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Abstract

In this paper, a random finite difference scheme to solve numerically the random Cauchy one-
dimensional advection-diffusion partial differential equation is proposed and studied. Through-
out our analysis both the advection and diffusion coefficients are assumed to be random variables
while the deterministic initial condition is assumed to possess a discrete Fourier transform. For
the sake of generality in our study, we consider that the advection and diffusion coefficients are
statistical dependent random variables. Under mild conditions on the data, it is demonstrated
that the proposed random numerical scheme is mean square consistent and stable. Finally, the
theoretical results are illustrated by means of two numerical examples.

Keywords: Random Cauchy advection-diffusion equation, mean square random convergence,
random finite difference scheme, random consistency, random stability

1. Introduction

It is well-known, from the deterministic theory, that partial differential equations (PDEs) can
seldom be solved in an exact manner. This motivates the development of numerical schemes
to construct reliable approximations. Deterministic finite difference methods are a class of nu-
merical schemes which are based on replacing the partial derivatives that appear in the PDEs by
their finite difference approximations. This approach leads to a system of algebraic equations
that can then be solved numerically by an iterative process in order to obtain an approximate so-
lution of the PDEs. In the deterministic scenario, the finite difference method has demonstrated
to be very useful to approximate the solution of PDE [1, 2, 3]. Nevertheless, modelling real
problems require to make measurements of physical variables and this entails the introduction of
randomness from both error measurements and the inherent complexity of the physical phenom-
ena under study. Starting from this initial approach, it is then natural to study finite difference
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numerical schemes for solving random/stochastic PDEs, which are mathematical representations
of physical problems. It is important to highlight that the kind of randomness that is considered
into the physical model formulation delineates the type of PDE. On the one hand, the consid-
eration of uncertainty by means of a gaussian stochastic process termed white noise, the formal
derivative of the Wiener process or brownian motion, leads to stochastic partial differential equa-
tions (SPDEs), usually called It6-type SPDEs. Solving analytically these equations requires the
application of a special stochastic calculus, usually referred to as Itd calculus, whose cornerstone
is the It6’s lemma [4, 5]. The use of this stochastic calculus is required to handle SPDEs because
the irregular behaviour of the sample trajectories of the Wiener process which are nowhere dif-
ferentiable [4]. On the other hand, if uncertainty is considered through random variables (RVs)
and/or stochastic processes (SPs) whose sample behaviour is milder, then one leads to random
partial differential equations (RPDEs). The analysis and computing of these RPDEs are done
using the so-called L,-random calculus [6, 7]. This latter approach allows us the consideration
of a wider kind of randomness because, apart from gaussian, other RVs like binomial, Poisson,
uniform, beta, exponential, etc. can also be included in the mathematical model. Throughout
this paper we will propose a random finite difference scheme (RFDS) to construct numerical
approximations for the following advection-diffusion RPDE

Uf(xv t) +ﬁ Ux(x9 t) =a Uxx(-x’ t)’ > 09 —00 < x < 00, (1)

with initial condition
U(x,0) = Up(x). ()

In this random Cauchy or initial value problem (IVP), ¢ and x denote the time and space variables,
respectively, while U;, U, and U,, stand for the first and the second derivatives with respect to
t and x, as usually. The coefficients @ and 8 are assumed to be positive absolutely continuous
RVs, defined in a complete probability space (2, ,P), and satisfying certain conditions that
will be specified later (see hypothesis H2 in (23)). Henceforth, f,g(a,8) will denote the joint
probability density function (PDF) of the two-dimensional random vector (@,). The initial
condition, Uy(x), is assumed to be a deterministic function such that it admits a discrete Fourier
transform (see hypothesis H4 in (36)). Keeping the standard notation, throughout this paper the
solution SP will be denoted as U(x, t) or U(x, )(w), indistinctly, when we want either to hide or
emphasize its dependence on the sample parameter w € €, respectively.

Remark 1. Using the usual operator notation, the RPDE (1) can be written as ¥ [U] = G, where
FlU] = U, + BU, — aU,, and G = 0. We now introduce this notation because it will be used
later.

The RPDE (1) arises in convection-diffusion transport problems. These problems appear in
many applications in science and engineering such as in the transport of air and ground water
pollutants, oil reservoir flow, in the modeling of semiconductors, and so forth [8, 9, 10]. The
equation (1) is a parabolic PDE that combines the diffusion equation and the advection equa-
tion. It describes physical phenomena where particles or energy (or other physical quantities)
are transferred inside a physical system due to two processes: diffusion and convection. The
parameters « and 3 are the heat diffusion coefficient and the convection velocity, respectively.
The random nature of @ and 3 can be attributed because the heterogeneity and impurity of the
physical medium. The solution SP, U(x, 1), represents species concentration for mass transfer or
temperature for heat transfer [11].
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In the deterministic framework the solution of the Cauchy advection-diffusion PDE (1)—(2)
has been approximated using a number of finite difference schemes and related techniques [12,
13, 14]. Some of these numerical methods have been successfully extended to deal with its
1t6-type SPDEs counterpart and their applications [15, 16]. In this paper, we propose a forward-
time-backward/centered-space RFDS, inspired in its deterministic counterpart, to approximate
the solution SP of the random Cauchy problem (1)—(2), that to the best of our knowledge has not
been proposed yet. Then, we give sufficient conditions in order for the consistency and stability
of the RFDS to be guaranteed in a random sense that will be specified later. Although most of
the contributions have focussed on finite difference schemes for It6-type SPDEs, some interesting
studies dealing with random ordinary/partial differential equations by means of RFDSs can be
found in [17, 18, 19, 20], for example.

This paper is organized as follows: In Section 2, firstly a random finite difference scheme for
the Cauchy problem (1)—(2) is proposed. Secondly, the main concepts, definitions and auxiliary
results that will be required throughout this paper are presented. This include the introduction
of the definitions of random mean square consistency and stability, as well as several Banach
spaces that will play a key role to formalize our study. In Sections 3 and 4 sufficient conditions
for the mean square consistency and stability of the proposed random finite difference scheme
are given and proved, respectively. In Section 5, we show two examples in order to illustrate the
theoretical results established in previous sections. Section 6 summarizes the main conclusions
of the paper.

2. Random finite difference scheme

This section is addressed to introduce the numerical scheme that will be used later to con-
struct approximations of the random IVP (1)—(2). It is important to point out that problem (1)—(2)
will be numerically solved in the fixed station sense, namely, on the domain (x, ) € R X [0, T],
being 7' > 0 fixed.

With this aim, let us consider the grid points for the space variable x, —co = x_o, < +-+ <
X1 < Xg < X| <+ < X400 = +00 and for the time variable 1, 0 =g <t; < --- <ty_1 <ty =T,
N > 1 integer. Henceforth, both the space step and the time step will be assumed constant and
they will be denoted by Ax and A¢, respectively. Then, the following uniform space-time-lattice
has been defined

Xpe1 =X+ Ax, ke, tie1=t,+At, n=0,1,....N—-1, N>1,

where Z denotes the set of all integers. Let us denote by U, the approximation of the exact
solution SP, U(x, 1), of the problem (1)—(2) at the lattice point (x, 1,), i.e., U} = U(x,1,) and
uv=ur,,..., Ufl, U(')', U;’, ..., U%), the corresponding approximation at the n-time level. To
formulate the random difference scheme, the following approximations for the partial derivatives
will be considered

n+l1 n n n n n n
Ut - U ur-u ur =20 + U

Uil 1) ¥ ———5, Ui ty) ® ==, Ul 1) = €
() ~ (xpa ) ~ (xes 1) A 3)
Substituting these approximations in the random IVP (1)—(2), one gets
At
UM = r(BAx + )U"_, + (1 = rBAx = 2ra)U" + raU" ., r=——,
k (B k-1 B k k+1 (A.x)2 (4)

U = Up(xp).
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Due to the finite differences used in (3) to approximate the corresponding partial derivatives, this
RFDS is termed forward-time-backward/centered-space scheme. In the following, we will study
the consistency and stability of the RFDS (4). Below, we give the definitions of consistency and
stability of a RFDS. Both definitions are natural extensions of their deterministic counterparts
using the || - || z-norm introduced in (14). In order to account for the accuracy of the RFDS, we
shall introduce a natural definition of the order of a RFDS in terms of the || - ||, s-norm. With
this purpose, firstly it is convenient to introduce several normed spaces that will play a key role
throughout our analysis.

Firstly, the Banach space (LYY (Q), ||ll,gv), p = 1, of complex RVs Y : Q — C with finite
p-th absolute moment with respect to the origin is finite, i.e.,

IYll,ev = E[IYPD' < +00, p>1,

being E [-] the expectation operator. For every sequence Y, = {Y,, : n > 0} such that E[|Y,|’] <
+oo foreachn > 0, ie., Y, € LIIEV(Q), the convergence inferred by the ||-||, gy-norm is usually
referred to as p-th mean convergence, and it is defined as

[,
Y, = Y e E[lY,-YF] — O.
n—+oo n—+oo

Special mention deserves the Hilbert space (LI;V(Q), |Ill rv), corresponding to p = 2, which is
made up for all complex RVs with finite variance. In this particular but still significant case, the
norm is inferred by the inner product

(Y1,Yo) =E[|V1 Vall, Y1,Y2 € LYV(Q),

as

Wlhgy = + (1) = (E[I¥P]) < +o0, ¥ €L (@). 5)

These RVs are called second-order RVs. As a consequence of the following classical result:
If Y, Z are independent RVs = E[YZ] = E[Y]E[Z],

provided all involved expectations exist, together with the definition of the ||-||, gy-norm, one
derives the following identity that will be used later

if ¥,Z € LR (Q) are independent = ||YZll,zy = ¥ Il.zv I1Z]l2zv - (©6)

In the general case that Y and Z are not statistically independent, but possessing moments of
higher order, one can establish the following inequality [21, p.415],

IYZllp gy < 1Yy I Zlopry> P21, Y.ZeLy(Q). ()

As a consequence of Liapunov’s inequality,

IYllry = EYID < @YD = I¥lry, 1<r<s, )
one deduces
LY clMNQ) 1<r<s, 9)

4
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as well as the following relationship between the convergences in these spaces

ity Sy =y, Wy 1<r<s (10)
n—+o00 n—+oo

whenever the sequence of RVs, {Y,} belongs to L?V(Q), ie., E[|Y,]*] < +oo, for every n > 1.
Therefore, for RVs having finite variance the weakest p-th convergence corresponds to p = 2,
namely, the mean square convergence defined in (LIZW(Q), Il rv). Mean square convergence is
very important because results established in this type of stochastic convergence are also valid
for another type of relevant stochastic convergences such as convergence in probability and con-
vergence in distribution. It is important to point out that the rigorous operational manipulation
of mean square convergence requires the use of the relationships (9) and (10) often. Indeed, for
instance, it can be seen that the following basic operational property

ZeLY(Q), Hioy

[Ill2.rv ] ZY,, —

n —— Y, n—+oo
n—+oco

does not hold in general. However, this property can be legitimated assuming further hypotheses
that involve information of the Banach space (L4RV(Q), IIlls rv)> [22]. Additionally, as it will be
proved below, this basic operational property of the mean square convergence is still true when
the RV Z is bounded, which is just the context that will be required throughout our subsequence
analysis.

Proposition 1. Let Z be a bounded RV in L’;V(Q), i.e., there exist constants z; and zp such that

[1l2.rv [l2.v

71 £ Z(w) £ 20, w € Q, and let us suppose that Y, — Y. Then, ZY,, —
n—+oo n—+oo

Proof. Let us denote by 2 = max{|z;], 22|} < +oco, then the result is straightforwardly inferred
from the following sandwich-type inequality

0< (127, - Z¥lhy)” = E[1ZP1Y, - YP| < B[ 1Y, = YP| = 122 (1Y, - Vagy) — 0,

where in the last step we have used that by hypothesis {Y,} is mean square convergent to Y as
n — +oo. (|

Now, we establish a crucial inequality involving |||, gy-norms that will play a crucial role to
study the stability of the RFDS (4). For that, let us observe that by inequality (7) with p = 2 one
gets

172y < ¥l 1Yy = (Y1)

17y = 1727y re < 1721y 1Py < ¥y 1Tl 1Y ey < ¥l v 1Y Ty 1Py = (¥ )

where in the two first inequalities we have applied (7) with p = 2 and p = 4, respectively, while
in the last bound Liapunov’s inequality (8) has been used for the last factor, ||Y]|; gy, With the
identification r = 4 < 8 = 5. Reasoning recursively in the same manner it is easy to establish the
following result

Lemma 1. Let Y be a RV such that there exist and are finite its absolute moments with respect

to the origin of order 2™, being m > 1 integer, i.e., E [|Y|2m] < +oo. Then,

1Yoy < (Y120 gv)” - (1)
5
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Let 9 c R, we secondly introduce the Hilbert space (LgP (I xQ),I|l.,sp) of complex-valued
SPs whose second-order moment with respect to the origin is integrable

LSP(T x Q) = {Y(x) =Y(rw) : TxQ— C: f E[IY(0)P] dx < +oo} (12)
J

and

2 1/2 1/2
||Y(x)||2,SP:( fj (D) dx) =( fj E[1Y(0P] dx) :

Thirdly, the approximations at the n-time level are elements of the Banach space (£,(Q), |I|l,.5)
being

+00
6Q) = {U = (Uotore o U Up Unee o Use) Y (IUy)” < +oo} (13)
k=—c0
and
+oo , 1/2 +oo 1/2
0I5 =(Z (||Uk||2,Rv)] =(Z E[|Uk|2]] : (14)
k=—c0 k=—c0

where, as noticed, |||l gy corresponds to the norm defined in (5), [23].

Consistency and stability are main notions of the deterministic finite difference schemes the-
ory that need to be translated into the random framework. Consistency means that the solution
SP of the RPDE, if it is smooth enough, is an approximate solution of the RFDS. Stability can be
interpreted as small errors in the initial conditions cause smalls errors in the solution. As it will
shall be later, the definition of random stability permits the errors in the solution to grow, but lim-
its them to grow not faster than exponentially. The following definitions are natural extensions
of their deterministic counterparts and they are inspired in classical references like [1, 2, 3].

Definition 1. The RFDS
Un+] — Q(Un) + Ath, (15)

being
U =(U",....U" UG, UYL UL,
G"=(G".....G".G}.GY.....GL,).

is said to be mean square || - ||l x-consistent with the RPDE F U] = G (see Remark 1), if the
solution SP, U, of the RPDE satisfies

U™ = QUM + At G" + At T, (16)

and -
I"ll2s —— 0, (17)

At—0

where the || - || x-norm has been introduced in (14) and the k-th component of U" in (16) is

Ul = Ux, 1),
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Definition 2. The RFDS (15) is said to be mean square || - ||.x-stable if there exist positive con-
stants €,06 > 0, and non-negative constants n, p such that

U lox < ne U, (18)
forO<t=nAt, 0 <Ax<e 0 <Ar<é.
Definition 3. In the context of Definition 1, the RFDS (15) is said to be of order (p, q) if
"l = O (AD") + O (Ax)7).

3. Consistency of the random finite difference scheme

The goal of this section is to give sufficient conditions in order to guarantee the mean square
|| - |l2.s-consistency of the RFDS (4) with the RPDE (1).

With this purpose let us denote, only throughout this section, U(x, ;) by U, i.e., U} rep-
resents the value of the exact solution SP evaluated at the lattice point (xg,?,). According to
Definition 1 and the RFDS (4), let us perform the Taylor expansion of the k-th component of
U™ — Q(U") — AtG" with G = 0 (see (15)) taking into account that r = At/(Ax)?,

(U - o) = Ui - r(BAx + U, — (1 = 1pAx = 2ra) U} — raUy,,

1
= Ug + MU + S (AD*Un(xi )
1
- r,BAx(U,g — Ax(U) + E(Ax)2Uxx(§’1‘, tn))

1 1
- ra(U,'z — Ax(U,)} + §<Ax>2<Um)z - §<Ax)3 Un(&5, tn))
- (1 = rBAx - 2ra)U};

1 1
- ra(U;: + Ax(Uy)} + §<Ax>2(um)z + ;(Axﬁ Urex(€5 m)

2 (1 - 1pAx — ra — 1 + rBAx + 2ra - ra) U}

=0
+ At (U} + B — U })
=0
1 1 X 1 X X
+ A S0 Uy 1) = 5BAX Una€] 1) + 550Ax (U5, 1) = Una €, 1)) .
(19)
where

fy <1 <lprts  Xo1 <ELE <Xk Xk < E5 < Xpar. (20)

Notice that in the second addend of step (I) of (19) we have used that at the lattice point (xg, #,)
the RPDE (1) holds, hence (U,); + B(U); — @(U,y); = 0. Furthermore, considering (16), from
(19) one gets that the k-th component of T" is given by

1 1 1
7 = AU 1) = SPAYUns(El 1) + 370 Ax (U@ 1) = Uren(€3, 1)
I



179 where 1 and §f.‘, 1 <i < 3, satisfy (20).

180 Since Uy and U,, depend on the RVs a and B, and using the definition of the ||-||, gy-norm

181 (see (5)), one gets

" 2 1 1
(el ) =E[iiP] = fR 2 (E“ Un(tio 1) = SBAX U €1, 1)

1 2
+§QA.X (Uxxx(é‘:]z(a tn) - Uxxx(§§s tn))) fa,ﬁ(avﬁ) dad,B,

w2 where f, g(a, ) is the joint PDF of the random vector («, §).
183 Let us assume the following hypotheses H1-H3:

Ui, 1) = Ur(-, D(w) and Uiix(5, ) = Uprx (-, 1)(w) are

H1:
uniformly bounded SPs for each ¢ > 0 fixed and Yw € Q,
184
a, 3 are positive bounded RVs:
H2:
0<a; <alw)<a and 0 < B < B(w) < B, Yw € Q,
1ss  and
H3 - Ui, 1) = Uy(-, H(w) € £,(Q) for each ¢ > 0 fixed and,

Uix(-, 1) = Uiy (-, ) (W), Uy (-, 1) = U (-, (W) € LgP(R x Q) for each t > 0 fixed.

2y

(22)

(23)

(24)

18s Now, bearing in mind the expression (16) involved in the definition of the mean square || - || x-
17 consistency together with the definition of the || - ||, x-norm (see (14)), we deal with the following

188 bound
400 5 +00
2 2
UIThs)’ = > (INlhry) = > E[irP]
k=—0c0 k=—c0
+00

2N 2 f (Ui D)2 fople ) dar 4B

k=—c0
+ Z 2(Axy? f (BU&. 1)) fupla.B)derdp
k=—00

" Z 500 [ (0Untt) fatefrdads

« 2
#3050 [ (0 ) sl dardp

k=—o00

(25)

o Note that in step (I) we have applied the following inequality (a+b+c+d)* < 23(a®>+b*+c? +d?),
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202

a,b,c,d € R to expression (21). Taking limits as Ax, At — 0 in (25), one gets

i 12 <2(fim80%) 3 [ Watanm? ot ) dp

+00

+2(lim Ax) " (lim A) fR (BUME) frotafrdads
k

Ax—0 Ax—0
=—00

(26)

+00

- 3_22 (Al)]cTO Ax) Z (Al}cr_l?o Ax) fRz (aUxxx(glzc’ l‘n))2 fa,ﬁ(a,ﬂ) da dﬁ
k

=—00

+00

* %(ﬁiToA")kZ (Alifjlo AX) fR ] (chm(f’;,tn))2 fup(@.B)dar dB.

=—00

By hypothesis H3 (see (24)), U (xx,n) € €2(Q2), hence Z,J{jim E [IU,,(xk, 17)|2] < +oo. Then, using

the definition of the expectation in terms of the joint PDF of the random vector (a, §) and, taking
into account that Uy (xy, 17) depends on a, 3, one gets

+00

k=—00 k=—00

In the following development we apply to the second term of the sum that appears in the
right-hand side of inequality (26), firstly the hypothesis H2 (see (23)) in step (I), and secondly,
the hypothesis H1 for U,,(x, ) (see (22)) in step (II), this yields

+00

> (im, Ax) fR (BUE 1) fopl ) dadp
k=—o0

O N
< (B)
k=

(jim a) fR (U 1) fuplapdrds

D 3,y Rz(um > Ax(Uxx(é-‘f,zn))z]faﬁ(a’ﬁ)dadﬁ

Ax—0 5 (27)

~ " [ [ [ Watn? o) fatapraa s

an

(3, fR ( fR Wt tn))zﬁy,ﬁ(a,ﬁ)dadﬁ) dx
= (62)° f E [(Unex, )] dx < +oo,
R

where the commutation of the one-dimensional and two-dimensional integrals in the step (III)
is legitimated by Fubbini’s theorem because a and 8 are bounded RVs and the two-dimensional
integral exists [24]. This last assertion, that has been used to write the finiteness of the last
integral, follows from hypothesis H3 (see (24)).

It is straightforwardly to prove, following an analogous argument to the one exhibited in (27),
that

D E[lUaxenP] = fR Uae )’ fap(@,P)dadB < +eo, ¥ =nw) : 1y < 7(@) < fhs1, Yo € Q.
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+00

> (tim a) [ (0Usa@an) foatarp)dadp

k=—00

<@ [ B[P ar < son
R

and
> (fim a) [ (@Us@ot) foatarp)dadp
k=—o0

8)
<@ [ E[(Untun)?] ar < son
R

Taking into account (27)—(28), from inequality (26) one follows

lim_[[¥']lox = 0.
At,Ax—0

Summarizing, the following result has been established:

Proposition 2. Under hypotheses HI-H3 given in (22)—(24), respectively, the RFDS (4) is mean
square || - ||»z-consistent with the RPDE (1).

Remark 2. Taking into account the Definition 3, then by the previous development it is clear
that the order of the RFDS (4) is (p,q) = (1, 1).

4. Stability of the random finite difference scheme

This section is devoted to establish the mean square || - ||, z-stability of the RFDS (4) using
the Von Neumann approach [1]. This method is based on the discrete Fourier transform. With
this aim, we firstly need to extend the definition of this important transformation to the random
context.

Definition 4. Ler U = {U;} = (U-wo,...,U_1,Up, Uy,...,Uss) be a sequence in the Banach
space (£2(2), |'llx) introduced in (13)-(14). The random discrete Fourier transform (RDFT) of
U = {Uy} is defined by

1 +0co

0 = N k;m MU, i=+V-1, £el0,2x]. (29)

As it shall see later, the RDFT U : H(Q) — L;P([O, 2n[xQ) is well-defined. Notice that
(LgP ([0, 27[x€2), ||]l,,sp) is just the Banach space introduced in (12) with J = [0, 2x[. Moreover,
it can be proved by extending the deterministic techniques to the random framework that

1 2 A
U= — 0) dé, 30
‘ mfo o Hed G0

which is an inversion formula for the RDFT.
The following result shows that the norms ||-||, gy and ||-||, sp are compatible. It will be re-
quired later.
10
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Lemma 2. LetV € LIZW(Q) andw = w(€) € LgP([O, 2n[xQ) such that V is statistically indepen-
dent of w(&) for every & € [0,2n[. Then

IV wllosp = IVI2gy IWll.sp - (31)

Proof. The result is a direct consequence of the definitions of both norms and the application of
property (6) in the step (I):

27
IV wilosp = ( fo (IV w@)lory) df)

172 1/2

21
¢ ( fo (VI gy Wy ) df)

1/2

21
=||V||2,Rv( fo (Il y)” df) = IVl y IWlhsp .

A key result that will be used later is that the Banach spaces (L,([0, 27[xQ), |||, sp) and
(62(€2), |I-|l,.x) are isometric. This is a consequence of the following Parseval-type identity

( 2,SP)2:£27T(
fo 2"15[1?(5)@)] dé = fo ZHEI[‘/% 3 e Uk]%} dé

U

21
U, py) 06 = fo E[10@)P] dé

k=—o00
1 +oo 2 L — 1 +oo 2”_—,\
= E|lU -k d)}:— ]E[U(f ik d)]
mk; [k(fo e TE) dé @k; [ e tea
+00 1 2 ) R +0o0 -
= E|U|— iké U = E|UU
k;m k(\/ﬂfo e (f)d§)| k;m [ k k]
= S E[l]= Y (Uhry) = (IULs) .
k=—c0 k=—c0
(32)
or equivalently, A
0[], ¢p = 0ll.x - (33)

Observe that in (32), the basic properties of the conjugate operator for complex numbers as
well as the inversion formula (30) have been used. Moreover, as a consequence of the chain of
identities exhibited in (32) and the fact that if {U;} € £>(Q) (see(13)), one gets

+00

(”IAJ”z,sp)2 = Z (”Uk||2,RV)2 < +00,

k=—00

ie., ”ﬁ”z gp < +00. Therefore the RDFT is well-defined in the Banach space (L5P([0, 27[xQ), IIl2.5p)
when acting over sequences {Uy} in the space £,(Q).
For convenience, let us rewrite the RFDS (4) in the following form

At

n ) ) : At
Uk+1 =(1-R-25)U;+(R+S)U;_; +SUy,,, where R ::'BA_x’ S = a(Ax)z.

(34)

11



27 Notice that under hypothesis H2 (see (23)) and the above definition of R = R(w) and S = S (w),
2w € Q, both are positive bounded RVs for time step Az > 0 and space step Ax > 0 fixed.
239 Let & € [0, 2x[ and let us take the RDFT (29) in the RFDS (34), then one obtains

. 1 +00 )
Un+l(§) — 2 Z e—lk.f U]:L+l

\/_ﬂk:—oo
I 1 R . ey ) +00 '
2 L a-re29) ) o 3w, os § e,
2n Pl e e
1 +0o ) 1 +00 ) 1 +oo -
=(1-R-28)—= ) MU+ R+S)—= ) ¢ ™U +S—= ) U}
\/E k;oo g \/ZT k;oo k=l \/gr k;oo k1

={1-R-28)+(R+S)e ¥ +5 €} 0¥
(35)
20 It is important to point out that in the step (I) of (35), we have applied Proposition 1 to legitimate
a1 the commutation between the infinite sum, which is ||-||, ry-convergent, and the bounded factors

22 1—R-2S,R+ S and S, that depend on the bounded RVs R and S.
243 If we assume that

The initial condition Uy(x), which is assumed to be deterministic,

H4: possess a discrete Fourier transform 00¢), (36)

2« then recurrence (35) can explicitly be solved in terms of the initial term
0" =G"0%), where G=(1-R-25)+R+S)e ¢+Sel¢. (37)
25 As R and S depend on RVs « and B, the so-called amplification factor, G, also does. Now,

26 we seek conditions in order for the random amplification factor G = G(w), w € Q, has absolute
27 value less or equal than the unit, i.e.,

IGw) <1, VYweQ. (38)

2 With this goal, let us rewrite the expression of G given by (37) in the following equivalent form
29 using the Euler’s identity e'* = cos(x) + isin(x), x € R,

G=1-25-R(1-e)+S(e€+e7)
=1-25 —R(1 —cos(¢) +isin(£)) + 28 cos(€)

=1-25 (1 —-cos(¢)) — R(1 —cos(&)) —iRsin(é)
=1—(R+2S)(1 —cos(£)) —iRsin(é).

20 As|G> < 1 is equivalent to condition (38) and
IGI* = (1 = (R+25)(1 - cos(é)))* + (Rsin(€))’
=1-2(R+25)(1 —cos(&)) + (R +25)* (1 —cos(&))? + R2(1 — cos(&))(1 + cos(&)),

251 then condition (38) is equivalent to

(R +285)* (1 —cos(é))? + R2(1 — cos(&))(1 + cos(£)) < 2(R + 28)(1 — cos(é)). (39)
12
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266
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268

269
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273

If ¢ = 0, this inequality holds, while if & €]0,2n[, 1 — cos(¢) > 0, hence dividing each side of
inequality (39) by this positive factor yields

(R + 28)*(1 — cos(&)) + R*(1 + cos(&)) < 2(R + 285),
cos(¢&) (R2 —(R+2S )2) <2(R+2S)-R*—-(R+25)% (40)
Since S = S(w) > 0 for all w € Q, then R?> — (R + 25)? < 0 and from (40) one obtains
2(R+2S8)-R*>—(R+25)?

> 41
cos(é) 2 R?2—(R+2S)? S
Therefore, the following condition
2(R+2S)—R* = (R+2S)?
( ) ( 5) < -1, 42)

R?2 - (R+2S)?
guarantees that inequality (41) holds. Notice that condition (42) is equivalent to
2R+28)-R*—(R+25)Y >-R*+(R+25) © R+25 > (R+25)%,

and dividing by R + 2§ (since R(w) + 25 (w) > 0 for all w € Q), one concludes that the condition
|G(w)| < 1 fulfils for all w € Q if

1-Rw)-25(w) =0, YweQ, R:ﬁ%, S =a(AA—xt)2. (43)
On the other hand, it is clear that
if |IGw) <1 =[Gl <1, YweQ,
then
UG = (E[IGF )" <1, va=12,... (44)

Taking the ||-||, sp-norm in expression (37) and, applying firstly the inequality (31) of Lemma 2
and secondly inequality (11) of Lemma 1 with the identifications, V = G", w = ﬁo(g) and Y =G,
respectively, together with (44), one obtains

@ an

0" @l = [0"@),.5p = |60, 5p = 1671 [T, 55
<G [0, 5 < [0°@, 5 = [0 -

Notice that in the steps (I) and (III) we have used the identity (33) and, in the step (II) that
by hypothesis the initial condition Uy(x) is a deterministic function, then its RDFT ﬁo(f) is
statistically independent of RVs @ and 3, and hence of G" too.

The relationship (45) proves the mean square ||-||, s-stability of the RFDS (4) (see expression
(18) with n = 1 and p = 0). However, our previous reasoning relies on condition (43) which is
not completely satisfactory since it is stated in terms of RVs R and S rather than the input RVs «
and S of the RPDE (1). Therefore, it still remains to establish an explicit condition in order for
the stability of the RFDS (4) can be stated in a useful manner. With this aim, let us observe that
(43) writes

(45)

At At
1 —B((u)E - ZQ(w)IF >0, VweQ,
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or

B(w)Ax + 2a(w) (Ax)?
TAI@Alﬁm, Yow € Q.

Taking into account the domain of RVs @ and 8 assumed in hypothesis H2 (see (23)), one gets

1>

(Ax) S (Ax)?

Bw)Ax + 20(w) < foAx + 207 = Blw)Ax + 20(w) ~ BalAx + 2ar°

Yw € Q.

Summarizing the following result has been established

Proposition 3. Let us consider the random IVP (1)—(2) where RVs a and B satisfy hypothesis
H2 (see (23)) and the initial condition Uy(x) satisfies hypothesis H4 (see (36)). Then, under the
following condition
2
At < G

- 7 4
- ,BQA)C + 2, ’ (46)

the RFDS (4) is mean square ||||, s-stable.

Remark 3. It is very important to emphasize that the hypothesis H2 assumed on the input data
RVs a and B (see (23)) to conduct our stability analysis is not very restrictive regarding appli-
cations. In fact, this assertion can be supported by the Chebyshev-Markov inequality [25]. This
significant result legitimises the accurate probabilistic approximation of second-order unbounded
RVs by means of the truncation of their domain. For example, this inequality guarantees that the
interval [uy — 100x, ux + 100x] contains the 99% of the probability of any second-order RV,
say X, ie. X € LZRV(Q) with mean px and variance a'i. This assertion holds regardless the
distribution of X. The larger truncated interval the better probabilistic approximation, although,
naturally the diameter of the above interval can be reduced if the probabilistic distribution of the
RV X is known. For example, if X is gaussian RV, hence unbounded, X ~ N(uy; a'i), then the
truncation of X over the domain [ux — 307x, tx + 30 x] comprises the 99.7% of the probability of
the RV X.

5. Some illustrative numerical examples

This section is addressed to illustrate the main results proved in Sections 3 and 4 by means of
two examples for which reliable approximations for the expectation and the standard deviation
functions of the solution SP of the random IVP (1)—(2) are constructed. Numerical approxima-
tions of these two statistical functions are computed via the RFDS (4). In order to check the
accuracy of these approximations, we will compare them with the corresponding exact values.
This verification is possible since input data of the IVP (1)—(2) has been devised in such a way
that expressions for the expectation and the standard deviation of the solution SP are available.
In the second example, we illustrate the effect of truncating adequately the input RVs in order
to get accurate approximations of the mean and the standard deviation of the solution SP to the
random IVP (1)—(2).

Example 1. Let us consider the random Cauchy problem (1)—(2). For the random coefficients «

and B will be assume that a is an exponential RV of parameter A = 1 truncated at the interval

[0,6], @ ~ Exp|y6(1), and B is a beta RV of parameters (a;b) = (2;3), § ~ Be(2;3). Notice

that hypothesis H2 (see (23)) holds with a, = 6 and 3, = 1. Hereinafter, we will assume that «
14
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and B are independent RVs. While for the initial condition, we take uy(x) = exp(—(x/6)2) which
admits a DFT, [26] (see hypothesis H4). Likewise, we point out that it is not difficult to check
that hypotheses H1 and H3 (see (22), (24)) hold but cumbersome, thus we will omit here the
details. Then, it can easily checked that the exact solution SP of (1)—(2) is given by the SP

_
3 e 4(at+9)

Va't+9.

We will construct numerical approximations to the expectation and the standard deviation of the
solution SP, U(x, 1), of the random Cauchy problem (1)—(2) on the space interval —15 < x < 15.
This will done by applying the RFDS (4).

In order for the mean square || - ||, x-stability of this scheme to be guaranteed, we firstly fix
the space step Ax and taking into account that ay = 6 and 8, = 1, in accordance with condition
(46) of Proposition 3, the time step At must satisfy the following condition

Ux,t) =

(Ax)?
T Ax+12°

The numerical approximations of the expectation and the standard deviation of the solution
SP U(x, 1) at the lattice point (xi, t,,) are computed in two steps, firstly by applying iteratively the
RFDS (4) and, secondly, taking the expectation operator. The numerical results obtained by this
procedure have been compared with the exact values that are computed from

(47)

x>

3 4m+9>
E[U(x,n] = f f © fa(a)fﬁ(ﬂ) dadp (48)
for the mean, and
9e (Ztml)g)

AU 0] = f f 22 fu(@)f5(8) dadB — (E[UGx 0 49)

for the standard deviation, being
fula )_M O<a<6, and f38)=108(1 - 0<f <1, (50)

f exp(—a) da

the PDFs of the RVs «a and B, respectively.

In Fig. 1, we compare, at the time instant T = 2 (time fixed station), the exact mean function
of the solution SP calculated by (48) and the numerical approximations of the expectation ob-
tained by means of the RFDS (4) over the spatial domain [—15,15]. This comparative analysis
has been carried out considering different values for the spatial step (Ax) and time step (At)
collected in Table 1. Fixed Ax, then At has been computed so that condition (47) holds. As a
measure of the accuracy of the approximations, we have also included in Table 1 the mean per-
centage absolute error for the mean (MAPE(u)) and the standard deviation (MAPE(0)) at the
time fixed station T = 2. Specifically, if [, denotes the approximation of the expectation of the
solution SP to the random initial value problem (1)—(2) using the RFDS (4) at the spatial lattice
point xy, then

P — E[U (xx, 2)]
E[U(xk, 2)]

1 K
MAPE(y) = (2K+1 Z U x 100%, (51)
k=—K
1
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where E[U(xi,2)] is given by (48), and K = 15/Ax for a given value of Ax. The value of
MAPE(0) has been calculated analogously. The values of both MAPESs are detailed in Table 1.
Observe that these figures are in agreement with the order of the numerical method. Furthermore,
the less the spatial step (and hence the time step), the less the MAPE.

y At \ Ax | MAPE(w) [ MAPE(0) |

1/58 15/32 2.27% 2.15%
2/58 =1/29 | 30/32 =15/16 | 4.70% 431%
4/58 =2/29 | 60/32=15/8 | 10.17% 8.84%

Table 1: The two first columns collect the values of the time step (Af) and space step (Ax) satisfying the mean square
|||l x-stability condition (47) in the context of Example 1. The two last columns show the values of the mean percentage
absolute error (MAPE) according to expression (51).

In Fig. 2, we shown an analogous comparative analysis for the standard deviation at the time
instant T = 2.

In Fig. 3 and Fig. 4 we have represented graphically the relative errors for the approxi-
mations of the expectation and standard deviation taking as spatial and time steps the figures
collected in Table 1, respectively. From these graphical representations one observes that as Ax
is halved, the relative error is also approximately also divided by 2. This confirm the order of
convergence of the random numerical scheme.

Example 2. As it has been discussed in Remark 3, the hypothesis H3 of boundedness (see (24))
imposed over the input random data a and B is not restrictive in practice. To justify this assertion,
we now assume that the input RV « has an exponential distribution (hence « is an unbounded
RV), of parameter A = 1 and we keep 8 ~ Be(2;3) and uy(x) as in Example 1. For sake of clarity
in the subsequent notation, henceforth this unbounded RV will be denoted by & ~ Exp(1). Then,
we have computed the exact mean and standard deviation of the solution SP using the expressions
(48) and (49), but taking f3(&) = exp(—&), & > 0 instead of the PDF f,(«) defined in (50). These
exact values have been compared with the ones obtained by the approximation of the unbounded
RV & ~ Exp(A = 1) using the truncated (hence bounded) RV a ~ Exp¢ (1), which contains

more than 99% of the probability mass of &, since f06 fol@)da = 0.997521. In Table 2, it is
reported the values of the MAPE for both the mean and the standard deviation of the solution
SP. From these figures we can see that the proposed RFDS (4) gives accurate approximations in
the case that there exist unbounded input RVs. In such case, it is enough to approximate them by
means of bounded RVs resulting from appropriating truncation.

y At \ Ax | MAPE(w) [ MAPE(0) |

1/58 15/32 1.87% 2.90%
2/58 =1/29 | 30/32=15/16 | 4.24% 4.34%
4/58 =2/29 | 60/32=15/8 9.61% 7.80%

Table 2: The two first columns collect the values of the time step (Af) and space step (Ax) satisfying the mean square
|||l x-stability condition (47). The two last columns show the values of the mean percentage absolute error (MAPE)
according to expression (51) in the context of Example 2.
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E[u(x,2)]

E[u(x,2)]

-15 -10 -5 5 10 15

Figure 1: Comparison of the expectation of the exact solution SP and the approximations at the time instant 7 = 2 for
different values of Ax and Af over the spatial domain —15 < x < 15 in the context of Example 1.
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; ; : : : : X
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0.07f
X
: : : : X

-15 -10 -5 5 10 15

Figure 2: Comparison of the standard deviation of the exact solution SP and the approximations at the time instant 7’ = 2
for different values of Ax and At over the spatial domain —15 < x < 15 in the context of Example 1.
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RelError E[u(x,2)], At= % Ax=—

32

- - - - - — X
-15 -10 -5 5 10 15
1 15
RelError E[u(x,2)], At=—, Ax=—
29 16
0.15
0.10+
0.05+
. . . . . X
-10 -5 5 10 15
RelError E[u(x,2)], At=—, Ax=—
. . . . . X

-10 -5 5 10 15

Figure 3: Relative errors at the time instant 7 = 2 for the approximations of the expectation for different values of Ax
and At over the spatial domain —15 < x < 15 in the context of Example 1.
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Figure 4: Relative errors at the time instant 7 = 2 for the approximations of the standard deviation for different values of
Ax and At over the spatial domain —15 < x < 15 in the context of Example 1.
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6. Conclusions

In this paper we have proposed a random finite difference scheme to construct reliable ap-
proximations of the one-dimensional advection-diffusion Cauchy problem with random coeffi-
cients and a deterministic initial condition. This random scheme extends the classical forward-
time-backward/centered-space to the random context. We have investigated sufficient conditions
on the input data (coefficients and initial condition) in order for the mean square consistency and
stability of the random scheme be guaranteed. The obtained conditions are mild and they ex-
tend their deterministic counterpart in the general case that diffusion and advection coefficients
are statistical dependent bounded random variables with an arbitrary joint probability density
function. This latter fact is a remarkable feature regarding the present contribution since it is
usual to embrace statistical independence for input random variables as well as assuming their
probabilistic nature is of gaussian-type. Furthermore, it is important to point out that bound-
edness hypothesis on the random coefficients is not restrictive from a practical point of view
since the probabilistic truncation method based on classical Chebyshev’s inequality enables us
to approximate unbounded RVs with a degree of accuracy previously fixed. This issue has been
illustrated by means of an example where reliable numerical approximations of the mean and
the standard deviation of the solution stochastic process has been computed from the proposed
random numerical scheme. We have been able to check the accuracy of these approximations
since we have considered a test example for which the corresponding exact values are available.
In this manner, we validate the proposed method to be applied to other random one-dimensional
advection-diffusion Cauchy problems whose exact solution is not available, which, of course, is
the usual case in real problems. Finally, we point out that the approach considered in this paper
could be carefully adapted to study another important random partial differential equations in
future works.
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