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Abstract

A nonsingular real matrix A is said to be inverse-positive if all the elements of
its inverse are nonnegative. This class of matrices contains the M-matrices, from
which inherit some of their properties and applications, especially in Economy and
in the description of iterative methods for solving nonlinear systems. In this paper
we present some new characterizations for inverse-positive matrices and we analyze
when this concept is preserved by the sub-direct sum of matrices.
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1 Introduction

A nonsingular real matrix A = (a;;) is said to be inverse-positive if all the
elements of its inverse are nonnegative. An inverse-positive matrix being also
a Z-matrix, is a nonsingular M-matrix, so the class of inverse-positive ma-
trices contains the nonsingular M-matrices, which have been widely studied
and whose applications, for example, in iterative methods, dynamic systems,
economics, mathematical programming, etc, are well known. Of course, not
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every inverse-positive matrix is an M-matrix. For instance,

0 2
A= :
3 -1

is an inverse-positive matrix that is not an M-matrix.

The inverse-positivity is preserved by multiplication and hence by left or right
positive diagonal multiplication, positive diagonal similarity and permutation
similarity.

The problem of characterizing inverse-positive matrices has been extensively
dealt with in the literature (see, for example [1]). Besides, M. Fiedler in [2]
showed several characterizations of sign patterns of inverse positive matrices
and J.E. Peris [3] provides a characterization of inverse-positive matrices us-
ing positive splittings. More recently, T. Fujimoto et al. presented in [4] a
characterization of inverse-positive matrices concerning the Hawkins-Simon
condition, so called in economics, and the Le Chatelier-Braun principle in
thermodynamics (see [5]).

The inverse-positivity of real square matrices plays an important role in differ-
ent areas of science and engineering and has been analyzed in several contexts.
For example, in [6] we can see the description of particular iterative methods
for solving linear systems, when the matrix is inverse-positive. R. Precup [7]
obtains positive nontrivial solutions for a class of semilinear elliptic variational
systems by using the technique of inverse-positive matrices. In the recurrence
relation of the Chebyshev polynomials of second kind appear several inverse-
positive matrices which have been studied by C.M. da Fonseca in [8].

There exists a special case of matrices that, as we can see in [9], very of-
ten occur in relation to Leontief model of circulating capital without joint
production. For instance, matrices that for size 5 x 5 have the form

l—a 1—-a 1
1 1-a 1-a
A=l —-a 1 1—-a 1],
l—a 1 1—-a

—a 1l—-a 1 1

where a is a real parameter with economic interpretation. When A is an n x n
real matrix pertaining this special case with n odd, n = 2k+1, it is not difficult
to prove that A is an inverse-positive matrix if and only if 1 < a < (1+ ).



The sub-direct sum of matrices is a generalization of the usual sum of matri-
ces. This concept was introduced by C. Johnson and S. Fallat in [10] and arises
naturally in matrix completions and overlapping subdomains in domain de-
composition methods, among other contexts. It also appears in many variants
of additive Schwartz preconditioning, and when analyzing additive Schwartz
methods for Markov chains.

Domain decomposition methods, are widely used for the numerical solution
of partial differential equations (see, for example [11]). In [12] the authors
analyze the convergence and properties for several variants of these methods
for nonsingular inverse-positive matrices.

The paper is structured as follows. In Section 2 we present some conditions in
order to obtain new characterizations for inverse-positive matrices. In Section
3 we study the question of when the sub-direct sum of two inverse-positive
matrices is an inverse-positive matrix, and conversely, when an inverse-positive
matrix can be expressed as the sub-direct sum of two inverse-positive matrices.

We explain some notations used in this paper. (A);; denotes the (7, j) entry
of A. The symbol (A); means the jth column of A and det (A(i]j)) means
the determinant of the matrix that results by deleting row ¢ and column j of
matrix A.

2 Characterization of inverse-positive matrices

In this section we present some new characterizations of inverse-positive ma-
trices.

Let x be a vector in R™. In this paper we write x > 0 when all the components
of x are nonnegative, z > 0 when all the components of = are nonnegative but
not all equal to zero, and x > 0 when all the components of = are positive.

Let A be an n x n real matrix. Consider a nonempty subset S of N =
{1,2,...,n} and T = S¢ the complement of S with respect to N. Now,
we consider the following property

Property
Given z > 0 and Az = (by, by, ..., b,)7T,

Ifb; >0,Vj € Sand b; =0,Vj € T, then z > 0. (1)

Given a subset S of N, let Cs be the class of n x n real matrices that satisfy



(1) with respect to S. We can establish the following result.

Proposition 1 Let A be a nonsingular real matriz of size nxn. Then, A € Cs
if and only if (A™'); > 0, Vj € S and given i € N, 3 j € S such that
(Ail)ij > 0.

Proof. Let A be an element of Cs with A™! = (¢;;) and S = {i1,4a,...,4x} a
subset of N. Suppose that there exists an index ¢, € S such that (A™'); has
a negative component (it is not possible to be the null vector because matrix
A is nonsingular).

Consider a vector b = (by, by, ..., b,)T such that b; = 0 for i € T and b; > 0
for ¢ € S. Then, we can choose b;, sufficiently large such that z = A~'6 > 0
and its i,th component zero, which is a contradiction with (1).

Besides, suppose that there exists an index iy € N such that ¢;; =0, Vj € S.
Consider a vector b = (by,bo,...,b,)T with b; = 0 for ¢ € T and b; > 0 for
i € S, and such that © = A~'b > 0. Then, vector x has at least its ipth
component equal to zero, which is a contradiction with (1).

Conversely, suppose that there exists = > 0 satisfying (1) with some compo-
nent equal to zero, for example x, = 0. Consider the system Az = (by, by, ..., b,)",
with b; > 0 for 7 € S and b; = 0 for ¢ € T'. The pth component of the solution
of this system is x, = ¢y, b1 + cp,ba + ... + ¢, b = i biy + ...+ ¢4 bi, = 0.
But, x, only can be zero if ¢, ;, = 0, for j = 1,2, ..., k, which is a contradiction
with given i € N, 35 € S such that (A™1);; > 0. O

Notice that when S = N, Proposition 1 is a characterization of inverse-positive
matrices.

The next characterization of inverse-positive matrices is related to the exis-
tence of a positive solution of a linear system with positive independent term.

Theorem 1 An n x n real matriz A is inverse-positive if and only if for all
b> 0, there exists x > 0 such that Ax = b.

Proof. If A is inverse-positive, given a vector b > 0, then z = A~'b > 0.
Conversely, first we are going to prove, by using reduction to the absurd,
that matrix A is nonsingular. Let us suppose that rank(A4) = r, (r < n),
and we may assume, without loss of generality, that the first » columns of A,
c1,Ca, ..., Cp, are linearly independent.

Let b be a vector such that b > 0 and ¢y, ¢s, ..., ¢, b are linearly independent
vectors. So, system Ax = b has no solutions, which is a contradiction.

Now, we are going to prove that A~! = (¢;;) is nonnegative. Consider a vector



b€ R", b > 0, and suppose that there exists a pair (4o, jo) such that ¢;, j, < 0.
As x = A710,

n
.Z'io = Z Cio,jbj = Ci071b1 + Cimgbg + ...+ Cio,nbn'
Jj=1

Suppose that we choose a vector b = (by, by, ..., b,)" satisfying

n
|Cioabiol = D Cig,sb;-

J=1,j#jo
Therefore z;, is negative, which is a contradiction, so matrix A is inverse-
positive. O

In the last characterization we obtain a relation between inverse-positive and
monotone matrices.

We recall that an n x n real matrix A is said to be monotone if
Ar >0 — x>0, for all z € R".

Proposition 2 Let A be an n x n real matriz. Then A is inverse-positive if
and only if A is monotone.

Proof. If A is inverse-positive, then it is obviously monotone.

Conversely, first we are going to prove that A is nonsingular. As A is monotone,
from Az = 0 and A(—xz) = 0 we obtain > 0 and = < 0, respectively, that is,
x = 0. So the system Ax = 0 has only the trivial solution and therefore A is
nonsingular.

On the other hand, let {ey, ey, . . ., e, } be the canonical base in R™. As A(A™'e;) >
0, we have (A7te;) >0,i=1,...,n,s0 A=t > 0. O

3 Sub-direct sum of inverse-positive matrices
As we have said in the introduction, the sub-direct sum was introduced by
Johnson and Fallat in [10], where many of its properties were analyzed.

Definition 1 Let A, B be square matrices of size ny and no, respectively, and
let k be an integer such that 1 < k < min{ny,no}. Suppose that A and B are



partitioned as follows
AH A12 B Bll BIQ

Agl AQQ B21 B22

where Asy and By are square matrices of size k X k. Then, the sub-direct sum
of size k of A and B, denoted by C = A@ B, is the matrix of size ny +nqo —k

A Aqo 0
C = | Ay Ag + By Bro
0 By Bas

The sub-direct sum of two inverse-positive matrices is not in general an inverse-
positive matrix, as we can see in the following example.

Example 1 Consider the inverse-positive matrices

-1 2, 0 O -2 1] 0 O
3—-1 0 O 8 —1] 0 O
-1 -1 6 -4 -1 -1/-1 2
-1 -1/—-1 1 -1 -1 3 -1
It is not difficult to see that matrix

-1 2/ 0 0] 0 O

3—-1] 0 0] 0 O

—-1-1 4-3, 0 O

C - A @2 B -

—-1-1} 7 0] 0 O

0 0/—-1-1/—-1 2

0 0/—-1-1] 3 -1

is not inverse-positive.

In this section we study the conditions under which the sub-direct sum of
inverse-positive matrices lies in the class, and it is appropriate to consider
k=1 and k > 1 separately.

We also study the following question:



If C is an inverse-positive matrix of the form

Ci1 Ciz 0
C= Co1 Cog Cas | 5
0 Cs Cs

may C' be written as C' = A & B, such that A and B are inverse-positive
matrices?. We analyze this problem when Cys is a real number or it is a matrix
of size k x k with & > 1.

First, we consider £ = 1. In this case, we obtain the following results.

Proposition 3 Let A, B be the inverse-positive matrices

Ay O by O
A= H and B = H

T
asy, s ba1 Bao

Then matriz C' = A ®1 B is inverse-positive.

Proof. The expressions of the inverses of A and B are

-1 1
A—l . All O B—l o bi1 O
- T A—1 9 - —1
_an Ay 1 _ Byyba -1
az2 a2 b1 22

As A and B are inverse-positive matrices, blocks A;; and By are also inverse-
positive matrices, and the real numbers aqs and by; are strictly positive.

The expression of the inverse of C' = A& B is

ALl 0 0
o= _ ag Ayl 1 0
a G —f—TblL1 G292 :f'lbn
Baa by1a, Any _ Bay bo1 B-l
ag + by g + by

It is not difficult to see that all the blocks of C~! are nonnegative matrices,
so matrix C' is inverse-positive. O



Proposition 4 Let C' be an inverse-positive matriz of the form

Ci1y 0 0
C = cle Coy 0
0 c32 Cs3

Then, C' can be expressed as C' = A @y B where A and B are inverse-positive
matrices.

Proof. The expression of the inverse of C'is

cht 0 0
—1
C’fl — _ Cgl Cn 1 0
€22 Cc22

1T -1 -1
Cg3 3265, C1;7 Oy can C*l
c22 c22 33

Consider the following matrices

Ci1 0 0
A= H and B = Y
Cgl xr C32 033

As 99 is a positive number, it can always be expressed as the sum of two
positive numbers, so it must be accomplished that  + y = c99 being x and y
positive numbers. Consider, for example, z = y = 2.

Matrices A and B are nonsingular and the expressions of their inverses are

—1
- cit 0 - 2 0
A 1 _ B 1 _ c22
- T C—l I - C_l
—9@1t 2 93 82 C*l
€22 C22 €22 33

Bearing in mind that all the blocks of C~! are greater than or equal to zero, it
is not difficult to notice that all the blocks of matrices A~! and B~! are also
nonnegative, so matrices A and B are inverse-positive. O

Proposition 5 Consider the inverse-positive matrices

A arp bi1 b1
12
A= and B = ,
T
aly as ba1 Bao



where ase and byy are real numbers. If A1y and Bag are inverse-positive matri-
ces, then C'= A ®1 B is an inverse-positive matriz.

Proof. After some algebraic operations, we obtain the following expressions
of the inverses of matrices A and B.

T g-1 -1 ~1_ T p-1 -1
A1 1 (a22 — a5 Ay ar2) Apy + Ajyanan Ay —Ajar
- T A—1 )
ag — ax Ay a _qT A1
22 214111 %12 a21A11 1
T p-1
Bl _ 1 1 —b1y By,

T -1 _ _ N _ _
bir — 1y By by —By'bar (b1 — by By b)) By + Byg'bo by By

Using the Gauss method it is not difficult to obtain that determinants of
matrices A and B are

det (A) = (agg—aglAl_llalg) det (AH) and det (B) = (bll—b{QBgzllbl) det (BQQ),
respectively.

Since det (A), det (B), det (A1) and det (Byy) are nonzero, the real numbers
A9o — aglAl_llam and by; — b?QBQ_;le are also nonzero. Besides, if we look at
the entries (2,2) of A~! and (1, 1) of B~! we can conclude that the mentioned
real numbers are strictly positive.

Calculating now the inverse of C' by solving the equation CC~! = I, we obtain

X T12 Z
-1 _ T T
Co =23 a ay |,
w T32 Y
where
X =AM — appxl)) = —aAy]
= A A12T97 ), T2 = —QAqq Q12,
-1 T -1 T
-1 -1 T
T332 = —06B22 bgl, Y = .822 (I — b211}23),
T p—1
T —ay Ay

€T =
21 T p—1 T n—1 )
a22 - CL21A11 a12 + bll - b12B22 b21



1

=
T A=1 T p—17
Q22 — a21A11 ayo + by — leBQZ bas
T —1
T _bIQBZQ
Loz =

T A1 T Rp1p
aze — az Ajy a1z + iy — b Boy by

Bearing in mind that all the blocks of A™! and B~! are nonnegative we can
conclude that all the blocks of C~! are greater than or equal to zero, so C is
an inverse-positive matrix. O

When A;; or Byy are not inverse-positive matrices, the inverse-positivity of
C = A, B is not guaranteed, as it can be seen in the next example.

Example 2 If we choose the inverse-positive matrix

00 1
A=1|(01-11{,
10—1

with A1 not inverse-positive, it is not difficult to check that matrix C' = A¢, A
is not inverse-positive.

Proposition 6 Consider the inverse-positive matrix
Cuca 0

_ T T
¢ = Co1 C22 Co3 |

0 c32 Cs

where Cyq and Cs3 are inverse-positive matrices. Then, C' can always be ex-
pressed as C'= A @1 B, where A and B are inverse-positive matrices.

Proof. The expression of C~! is

1 1 T ~—1 1 -1 T ~—1
. aCiy + Oy crpeyCp —Chycnn Cl1 126530753
-1 _ - T ~—1 T —1
¢ = a —C1 1 —C93C53 )
1 T ~—1 -1 1 —1 T ~—1
O35 €3205,Cy —Cs3c30 aCsy + Cs3 32053053

where

_ T -1 T -1
a = 9 — Oy c1a — 3053 Cao.

10



Using the Gauss method we obtain that determinant of matrix C' is
det (C) = det (CH) det (ng)Oé.

As this determinant cannot be zero, and it is known that det (C';) and det (Cs3)
are not equal to zero, then « is not equal to zero. Besides, position (2,2) of
matrix C'~! assures us that « is a positive real number.

Let £ > 0 such that &« — ¢ > 0, and consider the following matrices

Ci1 ¢z Yy cs,
23
A= and B = ,
T
Cy T cs2 Cs3

where z = 022—0530351032—5 and y = coo—x. Then, x4y = co9 so C = AP B.

The determinants of matrices A and B, also obtained by the Gauss method,
are given by

det (A) = (z—ch Critern) det (C1y)  and  det (B) = (y—ciyCs3'csa) det (Css),
respectively.
Note that
r—chClea=a—e>0
and
Yy — 05303;31632 =ec>0.
We can then assert that det (A) # 0 and det (B) # 0. In other words, A and

B are nonsingular matrices.

The expressions of the inverses of A and B are

T -1 —1 N | —1
A1 1 (2 — 301y a2)Chy + Oy cizey Oy —Chyenn
= —T _1 )
xz —c5Crye T ~—1
2111 ™12 —cC1y 1
T -1
Bl 1 1 — 33033
=
—C C —1 T ~—1 —1 —1 T ~—1
Y — c23C33 Ca2 —Cs5 30 (Y — p3055 €32)Cs3 + Csg 326530753

Given that C' is an inverse-positive matrix, the entries of C'~! in positions
(1,2), (2,1), (2,3) and (3,2) are nonnegative. It follows, then, that the entries
in positions (1,2) and (2,1) of A~ and of B™! are nonnegative. By multiplying
the nonnegative entries (1,2) and (2, 1) of matrix C~! we obtain Cj3'cack, Of!,
that must be also nonnegative. Besides, ('} is an inverse-positive matrix, so
matrix A is inverse-positive.

11



In a similar way, by multiplying the nonnegative entries (3,2) and (2,3) of
matrix C~! we obtain C33'c3acl;Cs3', that must be also nonnegative. Besides,
(U353 is an inverse-positive matrix, so matrix B is also inverse-positive. O

From now on we consider £ > 1. In this case, we obtain the following results.

Proposition 7 Consider the inverse-positive matrices of sizes ny and no re-
spectively,
A O By 0O
A= and B=| "
Aoy Ap Ba1 Ba

Y

where Agy and Byy are kx k (1 < k < min{ny,ny}). If matriz H = Ay + B!
1s inverse-positive, then matric C = A ®p B, of size n = ny +ngy — k, is
muerse-positive.

Proof. The expressions of the inverses of matrices A and B are

A 0 B! 0
M and B != H
— Ay Aot AT A —Bs3' By Biy' By

ATl =

In order to get the expression of the inverse of C' we use the next products of
matrices.

Iy, 0 0
AL 0 Iy, O
C =| 0 Ay +B3i 0
0 Inn, 0 B!
0 0 Y —
Then
Iy, 0 0
A 0 Iy, O
C= 0 Ay +By 0
0 Ip_n, 0 B
0 0 Y —
And its inverse is
Inn, O 0
. Iy, O A0
c = 0 H*' 0 )
0 B! 0 Inn
0 0 Inn

12



expression that can be written as
—1
1 0 0

-1 _ g1 g _ Clgrq 4
= — B H Ay An Ay B H A3, 0
Boy By By H™ ' Ayy An Al —Boy By B H' A3y By
Since H is an inverse-positive matrix, it follows that C'is also inverse-positive.O
The converse does not hold, as we can see in the next example.

Example 3 Matrices

are inverse-positive, and matrix

8 0 0]0
—1/—2 4|0
C:A®QB: 9
-1 6 —2/0
0|—1 —11/6

is also inverse-positive, but matrix H=Ay; +B;' is not inverse-positive.

Now we consider again inverse-positive matrices partitioned as in Proposition
7. Let us denote H'=Aq+Bj;.

Proposition 8 Consider the inverse-positive matrices

Ay 0 By 0
A= and B=| "

Agy Ag By Bay
If Ayy < 0, Byy < 0 and matriz H' = Ay + By is inverse-positive, then
C = A @y B is inverse-positive.

Proof. The expressions of the inverses of A and B are

Al 0 B 0
1 and B !'= 1
— Ay An A A3 —By' By Bi' By

ATl =

13



and the expression of the inverse of C' is

At 0 0
o1 = —H/_lAglAil o1 0
Byy' Boy H' YAy A7} —Byy ByH'™' By

If Ay; <0, Bio <0 and H’ is inverse-positive, it is not difficult to prove that
(' is inverse-positive. O

Proposition 9 Consider the inverse-positive matrix
Cp 0 O

C=1Cy Cy 0 |,
0 Csy Csg

where Coy is of size k X k. Then C' can be expressed as C' = A @y B, where A
and B are inverse-positive matrices.

Proof. Suppose that matrices A and B have the form

Ci1 0 B 0
A= H and B = H ,
021 A22 032 C'33

where Ay = By = % Obviously, Ags + By1 = Ca, so C = AP B.

The determinants of matrices A and B are
1 1
det (A) = (i)k det (CH) det (022) and det (B) = (i)k det (022) det (033),
respectively, and they are not equal to zero because the determinant of matrix
Cis
det (C) = det (Cn) det (022) det (033)

and it is not equal to zero, so matrices A and B are nonsingular and the
expression of their inverses is

ot 0 2055 0
Al = 1 and B! = 22
—205'Co1 Ot 205" —205' 03,05 Ot

14



while the expression of the inverse of C' is
Cit 0 0
Ch=| —CxonCh Cy 0
O3t C32055' O Ot =035 C30Co0t O3

Given that C'is an inverse-positive matrix, it follows that A and B are inverse-
positive matrices. O

Proposition 10 Consider the inverse-positive matrices

A O B B
A— 11 and B — 11 D12
Agy Ay 0 By

with Ass and Bay blocks of size k X k. If Ay < 0, Bio < 0 and matric H =
Agg + Bi1 is inverse-positive, then C' = A @, B is inverse-positive.

Proof. The inverses of A and B are

ATl 0 Bi' —B'B,B}
11 and B! — 11 11 P12D522
— Ay An A A3 0 By

Al =

and the inverse of C is

At 0 0
1 = —H'71A21A1_11 H1 _H/lel2BQ—21
0 0 B3

Since Ay < 0, Bis < 0 and H' is inverse-positive, we can assert that C' is an
inverse-positive matrix. O

Proposition 11 Let C be an inverse-positive matrix of the following form

Ciy 0 O
C= Ca1 Cog Ca3 | 5
0 0 (s

where Cyg is a k X k block. Then, C' can be expressed as C' = A @y B, where
A and B are inverse-positive matrices.

15



Proof. The expression of the inverse of C' is

Crt 0 0
C7l=| —C'CuCr! O3t —Cy' CosCiy!
0 0 Ca3'
Let
. Cii 0 and B — Biy Cas ’
Ca1 Aga 0 Css

where Agy = By = % It is clear that Agy + B1y = Oy and C = A @ B. We
have

1 1
det (A) = (5)’“ det (Ch1)det (Cye) and det (B) = (5)’C det (Cag) det (Csg).
These determinants are nonzero since
det (O) = det (011) det (CQQ) det (ng) 7& 0.

Therefore, A and B are nonsingular. Moreover,

Ch' 0 205, —2C5'CysCly
A_1 _ 11 and B_1 _ 22 22 “23V“33
—2055' Oy Ot 205 0 Cis'
It is not difficult to see that matrices A and B are inverse-positive. O

The general case C=A®, B, where A and B have the form

Al A B B
A 11 A2 and B — 11 bi2 7

A21 A22 B21 B22

and the converse problem are still open problems. In general, the two ques-
tions analyzed in this paper about inverse-positivity in sub-direct sums have
a negative answer. For the first question we can see Example 1 and for the
second one we can see the following example.

Example 4 Matrix

00 of 1
110 —1|-1

= ,
—1]1 1] 0
00 1 0

16



is inverse-positive, but it cannot be expressed as A@, B for any square matrices
A and B of size 3 x 3.
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