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Abstract

In this paper, numerical methods for the solution of linear singu-
lar differential system are analysed. The numerical solution of initial
value problems by means of a finite difference approach and a possi-
ble implementation of the Drazin inverse vector product is discussed.
Examples of index-1 and index-2 differential algebraic equations have

been studied numerically.
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1 Introduction

Singular differential systems are systems of ordinary differential equations
(ODEs) that cannot be expressed in their normal form. Special cases of
such systems defined by differential algebraic equations (DAEs) arise in the
mathematical modelling of problems from engineering and science such as

electrical circuit design, optimal control, incompressible fluids, molecular dy-



namics, large-scale interconnected systems, etc [3]. Singular linear systems
are a particular class of these systems, which consist of a system of differen-
tial equations where the derivatives are pre-multiplied by a singular matrix.
For example, the spatial discretization of the Stokes equation describing the
flow of an incompressible fluid by finite differences on a uniform staggered
grid leads to a singular system. The vibration of a damped mass-spring
system with holonomic constraints is described by a singular system, etc.
[2]. The solution of singular systems has been studied by several authors.
For instance, in [5] an analytical solution for continuous systems using the
Drazin inverse was presented. In [19] a solution in the invariant-time case
is given using the Weierstrass form [7] and in [16] the solution of singular
systems was treated from a numerical point of view. Some surveys of this
kind of systems can be found in [3, 10]. In the analytical and numerical
treatments of a DAE, the index plays an important role [3] and it provides
useful information about the mathematical structure and potential compli-
cations in the solution of the DAE. The number of repetitions needed for
the transformation of the DAE into its related ODE is called the differential
index of the DAE. In general, initial value problems associated to a linear
constant coefficient singular system have no solution or the solution can not
be unique. Some conditions have to be fulfilled in order to get a unique
solution, namely regularity conditions.

The usual technique to solve singular systems satisfying the regularity
condition requires the computation of two Drazin inverses [5]. A numerical
method to provide information about the solvability of the singular system
is provided by Luenberger’ shuffle algorithm [12]. This method is based
on a process of triangularization of the system matrices which destroys the

possible sparsity of the matrices.



In this paper, we investigate the use of numerical techniques to solve
singular systems based on the Drazin inverse formulation of the system so-
lution. Some computational aspects of the Drazin inverse are indicated in
[17]. However, the main operation used in the numerical methods proposed
is the Drazin inverse vector product. This product can be efficiently com-
puted by several algorithms based on the matrix vector product and the
Drazin inverse matrix is not explicitely constructed.

The outline of the paper is as follows. Section 2 presents some prelim-
inaries of singular systems and introduces the concept of admisible initial
conditions for a solvable singular system. In section 3 numerical methods for
the solution of an initial value problem associated with a singular system are
presented. A possible implementation of the Drazin inverse vector product
is also given. In section 4, numerical results are discussed for different linear
singular systems. Finally, the main conclusions of the paper are given in

section 5.

2 Singular systems

A linear singular system is given by

Ex'(t) = Ax(t) + f(t)

with E, A € R"*" being F a singular matrix. If the singular system satisfies
the regularity condition, that is, det(A\E — A) # 0 for at least one scalar
A, then a unique solution of an initial value problem may be obtained by
specifying a suitable set of initial conditions.

If the matrix A is nonsingular, the regularity condition holds. By means

of linear algebra techniques, an explicit solution of a singular system can be



obtained [5]. This solution involves Drazin inverses of the state matrices.
Recall that the Drazin inverse of a matrix A € R"™" is the matrix A"
satisfying:

(i) APAADP = AP,

(ii) AAP = AP A and

(iii) A*t1AP = A* where k = ind(A) is the index of A, which is the

smallest nonnegative integer such that rank(A*) = rank(A*+1).

In this paper, we analyse the solution of the following initial value prob-

lem

Ex'(t) = Az(t) + f(t), x(to) = x0. (1)

Without loss of generality, we can consider tg = 0.

The concept of index is useful to characterize DAEs. Intuitively, the
index is used for measuring the distance from a DAE to its related ordinary
differential equation. If the singular system is solvable, the index of the
matrix affecting the derivative is closely related to index of the system [3].
Naturally, the index of the DAE (1) is the same as the index of the matrix

E [8].

2.1 The homogeneous problem

Consider the following singular initial value problem
E2'(t) = Az(t) , x(0) = zo. (2)
The solution of this singular system is given by [5]

2(t) = eEPAED By (3)



where £ = (AE — A)"'E, A = (\E — A)"'A and the initial vector z( is

admissible, that is, it fulfills the condition
(I — EPE)zy = 0. (4)

The solution (3) is independent of the scalar A used to construct £ and
A. To show this independence, we denote E, = (aE — A)7'E, for a € R,
and it is sufficient to prove that

EO?EQ = EA/g)Eg and ngla = Aé_)fl/g for all scalar o, 5. In fact

EPE, = (B2~ 4) (o — 4) 7 (BE ~ ) E) £y =

A A ~\D . A Ay oA
((aEﬁ - Aﬂ)*lEﬂ) Eo = ER(BE — A)" ' (aE — A)(aE — A)"'E = E} B

The proof of EP A, = E%’ Ag is similar.
If the matrix A is nonsingular, there exists at least A = 0, such that
det(AE — A) # 0. In this case, without loss of generality, we can assume

that the solution of initial value problem (2) can be obtained using
2(t) = P EP Exyg . (5)

with £ = A7'E. Since the solution is uniquely determined, we can use
the initial value problem of ODEs associated to the original problem (2)

obtained by differentiation of (5). This problem is given by



2.2 The non-homogeneous problem

We now study the non-homogeneous case, that is, let us consider the singular

system

Ex'(t) = Az(t) + f(t), (7)

with the initial condition z(0) = xyp. When A is nonsingular, the solution of

this system is given by means of the same matrix £ = A~'E as follows

where f(t) = A71f(t) and k = ind(E). Moreover, in order to satisfy x(0) =

Tg, the initial condition must satisfy the following relation

k—1
(1~ BPByrg = (1~ EPB)Y" B/ (0), )

<.
Il
o

which is the admissibility condition for the non-homogeneous problem.
Note that, using EP(I — EPE) = O, we have that the solution (8)

satisfies

_ _ o
EPx(t) = EPeP"'EP Eyo 4+ EPeP " EP / eEDSf(s)ds
0

Hence, (8) is also the solution of the following system of ODEs associated

to the singular system (7)

2'(t) = EPx(t)+ EPf(t)— (I - EPE)Y FEJ dtjﬂf(t). (10)



3 Numerical methods for a singular system

In this section, we propose numerical methods for an initial value problem
associated with a singular system based on the Dazin inverse formulation
of its solution. Two different strategies are proposed. In (5) and (8), the
explicit solutions for a solvable singular system were given. Using these
expressions, we propose a method to approximate these solutions by using
standard explicit numerical techniques. An alternate way to solve the initial
value problem (1), is to use the associated ordinary differential problem (10)
and to apply a numerical algorithm by discretizing the derivative.

Let us consider the analytic solution (5) of the homogeneous singular
system (2) with an admissible initial condition x. If the time is discretized
as t, = to + nAt and we consider the first order approximation of the

exponential matrix
eFUM — [+ EPAL 4+ 0 (A1), (11)
we obtain the first order explicit method
xn = (I + AtED)EDExn,l, n > 1.

In order to assure the consistency of the solution during the iteration
process we have to prove that z,, satisfies the admissible initial condition

(4) for all n > 1. In fact, using properties of the Drazin inverse we have that
(I — EPE)x, = (I — EPE)(I + AtEP)EPEx, | =0.

One difference between the numerical methods for an ODE and the corre-

sponding numerical method for a singular system is that a consistent initial



value has to be computed to start the integration in each step.
If we now consider the system of ODEs (6) and we use the standard

forward Euler method, we obtain the numerical scheme
Tn = I+ AtEP)z,_1, n>1 (12)

which is also a consistent numerical scheme.

For the non-homogeneous case, we consider the analytical solution (8)
and we use the approximation (11) for the matrix exponential. We also
consider a rectangular approximation for the integral and the approximation
for the derivative

— ]_1

U )= i B (13)

being f(t,) = f°. We obtain the numerical scheme

k—
= (I +AtEP)EEPz, 1+ (I+AtEP)EPALf, 1 — (I - EPE) Z
3=0
(14)
If we use the system of ODEs (10) and apply the forward Euler method,

we obtain the numerical scheme
—_ —_ — k —_
= (I 4+ AtEP)z,_1 + AtEPf, 1 — (I — EPE) ZE (fi—f2_)). (15)
§=0

Both numerical schemes (14) and (15) satisfy the approximate consis-

tency condition

??‘
Dj\H

(I — EPE)x, = —(I - EDE) Jfi.

<.
Il
o



3.1 Computation of the Drazin inverse vector product

The numerical schemes proposed above can be easily implemented once we
have a suitable procedure to compute the Drazin inverse vector product.
Several methods can be applied to compute this operation, such as the
semi-iterative methods [6, 14], a Bi-CG type method [15] and the DGMRES
method [13]. We have used a Newton method proposed in [11] and [18] that
computes an approximation for the Drazin inverse of a matrix A with index

k, using the recurrence

Ag=aAl, a>0, 1>k,
Ap =241 - Ay 1AA, 1, n > 1.

To implement the product APb, the following recurrence is used

yo = aAlb, ¢y = Ayo, 20 = Aoco

Yn+1 = 2yn — Zn, Cpntl = Ayn-l-la Zn+l = A7’L+1cn+17 n > 0.

The convergence of the method is quadratic [11] and to use the method we

have selected the value o« = 0.01.

4 Stability problem

In this section we study the stability of singular system (2) and the proposed
numerical methods. We recall that a singular system Fz/(t) = Ax(t) is
asymptotically stable iff all X's such that det(A\E — A) = 0 have negative
real part.

Note that, the system (2) is asymptotically stable when det(A) # 0. In



this case we use £ = A7'E and the new system is given by
Ex'(t) = z(t). (16)

System (16) is asymptotically stable iff all solutions of det(A\E — I) = 0
have negative real part, that is, if we take A = é, a # 0 the equality
det(al — E) = 0 gives the nonzero eigenvalues of matrix £ and they have
to have negative real part.

In general, an arbitrary system is said to be bounded input-bounded out-
put (BIBO) stable if and only if every bounded input produces the bounded

output.

4.1 Stability of numerical methods

An asymptotic stability condition for numerical methods proposed for sys-
tem (2) is obtained if we consider the numerical scheme as a discrete system.
The discrete system

Ty = ATp_1

is asymptotically stable iff the eigenvalues of matrix A are inside the unit
circle. In the same way as for the continuous case, a discrete system is said
to be BIBO stable if and only if every bounded input produces the bounded
output.

We now analyse the numerical schemes proposed for problem (10).

Case I: Using the first order approximation of the exponential matrix. For

this case the numerical scheme is given by

xn = (I + AtED)EDExn,l, n>1.

10



The above discrete system is asymptotically stable iff all A such that
det(\ — (I + AtEP)EPE) = det(\ — AtEP — EPE) =0

satisfy |[A| < 1. If |[A\| = 1 then the system is stable. Note that, we

have to study the eigenvalues of the matrix AtEP + EPE.

Case II: Using the standard forward Euler method. For the ordinary dif-

ferential equation (6) we obtain the numerical scheme is given by

xn = (I + AtED)xn,l, n>1.

The above discrete system is asymptotically stable iff all A such that
det(A\ — AtEP — 1) =0,

satisfy |A\| < 1. If |A| = 1 then the system is stable. Note that in this

case we have to study the eigenvalues of the matrix AtEP + 1.

Note that, the core-nilpotent decomposition of the matrix F is given by

_ C 0
E=38 st
O N

where the matrices S and C are nonsingular and N is a nilpotent matrix

with ind(N) = ind(E) [4]. Then,

_ c' o o AtC~Y+ T O
EP =3 st AtEP+EPE =8 St
O O O O

11



and

_ - AtC~'+1T O .
AtEY +1 =S5 ST
@) I

It is now clear that the spectrum of the above matrices are related.

5 Numerical Results

5.1 First example

To test the performance of the numerical methods proposed, we will study

the singular system

L, V' L1Lsy @) Ry O x1 V sin(wt)
= - +
\/LlLQ L2 {L‘/2 0 RQ ) 0

that models the electric circuit associated with an ideal transformer shown
in Figure 1. Where z = (21, 22)7 is the currents vector (I;,I2)T. This is a

singular system of index k = 1.

Figure 1: Electric circuit.

We consider the admissible initial condition z(0) = (0,0)7, and for this

problem we have

L L1L Voo
o e F) = — 7 sin(wt)
VI L ’ 0
R2 R2

12



Particularizing the numerical scheme (14) for this case we have

2o = (I+ AtEPY EP By + (I + AtEP) EPf,_ At — (I — EPE) f,.
(18)
We will call S1 to this numerical scheme.

On the other hand, particularizing the numerical scheme (15) we have
T = (I 4+ AtEP)z, 1+ AtEP f, 1 — (I — EPE)(f, — fr_1). (19)

Similarly, we will call S2 to this numerical scheme.

The analytical solution of the initial value problem associated with sys-
tem (17) can be obtained by analytic shuffle method [1], and it is given
by

V R1Rot

zi(t) = B(Llew e TafiTLif — Ly R3w cos(wt) +

(R1R3 + L3R1w* 4+ L1 LyRyw?) sin(wt)),
\V LlLQUU} Iy Ryt

ra(t) = _T(_RIRQGﬂLQRHLIR? + R1 Ry cos(wt)

+ (LgRl + Lle) w sin(wt)), (20)

where D = 2L1L2R1R2w2 + L%R%wz + R% (R% + L%wz) .
‘We have considered the numerical values for the elements of the circuit

presented in Table 1.

Ly Lo Ry Ry Vv w
20H |1 H | 100 © | 200 © | 220 V | 100 7

Table 1: Numerical values for the elements of the circuit.

In this example it is easy to see that the continuous system is BIBO

stable and the stability property for the numerical methods depends on At.

13



We now study the spectrum of the matrices of the two proposed numerical
schemes. For the scheme S1 the eigenvalues of matrix AtEP + EPE are
{1 —4.878At,0} then the system is BIBO if we take 0 < At < 0.41. For the
scheme S2, the eigenvalues of matrix AtEP + I are {1 —4.878At,1}. Thus,
we obtain that both methods are BIBO if we take 0 < At < 0.41.

In order to study the performance of the numerical schemes S1 and 52
we have computed the numerical solution of the system (17) with initial
condition z(0) = (0,0)” using At = 0.002,0.001 and 0.0005 comparing the
obtained results with the analytical solutions (20). These results are shown

in Figures 2, 3 and 4.

A1=0.002
0.15 A1=0.002
analytic 025
+ st
o s 02

— analytic
s1
o 82

fe}

— 0.05

0 0.005 0.01 0015 0.02 0.025 0.03 ) 0.005 0.01 0015 0.02 0.025 0.03
Time (s) Time (s)

Figure 2: Numerical computation of I; and Is using At = 0.002.

We observe that both schemes S1 and S2 provide very good results for
the evolution of I5 and the numerical results obtained for I; converge to the

analytical results when At approaches to zero.

5.2 Second example

It is important to remark that the numerical methods presented above are
general for any index of the singular system. They depend on the index of

matrix E. In the first example we have presented, matrix E has index 1 and

14



At=0.001
0.1

analytic A1=0.001

—— analytic
st

— 0.05

0.005 0.01 0.015 0.02 0.025 0.03 . . . .
Time (s) 0.005 0.01 0.015 0.02 0.025 003
Time (s)

Figure 3: Numerical computation of I; and Is using At = 0.001.

A1=0.0005 0
0.1
analytic 02
+ st
o s2 015

— 0.05]

. . . . . 0.005 001 0015 0.02 0.025 0.03
0.005 0.01 0.015 0.02 0.025 0.03 Time (s)
Time (s)

Figure 4: Numerical computation of I; and Iy using At = 0.0005 for the
first example.

the matrix £ has also index 1, but, in general, it does not exist a relation

between those indices.

We consider a second example of a singular system of index 2. This

15



system is given by

1000 ah
0010 )
000 0 o4 |
000 0 )

We consider the admissible initial condition z(0)

this problem we have

0 0 1

_ 1 0 0
E =

-1 0 -1

0 0 1

o o o O

o o O

T 0
T2 0
+
T3 0
x4 sin(t)
(21)
= (0,0,0,0)T, and for
0
0
sin(t)
0

Matrix E satisfies rank (EQ) = rank (E’), then the index of F is 1. Since,

E has index 1, the numerical schemes (18) and (1

second example.

9) are also valid for this

The analytical solution of the initial value problem associated with sys-

tem (21) is given by

—sm()—l——e 3 sin (?
.Tl(t) 1 7t \/§
n) | —cos(t) + Vol (\/§ cos <7t> — sin <
T B 1 _: V3 .
3(t) cos(t) — 7§ 2 < 3 cos <?t> + sin
x4(t) )
—sin(t) + —=e Zs ( 5

16

)

()
7

V3
2

)

(22)



In this example it is easy to see that the continuous system is BIBO
stable and the stability property for the numerical methods depends on At.
Using the spectrum of the matrices of the numerical schemes S1 and S2 we
obtain that both methods are BIBO for 0 < At < 1.

In order to study the performance of the numerical schemes S1 and 52
we have computed the numerical solution of the system (21) with initial
condition x(0) = (0,0,0,0)” using At = 0.2. The obtained results for x;
and xg compared with the analytical solutions (22) are shown in Figure 5.
The behavior of components x3 and x4 is very similar to the behaviour of

z1 and zo.

15 | el 15 anaiytc ]
o s2 * St %
] o . ©
Oes FT
4 A

5
Time (s) Time (s)

Figure 5: Numerical computation of 1 and z9 using At = 0.2 for the second
example.

5.3 Third example

As we have already mentioned, in general, there is no relationship between

the indices of matrix F and matrix E, (see, for example, [9]). The third

17



example we have studied is given by

10 00 x 0100 1 0
0 010 xl _ 1 0 00 T2 N 0
0 00O xh -1 0 0 1 3 0
0000 x) 0011 x4 sin(t)

(23)
In this new example, index of matrix E is 2, but matrix E satisfies
rank (E’3) = rank (E’Q), then the index of F = 2. Since the index of E is

equal to 2, the numerical scheme S1 is written as

tn = (I+AtEP)EPEx,_y + (I + AtEP) EPf, At

oo (e (Fari—
(I - EPE) (fn+E(—At )) (24)
The numerical scheme S2 is now

z, = (I +AtEP)z,  + AtEPf, , — (I — EPE)G, (25)

where G, = fr — fu-1+ E (%)
We consider the admissible initial conditions 2(0) = (0,—1,0,0)” and

for this problem we have

00 10 0
_ 10 00 _ 0
E= . f() =
00 —1 0 sin(t)
00 10 0

The analytical solution of the initial value problem associated with sys-

tem (23) is given by

18



x1(t) se7t — 2 cos(t) — 3 sin(t)
xa(t) _ —ge~t — % cos(t) + & sin(t) (26)
x3(t) —3e7t + S cos(t) — 3sin(t)
x4(t) se~' — Lcos(t) — & sin(t)

In this third example the continuous system is BIBO stable. Using the
spectrum of the matrices of the two proposed numerical schemes S1 and 52,
we obtain that both methods are BIBO stable for 0 < At < 2.

In order to study the performance of the numerical schemes (24) and
(25) we have computed the numerical solution fo x; and xy of the system
(23) with initial condition 2(0) = (0, —1,0,0)” using At = 0.2. The obtained
results compared with the analytical solutions (26) are presented in Figure 6,
for components x1 and x5. The behaviour of components x3 and x4 is very

similar.

analytic || 15 analytic ||
* S * S
o 82 o 82

Figure 6: Numerical computation of x1 and x5 using At = 0.2 for the third
example.
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6 Conclusions

The usual approach to solve a singular system of differential equations con-
sists of converting the system into an ordinary system of differential equa-
tions using the shuffle algorithm.

Another possibility is to use implicit backward difference methods. In
this paper we study the possibility of developing numerical method for singu-
lar systems based on the expression of the analytical solution of a singular
linear system in terms of the Drazin inverse of a matrix. The numerical
methods proposed are based on the Drazin inverse vector product as the
main operation. This operation can be implemented numerically by itera-
tive methods based on the operation matrix vector product, which does not
affect the sparsity pattern of the matrices. This fact is very important when
DAEs of large dimension are considered. To perform the shuffle algorithm,
a triangularization process of the matrices of the system is carried out and
this triangularization destroys the possible sparsity pattern of the matrices
obtaining, in general, dense matrices, that can be difficult to store in the
memory of the computer. In this way the numerical methods proposed are
advantageous in terms of memory requirements. Two first order methods
are proposed and their performances are studied obtaining the numerical
solution of different examples of index 1 and index 2. The obtained results
show that the proposed methods work well for singular systems of different
indices and the same methodology can be applied to obtain higher order

numerical methods.
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