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SALVADOR ROMAGUERA*

ABSTRACT

We obtain extensions of Matkowski’s fixed point theorem for generalized
contractions of Ciri¢’s type on O-complete partial metric spaces and on
ordered O-complete partial metric spaces, respectively.
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1. INTRODUCTION AND PRELIMINARIES

Partial metric spaces, and their equivalent weightable quasi-metric spaces,
were introduced by Matthews [14] in the context of his studies on denotational
semantics for dataflow networks. In fact, this class of spaces provides a suitable
framework to construct computational models for metric spaces and related
structures (see e.g. [10, 14, 21, 22, 24, 25, 26]). It also provides an appropriate
setting to discuss, with the help of techniques of fixed points of denotational
semantics, the complexity analysis of several algorithms which can be defined
by recurrence equations (see e.g. [9, 20, 23]).

These facts explain, in part, the recent extensive research on fixed points for
self maps in partial metric spaces ([1, 2, 3, 5, 8, 11, 13, 19], etc).

In this note we try to reach a new advance in this direction by obtaining
extensions of Matkowski’s fixed point theorem [15, Theorem 1.2] for generalized
contractions on O-complete partial metric space and on ordered 0O-complete
partial metric spaces, respectively. These results extend, generalize and unify
some theorems from the current literature.
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Throughout this paper the letter w will denote the set of all nonnegative
integer numbers.

Let us recall [14] that a partial metric on a set X is a function p: X x X —
[0, 00) such that for all z,y,2 € X : (i) x =y < p(z,z) = p(z,y) = p(y,y); (ii)
p(x,x) < p(z,y); (iil) p(e,y) = p(y, ©); (iv) p(z, 2) < p(z,y) +p(Y, 2) = p(Y,y)-

A partial metric space is a pair (X, p) where p is a partial metric on X.

Each partial metric p on X induces a Ty topology 7, on X which has as a
base the family of open balls {B,(z,¢) : * € X,e > 0}, where B, (z,¢) = {y €
X :p(z,y) <p(z,x)+e} forallz € X and € > 0.

Matthews observed in [14, p. 187] that a sequence (x,)ne, In a partial
metric space (X, p) converges to some = € X with respect to 7, if and only if

Next we recall some useful concepts and facts on completeness of partial
metric spaces.

If p is a partial metric on X, then the function p® : X x X — [0, 00) given
by p*(x,y) = 2p(x,y) — p(x, ) — p(y,y), is a metric on X.

Furthermore, a sequence (2, )ne, in X converges to some x € X with respect
to Tps if and only if limy, 1 —00 P(@n, Trm) = My 00 p(z, 25) = p(x, x).

A sequence (x,)ne, in a partial metric space (X, p) is called a Cauchy se-
quence if there exists (and is finite) lim,, ,, p(@n, T ) [14, Definition 5.2].

A partial metric space (X, p) is said to be complete if every Cauchy sequence
(Zn)new in X converges, with respect to 7,, to a point # € X such that p(z,z) =
limy, , p(Tn, ) [14, Definition 5.3].

It is well known (see, for instance, [14, p. 194]) that a sequence in a partial
metric space (X, p) is a Cauchy sequence in (X, p) if and only if it is a Cauchy
sequence in the metric space (X, p®), and that a partial metric space (X, p) is
complete if and only the metric space (X, p®) is complete.

Romaguera introduced in [18] the notions of a 0-Cauchy sequence in a partial
metric space and of a 0-complete partial metric space.

A sequence (z,)ncw in a partial metric space (X, p) is called 0-Cauchy if
limy,  p(Tpy T) = 0.

We say that a partial metric space (X,p) is O-complete if every 0-Cauchy
sequence in X converges, with respect to 7,, to a point x € X such that
p(x,z) = 0. In this case, p is said to be a 0-complete partial metric on X.

Note that every 0-Cauchy sequence in (X, p) is a Cauchy sequence in (X, p),
and that every complete partial metric space is 0-complete.

On the other hand, the partial metric space (Q N [0, 00), p), where Q denotes
the set of rational numbers and the partial metric p is given by p(z,y) =
max{x,y}, provides an easy example of a 0-complete partial metric space which
is not complete.
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2. FIXED POINTS FOR 0-COMPLETE PARTIAL METRIC SPACES

Given a partial metric space (X, p) and f: X — X a map, we define

M (z,y) := max {p(a?, ), p(x, fr),p(y, fy), % [p(z, fy) + p(y, fx)]} ,

for all z,y € X (compare e.g. [5, 19]).
The proof of [19, Lemma 2] shows the following.

Lemma 2.1. Let (X,p) be a partial metric space, f : X — X a map and
xo € X such that fhxo # f"lxy and

p(f""rle, fn+2x0) S @(M(fnx07 fn+1$0))7

for all n € w, where ¢ : [0,00) — [0,00) satisfies p(t) < t for all t > 0. Then
the following hold:

(a) M(f"zo, f*ao) = p(f 2o, f*ag) for all n € w.

(b) p(fn+1$07fn+2x0) S sp(p(fnx07fn+1$0)) < p(fnx07fn+1x0) for all
new.

Remark 2.2. Recall [15, 16] that if ¢ : [0,00) — [0,00) is a nondecreasing
function such that lim,,_,o ¢™(¢) = 0 for all ¢ > 0, then ¢(t) < ¢ for all ¢ > 0
and thus ¢(0) = 0.

Now we prove the main result of this section.

Theorem 2.3. Let (X,p) be a 0-complete partial metric space and f: X — X
a map such that

p(fz, fy) < o(M(z,y)),
for all x,y € X, where ¢ : [0,00) — [0,00) is a nondecreasing function such

that lim,, oo @™ (t) = 0 for all t > 0. Then f has a unique fized point z € X.
Moreover p(z,z) = 0.

Proof. Let z¢p € X. For each n € w put z,, = f"x¢. Thus z,11 = fx, for all
n e w.

If there is k € w such that z; = xp41, then xy is a fixed point of f. Moreover
if fz =z for some z € X, it follows that

p(zv‘rk) = p(fZ,ka) < @(M(vak)) = gD(p(Z,Ik)),

so, p(xk,2) =0, L.e., 2z = xx. So z is the unique fixed point of f, and, clearly,
p(zk, 2) = 0 by the contraction condition.

Hence, we shall assume that fxg # f"*1ag for alln € w. Thus p(z,, Tpi1) >
0 for all n € w. By Lemma 2.1 (b), p(zy, Tnt1) < @(p(@n_1,zy)) for all n € N,
and then

P(Tn, Tnyr) < ©"(p(xo, 1)),
for all n € w. So

lim p(In7$n+1) =0.
n—oo
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Now choose an arbitrary € > 0. Since, by Remark 2.2, ¢(¢) < ¢, then there
is n. € N such that

p(iEn, fEnJrl) <ée-— ‘P(E)v
for all n > n.. Therefore

p(xnv $n+2) < p(zna fEnJrl) =+ p(szrla $n+2)
< e =€) + o(p(zn, Tni1))
< e—ple) +ole) =¢,
for all n > n.. So
p(xnv $n+3) < p(zna fEnJrl) =+ p(szrla fEnJrB)

< e—e) + o(M(zn, zpi2)),
for all n > n..
Now suppose that there is n > n. such that M (z,, 2,,1+2) > &. Then, from

M(l’n, l’n+2) = maX{p(l’m $n+2),p(l’n, l’n+1),p(l’n+1, l’n+2),

1
3 D(Zn, Tnt3) + P(Tpi1, Tng2)}

IN

1
max{e, §[p(33n, Tnys) + (e)]}-
it follows that

M(In; $n+2) < %[p(xn, $n+3) + 90(5)]7
SO

< e—pe)+o(M(xn, xnt2))
< e—p(e)+ M(xy, Tpio)
<

e—(e)+ %[p(:ﬂn, Tnt3) + @(e)].

We deduce that M(z,,2,12) < €, a contradiction.

p(iUm xn+3)

Therefore p(z,,, ,+3) < €, and following this process,

p(xn7$n+k) <g,
for all n > n. and k € N. Consequently

lim p(fﬂn, :Em) =0,
n,1Mm— 00

and thus (z,,)ne. is a 0-Cauchy sequence in the 0-complete partial metric space
(X, p). Hence there is z € X such that

lim  p(xy, zm) = lim p(2,z,) = p(z, 2) = 0.

n,m—oo n—roo

Finally, the fact that z is the unique fixed point of f follows similarly to the
last part of the proof of [19, Theorem 4]. O
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In a recent paper [12], Jachymski showed the equivalence between several
generalized contractions on (ordered) metric spaces. Since the key of his study
is Lemma 1 of the cited paper, then Jachymski’s approach also holds in the
partial metric framework. As an instance, we shall combine this lemma with
Theorem 2.3 above to deduce the following (compare [1, Corollary 2.1]).

Corollary 2.4. Let (X,p) be a 0-complete partial metric space and f : X — X
a map such that

V(p(fz, fy) < p(M(z,y)) — (M (z,y)),
for all x,y € X, where v, ¢ : [0,00) — [0,00) are nondecreasing functions such
that 1 is continuous on [0,00) and ¢~1(0) = ¢~1(0) = {0}. Then f has a
unique fized point z € X. Moreover p(z,z) = 0.

Proof. By [12, Lemma 1 (ii)=-(viii)], there exists a continuous and nonde-
creasing function ¢ : [0,00) — [0,00) such that ¢(t) < ¢ for all ¢ > 0, and
p(fx, fy) < o(M(z,y)) for all z,y € X. From continuity of ¢ it follows that
lim,, o ©™(t) = 0 for all ¢ > 0. Theorem 2.3 concludes the proof. O

Remark 2.5. Theorem 2.3 and Corollary 2.4 extend several fixed point theo-
rems for complete metric spaces due to Dutta and Choudhury, Khan, Swaleh
and Sessa, and Rhoades, among others (see [12, Theorems 1 and 3, and the
bibliography]). Theorem 2.3 also improves [11, Theorem 3.2], [5, Theorem 1]
and [19, Theorem 4].

3. FIXED POINTS FOR ORDERED (0-COMPLETE PARTIAL METRIC SPACES

Our main purpose in this section is to prove an ordered counterpart of The-
orem 1. In this way, we shall extend the main result of Agarwal, El-Gebeily
and O’Regan in [6] (see also [17, Theorem 3.11]).

By an ordered (0-complete) partial metric space we mean a triple (X, <, p)
such that < is a partial order on X and p is a (0-complete) partial metric on
X.

An ordered partial metric space (X, <, p) is called regular if for any nonde-
creasing sequence (2, )ne, for <, which converges to some z € X with respect
to 7, it follows =, < z for all n € w.

We say that a self map f of a partial metric space (X, p) is continuous if it
is continuous from (X, 7,) into itself.

Theorem 3.1. Let (X, <X, p) be an ordered 0-complete partial metric space and
f+X — X a nondecreasing map for =<, such that

p(fz, fy) < o(M(z,y)),
for all z,y € X with x =< y, where ¢ : [0,00) — [0,00) is a nondecreasing
function such that lim,,—,~ ©™(t) =0 for all t > 0.
If there is xg € X such that xo < fxg, and f is continuous or (X, =,p)is
regular, then f has a fized point z € X such that p(z,z) = 0. Moreover, the set
of fixed points of f is a singleton if and only it is well-ordered.
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Proof. For each n € w put z,, = f"xg. Thus z,41 = fa, for all n € w. Since
zo =X fxo and f is nondecreasing for =, it follows that z,, < x,,4+1 for all n € w,
S0 (Zn)new 18 a nondecreasing sequence in (X, <).

If there is k € w such that zp = 2441, then zy is a fixed point of f.

Hence, we shall assume that fxg # f"*1ag for alln € w. Thus p(z,, Tpi1) >
0 for all n € w. Then, the proof of Theorem 2.3 shows (note, in particular, that
Tp X ZTptk for all n,k € w) that (z,)ney 18 a 0-Cauchy sequence in (X, p).
Hence there is z € X such that

lim  p(xy, ) = lim p(2,z,) = p(z, 2) = 0.

n,m—oo n—00
We show that z is a fixed point of f.
Indeed, if f is continuous, we deduce that lim, .o p(fz,2n) = p(fz, f2).
Since
p(z, f2) < p(z,20) + p(n, f2),
for all n € w, it follows, taking limits as n — oo, that p(z, fz) < p(fz, fz), so
p(z, fz) =p(fz, fz). Hence, since z < z, we have

p(z, fz) < p(M(z,2)) = ¢(0) =0,
and thus z = fz, and p(z,2) = 0.
If f is not continuous, it follows from regularity of (X, <, p) that z,, < z for
all n € w. Assume p(z, fz) > 0. Then, there is ng € N such that M (z,z,—1) =
p(z, fz) for all n > ng. Thus

p(z, fz) < p(z,20) +p(zn, f2) < p(z,20) + (M (2, 20-1))
= p(z,20) + 0(p(2,2n-1)) < p(2,20) + p(2,2n-1),
for all n > ng. Taking limits as n — oo, we deduce that p(z, fz) = 0, a
contradiction. We conclude that z = fz.

Finally, if the set of fixed point is well-ordered and u € X is a fixed point of
f, we deduce, assuming u = z, that

p(u, Z) = p(fuv fZ) < <P(M(ua Z)) = <P(p(ua Z))a

so p(u, z) =0, i.e., u = z. This concludes the proof. O

From [12, Lemma 1] and Theorem 3.1 we deduce the following ordered coun-
terpart of Corollary 2.4.

Corollary 3.2. Let (X, =,p) be an ordered 0-complete partial metric space and
f: X — X a nondecreasing map for <, map such that

Y(p(f, fy) < v(M(z,y) — ¢(M(z,y)),

for all x,y € X with x <y, where ¥, ¢ : [0,00) — [0,00) are nondecreasing
functions such that v is continuous on [0,00) and ¥~(0) = ¢~1(0) = {0}.

If there is xg € X such that xo < fxg, and f is continuous or (X, =,p)is
regular, then f has a fized point z € X such that p(z,z) = 0. Moreover, the set
of fixed points of f is a singleton if and only it is well-ordered.
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Remark 3.3. Theorem 3.1 improves [4, Theorems 2.1 and 2.2]. Note also that
regularity of (X, =,p) can be replaced, in Theorem 3.1, by the more general
condition that for any nondecreasing sequence (,)ne, for <, which converges
to some z € X with respect to 7,s, it follows z,, < z for all n € w. Moreover,
continuity of f from (X, 7,) into itself can be replaced by continuity from
(X, 7ps) into itself.
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