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Abstract—Electrocardiographic Imaging (ECGI) has become 

an increasingly used technique for non-invasive diagnosis of 

cardiac arrhythmias, although the need for medical imaging 

technology to determine the anatomy hinders its introduction in 

the clinical practice. This work explores the ability of a new 

metric based on the inverse reconstruction quality for the 

location and orientation of the atrial surface inside the torso. 

Body surface electrical signals from 31 realistic mathematical 

models and four AF patients were used to estimate the optimal 

position of the atria inside the torso. The curvature of the L-

curve from the Tikhonov method, which was found to be related 

to the inverse reconstruction quality, was measured after 

application of deviations in atrial position and orientation. 

Independent deviations in the atrial position were solved by 

finding the maximal L-curve curvature with an error of 1.7±2.4 

mm in mathematical models and 9.1±11.5 mm in patients. For 

the case of independent angular deviations, the error in location 

by using the L-curve was 5.8±7.1º in mathematical models and 

12.4º±13.2º in patients. The ability of the L-curve curvature was 

tested also under superimposed uncertainties in the 3 axis of 

translation and in the 3 axis of rotation and the error in location 

was of 2.3±3.2 mm and 6.4º±7.1º in mathematical models, and 

7.9±10.7 mm and 10.0º±12.8º in patients. The curvature of L-

curve is a useful marker for the atrial position and would allow 

emending the inaccuracies in its location.     

 
Index Terms—Electrocardiographic imaging, heart position, 

atrial position, inverse methods, L-curve.  

I. INTRODUCTION 

ONINVASIVE identification of cardiac electrical activity or 

electrocardiographic imaging (ECGI) has become an 

increasingly used technique in clinical practice. This technique 

allows to reconstruct the electrical activity in the whole heart 
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with much higher spatial resolution with simultaneous signals 

than invasive techniques currently used, and the potential to 

simultaneously estimate the electrical signal everywhere in the 

myocardium has been exploited in the study of both 

ventricular [1-2] and atrial arrhythmias [3-6]. 

Electrocardiographic imaging is based on the resolution of 

the inverse problem of electrocardiography, making use of 

signals recorded by Body Surface Potential Mapping (BSPM) 

and the 3D anatomy of the torso and heart of the patients. All 

this information allows reversing the propagation model 

between the myocardial tissue and the patient’s torso [7]. 

However, some inaccuracies in these data may appear when 

the CT/MRI images and the BSPM recordings are not 

obtained immediately one after another and have to be taken 

on different days. This delay results in a mismatch in the heart 

location causing a loss in accuracy in the inverse-computed 

signals. Moreover, the heart position is subjected to other 

sources of movement artifacts, like respiration or ventricular 

contraction [Jiang]. 

Tikhonov regularization is one of the methodologies used to 

solve the inverse problem and its optimization by the L-curve 

method allows the system to find a balance between the errors 

committed in the non-invasive signal estimation and the 

intrinsic numerical error of the inverse solution [7-8]. It has 

been observed that the worsening of the system conditions, 

such as the displacement of the heart within the torso, affects 

the L-curve shape. This paper evaluates whether the 

measurement of the L-curve deterioration quantified in terms 

of its curvature allows minimizing the uncertainties on the 

system conditions, namely the inaccuracies in the atrial 

position in a population of patients of atrial fibrillation (AF). 

An automatic method to remove inaccuracies in atrial position 

would not only allow to obtain better outcomes with non-

invasive techniques, but also to expand the use of the ECGI 

technology to larger cohort of AF patients. 

II. MATERIALS AND METHODS 

A. Mathematical models 

A realistic 3D model of the atrial anatomy composed by 

284,578 nodes and 1,353,783 tetrahedrons (673.4±130.3 µm 

between nodes) was used to simulate the atrial electrical 

activity [9]. A gradient on the electrophysiological properties 

Solving inaccuracies in anatomical models for 

electrocardiographic inverse problem resolution 

by using electrical information 

Miguel Rodrigo, Andreu M. Climent, Alejandro Liberos, Ismael Hernández-Romero, Angel Arenal, 

Javier Bermejo, Francisco Fernández-Avilés, Felipe Atienza and Maria S. Guillem 

N 



of the atrial myocardium, specifically on Ik,ACH, IK1, INa and 

ICaL [10-11], was introduced into the atrial cell formulation 

[10,12-13] to obtain propagation patterns with varying 

propagation patterns. The system of differential equations in 

the atrial cell model was solved by using Runge-Kutta 

integration based on a graphic processors unit (NVIDIA Tesla 

C2075 6G) [14]. An ensemble of 31 different AF episodes was 

simulated with different degrees of complexity (with fibrosis 

ratios from 0% to 60%) and different patterns of activation 

rates. Among these models, 14 AF patterns were driven by a 

single rotor at varying locations of the left atria (LA)LA ( 

(pulmonary veins (PV), PVs, PLAWposterior left atrial wall 

(PLAW) and left atrial appendage (LAA) and LAA) and 17 

AF patterns driven by a single rotor at varying locations of the 

RA right atria (RA) (free RA wallfree right atrial wall  and 

RAA)right atrial appendage (RAA)). 

For each simulation, a uniform mesh of unipolar 

electrograms (EGMs) was calculated at 1 mm from the 

epicardial surface under the assumption of a homogenous, 

unbounded and quasi-static conducting medium by summing 

up all effective dipole contributions over the entire model 

[15]. Computed electrograms were stored for processing at a 

sampling frequency of 500 Hz. 

The ECG potentials on the torso model were calculated by 

solving the Forward Problem [6] in a mesh formed by 771 

nodes and 1538 triangular patches, in which the atrial model 

was co-located within the torso by using the images from the 

Visual Human Project [16]. White Gaussian noise was added 

to the synthetic ECG signals with a signal-to-noise ratio of 

30dB. 

 

B. Patient recording 

Four patients admitted for ablation of drug-refractory 

paroxysmal AF (females, 57.2±17.4 years) were included in 

the study. The protocol was approved by the Institutional 

Ethics Committee of our institution and all patients gave 

informed consent.  

Multichannel electrocardiograms (ECGs) were recorded 

with 57 chest ECG leads by using the Body Surface Potential 

(BSPM) technique [17].  The signals were recorded using a 

commercial system (ClearsignTM Amplifier, Boston Scientific, 

Natick, MA) and the 57 electrodes were distributed as follows: 

24 electrodes on the anterior, 24 on the posterior, 3 on each 

lateral side of the torso and 3 extra leads in order to obtain a 

Wilson Central Terminal. Photographic images from multiple 

points of view were obtained for each patient wearing the 

recording electrodes. 

The electrophysiological study was performed under 

general anesthesia and periodic heparin bolus administration. 

Intracardiac electrograms and atrial anatomy were obtained 

from both atria during the procedure by using both the 

ablation catheter (Therapy Cool Path, St. Jude Medical, St. 

Paul, Minnesota) and the circular mapping catheter (Optima, 

St. Jude Medical, St. Paul, Minnesota) introduced via the right 

femoral vein and guided by an electroanatomical navigation 

system (Ensite NavX System version 8.0 (St. Jude Medical, 

Minneapolis, Minnesota) that enabled atrial anatomy 

reconstruction. Two patients arrived in sinus rhythm and AF 

was induced using electrical burst pacing [18]. Then, a central 

venous bolus of adenosine (12-18 mg) was administered in 

order to produce a significant atrio-ventricular block and to 

remove the ventricular activation [11]. At peak adenosine 

effect, ECGs segments surrounding the longest RR interval 

were used for the analysis. Nineteen AF signal segments from 

the 4 patients (4.7±3.1 segments per patient) with duration of 

5.6±2.1 seconds were used for the analysis. Baseline of BSPM 

signals was estimated by decimation to 50 Hz and a posterior 

filtering with a Butterworth 10th-order low-pass filter with a 

cut-off frequency of 2 Hz. This signal was interpolated to 2 

kHz (the sample frequency) and subtracted from the original 

signal. BSPM signals were then low-pass filtered with a 10th-

order Butterworth filter with a cut-off frequency of 40 Hz 

[Rodrigo 2014]. 

MRI images with a spatial resolution of 0.7x0.7x1.5 mm 

were acquired 2-3 days prior to the ablation procedure. Atria 

and torso anatomy were obtained by segmentation of MRI 

images by using by using ITK-SNAP [19]. Additionally, the 

torso anatomy, together with the electrodes location was 

obtained by processing the conventional photographic images 

previously acquired [20]. Anatomical models obtained with 

the different technologies were co-registered by using an 

algorithm based on rigid transformations [21] guided by 8 

points manually marked in both atrial models (4 PVs, LAA, 

RAA, superior vena cava (SVC) and inferior vena cava (IVC) 

and SVC, IVC) or torso models. 

 

C. Inverse solution and L-curve  

We estimated the inverse-computed EGM (icEGM) from 

both patient recordings and mathematical models by 

computing the inverse of the field transfer atrial-torso matrix: 

 

 𝑖𝑐𝐸𝐺𝑀 =  𝑀−1 · 𝐸𝐶𝐺 (1) 

 

where M is the field transfer matrix between the atria and the 

torso [7]. Since M is ill-conditioned, its inverse matrix cannot 

be computed in terms of classical linear algebra. We solved 

the system by using zero-order Tikhonov’s method in which 

the potentials on the surface of the atria icEGM were 

estimated from the potentials on the torso according to 

equation (2) [6,8, Figueras]. 

 

 𝑖𝑐𝐸𝐺𝑀(𝜆) = (𝑀𝑡 · 𝑀 + 𝜆 · 𝐼𝑡 · 𝐼)−1 · 𝑀𝑡 · 𝐸𝐶𝐺 (2) 

 

where I is the identity matrix and λ is the a constant  

regularization parameter that does not depend on time. The 

optimal regularization parameter was selected according to the 

L-curve method, which choses the corner of the error norm 

(‖𝑀 · 𝑖𝑐𝐸𝐺𝑀(𝜆) − 𝐸𝐶𝐺‖2) vs. the solution norm 

(‖𝑖𝑐𝐸𝐺𝑀(𝜆)‖2) for the different regularization parameters 

(see Fig. 1), being the operator (‖·‖) the Frobenius norm. This 

corner of the L-curve minimizes the expression ‖𝑀 ·
𝑖𝑐𝐸𝐺𝑀(𝜆) − 𝐸𝐶𝐺‖2 + 𝜆2‖𝑖𝑐𝐸𝐺𝑀(𝜆)‖2 and provides the 

icEGM solution that best satisfies equation (1) and minimizes 

the extreme values on the solution that can be mostly 



attributed to the numerical errors involved in the  transfer 

matrix inversion [7]. The corner of the L-curve was defined as 

the maximum curvature point according to (3): 
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where x was the logarithm of the error norm (𝑙𝑜𝑔‖𝑀 ·
𝑖𝑐𝐸𝐺𝑀(𝜆) − 𝐸𝐶𝐺‖2) and y the logarithm of the solution norm 

(𝑙𝑜𝑔‖𝑖𝑐𝐸𝐺𝑀(𝜆)‖2). The optimal regularization parameter was 

chosen at the first local maximum value of the curvature. 

The basis of the atrial location identification based on the L-

curve shape is shown in Fig. 1E. It can be observed that the L-

curve calculated for the right location shows a sharp corner 

whereas the L curve computed for an incorrect location of the 

atria is smoother and, therefore, the curvature is higher for the 

correct location than for the displaced location (4.53 vs 0.43). 

 

D. Estimation of the location of the atria based on L curve 

shapeDescription of the experiments 

In order to explore the potential use of the L curve shape to 

estimate the location of the atria inside the thorax we varied 

the location and orientation of the atria both in our 

mathematical models and in our patient data and computed the 

maximum L-curve curvature under all tested model 

alterations.  

In Fig. 1, a sample case of the resolution of the inverse 

problem of electrocardiography with a modification in the 

model geometry is represented. The forward problem was 

solved with the atria at the “original location” and then the 

inverse problem was solved both for the atria at the original 

and “displaced” location (5 cm distance). With the departing 

EGMs (Fig. 1.A), a rotor can be identified in the right atrial 

wall. In this case, inverse-computed phase maps calculated 

with the same geometries for the forward and inverse 

calculations do allow to identify the rotor at the same location, 

despite the differences that can be observed both in potential 

and phase maps, as shown in Fig. 1.C. However, inverse-

computed maps obtained with a displacement in the atrial 

location (Panel D), no longer allow the identification of the 

atrial rotor.  

The basis of the atrial location identification based on the L-

curve shape is shown in Fig. 1E. It can be observed that the L-

curve calculated for the right location shows a sharp corner 

whereas the L curve computed for an incorrect location of the 

atria is smoother and, therefore, the curvature is higher for the 

correct location than for the displaced location (4.53 vs 0.43). 

In order to assess the ability of the L-curve curvature for 

solving the spatial inaccuracies in the atrial surface location, 

several tests were performed. In mathematical simulations, we 

used the EGM potentials from the atria on its proper position 

to calculate the BSPM on the virtual torso. Then, these BSPM 

signals were used to calculate the L-curve under deviations in 

the atrial locations. In patients, we used the recorded BSPM 

signals to obtain the L-curve under deviation from the original 

position of the atria, extracted from the MRI scan. 

The ability of the L-curve curvature to identify the proper 

position of the atria under such deviations was studied as 

follows:  

 First, sSingle deviations displacements in every axies X, 

Y and Z. It was (displacements or rotations) were 

evaluated in a subset of 10 mathematical models (10 

different models for each axis, Figures 2.A and 

S1)models  and in the whole patient population (Figure 

2.B and S2) by measuring the L-curve curvature in 

presence of gradual gradual deviationsdisplacements in 

each of the axes..  

 Single rotations in axes X, Y and Z. It was evaluated in a 

subset of 10 mathematical models (10 different models 

for each axis, Figures 3.A and S3) and in the whole 

patient population (Figures 3.B and S4) by measuring the 

L-curve curvature in presence of gradual rotations in 

each of the axes. 

 Two superimposed rotations: a fixed random deviation in 

one axis (X) and a gradual deviation in a perpendicular 

axis (Y). It was evaluated in all mathematical models 

(Figure S5.A) and in the whole patient population 

(Figure S6.A) by measuring the L-curve curvature in 

presence of a fixed random rotation in the X axis (from -

30º to 30º) and a gradual rotation in the Y axis. Each 

simulation/patient had a different random rotation in X 

axis which was preserved along the gradual changes in 

the Y axis.   

 Three superimposed rotations: a fixed random deviation 

in two axes (X and Y) and a gradual deviation in a 

perpendicular axis (Z). It was evaluated in all 

mathematical models (Figure S5.B) and in the whole 

patient population (Figure S6.B) by measuring the L-

curve curvature in presence of a fixed random rotation in 

the X and Y axes (from -30º to 30º) and a gradual 

rotation in the Z axis. Each simulation/patient had a 

different random rotation in X and Y axes which was 

preserved along the gradual changes in the Z axis.   

 Inaccuracies in all axes: the atrial surface had a random 

angular deviation in the three axes (X, Y and Z) and a 

displacement in the 3 axes. It was evaluated in all 

mathematical models (Figure 4.A) and in the whole 

patient population (Figure 5.B) by measuring the L-curve 

curvature in presence of a fixed random rotation in the 

three axes (from -30º to 30º) and a displacement between 

0 and 45 mm in a random direction. Each 

simulation/patient had a different random rotation in the 

three axes which was preserved along the gradual 

changes in displacements.   

 Then, the whole dataset was evaluated in presence of 

two superimposed rotations: a fixed random 

deviation in one axis (X) and a gradual deviation in a 

perpendicular axis (Y) in which the L-curve 

curvature was measured. Then, the same experiment 

was carried out in the presence of three superimposed 

rotations: two fixed random deviations in two axes 
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(X and Y) and a gradual deviation in a perpendicular 

axis (Z) in which the L-curve curvature was 

measured. Finally, the whole dataset was evaluated in 

presence of inaccuracies in all axes: the atrial surface 

had a random angular deviation in the three axes (X, 

Y and Z), and the L-curve curvature was evaluated 

for several distances from the original position to a 

random displacement in the three axes. 

III. RESULTS 

A. Illustrating example 

In Fig. 1, a sample case of the resolution of the inverse 

problem of electrocardiography with a modification in the 

model geometry is represented. The forward problem was 

solved with the atria at the “original location” and then the 

inverse problem was solved both for the atria at the original 

and “displaced” location (5 cm distance). With the departing 

EGMs (Fig. 1.A), a rotor can be identified in the right atrial 

wall. In this case, inverse-computed phase maps calculated 

with the same geometries for the forward and inverse 

calculations do allow to identify the rotor at the same location, 

despite the differences that can be observed both in potential 

and phase maps, as shown in Fig. 1.C. It can be also observed 

that the correlation between the original (blue) and the 

inverse-computed (red) EGM is moderated (0.48), although 

the reconstructed signal maintains the overall shape. However, 

inverse-computed maps obtained with a displacement in the 

atrial location (Panel D), no longer allow the identification of 

the atrial rotor, and in this case the individual signal shows a 

lower correlation (0.18) compared with the solution with the 

atrial anatomy in its proper position. 

A.B. Single axis displacement vs. curvature 

We first evaluated the curvature of the L-curve for 

displacements in the location of the atria inside the thorax in 

each of the X, Y, Z axis for the resolution of the inverse 

problem (Fig. 2, S1 and S2). For displacements in the X axis 

of mathematical simulations (Fig. 2.A), the maximum  

 

curvature was found on average for the correct location of the 

atria. Indeed, 8 simulations showed their maximal curvature 

for 0 mm of displacement, and 2 simulations for -5 mm. 

Therefore, in case of an uncertainty in the actual location of 

the atria inside the thorax in the X axis, it could be estimated 

with a mean error of 1.0±2.1 mm. Similar observations were 

made for displacements in the Y and Z axes, with errors in the 

location of the atria of 3.0±2.6 mm and 1.0±2.1 mm for the 

displacement in the Y and Z axes, respectively (Fig S1.A-B). 

Overall, the mean error was 1.7±2.4 mm. 

The same experiments were conducted with patient data, in 

which the location of the atria, obtained my MRI, was altered 

in each of the X, Y and Z axes (Fig. 2 and S2). Again, the 

maximum curvatures were obtained at the actual location of 

the atria inside the thorax. If the location of the atria is defined 

as that with the largest L-curve corner curvature, then the 

observed errors were 5.8±5.1 mm, 7.2±8.9 mm and 14.2±16.1 

mm for the X, Y and Z axes, respectively (9.1±11.5 mm on 

average). By looking at the individual tracings for all the 

curvature measurements (gray lines), largest curvatures do 

clustered around the maximum value0 mm error position. This 

holds even for those patients in whom the location of the atria 

by the L-curve curvature and MRI did not match, which may 

be the consequence of an inaccurate registration of the MRI 

and the electrodes location by conventional images.  

 

B.C. Single axis rotation vs. curvature 

The second stage of the L-curve accuracy assessment was to 

evaluate its ability to properly detect a rotation in the atria 

inside the thorax. In Fig. 3, S3 and S4, results of the inverse 

problem resolution after rotations between -30º and 30º around 

each of the three axes are presented. In Fig. 3.A the curvatures 

obtained for each simulation affected by rotations in X axis 

are depicted, and all of them showed their maximal curvature 

of the L-curve in the actual location of the atria and, therefore, 

the error in rotation identification was 0.0±0.0º. Rotations in Y 

axis, however, resulted in no clear trends that may allow the 

identification of the actual location (Fig. S3.A), with 

maximum values distributed from -18º to 24º and a location 

error of 13.8±6.4º. Finally, the angular deviation in the Z axis 

produced an error in the angular location of 3.6±3.1º. The 

overall mean error was 15.8±7.1º. 

In Fig. 3.B and S4 show the results from rotations of the 

atria inside the thorax of AF patients. Fig. 3.B shows the 

curvatures obtained after rotations around the X axis, which 

resulted in an error in the estimation of the angular position of 

the atria of 4.1±5.1º. As in the mathematical models, the 

angular deviation in the Y axis produced a more widespread 

distribution, as can be observed in Fig. 3.C and S4.A, with an 

error in the angle detection of 189.35±15.04º. Finally, the 

angular deviation in the Z axis provoked an error of 

12.6±11.9º (Fig. 3.C and S4.B) and thus the mean error was 

12.4±13.2º. 

 

C.D. Combined rotations and displacements vs. curvature 

Since errors in location and orientation of the atria inside 

the thorax can appear in combination, we then evaluated the 

potential use of the L-curve curvature for identifying these 

errors in a step-wise manner. For each of the mathematical 

models random rotations in the X, Y and Z axes (-30º to 30º) 

were applied and then we evaluated the curvature of the L-

curve as a function of the distance from the actual location of 

the atria inside the thorax (0 to 45 mm, Fig. 4.A). It can be 

observed that the curvature showed its maximum values in the 

vicinities of the actual location, resulting in an error in the 

position estimation of 2.3±3.2 mm. In patients, errors in the 

location of the atria inside the thorax under random rotations 

in the 3 axes were 7.9±10.7 mm (Fig. 4.B). 

Furthermore, the ability of the proposed method to orientate 

the atria in its actual position when simultaneous rotations in 2 

or 3 axes are present was evaluated. For that purpose, a 

random rotation in the X axis was applied (-30º to 30º) and 

then the curvature was evaluated for rotations in the Y axis 
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(Fig. S5.A and S6.A). Again, rotations around the y Y axis 

showed a widespread distribution of curvatures but even in 

this scenario, the error in the angular deviation identification 

was 8.9±7.6º for mathematical models and 18.4±14.6º for 

patients (Fig. 4.C). Finally, a random rotation was applied in 

the X and Y axes and then the curvature was evaluated for 

rotations in the Z axis (Fig. S5.B and S6.B). This case showed 

an error of 6.4±7.1º in the angular deviation identification for 

mathematical models and 1012.01±125.85º in patients. 

IV. DISCUSSION 

This study presents a new approach for refining the location 

of the atria inside the thorax by solving the inverse problem of 

electrocardiography based on electrical information, whose 

validity has been tested both in mathematical models and in 

patients. The ability of the L-curve curvature for the location 

and orientation of the atria has been tested under single and 

multiple combined displacements and rotations. Location 

errors were found to be <1 cm, and thus this method could 

potentially be used in a realistic scenario. 

A. Anatomical models and inverse problem resolution 

Solution of the inverse problem of electrocardiography 

generally involves the recording of MRI or CT images for 

obtaining accurate anatomical models of the patients. These 

MRI or CT images are obtained with the BSPM electrodes in 

place so that the geometric parameters are preserved [22]. 

Although previous works have reported that the inverse 

problem can overcome to spatial uncertainties up to 1cm with 

similar results [23], the proper spatial localization and 

construction of accurate anatomical models offer better 

outcomes of the inverse solutions [24, Keller, van Dam].  

However, it is not always feasible to obtain the MRI 

together with useful BSPM recordings. This is the case for 

paroxysmal AF patients that may arrive in sinus rhythm and 

induction of AF should only be performed in the 

electrophysiological laboratory. In addition, in order to 

validate the inverse problem resolution during AF, both BSPM  

 

 

recordings and invasive data should be obtained 

simultaneously [25] and cannot be done inside the MRI or CT 

scanner. In order to overcome the limitations of the inverse 

problem resolution in AF, we propose to refine the geometry 

obtained from a prior scan with electrical information, which 

may allow the use of the inverse problem resolution for 

paroxysmal AF patients and not only persistent AF patients. 

B. The L-curve regularization and anatomical model 

The L-curve regularization method has been profusely used 

in the literature to solve ill-posed systems, as the case of the 

inverse problem of electrocardiography [7,23,26]. Previous 

works have reported the sensitivity of the inverse problem to 

uncertainties on either the signals or the transfer matrix [22-

23,27, Huiskamp]. Our work makes use of the change in the 

L-curve curvature that occurs when there are inaccuracies in 

the transfer matrix, in our case caused by uncertainties in the 

atrial location, which cause significant errors with all possible 

solutions for all the regularization parameters. In this case, the 

division between the numerical error and the error on the 

solution (the two “arms” of the L-curve) is not so abrupt, thus 

it produces a smothered curvature in the “corner” of the L-

curve. However, this is the first work that proposes to take 

advantage of this property of the L curve in order to refine the 

geometry of the model.  

We have shown that the curvature at the corner of the L 

curve is maximized for matching forward and inverse problem 

anatomies. However, this approach seems to be more sensitive 

for displacements than for rotations and less sensitive for 

rotations around a main axis of the geometrical model itself 

(i.e. rotations around the Y axis). Notice that rotations around 

a main axis of the model do not result in major changes in 

location since the atria is inscribed roughly in the same 

volume while rotations around any other axis do result in a 

change in the occupied volume. This would explain why both 

in patients and mathematical models the error in atrial rotation 

having 3-axis angular deviations is lower than the error having 

just 2-axis angular deviations, since the 2-axis case was 

measured in the Y axis and the 3-axis case in the Z axis. We 

have also shown that it is possible to identify the closest 

location in each axis in a stepwise manner because the 

curvature is also maximized even if there are unresolved 

location errors in other axes. Thus, each of the uncertainties 

(displacements and rotations) could be solved individually and 

iteratively, first displacements and then rotations, in a stepwise 

manner.   

In our study we used both of human data and mathematical 

models because the gold standard anatomy has to be estimated 

from CT images and thus there is some uncertainty about the 

actual anatomy and the location of electrodes. As expected, 

results in atrial location and orientation provided better 

outcomes in mathematical models than in patients, in which 

there are electrical noise, more complex electrical patterns and 

more model inaccuracies. In particular, we found larger errors 

for locating the atria in the Z axis than for the other axis and 

this was not reproduced in the mathematical models. We 

attribute this differential effect to model inaccuracies, since 

the CT image and the conventional image were obtained with 

the patients at different postures (laying vs. sitting), which 

may affect the Z axis to a greater extent than the other axes. 

We believe that validation with a more accurate geometrical 

model can only be more favorable and thus we are 

underestimating its accuracy. 

C. Limitations and future work 

For both patients and mathematical models a simplistic 

torso conductor volume was considered for the inverse 

solution, without the inclusion of lungs, blood vessels or 

bones. This decision is supported by the literature, since the 

inverse-computed signals have been reported to be slightly 

affected by the inhomogeneities of the torso volume [22,24,28, 

Keller, van Dam] in comparison with the effect of changes in 

the heart position. Although previous studies were carried out 

on ventricular signals, the study of the forward problem on 



atrial signals also reported the relative invariance against the 

torso inhomogeneities [29-30].  

This study used the curvature of the L-curve only for the 

atrial location and orientation. However, other parameters 

related to the L-curve shape may also help in determining the 

best match for geometrical models. Although we found the 

curvature of the corner of the L-curve to be the most robust 

indicator, we did not test any combination of L-curve 

descriptors which may allow an improved performance. 

We have shown that the location of the atria can be resolved 

in a stepwise manner. An exhaustive search in the entire 

volume may be too computationally intense. However, the 

accuracy in the location of the atria may be increased if the 

algorithm was run more than once and thus the location was 

iteratively refined, since the errors in location or angular 

deviation are lower when no other inaccuracies are involved.     

Finally, the validity of the method has been tested just for 

AF signals, its extension to other atrial arrhythmias remains 

unproven. However, AF presents the most complicated 

electrical pattern that can be found in atrial electrophysiology, 

and sensible to the low-pass filtering effect of the torso 

conductor [31]. We believe that the method could be extended 

to other less complicated rhythms but its reliability for other 

conditions remains to be tested. 

V. CONCLUSION 

This work presents a novel technique based on the curvature 

of the L-curve for placing the atria inside the chest when 

solving the inverse problem of electrocardiography. The 

presented technique has been tested for both mathematical 

models and patients, and under single or multiple uncertainties 

on the atrial location. It has been shown that this geometrical 

identification can be achieved with errors of about 1 cm and 

15º. This technique could be useful for avoiding the spatial 

artifacts present in the inverse problem but also to extend the 

use of this technique by making possible the utilization of 

previously obtained CT/MRI images of the patient.  
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Fig. 2.  Estimation of atrial position under displacements in X axis for (A) 

mathematical models and (B) patients. (C) Error in atrial position for 

independent displacements in the 3 axes. L-curve curvature for each 

simulation/patient (gray lines), boxplot of the curvature values for each 

displacement (blue) and number of maximal curvature in each displacement 

(gray bars). 

 
 

Fig. 3.  Estimation of atrial orientation under rotations in X axis for (A) 

mathematical models and (B) patients. (C) Error in atrial orientation for 

independent rotations in the 3 axes. L-curve curvature for each 

simulation/patient (gray lines), boxplot of the curvature values for each 

rotation (blue) and number of maximal curvature in each rotation (gray bars). 



 

 
 

Fig. 4. Estimation of accumulated artifacts: displacement with a random 

rotation in X, Y and Z axes for (A) mathematical models and (B) patients. 

(C) Error in atrial orientation for cumulative rotations in 2 and 3 axes. (D) 

Error in atrial displacement with a random rotation in X, Y and Z axis. L-

curve curvature for each simulation/patient (gray lines), boxplot of the 

curvature values for each displacement (blue) and number of maximal 

curvature in each displacement (gray bars). 


