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ON WEIGHTED L,-SPACES OF VECTOR-VALUED ENTIRE
ANALYTIC FUNCTIONS

JOAQUIN MOTOS, MARIA JESUS PLANELLS, AND CESAR F. TALAVERA

Dedicated to Prof. Manuel Valdivia

ABSTRACT. The weighted Lj,—spaces of entire analytic functions are general-
ized to the vector—valued setting. In particular, it is shown that the dual of
the space L{,fp(E) is isomorphic to L;/ffrl(E/) when the function x g is an
Ly, o (E)-Fourier multiplier. This result allows us to give some new character-
izations of the so—called UMD-property, and to represent several ultradistri-
bution spaces by means of spaces of vector sequences.

1. INTRODUCTION

It is well-known that the spaces LK = {f € &' : suppf C K, ||fll, < oo}
(0 < p < 00, K compact subset of R™) play a crucial role in the theory of function
spaces (cf. [27] and [40]). If 0 < p < ¢ < o0, K is a compact set in R", and « is
an arbitrary multi-index, then there is a constant ¢ > 0 such that [|0%f|l; < c||fll»
for all f € L{f . These are the Plancherel-Polya—Nikol’skij inequalities (cf. [27] for
p > 1, and [40] for 0 < p < c0). In [38] and [33] these inequalities are extended
to the weighted case by using Beurling’s ultradistributions (for some exponential
weights, e.g. eimg, 0 < B < 1, the theory of the usual tempered distributions
S’(R™) is inadequate), and the theory of the weighted L,—spaces of entire analytic
functions is developed.

In this paper the weighted L,—spaces of entire analytic functions are generalized
to the vector-valued setting and several applications to the geometry of Banach
spaces and to the representation of function spaces are given (cf. also [2], [25],
[32] and [41]). The organization of the paper is as follows. Section 2 contains some
basic facts about vector—valued (Beurling) ultradistributions. In Section 3 we intro-
duce the weighted L,—spaces of vector—valued entire analytic functions L{f) o(E) (see
Def. 3.1) and we study their basic properties: E—valued maximal inequalities and
Plancherel-Polya—Nikol’skij inequalities, completeness, approximation and density.
Section 4 contains a discussion of the dual of the space Lff ,(E). Here we prove that

the natural mapping N : L;_I;,I(E') — (Lffp(E))l c 9 — ([LNg) = [pu(f,9)dx
becomes an isomorphism when p € (1,00) and xx is an L, ,(E)-Fourier multi-

plier (Th. 4.6 and Cor. 4.8). As a consequence we give some new characterizations
of the so—called UMD-property (e.g. E € UMD if and only if F is reflexive and
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2 J. MOTOS ET AL.

LY(E) is a complemented subspace of Ly(E), c.f. Cor. 4.7). By using a vector
version of the Shannon sampling theorem (see also [12] and [38]), the inequalities
(3.4) of Theorem 3.2 and the duality studied in Theorem 4.6, we represent weighted
L,—spaces of vector-valued entire analytic functions by means of spaces of vector
sequences in Section 5. Finally, some other distribution spaces (Hormander, Besov)
are represented by using sequence spaces also.

Notation. The linear spaces we use are defined over C. Let E and F be locally
convex spaces. Then L,(FE, F) is the locally convex space of all continuous linear
operators equipped with the bounded convergence topology. The dual of E is
denoted by E’ and is given the strong topology so that E' = Ly(E,C). E®.F
(resp. E®,F ) is the completion of the injective (resp. projective) tensor product
of E and F. E and F are (topologically) isomorphic if there exists a one-to—one
linear operator ® mapping F onto F and such that ® and ®~! are continuous
operators. We write £ — F if E is a linear subspace of F' and the canonical

injection is continuous. We replace — by <, if E is also dense in F. If (En)oy, is
a sequence of locally convex spaces, F1 ® Eo ® B3P - -- (E(N) if B, = E for all n)
is the locally convex direct sum of the spaces E,. C*°, D, S, D' and S’ have the
usual meaning. A is the space of entire analytic functions in C”. In the E-valued
case we write C*°(E), D(E), S(E), D'(E), S'(E) and A(E) (see [14] and [35]). Let
0<p<oo, p:R™— (0,00) a locally integrable function, and E a Banach space.
Then L,(FE) is the set of all Bochner measurable functions f : R" — E for which

1£llp = (fgn I f @)% dw)l/p is finite (with the usual modification when p = o).
LS (F) stands for all functions f € Lo (E) with compact support. Ly, ,(E) denotes
the set of all Bochner measurable functions f : R™ — E such that pf € L,(E).
Putting || fllp., = llpfllp for f € L, ,(E), Ly ,(E) becomes a quasi-Banach space
(Banach space if p > 1) isomorphic to L,(E). When FE is the field C, we simply
write L, and L, ,. If f € Li(FE) the Fourier transform of f, f or Ff, is defined by
f(e) = Jan f(@)e™®7dz. If f is a function on R™ then f(x) = f(=z), (mf)(x) =
f(xz —h) for z, h € R™,

Acknowledgements. The authors would like to express their deep gratitude to O.
Blasco for many valuable discussions and remarks during the preparation of this
paper. Also it is a pleasure for us to thank V. Kolyada and J. L. Torrea for several
very helpful discussions about this subject.

2. SPACES OF VECTOR—VALUED (BEURLING) ULTRADISTRIBUTIONS

In this section we collect some basic facts about vector—valued (Beurling) ul-
tradistributions. The results are “elementary” in the sense that the usual “scalar
proofs” carry over to the vector—valued setting by using obvious modifications only.
Comprehensive treatments of the theory of (scalar or vector—valued) ultradistribu-
tions can be found in [3], [15], [19] and [20]. Our notations are based on [3] and
[33, pp. 14-19].

Let M be the set of all functions w(x) on R™ such that w(x) = o(|z|) where o(t)
is an increasing continuous concave function on [0, oo[ with the following properties:
(i) o(0) =0,

(i) fy° fft)z dt < oo (Beurling’s condition),
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(ili) there exist a real number a and a positive number b such that o(t) >
a+blog(l +1t) for t > 0.

The assumption (ii) is essentially the Denjoy—Carleman non—quasi—analyticity con-
dition (cf. [3, Sect. 1.5]). If w € M and F is a Banach space, we denote by
D, (E) the set of all functions f € Li(E) with compact support such that ||f||x =
fRan(:zr)HE @ dy < oo for all A > 0. For each compact subset K of R™,
D,(K,E)={f € D,(E) : supp f C K}, equipped with the topology induced by
the family of norms {||-||» : A > 0}, is a Fréchet space and D, (F) = ind? D,(K,E)

becomes a strict (LF)-space. Let S, (E) be the set of all functions f € Ly (E) such
that both f and f are infinitely differentiable functions on R" with g, (f) =
Py 0 [0° F(@)l| 1 < 50 and Fan(f) = SUDyci 0 0°(F @) < o0
for all multi-indices o and all positive numbers A. S, (E) with the topology in-
duced by the family of seminorms {Py, x, Ta,x} is a Fréchet space and the Fourier
transformation F is an automorphism of S, (E). If E = C then D, (F) and S, (E)
coincide with the spaces D, and S,, (cf. [3]). In this case we write py,n and mq 2
instead of g, » and 7o, . Let us recall that, by Beurling’s condition, the space D,, is
non-trivial and the usual procedure of the partition of unity can be established with

D, —functions (cf. [3, Th. 1.3.7]). Furthermore, D, LD (cf. [3, Th. 1.3.18]) and

D, is nuclear (cf. [42, Cor. 7.5]). On the other hand, D, = DNS,,, D,, KA S, A S
(cf. [3, Prop. 1.8.6, Th. 1.8.7]) and S, is a nuclear space (cf. [15, p. 320]). Us-
ing the above results and [20, Th. 1.12] we can identify D, (E) with D,&.E and
S, (F) with S,®.F. A continuous linear operator from D, into E is said to be
a (Beurling) ultradistribution with values in E. We write D/ (E) for the space of
all E—valued (Beurling) ultradistributions endowed with the bounded convergence
topology, thus D! (E) = Ly(D,,, E) is isomorphic to D!, ®.E. A continuous linear
operator from S, into E is said to be an E—valued tempered ultradistribution.
S! (E) is the space of all E—valued (tempered) ultradistributions equipped with the
bounded convergence topology. Also, S’,(E) = Ly(S., E) is isomorphic to S’ &.F
and the Fourier transformation F is an automorphism of S/,(E).

Next we recall the definition of R(w) given in [38, Def. 1.3.1]. If w € M, then
R(w) denotes the collection of all Borel-measurable real functions p(z) on R™ such
that there exists a positive constant ¢ with 0 < p(z) < ce*@ =¥ p(y) for all x,y €
R™. If p € R(w), then ¢; e “®) < p(z) < cpe® for all z € R™ (here ¢; and
¢ are appropriate positive numbers). Two very interesting examples are p(z) =
(1+ |z)? € R(log(1 + |z))?), d > 0, and p(z) = ed*l” € R(jz|?), d € R ~ {0},
0<p <1 Ifue L’ and [;, ¢(@)u(z)de = 0 for all ¢ € D, then u = 0 a.e.
(see [3]). This result, the Hahn-Banach theorem and [9, Cor. I1.27] prove that if
p € R(w) and p € [1,00] we can identify f € L, ,(E) with the E-valued tempered
ultradistribution ¢ — (p, f) = [p. ©(x)f(x)dz, ¢ € S,. Summarizing, we have the
embeddings

Dy (B) %> 5, (BE)—%> 5.,(E)—~ D/, (E)
d d d d

D(E)—%~ S(BE)—L~ §'(E)—L~ D'(E)
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(commutative diagrams) and, when 1 < p < oo,
Su(E)—4> L, ,(E)Y—%> 5" (E) .

For p € S,, T € S,(F) and ¢ € S,,, we define (¢, oT) = (1, T). The “point—
wise multiplication” S, x S/ (E) — S, (F) : (¢,T) — T is an hypocontinuous
bilinear mapping (by [15, p. 320] and [34, p. 424]). If p € S, and T € S/,(E), we
define ¢ * T'(z) = (1,%,T), v € R™. The function ¢ * T : R" — E is called the
convolution of ¢ and T. ¢ *x T € C*°(E) and, for every multi-index «, there exist
positive constants C,, and A, such that ||0%(¢ * T)(z)||g = [(0%) * T'(z)||p <
C, et for all € R™. Thus, we can identify p* T with the F-valued tempered
ultradistribution ¢ — (¢, * T) = [o. ¥(x)(¢ * T)(x)dz, 1) € S,. The bilinear
mapping S, x S (E) — SL(E): (¢,T) — ¢=T is hypocontinuous also ([15, p. 320]
and [34, p. 424]). One easily checks that

(pxT) =(2+0,T), (p+T)"=¢T, (pI)"=(2m) " (p=*T),
for all ¢, € S, and all T € S/ (E).

We now state the vector—valued version of the Paley—Wiener—Schwartz theorem
(cf. [3, Th. 1.8.14], [19, Th. 1.1] and [33, pp. 18-19] for the scalar case) that we shall
use: If T € S’ (E) and suppT C By then there exist an E-valued entire analytic
function U(¢) and a real number A such that for any e > 0

|U (€ +in)||g < C- ebte)nl+Aw (&)

holds for all { = £ + in where C. depends on € but not on ¢ (U(({) is called an
E—valued entire function of exponential type) and such that U represents T, i.e.,
such that (¢, T) = [p. @(z)U(x)dz for all ¢ € S,,.

3. WEIGHTED L, —SPACES OF VECTOR-VALUED ENTIRE ANALYTIC FUNCTIONS.
BASIC PROPERTIES

In this section we introduce the weighted L,-spaces of vector-valued entire an-
alytic functions L) ,(E) (see Def. 3.1) and we study some of their basic proper-
ties: E—valued maximal inequalities and Plancherel-Polya—Nikol’skij inequalities,

completeness, approximation, density, ...In order to extend scalar assertions to
vector—valued ones we follow [38, Ch. 1], [33, Ch. I] and [41, Sect. 15, Ch. III].

We begin with the vector—valued counterpart of [38, Def. 1.4.1] and [33, Def.
1.5.1,p. 35].

Definition 3.1. Let w € M, p € R(w), 0 < p < co. Let K be a compact set in
R™. Let FE be a Banach space. Then

Ly (E) ={f|f € S,(E), supp Ff C K, |Ifllrx ) = I fllpp < o0} -
(LXJ(E), |- lx (m)) is a quasi-normed (normed if p > 1) linear space.
Remark. We shall write L , instead of LK o(C). Tt is immediate to verify that if
feLf,(E)and e € E' then € o f € L), If p(x) = 1, then we put L, (E) =
LE(E). We shall denote by S (E) (S if E = C) the collection of all f € S, (E)
such that supp f C K.

Theorem 3.2. Letw € M, p € R(w) and 0 < p < co. Let K be a compact set in
R"™. Let E¥ be a Banach space.
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(i) Let 0 < r < oco. Then there exist two positive numbers ¢1 and co such that
for all f € Lf)p(E) and for all x € R™

IVf(z—2)lE If(z—2)|e
3.1 su r—z)————F—— < ¢] SUu r—z)——<
( ) ze]lgl p( ) 1 + |Z|n/T = 1ze]151p( ) 1 + |Z|n/T

r 1/r
<o [(Mllpfllp) @) -
(ii) Let 0 < r < p. Then there exists a positive number ¢ such that

sup p(- — =Dl
P

z€ER" 1+ |Z|n/r

holds for all f € Lffp(E).
(iii) (Plancherel-Polya—Nikol’skij inequalities). Let p < g < oo and let « be a
multi—index. Then there exists a positive number ¢ such that
(3.3) 10% fllg.p < cllf]
holds for all f € LY (E).

(iv) There exist three positive numbers hg, c1, ca such that

(3.4) e1 (o) F @D,z ) < BPIFllp.p <
< e |[(p(=") f (=™)) i, 2 )
holds for all h with 0 < h < ho, all sets {z*}rezn with 2% € QF =
[T [hkj, h(k; +1)[ and dll f € LE,(E).
(v) If p < g < 0o we have the topological embeddings
SK — LE (BE) — LK (E) — S,(E).
(vi) Lzlfp(E) is a quasi—-Banach (Banach if p > 1) space.
(vil) Translations and differentiations generate continuous linear operators in
Lzlfp(E).
(viii) The mapping S, % Lzlfp(E) — Lzlfp(E): (p, f) = @ f is well-defined
and is bilinear and continuous.
Proof. (i) Let ¢ € S, with ¢(0) = 1 and supp@ C By. Given f € L (E), we
consider the functions f.(x) = p(ex)f(x) for 0 < ¢ < 1. Obviously for ¢ — 0+,
| f-(z) — f(2)||z — O for every z. Moreover, for every ¢’ € E', ¢ o f = ¢ o f has

p,p

compact support, so €’ o f. = p(e-)(e’ o f) € S, ([33, p. 17]). Since suppe’<>/75 C
supp ¢(e-) +suppe’ o f C B. + K = K. it follows that e’ o fo C SK (thus f. €
SX:(E)). On the other hand, there exists a constant ¢ > 0 such that
¢z — 2)| 1/r
sup p(x — 2)————— < c[(M|po|") (z
sup plo = =D < claaipol) o)

for all ¢ € SE1 and for all z € R™ (see [33, Th. 1.4.2]). By using this maximal
inequality and the Hahn-Banach theorem, we get for x € R and 0 < e <1

|fe(z = lle _ (€0 fe) =)
s ote = = e, (s ote - M) =
<ec s [(Mp(e o ) @] < el ofellp) @) <

< c[(M|pfl5) (@) .
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Finally, passing to the limit as ¢ — 0+ we obtain the right—side of (3.1). The
first inequality of (3.1) is shown in a similar way by using the corresponding scalar
inequality ([33, Th. 1.4.2]).

(ii) (3.2) is a consequence of the right—side of (3.1) and the Hardy-Littlewood
maximal inequality (since p/r > 1).

(iii) Following the scalar case (see [33, Prop. 1.4.3]) and using the maximal in-
equalities (3.1) one can show the inequalities (3.3) for arbitrary functions of SX (E).
Then, using the approximation procedure in (i) and Fatou’s lemma one obtains (3.3)
for all f € L, (E).

(iv) Let A be a bounded open set with A D K. Reasoning as in the scalar case
(see [33, Prop. 1.4.4]) and using (3.1) and (3.3) one can find constants hq, ¢, ca > 0
such that (3.4) holds for all h €]0, ho], all sets {z*} with z* € Q} and all f € SA(E).
Then, using the approximation procedure in (i) (if f € Lffp(E) then f. € SA(E)
when & — 0+) one obtains (3.4) for all f € L (E).

(v) is an immediate consequence of the Plancherel-Polya—Nikol’skij inequalities
(3.3) and of the topological embeddings S, (E) — L, ,(E) (0 < p < o0) and
Ly p(E) = S,(E) (1 <p < o0).

(vi) Let (f;) be a Cauchy sequence in LXK (E). Since Ly ,(E) is complete there
exists an f € L, ,(E) such that f; — f in L, ,(F). Passing to a subsequence, if
necessary, we can suppose that f; — f a.e. By (3.3) and the estimate 1/p(z) <
ce*®) for all x € R", we have sup {e @ | f;j(@)|g : 5 =1,2,...} < co. Then,

zER™
using Fatou’s lemma and the EF—valued dominated convergence theorem, we obtain

that f € S/ (E) and f; — f in S'(E). Thus, f; — f in S (E), suppf C K,
fe Lffp(E) and f; — fin Lzlf)p(E).

(vii) Let h € R™. Then 7, is a continuous linear operator in LK ,(E) by virtue
of the estimate p(z + h) < ce*(Mp(z), x € R™, and of the formula 7;7 =e O f
f € S,(E). By the Plancherel-Polya—Nikol’skij inequalities 0% is a continuous
linear operator in L[ (E) for all multi-indices a.

(viii) Let ¢ € S, and let f € LX (E). Then p* f € S,(E) and o f = ¢ f.
Thus supp (p/:k\f C K and so, by the Paley-Wiener—Schwartz theorem for E-valued
ultradistributions, g f(z) = (7@, f) = [z ©(x—y)f(y) dy becomes the restriction
to R™ of an E—valued entire function of exponential type. On the other hand, it
follows from the proof of the Proposition in [38, p. 40], that there exist positive
constants ¢ and A such that for any ¢ € S, and g € Lzlf)p

¢+ g(x — 2)| lg(z — &)
T—z <c su T —
with 0 < 7 < p. Then, by using the Hahn-Banach theorem, we get

e * flz = 2)llm Iz = Olle

— -~ =K — - >
plr —2)=— PRIV cpo,A(p) sup plz —¢€) NP
for all z, z € R™. Finally, the estimate (3.2) yields

1% Fllp.o < cpoa(@) flp.p

which completes the proof.
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Remark 3.3. 1. The constants which appear in the inequalities (3.1), (3.2), (3.3)
and (3.4) and the constant hg in (iv) are independent of the Banach space E.
2. Observe that the study of the spaces L{f p(E) is not reduced to the study

of the spaces Lffp@sE (resp. Lffp@ﬁE): Let us assume 1 < p < oo, p(z) = 1,

Io( # () and that E is reflexive and contains a copy of I, (resp. has a quotient
isomorphic to I.) with p’ < r < oo (resp. with p <7/ < 00). Let Q C K be a cube
with sides parallel to the axes. As is well known, x¢ is a Fourier multiplier in L,
(see [39, Lemma 2.2.4]), thus LY is a complemented subspace of LX and LY ~ 1,
(see [39, Th. 2.11.2]). By using these results and properties of the tensor products
of Banach spaces (see [9, Chapter VIII]), we have that Lff@sE (resp. Lff@ﬁE)
contains a copy (resp. has a quotient isomorphic to) of poAi)ng (resp. l,,@wlT). Since
@l (p' <7 < o0) and 1,@,1,. (p < 7' < 00) are not reflexive (see [16]), it follows
that neither Lff@sE nor Lff@ﬁE are reflexive (see [43, p. 31]). However, E being
reflexive, L (E) is reflexive. Consequently, L (E) is not isomorphic to LX ®.E
(resp. to LEK®,E).

However, we should point out that the topology that Léf ,(E) induces on L{f pQF
is always finer than the e—topology and coarser than the m—topology (for any p €
R(w), 1 < p < o0, K compact and E Banach space).

Now we shall prove that SX ® E is dense in Lf,fp(E). In general this is not the
case. For example, if 0 < p < oo and 0 < § < 1, the space Lioe}f‘x‘ﬁ is infinite—

dimensional but Sg; contains only the function p(z) = 0 (see [38, Remark 1.4.3]);
on the other hand, p must be < oo since, e.g., if K is uncountable then LX is not
separable ({e*() : ke K} ¢ LXK and [|e®*() — ¢ ()|, = 2 when k # k') but S¥
(as subspace of S) is separable, thus S¥ is not dense in LX.

Let us recall that a bounded open ) in R™ has the segment property if there
exist open balls V; and vectors y) € R*, j=1,...,N, such that Q C ij:ﬂ/} and
(QﬂV})—i—tyj CQforO<t<landj=1,...,N. For instance, if € is convex or
if 9Q € C%! then € has the segment property.

Theorem 3.4. Let w € M, p € R(w) and let K be the closure of a bounded open
Q in R™. Let E be a Banach space. If 0 < p < co and 2 has the segment property,
then SK(E) and SK © E are dense in L[ (E).

Proof. Let g9 > 0 such that K + B., C uj.Vzlvj. Then we can find ¢; € D, (V;) so
that ¢; > 0 and 30| 9; = 1in K + Be, (cf. [3]). Put ¢; = F~'4; € Si7. Then by
Theorem 3.2 (viii) the convolution operators ®; f = ¢, * f are bounded in Lzlfp(E).
Besides, Zjvzl ®;f = fforall fe L{fP(E). Next, reasoning as in the scalar case
(see [38, Prop. 1.4.4]) and using the approximation procedure in Theorem 3.2 (i), it
is possible to approximate every ®; f by functions of SX(E). Consequently, SX(E)
is dense in Lffp(E). Finally, since SX(E) — Lffp(E) and SK® E is dense in SK(F)
(see the next lemma) the proof is complete. O

Lemma 3.5. Let w € M and let K be a compact set in R™. Let E be a Banach
space. Then SE®@.F = SK(E).
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Proof. Firstly, reasoning as in the classical case (i.e., when w(x) = log(1+ |z|); see,
e.g., [34]), one proves that S, (E) coincides with the set of all f : R — FE such
that ¢’ o f € S, for any ¢’ € E’. Therefore, SX(E) coincides with the collection of
all f:R" — E such that ¢’ o f € SK. Next, since S, is a nuclear Fréchet space
(see [15]), the subspace SX also is a nuclear Fréchet space (see, e.g., [36, p. 514]).
Then, by using [20, Th. 1.12, p. 666], we see that the mapping

o Lb((sff)’,E) — SK(E)
T = f(z) =T(0)

is an algebraic isomorphism. Finally, since the graph of ® is closed and SX (E) and
Ly ((Sff)/,E) (= SK®.F, sce, e.g., [36, p. 525]) are Fréchet spaces, the closed
graph theorem shows that ® becomes a topological isomorphism. Consequently,
SK®.E coincides algebraic and topologically with SX(E). O

Remark 3.6. 1. Theorem 3.4 generalizes the Proposition in [38, p. 40] tho the
FE—valued case.

2. Let 0 < p < oo, K a compact set in R” and let £ be a Banach space.
Then the canonical injection jp : L (E) — A(E) is continuous (we suppose A(E)
equipped with the topology of uniform convergence on compact subsets of C"*). In
fact, let 1 <p < oo and K = {z : |z;| <b;,j=1,...,n}. Let Lf@)pEbe the
space Lf ® FE equipped with the topology induced by Lff(E). By Remark 3.3/2
the identity mapping id : Lf ®p B — Lff ®e E is continuous, thus it may be
extended to a continuous linear mapping id LK(E) — Lf@sE since L[ (E) is
the completion of Lf ®p E by Theorem 3.2/(vi) and Theorem 3.4. On the other
hand, as a consequence of a compactness theorem by Nikol’skij [27, p. 127], the
canonical injection j : Lff — A is also continuous. Furthermore, it is well-known
that A(E) = A®.F (see, e.g., [14, Ch. II, p. 81]). Finally, since the diagram

LK(E) ————~ A(E) = AR.E

LE®.

is commutative, it follows that jp is continuous. In the general case, i.e., when
0 < p < oo and K is any compact set in R™, we use this result and the Plancherel-
Polya—Nikol’skij inequalities.

4. L, ,(F)~-FOURIER MULTIPLIERS. DUALITY

In this section we shall calculate the dual of the space L{f) »(E). In fact, we shall

show that the natural mapping N : L;,ﬁ,l (E') — (LEP(E))/ g — (f,Ng) =
Jgn (f(2), g(x))d2 becomes an isomorphism when p € (1,00) and xx is an Ly, ,(E)-
Fourier multiplier (see Theorem 4.6 and Corollary 4.8). Some new characterizations
of the so—called UMD-property will also be given. These results will be used in the
next section in order to represent several distribution spaces by means of spaces of

vector sequences.
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Definition 4.1. Let w € M, p € R(w), 1 < p < oo and E be a Banach space. A
function m € Lo is said to be an L, ,(E)-Fourier multiplier if there is a constant
C such that for all f € S, (E) we have

(4.1) H]:_I(m]:f)npw <Clfllpp -

The set of all L, ,(E)-Fourier multipliers will be denoted by M, ,(E) and the
smallest constant C' such that (4.1) holds by |m|ss, (). For an L, ,(E)-Fourier

multiplier m the operator f — F~1(mJF f) extends uniquely to a bounded operator
on Ly, ,(F) which will be denoted by Ty,.

Remark. If p(x) = 1 then we put M, 1(E) = M,(E) (M, if E = C). We shall write
M, , instead of M, ,(C). If m € M, , the corresponding operator on L, , will also
be denoted by Tp,. If m € M, ,(F) then m € M, , but, in general, the converse
does not hold. For example, if @ is a cube with sides parallel to the axes, p € (1, c0)
and E ¢ UMD, then xo € M, but xo & M,(E) (see Corollary 4.7).

Lemma 4.2. Let w € M, p € R(w), p € (1,00) and E be a Banach space. If
m € M, ,(E), then m € M, ,1(E').

Proof. Since m € M, , and the identity

(4.2) / p(@)FH(md) (@) dz = | (@) F (mg)(x) d
n R

holds for all p,9 € La, a duality argument proves that m € M, ,-1. Let us now
consider the following diagram

(Lp.o(E)) - (Lp.p(B))
IT I
Ly o1 (E) Ly -1 (E')
7
Sy Qpr p-1 £’

where 77 is the adjoint of the operator T, associated with the L, ,(E)-Fourier
multiplier m, I is the isometric embedding (f,1(g)) = [gn ([, g)dz for f € L, ,(E)
and g € Ly ,-1(E"), S, ®, ,-1 E' is the space S, ® E" equipped with the topology
induced by L, ,-1(E’), i is the natural injection and Z is the map defined by
Z (X pj @) =3 (Twp;) @€ for Y p; @€ € S, @ E'. By virtue of (4.2) we get

n

Weel(Zpoe)) = / ((@)e, Tnip(a)e ) =

n

— [ v@r i @p) @) dete,e) = [ pl@)F b)) d fe,) =
o

— [ )@ pla)e)ds = (T (6w €) (0 ) =

=@WeeT, I (i(pxe))))
for all ¢, € S,, e € E and ¢ € E’. Since S, ® E is dense in L, ,(E) we
conclude that the diagram is commutative. Therefore I o Z is bounded and, since
I is isometric, Z is also bounded. Consequently, m € M, ,-1(E"). O
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We shall omit the proof of the following simple result.
Lemma 4.3. Let w € M, p € R(w), 1 < p < oo and E a Banach space. If

o0

f € Ly ,(E) has compact support, then there exists a sequence (h;)}° C Dy, (E)
such that hy — f in L, ,(E) as j — oo and, for all j, supph; C K where K is
some fized compact neighborhood of supp f.

The next lemma is a simple consequence of some results in [10, Ch. IT]. We shall
give the proof for the sake of completeness. We shall employ the following notation
(see [10, Ch. II]): Let w € M, p € R(w), 1 < p < 0o and let E be a Banach space.
Let X be the ring of measurable subsets A C R™ such that [, p P (x)dr < co. A
Y-—partition 7 of R™ is any finite disjoint collection {A4,} C ¥. Then

Vi p—1(E') ={m|m: X — E', m finitely additive,
m(A) =0 if Vol,(A) =0, |m|y ,-1» < oo}

[[m(A
(Jar—? dw
the norm |-, -1, V. p 1(E') is a Banach space, and the mapping V,, ,-1(E') —
(Lp.p(B)) :m = [pu ()" (2
Lemma 4.4. Let w € M, p € R(w), 1 <p < oo and E be a Banach space. Let U

be a continuous map from R™ into E" such that sup{| [, (f, U)dz| : || fllp, <1, f €
LS(E)} =C <o0. ThenU € Ly, 71(E’) and |Ul| -1 = C

Proof. Putting I(f) = [p.(f (x))dz, f € L5 (E), and using the hypothesis
we see that I(f) becomes a contlnupus linear form on LS (E) equipped with the
topology induced by Ly, ,(E). Let I be the continuous extension of I to L, ,(E)

and let m € ‘/p/_’p—l(E/) be such that I(f) = [q. p? (x) f(x) dm(z), f € Ly ,(E),
and ||I|| = HI|| = C = |m|y ,-1 [10, Th. 1, p. 259]. Then [;,(f(x), U(x))dx =
Jan PP z) dm(x ) for all f € LS (E) and therefore, taking f = p~? x4 ® e with
ecE and A measurable and bounded in R"™, we obtain (e, [, p P (2)U(z) dx) =

(e,m(A)). Hence it follows that m(A) = [, p~ P (2)U(z) dx for all measurable and
bounded A. On the other hand, for any compact K in R"™, we have

([Io@i s @ i) "

K B P// 1/p
= sup{ (Z M) : : m = B(K)—partition of K}
(Jppr'da)”
where m{f (B) = [z U(x)p P (z)dx for all B € B(K) (see [10, Ch. II]). Since
m¥ (B) = m(B) for B € B(K), it results that

, , 1/p'
([1o@i o @) " <l =c.

Varying K we get U € L,y ,-1(E’) and ||U||,y ,-1 < C. By using now the isometric
embedding L, ,-1(E") < V, ,-1(E') : g — mgy(A) = ngp’p/ dx for all A C %,
it follows that [|U||, ,-» = |muly -1 (see again [10, Ch. II}). Finally, since U €
Ly ,-1(E"), it is easy to see that I(f) = [(f(z),U(z))dz for all f € L, ,(E); hence
it follows that m = my which completes the proof. (|

1/p'
where [m|, ,-1 = sup{( 1) : m = Y-partition of R"}. With

)dm(z) is an isomorphism (isometric).
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Lemma 4.5. Letw € M, p € R(w), p € (1,00) and K be a compact set in R™ such

that K # 0 and Vol,,(0K) = 0. Assume that p = p and that L;ﬁ(,p is an invariantly
complemented subspace of Ly, ,. Then xx € M, ,.

Proof. Let P be a translation invariant bounded projectionin L, , such that Im P =
LX - By [33, Lemma 5.1.3] we may assume, without loss of geneﬁlity, that p(0) =
1 and p € C*. Then, we can find an m € Lo such that Pp = m¢ for all
¢ € D (see [23]). Since D is dense in the space Ly N L, , equipped with the norm
[Iln = max(||-||2; [|-]Ip,p), We also have that ]3\f = mf for any f € Ly N L,, In
fact, if f € Ly N Ly, and the sequence (p;) C D satisfies ||p; — f||m — 0, then
by Plancherel’s theorem |m@; — mf|2 — 0 and thus me; — mf in S/; also
||P30] Pfllp,, — 0 and therefore Pcpj — Pfin S/ and Pcpj — Pf in S/,. Since

Pgo] = mg; it results that P f =m f as we required. Applying this property we
see that

mf = Pf = P°f = P(Pf) = mPf = m*f

for any f € Lo N L, ,. Hence it follows that m? = m a.e. and so m = ya a.e.
where A = {z : m(z) = 1}. Since suppxaf C K for any f € Lo ﬂLpp, we get

Vol (A~ K) = 0. On the other hand, x4 =1 in K ae. (for any = € K there exists
0z € D, (K) such that ¢, = 1 in a neighborhood of x, then if f, = F 1y, we see

that ¢, = fo = Pfo = xafs = xaps and so x4 = 1 in a neighborhood of z), that
is, Vol,,(K ~ A) = 0. In consequence x4 = Xk a.e. and so xxg € M, ,. O

Theorem 4.6. Let w € M, p € R(w) and p € (1,00). Let K be the closure of
a bounded open in R™ with the segment property and let E be a Banach space. If
XK € Mpp(E) then the mapping N : LiK (E") — (L, (E))I :g— (f,Ng) =
fRn x))dxz becomes an zsomorphzsm Conversely, if the former mapping N
is an zsomorphzsm, p = p and Vol,(0K) = 0, then xx € My ,(E).

Proof. (=) Denote by Sk the operator associated with the L, ,(E)-Fourier mul-
tiplier xx. Since L (E) is complete (see Theorem 3.2/(vi)) and Sk (E) is dense in
LK (E) (Theorem 3 4) it is easy to check that Im Sx = LX (E), Sk is a projection
and Ly, ,(E) = L (E) @ ker Sk. Analogously, we get L, ,-1(E') = L;ﬁ,l(E’) ®
ker S_ g where S,K is the operator associated with the L, ,-1(£’)-Fourier multi-

plier x_k (see Lemma 4.2). Furthermore, from the proof of Lemma 4.2, it results
that the identity

(43) [ (Sict@.g@ide = [ (7). S xg(a)da

holds for all f € L, ,(F) and for all g € L,y ,~1(E").

Now study the properties of the mapping N. By Holder’s inequality N is well-
defined and it is linear and continuous. Let us see that it is injective. Suppose
Ng =0, ie., [p.(f(x),9(z))dz =0 for all f € LK (E). Then, if f € L, ,(E) and
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f=/ i+ fowith f1 € Lffp(E) and f2 € ker Sk, we obtain, from the identity (4.3),

n

- / (fala), S—rcg(x))dz = / (Sk fa(a), g(x))dz = 0 .
]Rn n

But since the mapping Ly ,-1(E’) — (Ly,(E)) : h — [o. (- h(z))dz is an isomet-
ric embedding, it follows that g = 0 as we required.
Next we prove that Im N = (Lf,fp(E))/. For this we consider the diagram

| t@ganis = [ (h@.s@hde+ [ ()o@ =

1 S

(LE(B)) 25 (L, (B)) 5 (Su(E)) -2 S,(E)

where S} is the adjoint of Sk, j' is the adjoint of the natural injection S, <,
L, ,(E) and ® is the operator defined by (e, (¢, 2(v))) = (¢ ® e,v) for all v €
(Su(E)), ¢ € S, and e € F (as is well-known, see [36, p. 524], ® is a topological
isomorphism since S,, is nuclear [15]). Put A = ®o0j' 0 S}. Let u € (LEP(E))/. If
¢ € D,(C(=K)) and e € E, we have

(e, (0, Au)) = (e, (@, Au) = (e, (¢, D5 (Sk (u))))) = (Sk (P ® €),u) =
= (F ' (xx¢) ®e,u) = (2m)"(F H(xx @) @ e,u) =0

since xx® = 0. Hence it follows that supp@ C —K. Then the Paley—Wiener—
Schwartz theorem for E’-valued ultradistributions shows that there exists an E’—
valued entire function of exponential type U such that (o, Au) = [;. o(2)U(x) dz
for all ¢ € S,,. This implies that (Sk f,u) = [5,(f,U)dz for all f € S, ® E and
since Sk is a bounded operator, S, ® E is dense in S, (E) and there exist constants
C >0, A € R such that ||U(2)||z < Ce*®) for any 2 € R”, it is clear that this
identity also holds for all f € S, (F). By using Lemma 4.3 we also get

Sictu) = [ (@) U)da
for all f € LS, (F), therefore

sup {

Hence an application of Lemma 4.4 gives U € L,y ,-1(E') and thus Au € L;,I;,l (E").
Furthermore, since SX(E) is dense in LY (E) and for all f € S5 (E) we have

(f, N(Au)) = / (f(2),U(2))d = (Sk fou) = (fou)

n

| @ v

NSl <1, f € Lgo(E)} <

< 3ty o el 1y < 00

it follows that N(Au) = u. To complete the proof we apply the open mapping
theorem.
(«<=) Consider the diagram
I R I'N L
H(E') == (Lpp(B) == (Ly(E)) — L5 ()
where [ is the natural isometric embedding, R is the restriction operator and N is
the given topological isomorphism. Putting P = N~!oRol, it is easy to see that P is

L

PP~
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a translation invariant bounded projection in L,/ ,-1(E’) with Im P = L;,I;,l (E").
ppt = L5 g > eoPlgae)/(e,€)
is a translation invariant bounded projection in L, ,-1 such that Im P..» = L7, I; 1
provided (e,e’) # 0. By Lemma 4.5 it results that x_x € M,/ ,-1 (and Pee, =
S_k = the operator associated with the L, ,-1-Fourier multiplier x_x). There-
fore, the mapping Sy, ®p -1 B' — Ly ,-1(E') : Y ;@€ — 3 (S—kpj) @ e} is
well-defined and it is bounded (since it coincides with P|s gg), that is, x—x €
M, ,~1(E"). Then, by Lemma 4.2, xx € M, ,(E") and so xx € M, ,(E). O

Hence it follows that the mapping Pees : L

As a consequence of this theorem we can give some characterizations of the so—
called UMD-property (cf. [30], [8]). Let us recall that a Banach space E is UMD
provided that for 1 < p < oo martingale difference sequences d = (di,ds,...) in
L,([0,1], E) are unconditional, i.e. |le1dy + ead2 + ||, < Cp(E)||d1 +d2 + - -|lp
whenever 1,9, ... are numbers in {—1, 1}. This property is also equivalent to the
boundedness of the Hilbert transform on L, (R, E) (see [4], [5]).

Corollary 4.7. Let E be a Banach space and Q the cube [—1,1]". Then for all
p € (1,00) the following statements are equivalent:
(i) E € UMD.
(i) xq € My(E).
(iii) LQ (E') and (LQ(E))/ are isomorphic via the natural mapping.
(iv) LY(E) is an invariantly complemented subspace of Ly(E).
(v) E is reflexive and LY (E) is a complemented subspace of Ly(E).

Proof. By the results in [4] and [5], (i) is equivalent to (ii). The equivalence between
(ii) and (iii) is a consequence of Theorem 4.6. The operator Sq associated with
the L,(E)-Fourier multiplier x¢ is a translation invariant bounded projection in
Ly(E) and Im S = LE(E) (see the proof of Theorem 4.6), thus (i) implies (iv).
Conversely, if P is a translation invariant bounded projection in L,(E) such that
Im P = LY(E) then reasoning as we did in the part (<=) of Theorem 4.6 we get
X € Mp(E), so (iv) implies (ii). From [1] (cf. also [30]), we know that UMD implies
reflexivity (actually, super-reflexivity), therefore (iv) (< (i)) implies (v). We now
show that (v) implies (iv). Since E is reflexive, L,(E) becomes a reflexive space
(cf., e.g., [9]) and then we can apply [29, A6, p. 80] and argue exactly as in [29,
Lemma 3.1, p. 59]. Thus LZ?(E) becomes an invariantly complemented subspace of
Ly(E). O

Let us now recall the definition of A, functions. A positive, locally integrable
function w on R™ is in A} provided, for 1 < p < oo,

( ) 1 1 // p/p/
Al sup( /wdm) (—/ w™P pdw) < o0,
P |R| BR[| Jr

where R runs over all bounded n—dimensional intervals. If R runs over all cubes in
R™ then w is in A, and the corresponding supremum is denoted by A,(w). A, is
the class of Muckenhoupt. The basic properties of these functions can be found in
[26], [7] and [13, Ch. IV].

Corollary 4.8. Letw € M, 1 <p < oo, p € R(w), p? € Ay and let E be a Banach
space with the UMD-property. Then (Léyp(E))/ and L;,Ip,l(E’) are isomorphic,
via the natural mapping, for all compact n—dimensional intervals I.
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Proof. By the next theorem, x; € M, ,(E) for any compact n—dimensional interval
I. The corollary now follows from Theorem 4.6. O

Remark. The former corollary extends the theorem in [38, p. 43] (see also [38, p. 24]
and [38, p. 40]).

If w is a positive, locally integrable function on R™ and 1 < p < oo, then the
partial sum operators Sy are uniformly bounded (for all n—dimensional intervals I)
in Ly(wdz) if and only if w € Ay (see [13, Th. 6.2, p. 453]). In the next theorem,
this result is partially extended to the vector—valued setting. The extension is
essentially a consequence of Burkholder’s theorem [5] and Theorem 1.3 in [31].

Theorem 4.9. If w is in A} (1 < p < o0) and the Banach space E is in UMD,

then the partial sum operators Sy (S; = F~Yx1f) for f € S(E)) are uniformly
bounded (for all n—dimensional intervals I) in Ly(wdz, E).

Proof. Case n = 1. By [13, Th. 2.6, p. 399], there is £ > 0 such that w € A4,_..
Let 8 = p—fa and ¢ = 1 = f (r' is the conjugate exponent of r). Then, p >
3, the L(E)-valued Hilbert kernel K (K(z,y)(e) = o LY €R xz #£y,
e € E) satisfies (D}) and (D)) of [31, Def. 1.1, p. 30], and the Hilbert trans-
form H is a bounded linear operator on L4(E) (cf. [5]). Therefore, H satisfies
the conditions of Theorem 1.3 of [31] and so H becomes a bounded linear oper-
ator on Ly(wdz, E). Finally, by using the relationship between S; and H (e.g.,
S f =% [em(')H(efm(')f) - eib(')H(efib(')f)] for feSRF, —00 < a<b< o)
and the denseness of S® E in Ly(wdz, E) (wis in Ap), it results that

Sl}p”SI”L(Lp(wdz,E)) < L5+ | H L(Ly(wde,B)) < 00 -

Case n > 1. We shall assume n = 2 since this case contains all the essential
difficulties of the general situation. By [13, p. 464] there is e > 0 such that w € A5 __,
and by [13, Th. 6.2, p. 453] there exist measurable null sets N1, No C R such that
w(z1,-) € Ap—e for all 21 € R\ Ny, w(-,x2) € Ap_. for all zy € R\ Ny and
(4.4) sup Ay o(w(wr,)) s sup Ape(w(32) € A5 () -

1 ERNNy 2 ERNN2
Then, reasoning as we did in the case n = 1, analyzing in detail the constants which
appear throughout the proof of Theorem 1.3 of [31], and using (4.4) we obtain a
constant C, independent of 1 € R . N7 and of x5 € R . N3, such that

oo

/ VHf (1) [ (a1, 22)dry < CP / 1 () ol 02)dy

for all f € Ly(w(z1,x2)dz1, E) and for all zo € R\ N3, and such that

oo

/ VEf (2) [ (a1, 22) s < CP / 1 (22) [, 22)dr

for any f € Ly(w(z1,z2)dxs, E) and for any x; € R\ N;. Hence it follows that
(4.5) 1S5 (L (@1 m0)der, B)) 5 ISEI L(L, (w1 02)das, B)) < 1.5+ C
for all intervals 17, I> C R, for all zo € R~ Ny and for all ;1 € R ~. V;.
Next, let I; be an interval of the z;—axis and let S}l be the mapping
S}, 1 S®S @ E[Ly(wdrides, E)] —  Ly(wdridey, E)
f - S}lf(xlva):Sflf('v'rQ)(I1> .
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Then, by Fubini’s theorem and (4.5) we get
/ IS}, (@1, 22) | w(w, wo)day day =
R2
p —
<k /R TN ooy mys =

= kP/R . [/ 1f (@1, 22) |15 w(wlawz)dwl]dﬁ = K NAIT, (w dor das, )
~Na

— 00

= /R\N2 {/Oo 1Sn f (5 z2)(x1)|), W(xl,l‘2)dl‘1:|d‘r2 <

for any f € S®S®FE (being k = 1.54+C). Since S®S®FE is dense in Ly,(w dz1dza, E)
it follows that S}, becomes a bounded linear operator on L, (w dx1dxz, E)) with norm
independent of I;. Analogously, it is shown that 5%2 becomes a bounded linear
operator on L,(wdzi1dzs, E) with norm independent of I. Finally, if I = I x I
is a 2-dimensional interval, we have S, x1, = S}l o S’i. This remark completes the
proof of the theorem. O

Remark 4.10. 1. The examples 1 and 2 and the theorem in [38, 1.4.5, pp. 41-46]
led us to Theorem 4.9.

2. In [11], C. Fefferman showed that the characteristic function of a euclidean
ball in R™ is not an L,-Fourier multiplier when p € (1,00) \ {2} and n > 1.
Mitiagin in [24] extended this result to compact sets K in R™ which have at least
one point of strict convexity (z € K is a point of strict convexity of K if for some
€ > 0 the set K N B.(x) is convex and at each point of 0K N B, 5(z) there exists
only one hyperplane supporting 0K N B, /2 (2)). By using this result it is easily
seen that L;,K (E') and (L (E))/ are not topologically isomorphic (via the natural
mapping) if K is a compact in R™ with any point of strict convexity, K = Q (Q
open set with segment property), Vol,,(0K) =0, p € (1,00) ~ {2}, n > 1 and E is
any Banach space (cf. [38, pp. 45-46] and Theorem 4.6).

3. Taking into account that any translation invariant bounded projection on L,
comes from a Borel measure on R” [17], it is easy to check that L X and (L{‘f )/

are not topologically isomorphic (again via the natural mapping) for any compact
set K in R"™.

5. ISOMORPHISM PROPERTIES

In this section we represent weighted L,—spaces of vector-valued entire analytic
functions by means of spaces of vector sequences. Some other distribution spaces
are represented by using sequence spaces also. The basic tools used are a vector
version of the Shannon sampling theorem, the inequalities (3.4) of Theorem 3.2 and
the duality studied in Theorem 4.6.

We begin with an extension of the Shannon theorem (see also [12, pp. 55-56],
[38, p. 30]):

Theorem 5.1. Letw € M, p € R(w), p € [1,00) and Qp the cube [—b,b]". Let E
be a Banach space. Suppose f € S9(E), g € S’ and suppg C Q. Then, for all
x € R", we have

T\" T

(5.1) fro@ =Y (3) HGR9—Tk)

kezn



16 J. MOTOS ET AL.

(absolute convergence) and f{”g € L;‘%?) then (5.1) also holds in the norm of LEZ(E).
In particular, if g(z) = (£)" [T Slzmbfj , we get the representation

T Jj=1
) fly= Y £ [ 2aln = bim)
nezn =1 L j i

for all x € R™ (absolute convergence) and if xq, € My, (= g € L) then (5.2)
also holds in the norm of LEZ(E).

Proof. Case E = C. Suppose first that g € S9¢. Then, from the classical case

(see [12, p. 55]) we obtain (5.1). Suppose now that g € S/, and supp g C éﬁb. For
e >0 let g.(z) = ¢(ex)g(x), where ¢ € S, satisfies p(0) = 1 and supp¢$ C B;. By

[33, Prop. 2, p. 17], g € 52 for each sufficiently small & > 0. Thus f * g.(z) =
Y kezn (%)n f(5k)ge(x — Tk). Furthermore, since there exist positive constants c,
A such that |g(z)| < ce®*®) for all z € R™ (g is an entire function of exponential
type by the Paley—Wiener-Schwartz theorem), the sum ), .| f($k)[|lg(x— T k)| is
finite. Then, taking the limit as € tends to 0, and using the dominated convergence
theorem we get that (5.1) holds for each x € R™.

Next, suppose that g € S/, and supp§ C Qp. We first show that there exist a

family {g: : 0 < t < 1} C S/, and positive numbers ¢, A such that supp g C E}b
for t € (0,1), |gi(x)| < ce*®) for x € R™ and t € (0,1), and g;(z) — g(z), as t
tends to 0, for each € R™. For this we argue as in [38, p. 40]: Since @} has the
segment property there exist open balls V; and vectors y7, j =1,..., N, such that
Qv C UM,V and (QyNV;) 41y C Qyfor 0<t<landj=1,...,N. Let g > 0
such that Qp + B., C UNV; and let ¢o; € D(V;) so that 1; > 0 and Eiv ;=1
in Qy + B.,. Put p; = F W € S:,/j. Then it is easily seen that the functions
gt = Zjvzl e“yj(')(goj * g) satisfy the required conditions. Consequently, we get

frova) =3 (3) FGRga—Tk) .
kezm
Taking the limit as ¢ tends to 0 and by using the dominated convergence theorem
again we obtain (5.1). If E' is any Banach space, it suffices to notice that the sum
Y orezn Il f(FR)Elg(xz — Fk)| is finite and then to make use of the Hahn-Banach
theorem.
Finally, if g € Lg; we get

b T w(m T
S llgl = TR & FGERns < cllglloy 3 e FOFGR < 00

kezn kezn
¢ being the constant of the estimate p(z + y) < ce*®p(y). Hence it follows,
taking into account the completeness of Lg;(E) and the topological embedding

L¢ (E) — L% ,(E) (Theorem 3.2), that (5.1) also holds in the norm of LY (E)
and the proof of the theorem is complete. O

Theorem 5.2. Let w € M, p € R(w), p € (1,00), Qp = [-b,b]" and let E be a
Banach space. If xq, € My ,(E), then the mapping ® : LE(E) — 1,(Z",E) : f —
(p(%k)f(%k))kezn is an isomorphism.
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Proof. By virtue of Theorem 3.2/(iv), we can find positive numbers h(< 7/b), ¢
such that

(5-3) cll(p(z™) f (@™ )i, zn,m) < B2 fllp.p

(resp. 1l (0= (@™)g(e™ )l @7y < W=7 gl por) holds for all sets {2 -

m € Z"} with 2™ € Q! = [T, [hmj, h(m; + 1) and for all f € LG (E) (resp.

g€ Lg”p,l (E')). Since for each k € Z" there exists a unique m € Z" such that Tk €
b it follows from (5.3) that | ®(f)|i,znm) < 2Z||fllp,p for all f € L(E).

c1

So ® becomes a bounded linear operator. Now put gx(z) = []j_, %
J J

and observe that xq, € My , N My ,-1. Then, by Theorem 3.4 and Theorem 5.1,
the closed linear span of the set {g, @ e : k € Z",e € E} (resp. {gpr ®¢' : k €
Z"¢ € E'}) is LYy (E) (resp. Lgbp,l(E’)). Consequently, in order to show that
the estimate |||, < C|[®(f)lli, @z ), where C is a constant, holds in L (E),

it will be enough to consider functions f in the span {gr ® e}. Let f be such
a function and let cp such that [|g||,/ ,~1 < c2||[Ngl| for all g € Lg,bp,l(E') (here
N : Lff’p,l (E") — (LEZ(E))/ is the natural isomorphism, see Theorem 4.6). Then,

we have

i
1£llp.p = sup{|Tf|: T € (LZ5(E)) , |ITI| <1} <
<supf| [ (ra)de] s9 € L2 () gl < 2} =

= sup{‘/ {f, g>d:1:‘ g € span{gy @'}, llgllprp-1 < 02} .
R'Vl

Fix now g € span{gy ® €'} such that [|g||,s ,~» < ca. We can suppose, without loss
of generality, that f = ZIkISN gr Q@ er and g = Z\MSN gr ® e for any positive
integer N. Then, taking into account (5.3) and that {gx : k € Z"} is an orthogonal
system in Lo, we get

’/Rn<fag>d=’17‘ = ’ Z / grgrdx <6k,€2>‘ =

k[, [l <N

= 20" D feneh)

< @)™ Y llexlls llerll s =

|k|<N [k|<N
n ™ ™ _ ™ T
=" 3 IR GERE o (g e <
[k|<N
s s ™ ™
< @6 (o(Zk) £ (Zk H 1Tk ’
= (20) (p(b )f(b )) 1,(Z",E) (p (b )g(b )) L/ (Zn By —
nh—"/p'
< (2b) o N9l o1 1R li 2z 1) <
nh*n/p’
< (2b) c2l|®(f)li, iz, ey = 3l @),z E) -

In consequence, || f,,, < c3[|®(f)l[i,(z,E) as was required. We complete the proof
by showing that ® is surjective. Let (vg)rezn € [,(Z", E). Let F(Z") be the family
of all finite subsets of Z" and for each J in F(Z") let s; = > c;p  (5k)gr ® vy
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Then the net {s; : J € F(Z"™), D} is a Cauchy net in Lz‘il;)(E) since for J, K € F(Z")

we have
lss=slloo=|| 2 0= 3 0 <
kEIK kek~J PP
1/p
<o & o0 3 a0, el 3 i)
kEJNK kEK~J »(Z27,E) keJAK

where JAK is the symmetric difference of J and K. Since LEZ(E) is complete,
that net converges and its limit f satisfies f(Zk) = p~*(Ek)vi for all k € Z", thus
O(f) = (vk)rezn- O

Remark 5.3. 1. Theorem 5.2 extends some results in [38, 1.4.6] (cf. also [33, p. 42])
to the E—valued case.

2. It is easy to check that if x[_11j» € M), ,(E) then xq € M, ,(E) for every
cube @ in R™. Under these conditions, by using Theorem 5.2, we easily get that
the spaces Lgp(E) are isomorphic to 1,(Z", E).

In the next corollaries the following well-known isomorphisms will be used:
I,(Z™,E) ~1,(E) and L, ,(E) ~ L,([0, 1], E).

Corollary 5.4. Let w € M, p € R(w) and p € (1,00). Let K be the closure of a
bounded open set in R™ with the segment property. Let E be a Banach space. If
X[=1,1"> XK € My ,(E), then the space LY (E) is isomorphic to l,(E).

Proof. Let Q) and Q® two cubes such that QY ¢ K ¢ Q®. By the hypoth-
. ) )

esis, LY, (E) (i = 1,2) and L (E) are complemented subspaces of Lm.,(E) (see

the proof of Theorem 4.6) and, by the previous remark, the spaces Lg;) (E) are

isomorphic to I,(E). Therefore, L ,(E) is isomorphic to a complemented subspace

of l,(E) and l,(E) is isomorphic to a complemented subspace of Lffp(E). Since

l,(I,(E)) ~ l,(E), we are in a position to apply Pelczyiiski’s decomposition method
to conclude that Lffp(E) ~ [,(E). O

Corollary 5.5. Let w € M, p € R(w) and p € (1,00). Let E be a Banach
space with a symmetric basis and such that l,(E) is not isomorphic to L,(E). If
X[=1,1)» € My ,(E), then the space ker Sq (Sq is the operator associated with the
L, ,(E)-Fourier multiplier xq) is isomorphic to L,(E) for every cube Q in R™.

Proof. By the hypothesis, we have L, ,(E) = LS (E) ® ker S. Since Ly ,(E) ~
L,([0,1], E), it follows from [6] that L, ,(E) is a primary space and so either Lgp(E)
or ker S is isomorphic to Ly ,(E). But, by Remark 5.3/2, LY ,(E) ~ l,(E) and
since L,(E) and {,(F) are not isomorphic, we conclude that ker Sg ~ L, ,(E) ~
L,(E). O

Remark. Let us mention some particular cases of Corollary 5.5: Let w, p and p as
in Corollary 4.8 and let @ be a cube. Assume E =y and p # 2. By [21, p. 316],
L,([0,1],12) ~ L, and I,(I2) is not isomorphic to L,. Thus, by Corollary 5.5, the
space ker Sg is isomorphic to L,. If E =1, and p # 2, ker S is isomorphic to
Ly(lp,) since la(l,) is not an L,-space (cf. [21, p. 317]). Finally, if E = [, then
ker Sg is isomorphic to Ly(l,).
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We consider now the spaces of Hérmander By ; (2, E) = ({ By x(E) N E' (K, E)
K compact subset of Q}. Here € is an open set in R”, p € [1,00], k is a tem-
perate weight function on R™ [18, Def. 10.1.1], E is a Banach space, B, ;(E) =

{TeS(E):Te L,x(E)} and &'"(K,E) ={T € D'(E) : suppT C K}. By i(FE)
becomes a Banach space with the norm ||T'||p, ,(z) = Hfﬂpk and By (Q,E) is
equipped with the inductive linear topology defined by the Banach spaces (Bp7 (E)N
E'K,E), |I|B,.(k)), that is, By (Q,E) = ind? [Bpx(E)NE' (K, E)]. For defini-
tions, notation and elementary facts about these spaces see [18, Ch. X] (see also
[25]). In [42] Vogt obtains the representation Bf ; () ~ ZEN) (here Bf ,(Q2) =
By (©,C)). We shall prove next that By ; (2, E) ~ (lp(E))(N) for p € (1,00). The
following elementary fact will be used: “Let I' = ind_, F; be the strict inductive
limit of a properly increasing sequence Fy; C Fy C -- -]of Banach spaces. Assume
that every F} is a complemented subspace of Fj;, and we put F;11 = F; & G;.

Then, the mapping F1 ®G1 ® G2 ® -+ — F = (f1,91,92,.-.) = fi+ g1+ g2+
is an isomorphism.”

Corollary 5.6. Let Q be an open set in R™, p € (1,00) and k a temperate weight
Junction on R™ with kP € Aj. Suppose that dimE < oo, E =1y or E =1,. Then
the space By, ;. (S0, E) is isomorphic to lz(,N) ifdimE < oo or E =1, and to (lp(lg))(N)
ifp#2and E =ls.

[e]

Proof. Let (K ;) be a covering of  consisting of compact sets such that K; C K11,

K; = K; and K; has the segment property (we may also assume, w.l.o.g., that
each K is a finite union of n-dimensional compact intervals) and suppose that
E =1y and p # 2. Then, Bf,(,12) = ind_, [By x(l2) N €' (K}, [2)]. In this induc-
: J
tive limit, the step By, x(l2) NE' (K, l2) is isomorphic (via the Fourier transform) to
L;?j (I2) and this space is isomorphic, by Corollary 4.8 and Corollary 5.4, to I,,(l2).
Furthermore, L;?j (I2) is a complemented subspace of L;f”l(lg): L;fj (l2) &
[ker S_k, ML, 7" (Io) | = L 17+ (I). Thus, the space G; = ker S_x, L 17+ (Io)
is isomorphic to an infinite-dimensional complemented subspace of ,,(l2). Then, by
a result of Odell [28], G; must be isomorphic to I, la, I, @ l2 or [,(l2). But G con-
tains a complemented copy of I,,(I2) (if @ is a cube such that @ C K41~ (K, + B:),
for a sufficiently small € > 0, then G; D Lgk(lg)) and so G cannot be isomorphic
to either I, or ls. If G; were isomorphic to I, @1z then, since l1 (I, Dl2) ~ 1, Dls, we
could apply Pelczynski’s decomposition method and conclude that 1, (I2) ~ I, ® Iz,
but this is false by [21, Ex. 8.2]. Therefore, necessarily G; ~ [, (I2). In consequence,
taking into account that Bf , (€2,12) ~ L;fl (l2) ®G1 ® G2 @ - -+, it results that
Bs (Q,12) ~ (lp(lg))(N). If dim £ < oo or E = [, one can reason in a similar way
(recalling that the space I, is prime [22, Th. 2.a.3]) and obtain the isomorphism
BS (L E) ~ 137 O

It is well-known that the Besov spaces B, , (= B, ,(R™)) are isomorphic to l,(l,)
(cf. [37] and [39]). Following Triebel’s approach [39, Sect. 2.11.2], we shall show next
the vector—valued counterpart of this result: B,  (E) (= B, ,(R", E)) is isomorphic
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to l4(I,(E)). For definitions, notation and basic results about vector-valued Besov
spaces see [32] and [2].

Corollary 5.7. Let 1 <p< oo, 1 <g<o00, —0 < s < oo and let E be a Banach
space with the UMD-property. Then B, (E) is isomorphic to l,(1,(E)).

Proof. By the “lifting theorem” for vector—valued Besov spaces (cf. [2, Th. 6.1])
we may assume that s > 0. Let ¢; = [-27,27]", j = 0,1,2,... and Qo = qo,
Qj = qj ~ aj& for j = 1,2,... By [5] (see also Corollary 4.7), the characteristic
function x; of Q; is an L,(E)-Fourier multiplier and so, if P; denotes the operator
associated with x;, a homogeneity argument shows that there exists a number c
independent of j = 0,1,2,... such that

(5-4) 1Pifllp <cllfllp . f€Lp(E).
Let ()32 a dyadic resolution of unity in the sense of Definition p. 24 in [32].
Then, by [32, (36) p. 29], (5.4) is also valid for ¢; instead of x;, that is, also

(5.5) IF 05 % fllp < el fllp » feLy(E).
By using (5.4) and (5.5) we can proceed as in the scalar case (see [39]) and prove
that

(5:6) By (B)={f € Ly(E) : I, ) = P ) gz, < o0}

and that || f||ps () = |(Flp; * Dz, (e and HfHEqu(E) are equivalent norms

in the space B, ,(E) (we omit the details). Then, the mapping

A By (B) — (el ®)
f — (25]ij)j:0
is well-defined and it is linear, injective and continuous. Furthermore, if (f;)%2, €
(S50 oLy () then f = $2,27f; € B}, () and Af = ()5 In
fact, obviously »°7°;27% f; converges in Ly(E). Put f = 3372(27% f;. Since
P,oP;, =0if j # k (if f € L,(E) then P;f € L,?j(E) and so, by The-

orem 3.4, we can find a sequence (g,)%, C S (E) such that g, — P;f in
L,(E), thus Pyg, = F (xxFg,) — Pu(P;f) and so Py(P;f) = 0) we see that

Pof = Y2027 Pef; = 22027 Pu(Pif) = 27°% fi,. Hence, it follows that

f € B, ,(E) and that Af = (f;). Therefore, A is an isomorphism. This completes
the proof since by Corollary 5.4 each space L,?j (E) is isomorphic to {,(E). (]
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