en) and m,(m) = Z;:ol el _;2". Since Tpomn(m) =

1 .. .
5 (a:n+1)ml+1(2m) —|—xn+1)ml+l(2m+1)) this induces an operation of G, on Z,

1
2
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continuous in the topology of your choice. Condition B of proposition is
obviously invariant under G, therefore GooY C Y.

6. THE ISOMORPHISM THEOREM

Theorem 6.1. Let (Anm) be a resolution of either type, and define a map
h:Y(p) =Y, h(B) = (Tnm) by Tnm = 2" fBﬂAnm éd,u (where ¢ and g are
as in theorem[.8) in case of type I, and Tppm = 2" (B N Apnm) in case of type
II. h is a homeomorphism. The intersection corresponds to the A-product, and

the complement of a set represented by (Tpm) corresponds to (1 — Tpm).

Notice that in particular, xgp = fB ﬁdu in case of type I and zgy = p(B)
in case of type II.

Proof. We consider h as map h : Z(u) — Z and observe that it is continuous if
the spaces are equipped with either weak or Hilbert space topology, using the
same choice for both spaces. We will show h (Y (1)) C Y below.

Let B = |J; Anm, be a finite union of elements of the resolution (n is some
fixed number); then z,,, = 1 if m appears among the m; and x,,, = 0 oth-
erwise. The collection of all sequences of this form has been recognized as
dense at the end of section Bl and by compactness (weak topology) we have
h(Z(w)) = Z. The equation h (f1f2) = h(f1) A h(f2) is immediate for finite
unions {J; Apm, and hence for step functions ), aix4,,,,, but since the map
(f1, f2) — h(f1) A h(f2) is continuous as a map Z(u)n, X Z(p)n — Zy and
since the described step functions are norm dense, it must hold generally. In
particular we obtain h(f) = h (f?) = h(f) A h(f) and therefore h(f) € Y if
feY.

Now assume h (f;) = h(fz). For abbreviation, let’s write i = - in

©g
case I and i = p in case II, then by definition the 00-component of h equals

hoo(f) = [ fdji. Therefore [ fifadii = hoo (fif2) = (h(fi) Nh(f2))gy =
(h (fl) A h(fl))OO = hoo (f12) = ff%dﬂ and Similarly fflfgdﬂ = ff%dﬂ
Therefore [ (f1 — f2)*di=0.

Hence h : Z(u) ~ Z is a homeomorphism (in either kind of topology). O

The reader may notice that the homeomorphism h transports the “a.s.-
action” of G, on X defined after theorem E-¥;lto the action on Y from section Bl

7. PROBABILITY MEASURES ON THE SPACE OF BOREL SETS

For us, a probability measure on Y (1) ~ Y is a Borel probability measure
v on the compact space Z (weak topology) such that v (Z \ Y) = 0, this being
computable by condition B of proposition

The definition of the compact space Z may be rephrased as follows: Denote
by p+l s 12" 12" the map p"t (xo, . . . gns1_q) = (2 - Tha_q), Thy =
%(Izm + Zomy1), Then Z = 1&1" I?" taken along the maps p?l“. Let py, :

Z — I*" be the natural projection, and consider the measures v, := p,v on
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I?". They determine v uniquely [ Ch.III,No.4,§5]. We arrive at the following
characterization:

Theorem 7.1. A probability measure v on 'Y corresponds bijectively to a se-
quence of probability measures vy, = ppv on 12" such that Py, = v, and
for alle >0

2" -1 12 1
7.1 li n 27" am — =] < —— =0
o e ) <

v is invariant under G if and only if each vy, is invariant under G,,.

The reader will have noticed that the sequence of numbers in (1)) is de-
creasing, and we just have to exclude a strictly positive limit. Also, the event in
) is invariant under G,, because G,, simply permutes the coordinates @, .

We can now construct the measures v, inductively subject to the conditions
above, starting with an arbitrary measure 1y on the unit segment. v,4; can
be chosen G, 1-invariant if v, is G,-invariant. The inductive step requires the
distribution of mass along the fibers of p"*!, to which end we must surmount
a difficulty displayed in figure [l Assume € > 0 and N > n are fixed. We say
that a point (z3) € I?" with 27" Ziigl (z — %)2 < 1 — e is critical if the
entire fiber (pfy)fl (z1) is contained in the ball 2= Eiial (), — %)2 <i_e

AN
/77 N\
N/
7

FIGURE 1. Critical and non critical fibers of ¢ : 12 — I

Lemma 7.2. Let 0 < x < 1 and consider the “projection” q : I™ — 1,
2
q(z1,...Tm) = % ZZ;I . Then max{zzlzl (a:k — %) : % ZZ;I Ty = 3:} =

’"T_l + (mx— |max] — %)2
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Proposition 7.3. (z1) € I*" is critical if and only if
2n 1

1 2
> (2N_"xk — 2Ny ] - 5) <2m7% - 2Ne,

k=0
Hence it suffices to choose N large enough such that 2N "¢ > % to exclude any
critical points.

Example 7.4. We define vy inductively using a function ¢ : 2" x 12" — R+
such that

(7.2) o (x,x) £ 0= pY (x) = x

(7.3) vx e 1?7 / e(x,x)YA(dx") =1
x'e(py) " (x)

where A\ denotes Lebesgue measure on R2"-2" Then for any function f :
1" = R we define

(7.4) /fduN = //cp(x, x') f (X)X (dx") v, (dx)
One could for example take the following choice:
1 2= 1\* 1
/ N\~ .o—N /
x'e(pl)  (x):2 kZ_(J(:Ck—§> > ¢

MAX)™' ¥ e Ax)

(7.5) A(x) :

(7.6) o (x,x') = {

0 x' & A(x)
Notice that A (A (x)) > 0 if N is chosen according to proposition [ Then
N 2V 1 N2 1
(7.7) vy | (@) eI* 27N ; <x§c—§) > ¢ =1

Example 7.5. Let’s consider our random Borel sets as stochastic process as
follows: at time n+1 we split up the random variable z,,,, into two random vari-
ables Ty 41,2m, Tn+1,2m+1 subject to the condition xy,, = % (Tn+1,2m + Tnt1,2m+1),
thus picking a point in the fiber displayed in figure[ll This forces the difference
of the new values into the interval Z,,11 2m—%n+1,2m+1 € [—2min (Tpm, 1 — Trm)
2min (Tpm, 1 — Tpm)]. Except for the necessary scaling this is done inde-
pendently and with identical distribution defined by a density function ¢, :
[-1,+1] — R subject to the conditions ¢, (—t) = pn(t), jll on(t)dt =1 and
on

(7.8) lim / on(Bdt] =1

n—oo

[t|>1—¢

for each ¢ > 0. For instance we could use ¢y, (t) := ¢, exp ((nt)?), with suitable
normalization factors c,.
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This leads to measures v, on I?" with density functions ®,, : I?" — R
defined inductively as follows:
2m_1 SO ( T2m —T2m 41 )
- 7\ 2min(Zy,1—Zm)
(79) (I)n_;,_l ((EO, ce o Lont1_ 1) (I) (.’I]Q, . LL'gn_l) H
1

=

2min (T, 1 — &)

. 1
(7.10) Tm =5 (T2m + T2m+1)

where &y : I — R must satisfy fol O(t)dt = 1, otherwise arbitrary. G-
invariance is immediate, and the following lemma ensures the assumptions of
theorem [Tk

Lemma 7.6. Suppose € >0 and § > 0 are given. Choose
(1) r € N such that 27" < 32

l1—e’

(2) ¥ >0 such that (1 —19)" >1—9,

on
(3) N € N such that for alln > N the inequality l J gpn(t)dt] >
[t|>1—2-"—2¢
1 — 14 holds.
Then for alln > N+r we obtain vy, ((xk) eI .9n 22 o) (Ik - _) > i - )
>1-4.

Proof. Let us define points (xsm)0<m<25 € I?" for n—r < s < n by downward
induction xym, 1= Ty, and Ts_1 m = % (s,2m + Xs,2m+1); we consider the coor-
dinate x5_1,, as “parent” of the “children” xs oy, and x4 2m+1. This provides
us with a set of trees with nodes labeled x4, , with root nodes ,_, », and leave
nodes Z,.

A leave node x,, = xnm, will be called “good” if at least one element
of its chain of ancestors z;,,, for n —r < s < n satisfies ‘x&ms - %’ >
3 — 27772 Since we must necessarily have m,2"™* < m < (m, +1)2""*

ms+1)2" 77
and 2~ (s Zg mgn—s  Ti = Tsm, we conclude

Rl > o P e o
§ 2= (n=s)— 1(2” s —1) + 27(=9) ’x — 2| and therefore ’xm—%‘ >

—2n7s7r22 > 1 — £ for every good leave node T

We claim that with probability > (1 — )" at most one leave node in each
of the 2"~" trees is bad, more generally: at most one level £ node in each tree
is bad with probability > (1 — )¢ for 1 < £ < r. We start by considering level
1, i.e. the 2”77 pairs of children 2,,—41.9m, Tn—rt1,2m+1 Of the root nodes.

At least one child of a root node is good with probability J on(t)dt;
[t]>1—2-"—2¢
hence each of the trees contains at most one bad node of level 1 with probability

[¢]>1—2-7—2¢
of a good level ¢ node are good level £ + 1 nodes, and we have at most 2"~ "

2'”/ r
l Ik gon(t)dtl > (1-9)>" >1—19. By definition both children
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bad ones at level ¢ with probability (1 — 9)¢. Each of these has at least one
good child with probability > 1 — ) by the same estimate as above, leading to
a probability > (1 — 9)**! of our event at level £+ 1.

We conclude that with probability > 1 — § at least 2" — 2" leave nodes

Ty, satisfy ’xm —% > % — 5 and therefore (:Em - %)2 > % — 5. Hence
_ on—1 2 _
27" g (m—3) 2 (1-27")(;-9) 21-= O

Example 7.7. We could opt to push the entire mass of 12" onto its 1-skeleton.
This choice will be discussed in depth in section [0

8. CONDITIONAL EXPECTATION AND VARIANCE

The coordinates x,,, in Y may be considered as random variables &,,, : ¥ —
I with gnm = % (€n+1,2m + §n+1,2m+1> and hmnﬂoo 27" 23:2—01 (gnm - %)2 = %
a.s. The intersection of random sets is represented by the A-product. We
will be using a G-invariant probability measure on Y as constructed in sec-
tion [} furthermore we will assume that &yo equals the measure of our ran-
dom set, so either type II resolutions have to be used or adjustment by a
density function must be allowed. For two numbers 0 < k # m < 2" we
consider their dual expansions k = 37" 18, ;2! m = Y7 ' ¢, ;2" and define
v(m, k) :==min{i:e; # ;} = —1b|m — k|,. We prepare to answer question [l

Lemma 8.1. There exists a sequence of functions f, : I — I such that
(8.1) E (&nmloo) = oo

(8:2) E (&8ml600) = fn (€00)

(8.3) E (§nmé&nkl€00) = 2fo(m.k)—1 (§00) = fo(m,k) (§o0) if m #k

(8.4)

Proof. Trivially, £y is Goo-invariant. Invariance of v therefore implies that
E (&mm|€00) is independent of m, and ] follows from &yo = 27" 27271:—01 Enm-

The same argument shows that E (¢2,,|¢00) is independent of m, and &3
may be taken as definition of the function f,. &) follows from lim, ., 27"

S22 ¢ as. Again by Goo-invariance, E (EnmEnk|€00) =: F (n, v(m, k),

m=0

&oo) for m # k depends only on n, v(m, k) and &yo. Observing

lim f, =id; wy-a.s.
n—oo

Enm&nk = 7 (Ent1,2mEnt1,2k + Ent1,2mt18n+1,2k + Ent12mEnt1 2641
+&nt1,2m+18n+1,2k+1)

and
v(2m, 2k) = v(2m + 1,2k) = v(2m,2k + 1) = v(2m + 1,2k + 1) = v(m, k) we
can drop the first argument of F' and write E (§nménk|Soo0) = F (v(m, k), &oo)-
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In the equation

e m41)2¥ "1 2 e m4+1)2¥ "1
g'rzlm = 22( N) ( E:;—Lg%\l—n ng) = 22( N) ( E_lgz\l—n 5]2\76

Zi”;flmzw n §Na§Nb)
for N > n we count the number of pairs a, b with specific dyadic distance and
obtain f, (§00) = 2"V fi (€00)+ X1 2" F (r,600) = 27N v (€oo) +
Zi\::;l 2"7"F (1,&00) and hence 2fn (§o0) = fn+1 (§00) + F' (N + 1,600). O

Theorem 8.2. For two any two independent random variables A and B as-
suming Borel subsets of X as values we obtain

(85) E(u(ANB)|u(A), (B)) = p(A)u(B)
(8.6)  Var (u(AN B)|p(A), u(B))

=Y 277 [2f0 (1(A)) = fasr (u(A)) — p(A)?] 210 (1(B))
n=0

—fas1 (u(B)) — u(B)?]

Here Var (n|§) = E (n*|3) — E (n|F)?. The functions f, are those from
lemma In general context, this is about all that can be said concerning
intersections of independent random sets. More specific results will be obtained
in section [

Proof. In coordinate representation, let the random Borel set A correspond to
the process ¢/,,,, and B to the independent process then AN B corresponds

to
Enm = limpy_ o0 27~ Nzlgm;;s ; 71§Nk§§(,k. Therefore
2N -1
(87) B (&ol€o:800) = Jim 27N Y E (€l €Rk 100, €60)
k=0
(8.8) = lim 27¥ Z (AR A G
(8.9) = &oooo
and that proves (8H). Similarly,
(8:10)  E (&ol00&t0)
2N -1 2N —
= lim 272V Y B (¢R41600) B (€R%] Z B (Ena8nol00) B (ENabs €50)
k=0 a#b=0

Counting the number of pairs with specific dyadic distance and applying
lemma Bl now proves ([B2). O
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9. IMPOSSIBILITY OF COMPLETE LOCATION INVARIANCE

Through the action of G, our compactum X is “measure homogeneous”.
For any two raster blocks A,,, and A, of the same level n there is a transfor-
mation m € G taking the one to the other modulo a 0-set. Because of the fail-
ure of 2-transitivity this does not extend to more general subsets, for instance,
Anm = An+1,2mUAn+1,2m+1 cannot be transformed into An+1,2mUAn+1,2m+2-
Consequently, question B in the introduction does not have a general answer
derivable from knowledge of (A) alone.

One could try to improve this state of affairs by picking a larger trans-
formation group than G.,. This, however, turns out to be impossible ex-
cept in trivial cases. If we had such a group whose operation was at least
2-transitive, then [B3) would imply that 2f,_1 — f, is vo-almost surely inde-
pendent of n and therefore, observing ®&4), f, = id; vp-a.s. for all n. But
then E (&nm (1 — &nk) |€00) = oo — frn (S00) = 0 vp-a.s. for all n,m, k, which is
only possible if all mass of v is located at the two points 0 and 1.

10. THE SIERPINSKI EXAMPLE

Let Eoo C Z be the set of all points (2m,), such that at each level n, all
Znm € {0,1} with at most one permissible exception. Since any such sequence
satisfies 27" Ziigl (xnk — %)2 > % — 27" we actually have E, C Y. It can
also be described as the set of all points of Z which are carried to the 1-skeleton
of I?" by the natural projection map p, : Z — I?", hence E is a compact
subspace of Y that could be called its 1-skeleton.

FIGURE 2. Sierpinski’s universal curve

Not the entire 1-skeleton of the cubes will be used by this construction. The
projection p2 : I? — I maps the four vertices (0,1,0,1), (1,0,0,1), (0,1,1,0)
and (1,0,1,0) to the interior point (%, %), these vertices must be avoided.
Hence we define E; as l-skeleton of I? and, for n > 1, E, C I?" as the
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1-skeleton of (pﬁ_l)_l E,_1. This inverse image consists of a collection of 2-
dimensional faces, one for each edge of E, _;, whose interior is disregarded.
Hence E,, is obtained from FE,,_; by replacing each edge by the boundary of a
square. Fy is displayed in figure @ Evidently, Eo, = @n FE,, is homeomorphic
to Sierpinski’s universal curve [7, Ex.I.1.11,p.9].

E,, consists of 4" edges, labeled o,p for a = (a1,...a,) € I" and b =
(b1,...bn) € ZY as follows: For any number 0 < m < 2" we construct the dual
expansion m = E;:Ol Myn_;2% if now k is such that my # by but V¢ < k :
my = by, then we stipulate that the points (zg,...2x2n_1) € 0ap must satisfy
the equation z,, = ay. Identifying m with the sequence m = (my,...m,) €
Z%, the condition means in terms of the dyadic ultrametric distance in Z7:
Ty = G_1pjm—b|, In particular, for any filtered permutation g € G,, we have
g0ab = 0agb. Observe that we obtain one equation for all coordinates except

for z, with r = Z?:Ol b,,_;2". Furthermore

(10.1) (Gab) Zakz koo~ "—i—ZakQ

in particular, any such interval is covered 2"—f01d.

We want to construct a Go-invariant probability measure on E.,, starting
from a probability measure vy on the unit segment with 0 point masses and
Suppry = I. Equation ([[ILT)) tells us how to distribute mass along the edge
Oab, Where all such edges bearing the same first index a will be served evenly.
A compatible sequence of measures on FE,, is obtained, leading to a measure on
E, CY. For this measure we can give a much stronger version of theorem B2
and can determine the conditional distribution of p(A N B) given p(A) and
u(B) completely:

Theorem 10.1. Suppose two Borel sets A and A’ are randomly and indepen-
dently chosen. If u(A) and p(A’) are given, then p (AN A’) can assume only
countably many values. These occur with the following probabilities:

n—1
(10.2) ( (ANA') = Z 27 %ay + ay, Z 2- —I—Zaka;ﬂ_k‘
k=1

k n+1 k=n+1
W(A) = t, 1 (A) = t’) —9n

foralln € N, where t =Y 1o ax27% and t' =Y ;- | a},27% are dual expansions
and the “Sierpinski” measure constructed above is used on Y (u).

Proof. Since vy is assumed not to have any point masses it is sufficient to give
the proof for irrational numbers ¢, ¢, where the dyadic expansion is unique. We
define for b, b’ € Z%:

(10.3) N, (b, b)) :=2"" >~ @ 1bjm- b, @ hmb],
m#b,b’



Random selection of Borel sets 155

then NV, converges almost surely to pu (AN A’). For the evaluation of the prod-
uct on the right hand side of (L3 we have to distinguish three cases (observe
the special properties of the dyadic ultrametric):

(1) [m —bl, <|m—b[, =[b—b|,

(2) [b=b'|, <|m—Db|, = |m—b|,

(3) [m —b’[, <|m—b|, =[b—bl,
Observing # {m € Z3||m|, = 27%} = 2"7* we obtain

(10.4) 2N, (b,b) =a’ ) 4, > A by T

0<|m—bly<|b—b’],

’ ’
E G_1pim—b|, 1b‘m,b‘2+a7 1b|b—b|, § G _1b|m—b/|,

Im—b|y=|m-b’|,>|b-b/|, 0<|m-b'],<[b=b"|,
(10.5) =0 ppp-v), E A_1bim|, +a—lb|b7b’|2 E A_1biml,
0<|m|y<|b—b’|, 0<|mly<[b—b'],

} : /
+ aflb\m\gaf 1b|m|o

Im|y>|b—b'|,

(10.6) =d o, D>, 2Faitaup, Y, 2",

k>—lb‘b—b’|2 k>7lb|b—b’|2

+ Z 2"k aral,

k<—1b|b—b’],

The theorem follows. O

11. ON THE RELATION OF RANDOM CLOSED AND RANDOM BOREL SETS

In the introduction it has been emphasized that our approach to random
Borel sets is not an extension of the theory of random closed sets. In this
section we are going to investigate the relation.

Let T = 2% denote the hyperspace of X, i.e. the space of non void closed
subsets carrying the Vietoris topology. Since any closed subset is Borel we
obtain a natural, non continuous function ¢ : 7' — Y (u).

Proposition 11.1. There exists a finer topology on T generating the same
Borel sets, turning T' into a Polish space and q: T — Y (u) into a continuous
map. In particular, ¢ : T — Y (u) is measurable with respect to the Vietoris
topology.

Proof. i) For any fixed B € Y (u) the graph T'(fp) C T x Y (1) of the upper
semicontinuous function fp : T — R, fp(A) := u (AN B) is a G5, hence Polish.
For fp is the infimum of a decreasing sequence of continuous functions ¢,, |
fB [ ChIX§1.6,Prop.5] and ' (fg) =N, {(z.y) € T x Y(u)|fe(z) — L <y
< n(z)+1}.



156 B. Giinther

ii) For any dense sequence (By),,cy in Y (1) the graph I'(F') of the function
F : T — RY with coordinates fp, is Polish because it is homeomorphic to
[L.T(f5,).

iii) The graph T’ (F ) of the function F : T — RY ) with coordinates fp
is Polish; we show that it is homeomorphic to I'(F'). The restriction from all
Borel sets to the sequence (B,,),y provides us with a natural (hence contin-
uous) projection map m : T’ (I:") —T(F), (A,F(A)) = (A, F(A)) which is

bijective. To show that the inverse 7! is bijective too it suffices to prove that
for each Borel set B the function gp : I'(F) — R, gp (A, F(A)) = fs(A4)
is continuous. This is evidently true if B is an element of our dense se-
quence, because then fp(A) is simply the B-coordinate of F(A). In the gen-
eral situation we select a subsequence (Bp,),cy of Borel sets converging to

B. Then |95 (A, F(A)) = g, (A, F(A)| = |/5(4) = f5,, (4)] = |u(AN B)
—p1 (AN By,)| < p(BAB,, ) and therefore limy_, o0 9B,, = 9B uniformly.

iv) The graph I'(q) € T x Y (u) of ¢ : T — Y (u) is Polish and therefore
aGsinT xY(u). Weclaim I'(¢) = T (F) and have to show that the map

(4,q(A)) « (A, F(A)) is continuous in both directions. For any Borel set B
the B-coordinate of (A, F(A)) equals fp(A) = u (AN B) which is a continuous

function of ¢(A) because intersection is continuous on Y'(u1). For the reverse it is
sufficient to observe d (¢(A),q (Ao)) = u (AAAg) = foa,(A) = fa,(A) + 1 (Ao).

v) We now identify T" with the graph I'(¢) by means of the bijection ¢ : T ~
I'(q) defined by i(A) = (A, q(A)) and consider the topology on T obtained by
transporting back the topology of I'(¢) over i. Since i~ (I'N (U x Y (1)) = U
the new topology is finer than the Vietories topology. Under this identification
the map ¢ corresponds to the projection map I' — T x Y (u) — Y (u) and is
therefore continuous.

It remains to show that for any Borel subset B C I'(g) the inverse i ~!(B) C
T is Borel with respect to the Vietoris topology. We observe that the natural
projection m : T X Y (u) — T provides us with a continuous bijection 7 :
I'(q) — T and our inverse image i~ *(B) = ¢(B) is the continuous bijective
image of a Borel set. We now observe that the spaces T' and I'(q), being Polish,
are in particular Lusin [2, Ch.IX,§6.4,Prop.12]. Then B as Borel subset of a
Lusin space is a Lusin space itself [2, Ch.IX,§6.7,Thm.3|, hence its continuous
bijective image 7(B) is again a Lusin space and therefore Borel. ([

Proposition [Tl allows to consider any random closed set, i.e. any random
variable with values in 7', as random Borel set by composition with the mea-
surable map ¢ : 7' — Y (u). However, this may involve a loss of information
by generating a coarser event algebra. It can be shown that no information
is lost if and only of there exists a subset B C T of probability 1 such that
q is one-to-one on B. Since this applies for instance to random closed sets
which are almost certainly regular closed [T, Def.4.29,p.63] this covers quite a
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few examples. The obvious counterexamples are random closed sets that have
almost certainly measure 0, such as random finite sets or Buffon’s needle.

On the other hand, random Borel sets are better adapted to image processing
than random closed sets, for instance because of their relation to wavelets (see
below). It is no accident that random Borel sets cannot distinguish sets that
differ only by a 0-set, since such a small difference would not be visible in an
image.

Lemma 11.2. The sequence of vectors eVFk) — (eﬁ,v,f()) with N >
n>0,0<m<2n
0 and 0 < k < 2N~1, defined by
(11.1)
1 N=0,k=0
VR 2N5N171 n>N>0,k2N <mo< (k4 L) 20N
o —272 n>N>0,(k+3)2" N <m < (k+ 1)2nH-N
0 else

constitutes a complete ON-system in the Hilbert space considered in section [4.
For any vector x = (xpm) we have <x, e(00)> = xg0 and <x,e(Nk)> — o

(rN2r — TN 2kt1) for N > 0.

Proof. Observing that our system of numbers can satisfy e,(f)\gf% — e,(f)\gf% 170

only if n = N > 0 and m = k all computations are rather straightforward. (&)

ow?

checks easily, and so does He = 1. The relations <x,e(00)> = x99 and

<x, e(Nk)> — o (xN,2k — TN ,2k+1) for N > 0 are obvious. This immediately

implies orthonormality; furthermore any vector x perpendicular to all e(N*)

must satisfy oo = 0, zn5,2k = TN 2k+1 for all N > 0 and all £ as well as (B))
and hence x = 0. [l

From the lemma above it should be clear that our approach to random Borel
sets is essentially an expansion in terms of the ON-base e(N*). On the unit seg-
ment this corresponds to the L?-functions o5 (X 2k 2k41[ — X[2kLl 2kt2 ),

[21\’ [ [ 2N ’ oN [

PN
i.e. to the Haar wavelet [I8, Def.1.1] or rather to those constituents of the Haar

wavelet that live on the unit segment.
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