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Abstract

The combined matrix of a nonsingular matrix A is the Hadamard
(entrywise) product Ao (Afl)T. This paper deals with the character-
ization of the diagonal entries of a combined matrix C(A) of a given
nonsingular real matrix A. A partial answer describing the diagonal
entries of C(A) in the positive definite case was given by Fiedler in
1964. Recently in 2011, Fiedler and Markham characterized the se-
quence of diagonal entries of the combined matrix C'(A) for any totally
positive matrix A when the size is 3. For this case, we characterize to-
tally negative matrices and we find necessary and sufficient conditions
for the sequence of diagonal entries of C'(A), in both cases, symmetric
and nonsymmetric.
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1 Preliminaries

This paper deals with the characterization of the diagonal entries of the
combined matrix C'(A) of a given real matrix A. A partial answer describing
the diagonal entries of C'(A) in the positive definite matrix case was given by
Fiedler [9]. Recently, Fiedler and Markham [11] characterized the sequence
of the diagonal entries of the combined matrix C'(A) for any totally positive
matrix A of size 3. In this work, we study this problem for totally negative
matrices.

All matrices in this paper are real. Let us recall the basic definitions
and properties. Some recent works on combined matrices are given in [3] for
positive and negative matrices, in [4] for sign regular matrices and in [5] for
H-matrices. Test to recognize total positive matrices has been studied in
[15].

We recall that the combined matrix C'(A) of a nonsingular matrix A is
defined as C(A) = Ao (A™1)" = Ao AT, where o is the Hadamard (entry
wise) product, (AoB);; = a;;b;;. The combined matrix C'(A) has the property
that Zj cij = »_,; ¢ij = 1 for rows and columns. As a consequence, if C(A) >
0, then C(A) is a doubly stochastic matrix. In [13] the interesting relationship
among diagonal entries and eigenvalues of a diagonalizable matrix is given.
Moreover, if A represents the gain of a control process, C'(A) represents the
relative gain of the process [2]. This last representation can be applied to
economic or chemical problems.

A property of combined matrices we use later is the following: If we
multiply the matrix A by a nonsingular diagonal matrix from the left or
from the right, its combined matrix C'(A) does not change.

We recall that a matrix A is totally positive (negative) if all its minors
of any order are positive (negative). That is, if for every subsets «, 5 C N:
det(Ala, 5]) > 0 (det(A[a, 5]) < 0). They are denoted by TP (t.n.).

We use the special submatrices defined in [10]. A submatrix of A of size
r x s is called relevant if has r consecutive rows and the first s columns or
if it has the first r rows and s consecutive columns, where r,s € N.

Theorem 1.1 ([6]) Let A be a n x n matriz. A is totally negative if and
only if the minor of every relevant submatrix of A is negative.

In the next section we extend the results for totally positive matrices,
given by Fiedler and Markham in [11], to the totally negative case. We find



necessary and sufficient conditions for the sequence of diagonal entries of
C(A) if Ais a 3 x 3 totally negative matrix.

2 Results

Note that in case n = 2,

o1 | aun an a1 oy —ao
A_[a”]_[azl a221—>A _[Oé”]_detA[—alg a }

and
11011 = Q220022, Q120012 = A210/2].

Therefore, we establish the following lemmas only for n > 3.

Lemma 2.1 Let A = [—a;;] be an n x n totally negative matriz. Let n > 3
and B is a k x k, k < n, submatriz of A. Then there exists a k X k matrix
@ with the same entries of B but the entry —ayy is changed by —ay, with
Qpre > ape and such that det Q = 0.

Proof: Without loss of generality, let £k = n and then B = A. Denote the
(4, j) cofactor of B by C;;. Then,

det B
—a1,C1, — agCop — - -+ — (akk + O ) Crr = 0. (1)

Constructing the matrix @) of the lemma choosing

det B
Cri

—Agp = —Qgk —

we have ag, > agk, since B es totally negative, and Cy; < 0. Note that the
left hand side of (1) is det @, therefore, det ) = 0. O



Lemma 2.2 Let A = [—a;x] be an (n — 1) X n totally negative matriz. If
n >3 and a1 = a2, then

—ail —ai3 ce —Qain
—a21 —a23 ce —Qap
det
—Qp-11 —Qp-13 *** —Apn—1n (2>
—ai2 —ais T —0Ain
—Q22 —Q23 T —Q2n
< det
—Qp-12 —0p-13 -**° —Qp—1n

Proof: We use induction on n. If n = 3, the matrix A has the form
A= —ai; —ai2 —aig
—Q21 —Q22 —a23

with ay; = a19. Since A is totally negative, we have

det{_all T2

—Q21 —Q22

and then a9 < a9;. Hence

—a;x; —ais
det
—Qag21 —A23

<der| T o],

—QA22 —A23

Suppose now that n > 3 and that for (n —2) x (n — 1) size the result holds.
We are going to apply Lemma 2.1 to obtain the submatrix ) such that

—Qi2 —ai3 T —Q1n
—a22 —ag3 T —A2n
det Q = det ] ] ) =0
—Qp-12 —0p-13 *** —An—_1n

and @,—1, > ap_1,. For that, given an € > 0, the matrix

—a11 —ai2 T —Qin
—a21 —Qa22 ce —Q2n
Fe = .
—Qp-11 —Qp-12 ' —Op_1pT€
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has the same relevant submatrices that A except for the submatrix

—Q12 —ai3 ce —Q1n
—a22 —Q23 ce —0Aan
R, = )
—Ap-12 —Qp—-13 °°° _an—l,n + €

Observe that det R, is equal to

—ai2 —aiz —A1n —ai2 —ais
—Aa22 —Qg3 - —Aan —Aa2 —ag3
det ) ) ) +edet
—OGp-12 —Qp-13 " —0Qp—1n —Qp—-12 —Qp-13 "

1

where the first determinant is zero by Lemma 2.1 and the second one is
negative because A is totally negative. Therefore, by Theorem 1.1, F; is

totally negative. Then by continuity

—a11 —ai3 ce —0A1n
—a21 —Q23 ce —Q2n
det ) ) ) <0.
—O0p—-11 —0p-13 **° —Qpn-1n

(3)

Denoting by C; and C; the cofactors of the element —a,_1, in the left
and right hand sides of equation (2), the left hand side of this equation can

be written as

—ai —a13 e —a1p
—a21 —a923 e —Qaon
det
—OGp-11 —0p-13 --. (_an—l,n + an—l,n) — OQp—1n
—al —ai3 Ce —a1p

R —ag —ag3 Ce —a2n
= (_anfl,n + anfl,n)cl + det . .

—Qap—11 —Ap—-13 ... —Op—1n



and the right hand side can be written as

—a12 —a13 . —QA1n
—Qa929 —a9g3 e —Qap
det .
—OGp-12 —0p-13 ... (_an—l,n + an—l,n) — Qp—1n
—a12 —a13 e —QA1n
R — Q9292 —asgs e —Q2p
= (_an—l,n + an—l,n)CZ + det . . . . (5>
—Ap-12 —0p-13 ... —Apn-1n

Recall that a,_1, < @,-1, by Lemma 2.1, ('} < C; by induction hypothesis,
the determinant in (4) is less than or equal to zero by (3) and the determi-
nant in (5) is zero by Lemma 2.1. Then, the inequality (2) is true. O

Note that the diagonal elements of C(A) = Ao A™T and those of the
matrix Ao A~! are equal. Then, results referred to diagonal elements can be
established for both matrices.

Theorem 2.1 Let A = [—a;j| be an n x n totally negative matriz. If n > 3,
the diagonal entries u; of C(A) satisfy: u; <0,1=1,2,...,n and

Uy > Uz, <6>
Up—1 < Up. (7)

Proof: The negativity of the diagonal entries is evident, since A is totally

negative and

Aa

det A ’
Since C'(A) does not change if we multiply a row or a column by a positive

number, we can assume that a;; = @12 = ass = 1 and then our problem is to

show inequalities (6) and (7) for the matrix

U; = —Q44 i:1,2,...,n.

-1 -1  —As
A= —Q21 -1 —Aos
—Asz1 —Aszp —Asg



where A;; are the appropriate submatrices of A. Since

—1 —1 —A23 -1 —1 _A13
— ——det d = ———det
e det(A) ¢ { —Az —Ass } ane det(A) ¢ { —Az1 —Ass

the proof of (6) reduces to prove the inequality

-1 _A13 —1 _A23
det < det . 8
¢ [—Am —A%] ¢ {—Aw —A%] (8)

If we apply Lemma 2.2 to the following totally negative submatrices of A

A= A[1,3]1,2,3] = { -1 -l 1

_A31 _A32 _A33

-1 —Aus
A" = A[1,2,312,3] = | =1  —Ap
—Azy —Asg
we have y y
-1 —Ayg -1 —Ag
det < det
‘ [—Am —Agy | = [—Aw —Awl
and ) A
-1 —Ayg -1 —Ay
det < det .
¢ {—Aw W ¢ {—Am —A%]
Then, the inequality (8) holds.
To prove inequality (7), we use the following: if A = [—a;;] is an n x n

totally negative matrix and J is the n X n anti-identity matrix, the matrix
JAJ is also totally negative. Then, since

dlag(JAJ) = (—ann, _anfl,nfb ey —an),

applying (6) to JAJ we have u,, > u,_1 and the proof is completed. O

Example 1 Let the t.n. symmetric matriz

—-20 —-16 —4
A=1| —-16 —122 -28
-4 =28 =02
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Then
—27 32 —4

Ao At =C(A) = 32 —36.6 5.6
—4 5.6 —0.6
where uy = —27, us = —36.6, —ug = —0.6 and the inequalities of Theorem

2.1 are satisfied.
Example 2 Given the t.n. nonsymmetric matrix

-1 -2 -3 -4
-15 —-15 —-15 —15
—-15 —-14 —-12 -8
-30 =27 =20 -3

B =

then
diag(B o B™') = diag(C(B)) = (-3, —110.5, —108, —1.5)

and so, the inequalities of Theorem 2.1 hold.
Note that this example gives also examples of the same result for different
3 X 3 t.n. matrices.

3 Sequence of diagonal entries

Now let us formulate our problem: find necessary and sufficient conditions for
an ordered n-tuple of real numbers to be the ordered n-tuple of the diagonal
entries of C'(A) if A is a totally negative n X n matrix. Let us proceed in
the same way as in [11], so we shall study and prove the result in the 3 x 3
symmetric and nonsymmetric cases.

3.1 Symmetric case

Lemma 3.1 A 3 x 3 symmetric matrix is totally negative if and only if it is
positively diagonally congruent to the matrix

—1 —x3 —T3
T = —X3 —1 —X1 |, (9)
—Ty —XT1 —1



where x1,To, x3 are positive numbers satisfying

o >1, =123 (10)

To > 123 and (11)

—1 — 2219w + 27 + 25 + 25 = det T < 0. (12)

Proof: (=) Let A = [—a;j| be a 3 x 3 symmetric totally negative matrix

and let D be the positive diagonal matrix

\/a11 0 0

D = 0 \/A22 0

0 0 ass

Then, A = DT D, where
—1 G012 ___ai3

vaiiazz \/a11a33
T = — %12 —1 %23
Vaiiazz Vaz2a33
a13 ____ a3 —1

Yvaiiass Vaz2a33
Therefore, A is positively diagonally congruent to a matrix 7" as in (9), where

as3 Ty — a3 o a12
—, 2= Y/, 3= ——
\/ 22433 v/ @11433 V11422

are positive numbers.

Since A is totally negative Aj; = axass — (agzs)? < 0, then ass > \/axass
and x; > 1. Similarly, we conclude that zo > 1 and x3 > 1 since Ay < 0
and Ass < 0 respectively. Then condition (10) holds.

I =

On the other hand, As; = a12a23 — assaq3 < 0 implies that a;z > aﬁ:jg
a3 a12G23
and N > P s As a consequence
ais > @23 12
V@11G33 /22033 +/G11022
then x5 > 123 and condition (11) is true.
Finally, inequality (12) holds because det T = % and A is totally

negative.



(<) Since we have to prove that DT D is t.n. for a positive diagonal
matrix D, it is enough to prove that the matrix 7' given in (9) satisfying
conditions (10) - (12) is a t.n. matrix. All 1 x 1 and 3 x 3 minors are
negative by (10) and (12) inequalities. Denote by T;; the corresponding 2 x 2
minors of 7. The 2 x 2 minors corresponding to diagonal entries satisfy
Ty =1 — ;> <0 by (10). Now we need only to show that 2 x 2 minors T,
for i # j are negative. Since T is symmetric, T13 = T3; = x123 — 12 < 0 by
(11). The minors Ty = Ty = x3 — x1x9 are negative since

To>xx3 and 1 >1 =  x119 > :fog > T3.

Finally, Th3 = T3, = x1 — 2223 < 0 can be obtained by multiplying (11) by
xr3 > 1. ]

Note that inequality (11) in Lemma 3.1 can be replaced by zyz5 > z3 or
by zex3 > 1.

Theorem 3.1 The necessary and sufficient condition for three negative num-
bers uy, us and ug, be the diagonal entries of the combined matriz of a 3 x 3
symmetric totally negative matriz A is

up +us —ug — 1> 0. (13)

Proof: Let A be a 3 x 3 symmetric totally negative matrix. By Lemma
3.1 A is positively diagonally congruent to the matrix 7" of (9). Since
C(DA) = C(AD) = C(A) for any nonsingular diagonal matrix D, it fol-
lows that C(A) = C(T'). Thus we can rewrite our theorem in terms of 7.
Note that the diagonal entries of C(T") are

—(]_ —[Elz) —<]_ —ZL‘QQ) —(1 —1'32)
_ _ v2’) S S ) 14
“ detT detT detT ' (14)
and then
1
Uy + Uus — 1— U9 = m(?l‘g)(l‘lfi}, — [L’Q). (15)

(=) By equation (15) we have u; + ug — 1 — uy > 0 since detT" < 0,
1Ty < T2 and To > 0.

10



(<) Note that ;2 = 1 +wu;det T, i = 1,2,3 by equations (14). Adding
these values on equation (12), we have

detT = —1—2y/(14uydet T)(1 + uydet T)(1 4 ug det T
+ (1 +udetT) + (1 +ugdetT) + (1 + ugdetT),

which can be written as

4(det T)*ujugus + det T[4(uyug + uius + ugus)

16
—(U1+U2+U3—1)2]+4:0. ( )

Let us see that this second degree equation written in brief as a(detT')? +
b(det T') + ¢ = 0 has a negative root. Its discriminant satisfies b* — 4ac > b?,
since —4ac = —64ujugus > 0. Therefore always —b + v/b> — 4ac > 0. Then

—b+/b? — 4ac -
2a

0,

since a = 4uyusuz < 0. Hence there exists a solution satisfying det 7" < 0.
Coefficients x; satisfy x; > 1 since det T' < 0 and u; < 0. Then inequalities
in (10) hold.
Moreover, by (15), we obtain zyx3 — x5 < 0 since det 7" < 0 and x5 > 0.
Then (11) is true. O

Example 3 It is easy to see that for the following 3 x 3 t.n. symmetric
matriz A, the diagonal entries of C(A) satisfy equation (13):

-1 -3 -8 015 195 —0.8
A=|-3 -1 —2| - Cc4) =195 —-325 22
-8 -2 -1 —0.8 22 —04

where (uy +ug — 1) = —1.55 > —3.15 = us.

Now let us see a converse example.

Example 4 Given uy = —2, us = —8, uz = —4 such that uy +uz —us—1 =
1 > 0, we will find a symmetric t.n. matric T such that diag(C(T)) =
(ula Ua, U3> .

11



Replacing the given values in (16) it is obtained

—256(det T)* — det T + 4 = 0.

This equation has a solution detT' < 0, required by the theorem,

detT = —

1+ /4007 _

—0.12 4.
F1o 0.126968

Using equations x; = /1 +u;detT, + = 1,2,3 we have

r1 ~ 1.1197932,

To ~ 1.4197701,

r3 ~ 1.227955,

which satisfy x1x3 —xo < 0. Then, the conditions of Lemma 3.1 are satisfied
and T is a t.n. matriz. The combined matriz of T is

C(T) =

-2 35 —-05
3.5 —8 5.5
—-05 55 —4

where diag(C(T')) = (=2, -8, —4), just as we ezpected.

3.2 Nonsymmetric case

Let us turn now to the case of a general totally negative 3 x 3 matrix. First

we prove the next lemma.

Lemma 3.2 A 3 x 3 matriz A is totally negative if and only if it is positively
diagonally equivalent to the matriz

L
T = -1 -1 =1 1, (17)
SRR
where
v; >0, 1=1,3, (18)
pg>1, (19)
—1)(g—1 1 1) -1

(v1 + 1)(v3 + 1)

12



Proof: (=) Let A =[—a;;| a 3 x 3 totally negative matrix. Constructing

—a11a22 _ —a13a22
12021 a12a23
T = -1 —1 -1
—asid22 1 433022
a320a21 a32a23
and
azi
a12 0 0 a2a 0
D1 = 0 aso 0 s D2 = 0 1 0 y
a3
0 0 a3 0 a0
we have that A = DT D,. Taking
N 11022 N a33022 _ Q130Q922 dao— 31022
V1 = , U3 = ) - ana q = )
Q12021 — Q11022 a32Q23 — (33022 A12a23 A21a23

the matrix 7" has the form (17).

As A is a totally negative matrix, Ass < 0. This implies a1a20—as1a12 < 0
thus vy > 0. In a similar way, A1; < 0 implies agzass—ageass < 0, then vg > 0.
Moreover, since Az; = a12a23 — a13a90 < 0 we have p > 1. From A3 < 0 we
obtain ¢ > 1. Then, conditions (18) and (19) hold.

Finally, it is easy to check that condition (20) corresponds to det T and
det T < 0 since det A = det D; det T'det Dy < 0 and A is t.n.

(<) We need to show that if A is positively diagonally equivalent to T
satisfying the corresponding conditions, then A is totally negative. Our proof
reduces to show that T is totally negative.

By conditions (18) to (20), entries ¢;; and det T" are negative. If we define

1 V3
=r and = s,
U1 + 1 Vs + 1
then matrix 7" has the structure
-r =1 —p
T=1|-1 -1 -1},
—q —1 —s

where 0 < r,s < 1 and p,q > 1. From here is clear that all minors of T" of
order 2 are negative and then 7' is t.n. 0

13



Theorem 3.2 The necessary and sufficient condition for three negative num-
bers ui, us and ug, be the diagonal entries of the combined matriz of a 3 x 3
totally negative matriz A is

up +uz —ug — 1> 0. (21)

Proof: Let A be a 3 x 3 totally negative matrix. By Lemma 3.1 A is
positively diagonally equivalent to a matrix 7" as in (17). Considering that
C(DA) = C(AD) = C(A) for all nonsingular diagonal matrix D, it follows
that C'(A) = C(T). Then, we assume that A =T.

(=) With the above consideration we will prove that given T" defined by
(17) and satisfying conditions (18), (19), (20) and diag(C(T")) = (uy, uz, us),
then u; +us —us — 1 > 0.

First, we denote the diagonal entries of T~ by (d11, d29, d33) and by d the
numerator of the fraction (20), Then

“ ]_ U3 1 1 —1 —(Ul + 1)
a = — = =
U7 qet T \vg + 1 detT \ws +1 d ’

A 1 V1V3 . V1V3 — pq(v1 + 1)(?]3 + 1)
Qoo = —pq | = )
detT \ (vy + 1)(vs + 1) d

e = 1 U1 1 . —(’U3 + 1) )
BT det T vy +1 B d
Thus, the diagonal entries of C'(A) = Ao (A™T) are

v v1v3 — pq(vr + 1)(vs + 1 v
Elv Uy = — L (1d )<3 >7U3ZE3' (22>

Uy =
Replacing equations (22) in the left part of condition (21), we have
1
U+ ug—us — 1= E(Ul +vg + v1vg — pg(vy + 1)(vs + 1) — d).

Taking into account vy + vs + v1v3 = (v1 + 1)(v3 + 1) — 1, we have
1
urtug —ug = 1= (v +1)(v3 + (1 = pg — (p ~ 1)(¢ — 1))
is a positive number by conditions (18)—(20).

14



(«<=) Now we will prove that if uy, us, us are negative numbers such that

U1+U3—U2—1>0,

then we can built a matrix 7" with the structure (17) satisfying (18)-(20)
such that uy, us, ug are the diagonal entries of C(T'). That is, we are going

to prove that the system

U _ vz —pg(vi + 1)(vs + 1)
Uy = —, U= — d )

has the expected solutions.
Observe that usd = pg(vy + 1)(vs + 1) — vyv3 implies

UQCZ + U1U3d2
(Uld + 1)(U3d + 1) ’

pg =

and this implies
pqg  usd + ugusd?

From definition of d, it follows

(d+1) .
(urd + 1)(usd + 1)

(P—De—1) =

From equation (24) it follows

d P
(und + 1) (ugd 4 1) = 220 tts@

y4
Replacing (26) in (25), we have
(d+1)pq
) (g—1) = —2 P
(p—1(—1) P
Finally
1 1 d+1
- (1-)= ——" .
( p)< q> usd + uyugd?

(23)

(26)

(27)

Our system of equations (23) has been reduced to equations (24) and (27).
It is well known that a necessary and sufficient condition for the system
of equations zy = u, (1 — z)(1 —y) = v has solutions z,y €]0,1[ is that

15



1 1
Vu 4 /v < 1. Using this equivalence with x = —, y = —, the system given
q
by equations (24) and (27) has solutions in |0, 1] if and only if

(urd + 1) (usd + 1) [ d+1
< 1. 28
\/ Usd + ujusd? + Uod + ujusd? — ( )

If we replace d = —1 in left side of (28) and use equation (23) we have

(—ur +1)(—us +1) (v1 +1)(vs+ 1) _ /i 1
—ug + uju3 pq(vy + 1)(vs + 1) — vyv3 + v103 pq ’
This inequality is strict since uy +us —ug — 1 > 0 implies (1 —uy)(1 —u3) <
—ug + uyuz. Thus, there exists an small enough 0 < ¢ < 1 such that for
d = —1 + ¢ condition (28) holds. Then, there exist p,q > 1 satisfying the
system given by (24) and (27). This implies v; = duy > 0, v3 = dug > 0 and

d
det T = < 0. ]
¢ (0 + (03 + 1)

The following example illustrates this last theorem.

Example 5 Let A be the 3 X 3 nonsingular nonsymmetric totally negative
matriz and A~ its inverse

-8 —14 -19 1 -2 1
A=|-13 —20 —27|, A'=|-2 215 —155
—17 —26 —35 1 —15 11

The combined matriz of A is

-8 28 —19
C(A)= |26 —430 405
~17 403 —385

As we can see the diagonal entries are negative numbers and satisfy the re-
quired condition.

Now let us see a converse example.

16



Example 6 Given negative numbers uy = —2, ug = —8, ug = —3 satisfying
condition uy +us—us—1 > 0, we will find a matriz T such that diag(C(T')) =
(w1, us, ug).

Replacing the given values in equation (28) the value d = —%2071 ~
—0.931454 gives the equality. So, taking a smaller value for example, d =
—0.94 we obtain vy andvs. Using the equation (24) with the condition p,q > 1
we can obtain p and q, for instance, p = 1.00527 and q¢ = 1.1604.

With these values we built the matriz

—0.66443 —1 —1.00527
T = -1 -1 -1
—1.1604 -1 —-0.748111

and its combined matrix

—2 492693 —1.92693
C(T) = 3.07307 —8  5.92693
—0.0730739  4.07307 -3

has the given diagonal entries.
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