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A note on variable exponent Hormander spaces
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Abstract. In this paper we introduce the variable exponent Hérmander spaces

and we study some of their properties. In particular, it is shown that (33’;(_) (Q))/

is isomorphic to e%’l‘%) (Q) (Q open set in R”, p_ > 1 and the Hardy-Littlewood
'

maximal operator M is bounded in L,,O) extending a Hormander’s result to our

context. As a consequence, a number of results on sequence space representa-
tions of variable exponent Héormander spaces are given.
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1. Introduction and notation

1.1. Introduction

The Lebesgue spaces L.y with variable exponent and the corresponding Sobolev
spaces W;’E_) have been intensively investigated during the last years (see the re-
cent book of Diening et al. [3]). These spaces are of interest in their own right and
also have applications to PDE of non-standard growth (see e.g. [3, Chapter 13])
and to modelling electrorheological fluids and to image restoration (see [3, Chapter
14]). Our paper lies in this field of variable exponent function spaces. We introduce
the variable exponent Hormander spaces %), 4, . )( ) and e%’LO(?)(Q) (it is well

known that the Hérmander spaces %, x, %, ,(£2) and ﬂk’c( ) play a crucial role
in the theory of linear partial differential operators (see e.g. [8], [24], [6], [15], [16],
[17])) and we study some of their properties. We also give a number of results on
sequence space representations of the introduced spaces.

The organization of the paper is as follows. Section 2 contains some basic
facts about variable exponent Lebesgue spaces and the definition of variable expo-
nent Lebesgue spaces of entire analytic functions. In Section 3 we introduce the
variable exponent Hormander spaces %), %;(.)(Q) and %’;’&(Q) and we study
some of their properties when the Hardy-Littlewood maximal operator M is bounded
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in LP<,) /po for some 0 < pg < p_ (convolution, density, completeness, embedding
theorems, multiplication operators) and, by using Fourier multipliers and a result
of Diening [2], we obtain a sequence space representation of the space %’;(,) (Ja,b[)
(see Theorem 3.5/5). We also extend a result of Hormander [8, Chapter XV, 15.2]
to the variable exponent Hérmander spaces @;;(_)(Q) (see Remark 3.6/2). In Sec-

tion 4 we show that (%;(_)(Q))/ is isomorphic to %’1%/) (Q) (see also [8, Chapter
P

XV] and [16]) and another result on sequence space representation is given. Finally,
two questions on complex interpolation and on sequence space representation of
variable exponent Hérmander spaces are proposed.

1.2. Notation

Let E and F be topological linear spaces over C. If E and F are (topologically)
isomorphic we put E ~ F. The (topological) dual of E is denoted by E’ and is given
the strong topology (i.e. the topology of uniform convergence on all the bounded
subsets of E). We put E — F if E is a linear subspace of F' and the canonical

injection is continuous (if £ is also dense in /' we replace — by i)). If{E,};_ isa
sequence of Banach spaces, [],_; E, denotes the topological product of the spaces
E, and @, _E, their locally convex direct sum. The Fréchet space defined by the
projective sequence of Banach spaces E, and linking maps A, will be denoted by
proj,,(En,An) (or proj, E,, for short). If {E,,};7_, is a sequence of topological linear
spaces such that E, — E, | for each n, then their inductive limit is denoted by
ind, E, (see [9], [10]).

If f € Li(R") the Fourier transform of f, f or .Zf, is defined by f(&) =
Jn f(x)e~*dx. If f is a function on R”, then f(x) = f(—x) for x € R". B, is the
closed Euclidean ball {x: |x| <r}inR". C3(R") (= Z(R")), C5 () (= Z(Q)) and
S(R™) are the usual Schwartz spaces (in the last space the norms MaX|g| < SUPycRr
(14 [x]>)"0%p(x)|, m = 0,1,2,..., are denoted by |@|,,). Z'(R"), Z'(Q) and
S'(R") are their corresponding duals. &”(K) (K compact in R") is the set of dis-
tributions on R” with supports contained in K. Oy, is the space of all functions
@ € C*(R") such that oy € S(R") for all y € S(R"). The Fourier transform in
S'(R") is also denoted by " (or .%). If u € §'(R"), i is defined by (@,id) = (@, u)
for all @ € S(R"); thus ~ coincides with the operator (27)~".%2. In general, we
will consider function spaces defined on the whole Euclidean space R". So, in what
follows, we shall omit the “R"” of their notation. The letter C will always denote a
positive constant, not necessarily the same at each ocurrence.

2. Preliminaries

In this section we collect some basic facts about variable exponent spaces and we
give the definition of variable Lebesgue spaces of entire analytic functions.

2.1. Variable exponent spaces

If p(-) is a measurable function on R” with range in [1,o|, we put RZ, = {x € R":
p(x) =oo}, p_ =ess infyepn p(x), p+ = ess sup,cgn p(x), and we define the modular
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functional
pNi= [ 1@ s+ e,

L.y denotes the set of all complex-valued measurable functions on R" such that for
some A > 0, p(f/A) < oo. This set becomes a Banach space when equipped with
the Luxemburg norm

£l == inf{A > 0: p(f/A) <1}

These spaces are referred to as variable exponent Lebesgue spaces since they gener-
alize the standard Lebesgue spaces. In this paper, we shall also consider analogous
spaces to classical Lebesgue spaces L,, 0 < p < 1, with variable exponents. De-
fine 22° to be the set of all measurable functions on R” with range in (0,) such
that p_ = ess infyegn p(x) > 0 and py = ess sup,cgn p(x) < o0. Given p(-) € 29,
we also define the space L, as above. This is equivalent to defining it to be the
set of all measurable functions f such that |f|P° € Ly, where 0 < pg < p_ and
p(x)

q(x) = - We can define a quasi-norm on this space by

- po (_; (@
by = I (=inefa =00 [ (L) av<a})

(see [1]). With this quasi-norm Ly becomes a quasi-Banach space.
Next we give some basic results about variable Lebesgue spaces. Their proofs
can be found in [3] (see also [11]).

Lemma2.1. If p(-) € 2, then || fi— f|| .y — O if and only if [ga | fi(x) — f(x)[P©dx
= 0. If (| fic = fll p(.) — O then there exists a subsequence of ( fi) which converges a.e.

to f.

Lemma 2.2 (generalized Holder inequality). Let p(-) : R" — [1,o0]. If f € L,
and g € Lp/<.), then

/Rn |f(x)g(x)dx < CI|fll o llgll ()

where p'(-) is the conjugate exponent function defined by ﬁ + 1%()() =1 xeR"

Lemma 2.3. Let p(-) : R" — [1,0|. The natural mapping
IiLyy = (Lpo) s8> (F1(9) = | flx)g()dx

is an isomorphism if and only if p < eo. The space L, is reflexive if and only if
1 <p_<pi<eo

Lemma 2.4.

1. Let p(-) : R" — [1,00]. Then S < L.y — L'¢S'. Furthermore, if p1 < oo, C’
and S are dense in L,y and the mapping S X L,y — Ly : (o,f) = of is
continuous.

2. Ifp(-) € P9, § — Ly and the mapping S x L,y — Ly : (@, f) — @f is

continuous.
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Many classical operators in harmonic analysis (maximal operators, Calderén-
Zygmund operators, fractional integrals, ...) are bounded in L, whenever the
Hardy-Littlewood maximal operator M is bounded in Ly (c.f, e.g. [1], [2] and
[3]). The next lemma provides a sufficient condition on p(-) for M to be bounded in
L,y and one important consequence of the Diening’s characterization of variable
Lebesgue spaces on which the maximal operator M is bounded:

Lemma 2.5.

1. Let p(+) : R" — [1,00] be such that 1 < p_ < py < eo. Suppose that p(-) satis-

C 1
_ < - vl < =
Ip(x) = p(y)| < s pr—_ =<5,
and
|(x)—()|<7c x| <yl
p PO = log(e+|x|) ’ =

Then the Hardy-Littlewood maximal operator M is bounded in L .).
2. If 1 < p_ < py < oo, then the following conditions are equivalent:
(a) M is bounded in Ly,
(b) M is bounded in Ly,
(¢) M is bounded in L., for some 1 <q < p-_,
(d) M is bounded in L),y for some 1 <q < p_.

Remark 2.6. In spite of the previous results, the variable Lebesgue spaces have a
number of undesired properties. For example, these spaces are not translation in-
variant and so the Young’s inequality cannot be generalized to the spaces L) for
non-constant p(-) (see [3] and [11]).

2.2. Variable exponent Lebesgue spaces of entire analytic functions

If K is a compact subset of R”, ut is a positive Borel measure on R” and 0 < p < oo,
then

LE(u):={f €S : suppf CK, feLy(u)}
(LY := LK (w) if p is the Lebesgue measure). (LX (1), || -||») is a quasi-Banach (Ba-

nach if p > 1) space (see [23], [19]; see also [20]).
If K is a compact subset of R” and p(-) € £°, then

LE={f €S suppf CK, [|fllp) <}

(Lllfm, [ -1l,()) is a quasinormed (normed if p_ > 1) linear space. From the Paley-
Wiener-Schwartz theorem it follows that the elements of Lp<_) are entire analytic
functions of exponential type. When p(-) = p, a constant, then Ly, = Lf with

equality of quasi-norms (resp. norms). We shall denote by SX the collection of all
f € S such that supp f C K; obviously SK C Lp(_). The spaces L§<.) have been intro-
duced in [18].
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3. Variable exponent Hormander spaces

In this section we introduce the variable exponent Hormander spaces %,,(), (Q)
and ‘@}70()(9) (see Definition 3.1) and we study some of their properties when the
Hardy-Littlewood maximal operator M is bounded in L./, for some 0 < pg < p_:
convolution, density, completeness, embedding theorems, multiplication operators,
sequence space representations, .. .

We begin with the variable exponent (and weight k = 1) counterpart of [8,
Definition 10.1.6] (see also [8, Sections 10 and 15] and [16], [17], [24]).

Definition 3.1. Let p(-) € 2 be and let Q be an open set in R". Then

931,(,) = {u eS:he LP(A)} .
Ifue By we put [lullz, =il (Bl l2,,) is a quasi-normed space
isomorphic to (L) NS’ || - [|)) (a Banach space isomorphic to L. if p— > 1).
Now we consider the space
Ifevery #,,.)N &’ (K) is equipped with the topology induced by %,,(.), then %;(_) (Q)

(endowed with the corresponding inductive linear topology) becomes a strict induc-
tive limit
@;()(Q) = il‘ld[d@,,(,) N éa/([(ﬂ .
Finally,
L@};O(?) (Q):={uc2'(Q):puec B, forall g c C5(Q)} .

The topology of this space is generated by the seminorms (semiquasi-norms when
pe < D llullyip = pull, . ¢ € G Q).

Remark 3.2.

L. Byys ﬂ;(') (Q) and %}7"0 (Q) are called variable exponent Hsrmander spaces.
If p(-) = p and p > 1, these spaces coincide with the Hormander spaces %), 1,
#,,(Q) and ,%’},O? (Q) respectively (see [8]).

2. In general, the space %, N &'(K) (K any compact in R") is not a com-
plemented subspace of %,,.). For example, if n > 1, p(-) = p (a constant),
1 <p#2<eand K =By, then %, N&'(By) is not a complemented sub-
space of %, since B, N &’ (By) is isomorphic (via the Fourier transform)
to Lﬁl and this space is not a complemented subspace of L, by the Fefferman
theorem (see [4] and [14]).

The following elementary fact will be used in the next theorem: “Let F =
ind; F; be the strict inductive limit of a properly increasing sequence F; C F C ---
of Banach spaces. Assume that every F; is a complemented subspace of Fj, and
that G; is a topological complement of F; in F, 1. Then the mapping F1 ® G ® G2 @

= F:(f1,81,8,---) = fi+g1 +g2+- is an isomorphism”. We will also need
the following lemmata.



6 Joaquin Motos, Maria Jesus Planells and César Felix Talavera

Lemma 3.3. Let p(-) € P°. Then the bilinear mapping ® : S x By = By
defined by ®(@,u) = @ *u, is continuous. Furthermore, for every u € Bp(.), O xu—
uin B, when € — 0+ (here 6 (x) = E%,G(g) being 0 a Cy function such that 8 >0
and . 0(x)dx =1).

Proof. If @ € S and u € B,y then @ +xu € Oy and @ +u = Pi. Hence and from
Lemma 2.4/2 if follows that ¢ xu € %,,). Using again Lemma 2.4/2 and the conti-
nuity of the Fourier transform, we obtain

loxullz,, = @xul,) = @il <CIPllally.) < Cl@lnllullz,,

(here r,m € Ny are independent both of ¢ and u). This proves the continuity of .
By Lemma 2.1

6 % —ullz,, = (B = Dill
goes to zero if and only if [z (|0 (x) — 1]]i(x)|)?®)dx — O but the latter is a con-
sequence of the Lebesgue dominated convergence theorem in view of the estimate
|0e (x) — 1/P¥) < 2P+ the fact that §; — 1 pointwise when £ — 04, and the integra-
bility of the function | (x)[P®). O

Lemma 3.4. Let K be a compact subset of R" and let p(-) € P° be such that M is
bounded in Ly, for some 0 < py < p_.

1. The convolution S x Lllf(.) — Lllf(_) (@, f) — @ f is well defined and is bilinear

and continuous.
2. (Inequalities of Plancherel-Polya-Nikol’skij type) Let o be a multiindex. Then
there exists a constant C such that

19 Fll oy < C ISl
holds for all f € Lllf(,).
Proof. See [18, Theorems 3.5/2, 3.5/5]. U

Theorem 3.5. Let Q be an open set in R" and let p(-) € Z°.

1. C7(Q) — %’;(_)(Q) and CJ () is sequentially dense in %’;(.)(Q).

2. If M is bounded in L., for some 0 < po < p_, then %’;(_)(Q) — 8. (If
p— > 1, the hypothesis on M is not necessary.)

3. Let M be as in 2. Then the inductive limit 93;(.)(9) is regular (i.e. every
bounded set in %’;(_)(Q) is contained and bounded in some step) and com-
plete. (If p— > 1, the hypothesis on M is not necessary.)

4. Let M as in 2. Let ¢ € S (resp. P a polynomial in R"). Then the multiplication
operator My (resp. Mp) is continuous from %;(‘) (Q) into .@;(') (Q).

5. Assume n = 1. Let p(-) be such that 1 < p_ < p; < oo and M is bounded
in Lp(.)(R). Let Q =|a,b[ (—eo < a < b <o) Let aj \,a, bj /* b, and we
put Kj=la;,bj| for j=1,2,... Then %;<_>(Q) :L;(Ij' BGIDGLD--- being

o . —K;
each G; an infinite dimensional complemented subspace of Lp<,>’ ! In the case

p(-) = p, the space @;(_)(Q) is isomorphic to (1,(Z))™N. Finally, if p(-) =
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pand 0 < p <1 then the Banach envelope of each step %, N &'(Kj) is
isomorphic to 1.

Proof.

1. Tt is easily seen that the natural mapping C;’ (Q) — 2 (Q):9—(0,0) =
Jrn 09 dx (6 € S) is well defined and is linear and injective. Next we prove that
itis continuous. If K is any compact subset of Q then (-, @) € %,,,N&"(K) for
all ¢ € Cy°(K). Then if ¢; — 01in C7'(K) it results that ¢; — 0in S, i.e. §; =0
in S, thus @; — 0in L,y which implies that (-, ¢;) — 01in %,y N&”"(K). Since
Cy () and Sz (Q) are inductive limits the required continuity is shown. In
order to prove the density we take any u in t%’;(.) (Q) and we apply Lemma 3.3.
Then, 0 *u — u in A, (without loss of generality, we can assume that
supp 8 C By). Ifu € B, )NE"(K) and K + Bg, C Q then (g xu)e<¢, C C5'(Q)
and O *u — u in B,y N &' (K + By, ), therefore O +u — u in By, (Q).

2. Let K be any compact subset of Q and consider the following diagram

BN EK) D LKL s Ty
where .7 is the Fourier transform, j is the canonical injection and .% —1is the
inverse Fourier transform. Since .%# is an isomorphism, j is continuous (use
the hypothesis on M and [18, Theorem 3.5/4]) and .% ~! is an automorphism,
it results that the canonical injection %,,.) N&”(K) — §' is also continuous. In
consequence, %, | (Q)—S.

3. It is easy to see that t%’;(.)(Q) coincides with the inductive limit ind;[Z,.) N
&'(K;j)] where {K;}7_ is any fundamental sequence of compact subsets of
Q. Then, since M is bounded in Lp(,) /po> it follows from [18, Theorem 3.5/4]
that each L;f)j is complete (i.e. a quasi-Banach space). Thus each step Z,,.) N
&'(K;) is also complete and so %, N &"(K;) is closed in B,y N & (Kj11)
for all j. In view of [9, Theorem 2 p. 84, Theorem 4 p. 86], the inductive limit
%’;(_) (Q) is regular and complete.

4. If K is any compact subset of Q, it is sufficient to show that M, and Mp
are bounded operators from %,y N &”"(K) into %,y N &' (K). But this is a
consequence of the following commutative diagrams and Lemma 3.4:

/ My / / M) /
e@p(.)ﬁé) (K) H%p(,)ﬁ(g) (K) %P(')m@@ (K) H%p(,)ﬂ@@ (K)

. bl "

K — —-K 2% -K
L) L) Loy——L,

[ ()" oxf

5. We have %’;(.)(Q) = ind;[#,() N &"(K;)] and here each step %,,.) N &' (K})

is isomorphic (via Fourier transform) to L;f; . On the other hand, by [2, The-
orem 8.14], the Hilbert transform is bounded in Lp(_)(]R). Hence it follows,
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reasoning as in the classical case, that every y_; is an L, (R)-Fourier mul-
tiplier (i.e. the operator associated with x—g;, S k(f)=F FZ Ny K; f). is

bounded in L, (R)). Then, since L) (R) = () Ki s kers_ K;» e get L ()m _

()’ @ (kerS K; NL ()m) which shows that G; = kerS_ K NL ()/+1 s an
infinite-dimensional (if Q is a compact interval such that Q C =K1~ (—Kj+

[—¢, ]) for a sufﬁciently small € > 0, then G; D S9) topological complement
of L
required isomorphism: %;(_) (Q) ~ L;f; OGIDG,®---. If p(-) = p we know

( ) inL ( ) ', Next, using the fact previous to Lemma 3.3, we obtain the

(see e.g. [22, pp. 239,240]) that every L;Kj is isomorphic to /,(Z), thus G; is
isomorphic to an infinite-dimensional complemented subspace of /,(Z) and
so, since the space l,,(Z) is prime [12, Theorem 2.a.3], G; becomes isomor-
phic to 1,(Z). We conclude that %5(Q) = (1,(Z))" (see also [6], [16]). If
0 < p < 1 Hoffmann [7] proved that the Banach envelope of the quasi-Banach
space LE;”’H]
of this result.

is isomorphic to /1, thus our claim is an immediate consequence

O

Remark 3.6.

1. Let us recall that a bounded open set € in R” has the segment property if there
exist open balls V; and vectors y/ €R", j=1,...,N, such that Q C Uljy:le
and (QNV;)+1y/ CQfor0<r<1landj=1,....N.In[18, Theorem 3.5/3]
it is shown that if M is bounded in L./, for some 0 < pp < p_ and K = O,
being O a bounded open set with the segment property, then SX is dense in
LIIf(‘). By using this result, it is immediate to check that Ci’(K) is also dense
in 8,.)N&"(K) (p(-) and K as before). This improves Theorem 3.5/1 (versus
the additional hypothesis that M is bounded in L, ./, for some 0 < py < p_)
since all open set in R” has a fundamental sequence of compact subsets which
are the closures of open sets with the segment property.

2. In [8, Chapter XV, 15.2] Hormander obtains a family of seminorms defining
the inductive limit topology of %5 , (Q) when k is a Hsrmander weight. In this
note we extend this result to the variable exponent Hérmander spaces 93; B (Q)
when p(-) is as in Lemma 3.4 and p_ > 1: If (6;)7_ is a 7 (€2)-partition of
unity on €, then the inductive limit topology of %;(.)( ) is generated by the
system of seminorms

[lullc; ZC 16:ul| 2, ue Ay(Q), (G € (Ry)"

Let {K j};"zl be a fundamental sequence of compact subsets of Q. For each
ue %;(.)(Q), Ou = 0 for all i large enough. Indeed, if suppu C K; there
exist a relatively compact open set W; and a positive integer m; such that
K; CW; CW; CQand 6 (x)+---+ 6y, (x) = 1 in W;. Therefore 6; = 0 in W;
for i >m; and so 6;u = 0 for these indexes. Consequently, u = Z;.n:jl 6,u. Hence
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it follows that, for each (C;)%2, € (RN, the mapping Sz (Q) = [0,00[: u —
[|ull (c;) is a seminorm on Sz (Q). Let 7 be the topology generated by these
seminorms. If (C;)72, € (R;)Y, the Lemma 3.4/1 and the continuity of the

Fourier transform show that exist a positive integer k and a positive constant
C such that

mio mp
By = ;Ci 16iull ) = (2707”,;& 16 ]l )
mj

<C (; Gil6ili) lull 2,

m;
leellcy = Y. CillBr
i=1

holds for all u € %,) N &”"(K;). This proves the continuity of the canoni-
cal injection %,,.) N &' (K;) — %;“(Q)[ﬁ] Since this is valid for all j, the
topology .7 is coarser than the inductive limit topology. Let us see the reverse
inclusion: Let {Kj, }7°, be a subsequence of {K j}‘;":l such that supp 6, C K,
for all . If || - || is a continuous seminorm in the space Z (Q) equipped with
the inductive limit topology, its restriction to each step is continuous. So there
are constants C; > 0 such that [ju|| < C||ul|, , for all u € 2, Nné&'(Kj)
I=1,2,... Letue ‘%)107(-) (Q). If suppu C K;, we know that u = ):;.n:j] 6;u for
some positive integer m;. Since each Q;u is in %, N &"(K};), we obtain

i

mj mj
lull < Y 16l < Y Ci|6u
' i=1

i=1 i=

By = ZiCi || Gue
i=

In consequence the two topologies coincide.

By = ||'4||(c,-) .

In the next theorem we show a number of basic properties of the spaces
93;0(?) (Q) that we shall need to study the duality <%;(.) (Q),%’IQI%) (Q)).
'
Theorem 3.7. Let Q be an open set in R" and let p(-) € P° be such that M is
bounded in Ly, for some 0 < py < p_. Then:

1. e%’;‘)(?) (Q) is a metrizable topological linear space,

d

2. We have the natural embeddings C*(Q) — #F,(Q) — 2'(Q), C5(Q) —

1
i p()
7,0,

3. ,@LO(C) (Q) is complete (i.e. an F-space; a Fréchet space if p_ > 1).
Proof.
I. Letue 1%’}7"(?) ()~ {0} and let @ € C7(Q) such that (¢, u) # 0. Then [|ul| () o
> 0 forall 6 € Ci’(Q) such that 6 = 1 in supp ¢. Thus the topology of %;"(C) (Q)
is Hausdorff. We now consider a fundamental sequence {K;}7_; of compact
subsets of Q and choose ¢; € C5’(Q) such that ¢; = 1 on K; and supp ¢, C

o

K1, j=1,2,... Then the topology of %}7"& (Q) is also generated by the sys-
tem of semiquasi-norms {|| -[| ()., : / = 1,2,... }. In order to prove this, we
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choose a function ¢ € Ci’(Q) and an integer j such that supp ¢ C K;. Then,
for each u € %})"(C_>(Q), we have @u = @(@;u) where @;u € B, NE"'(Kjy1).
Thus, by using Lemma 3.4/1 and the continuity in S of the Fourier transform,
we get a positive constant C and a positive integer m such that

o = llete]] ., = @) "¢ g5l
<C|oln Hwnﬂ,,@ = C @l lull ().,

holds for all u € %}]"(C) (). This proves 1.

2. We will only show the density of C7(Q) in %L(’(C)(Q) Let u € %ﬁ%(ﬂ).

Given ¢ € C7(Q) and € > 0 we have to prove that there exists a function
¢ € C7(Q) such that [[u— ||,y < & Let y € C5(Q) so that y =1 in
supp ¢. Then yu € 93;(.) (€), and there exists a sequence (xy) in Ci’ () such
that x, — Wu in %;<_)(Q) when v — o (apply Theorem 3.5/1). Hence and
from Theorem 3.5/4 if follows that @y, — @(yu) = @u in @;;(_)(Q) and, a
ﬁortioqr)i, in %,,(.). Therefore, putting ¢ = x, with v sufficiently large, we have
u—

lullp.p = lullz, , = I 0(@u)2

3. Let (u;)7_, be a Cauchy sequence in ,%’LO(C)(Q) (only consider sequences in
virtue of 1). By 2 and the completeness of 2'(Q), u; has a limit u in 2'(Q).
Let us see that u € ,%’1“)( ). Let ¢ € C5(Q). Obviously, @u; — @uin 2'(Q).
Furthermore, (Qu j) __; is a Cauchy sequence in the quasi-Banach space %,
N &’ (supp @). Let v be the limit of @u; in this space. From Theorem 3.5/2 we
conclude that ¢u = v. Hence it follows that u € f@;’(c') () and that u; — u in

!
Z50) ().

d

4. The dual of 27 | (Q)

In [8, Chapter XV], Hormander studies the behaviour of the Fourier-Laplace trans-
form in the space %5  (Q) = indx[%, x N 6" (K)] when Q is an open convex set in R"

and k satisfies the estimate k(x+y) < (1+C|x|)Vk(y), x,y € R" (C and N positive
constants). For this he analyses the inductive topology in %5 ,(Q), proves the iso-

morphism (%’gk(ﬂ)) %lﬁ /k( ) and shows that every continuous seminorm in
1/2

%5 (Q) is bounded by a seminorm of the form u — (f@, 14(8) |2e’2¢(§)dl(§))

where # is the Fourier-Laplace transform of u# and ¢ is plurisubharmonic (see [8,
Section 15.2]). In [16, Section 3] the former isomorphism is extended to Hormander
spaces in the sense of Beurling and Bjorck. A number of applications of this dual-
ity (to sequence space representations of several ultradistributions spaces and to
linear partial differential operators) are also given in [16] and [17]. In this section
we extend the former isomorphism to variable exponent Hormander spaces. As a
consequence, some results on sequence space representations of variable exponent
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Hormander spaces are given. Finally, we propose a question on interpolation of the
spaces %,y N &"(K).

Lemma 4.1. Let p € P° be with p_ > 1 and let f be a measurable function
on R" such that fo € Ly for all ¢ € S and such that B := sup{|fRn f(pdx| NS
S, 1@y <1} < oo Then f € Ly,

Proof. We define the functional u(@) := [. f@dx, @ € S. Since |u(@)| < B| @],
for all ¢ € S, it follows that u € (S, || -[,7(.))" and, since § is dense in L., (use
Lemma 2.4/1), u has a unique continuous linear extension U to Lp/(.). Next, by
duality (Lemma 2.3), we can find a function g € L, such that [p. g@dx=U(¢9) =
Jrn f@dx for all @ € S. In consequence, f = g and f € Lyey. U

Lemma 4.2. Let p(-) € Z2° be such that p_ > 1 and such that M is bounded in
Ly()- Let K be a locally integrable function in R" ~. {0} such that K € L., |K(x)| <
Clx|™" and |VK(x)| < C x|~V for all x # 0. Then the singular integral operator
T, defined by T f(x) = K * f(x), is bounded in Ly.).

Proof. See [1, p. 247]. O

Theorem 4.3. Let Q be an open set in R" and let p(-) € P° be such that p_ > 1
and M is bounded in L,,.y. Then (@;<_) (Q))/ is isomorphic to %’1% (Q).
e

Proof. Let J be the natural embedding
C(Q) = 7,(): 9 — (6,4 (p / opdx  (6¢5)

(see Theorem 3.5/1) and consider its adjoint operator J’ : (%;(.) (Q))/ — 2'(Q). Let
us see that ImJ’ C f%’;‘—j%) (Q). Letl € (%;(.)(Q))/. We have to show that ¢J'(1) €
93!?’7-)’ ie. Z(pJ'(1)) € Lﬁ)’ for all ¢ € Cy’(Q). Let us fix such a ¢ and set K =
supp @. Then Z2(@J'(1)) = (277:)”m = (277:)"(/3]7(7) and so supp.Z2(@J'(1)) C

—K. This implies, by the Paley-Wiener-Schwartz theorem, that .% (¢J'(1)) is an
entire analytic function of n complex variables such that for any € > 0

|7 (@J' (1)) (2)] < Ae(1+ |x])* o]

holds for all z = x+ iy with x,y € R" (1 € R is a constant and A, depends on & but
not on z) (see e.g. [21, p. 272]). We now prove that sup{ |fR,, (J'(1) de’ 0 e
S, || 9”17('5 < 1}< oo since, once this is established, Lemma 4.1 yields .7 (¢.J'(1)) €

Lf?’w(-)' Fix an element 6 € S such that || 0| o0 < 1. Then, from the continuity of / on

the step %,y N &”(K) and from the continuity in L, of the operator 6 — 6 x ¢
(Lemma 4.2), we get

‘/ Z(oJ' (1) de’ = (6, F (97 ()| = |(I(69),1)| <CIl7(69)] 5,

=C[l.7(69) () =Cl16 ]l SC||9Hp<-> =Clle],;<C.
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Therefore, we have shown that ImJ’ C %l%) (Q). Next we prove that the mapping
I7e
. ! 1
J: (%;(,)(Q)) — %p‘%(ﬂ)
is onto: Let {K;}7_; be a fundamental sequence of compact subsets of Q such that
every K; is the closure of an open set with the segment property; moreover, let
Xj € C5(Q) be such that x;(x) =1 wheneverx € K;, j=1,2,... Letu € ,%"/%)(Q).

For each j we define [; by (J(¢),/;) := (@,u) for all ¢ € Cj'(K;). Then, taking into
account the generalized Holder inequality, we get

(o)1) = (@) = (g 2l =C| | i?uq%dx\
< CUBl 12l 5 = C 191y = C1(@) s,

for all ¢ € Cy’(K;). Hence and from the den51ty of J(CF(K;)) in the step % (- )N
&'(K;) (use Lemma 2.4/1 and Remark 3.6/1) it follows that /; extends to a unique
continuous linear form l on A,y N &' (Kj;). Finally, since ] i+1 and l coincide on

B,y N E'(Kj), we easily obtain an [ in (%’C()( )) with J'(I) = u. To sum up,
J' is an algebraic isomorphism from (%’;(_)( ))/ onto %l‘f;%)(ﬂ). To see that J’
I7e

is a (topological) isomorphism it suffices to prove that it is continuous since that
those spaces are Fréchet spaces (@19/%)(9) is a Fréchet space by Lemma 2.4/1 and
e

Theorem 3.7/3; %;(_)(Q) is a (DF)-space by Theorem 3.5/3 and [10, (4) p. 402]
and so its strong dual is also a Fréchet space (see [10, (1) p. 397])). Suppose that
Iy —0in (ﬁ;(_>(9))/. Fix ¢ in C7 (). Then, taking into account Lemma 2.3 and
Lemma 2.5/2, we get

||(PJ'(lv)||¢uz’ o = I F (@I (W)l i,
< Csup ‘/ (0 (1) de‘:eeS, 0l <1}

—Csup{|((Bg). 1) 0 €S, 0] <1}

But the set A = {J(0@): 6 € S, ||6||m < 1} is bounded in %;(_)(Q) (in fact, if
K = supp@ then A C £, N &'(K) and so, reasoning as in the first part of the

proof, it results that sup{||J(é(p)H<@p(_) 10 eS8, ||6H;(~) < 1} < oo, but this shows
that A is bounded in that step and thus in %;(_)(Q)) which implies, in virtue of the

previous estimate and of the convergence to 0 in (93;(.) (Q))/ of (Iy), that

log' (Iv)

% <Csup|{u,ly)| =0
40! UcA

when v — oo. Since ¢ is arbitrary, we have shown that J'(l,) — 0 in 35’1%%) Q). O
'

Remark 4.4. “If E is the inductive limit of an increasing sequence E;[.71] C E»[%5] C

- of quasi-Banach spaces such that .7, | induces on E;, the topology .7, and the

dual E}, of E,[7},] separates the points of E, for each n, then the (strong) dual E’
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is isomorphic to the projective limit of the Banach spaces E/, via the natural map-
ping E’ — proj, E;, : u — (u|g, )i, (We shall omit the proof of this simple result.)
Hence and from Theorem 3.5/3 it follows that if  is an open set in R” and p(-) €
2V is such that M is bounded in Lp()/p, for some 0 < pg < p_, then (,@C (Q ))/

is isomorphic to the projective limit of the Banach spaces (%’ o N&'(K "(K )) (here
{K j};": 1 1s any fundamental sequence of compact subsets of Q). In partlcular, if
Q is as in Theorem 3.5/5 and p(-) = p with 0 < p < 1 then (%;(Q))' ~ proj ; X;
where the Banach spaces X; are isomorphic to /. (use Theorem 3.5/5 and recall that

a quasi-Banach space and its Banach envelope have isomorphic duals (see e.g. [13,
Corollary 1])).

The sequence space representation %11";(9) ~ I3V was established by Vogt in
[24] (2 an open set in R” and k a temperate Weight function on R"™). In [6] and [16]
(see also [15], [17]) the sequence space representations ,%’IOC( )~ 15, I<p<oo(Q
open set in R", k a temperate weight function on R” in [6] and k a temperate weight
function on R” with k” in the generalized Muckenhoupt class A; (see [5, p. 453])
when p < oo in [16]) were obtained. Next we give a result on function sequence

space representation of variable exponent Hérmander spaces.

Corollary 4.5. Let p(-) be such that 1 < p_ < p; < o and M is bounded in
Lyy(R). Let Q =]a,b[ (—e0 < a < b < ). Let aj \ya, bj /b, and we put K; =

laj,bj] for j=1,2,... Then e%’k’(c)( ) is isomorphic to L, ' x 151 Hj where each

Hj is isomorphic to an infinite dimensional complemented subspace of L U (thus

%;)O(c)( ) is isomorphic to a complemented subspace of ( () (R))N ).

Proof. From Lemma 2.5/2 if follows that M is also bounded in L,(.(R) (and thus
in Lp (_)( )), then using Theorem 4.3 and Theorem 3.5/5, and takmg into account

that the dual of a locally convex direct sum of Banach spaces is isomorphic to the
product of their duals (see e.g. [10, p. 287]) and that the dual of Lf% is isomorphic
e

to L% [18, Theorem 4.3], we get the isomorphisms
e

%;?3(9) ~ (%[C?(:)(Q)) ~ (LI;T-l) D (@FIGJ)) _L;(L_) X jl;[lGj ~ Lp(.)l X jI;IIH]
where, for all j, H; is an infinite dimensional complemented subspace of L;(Igj“
(the last isomorphism is the operator ~).

Some questions

e It would also be interesting to obtain sequence space representations of the
space %,,(.)N&"(Q) (Q a cube in R") and of the spaces 2 (Q) and 93})0(‘?) (Q)
(€2 open set in R").

e Characterize the variable exponents po(-), pi(-) (with 1 < (p;)— < (pj)+ <eo,

J =0,1) and the compact subsets K of R” such that [931,0(_) N é”(KL%pl(.) N
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E'(K)] g = Bpy() N &' (K) (complex interpolation) where 0 < 6 < 1 and

(6]
1 _ 1-6 [?] ~

700 = 7o) +50m (we know that [‘@PO(')’%PI(')] 0] < P, () (use the defi-
nition of %P(.) and [3, Theorem 7.1.2]); see also [23, pp. 66-78]).
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