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Abstract: Duct junctions play a major role in the operation and design of most piping systems.
The objective of this paper is to establish the potential of a staggered mesh finite volume model as a
way to improve the description of the effect of simple duct junctions on an otherwise one-dimensional
flow system, such as the intake or exhaust of an internal combustion engine. Specific experiments
have been performed in which different junctions have been characterized as a multi-port, and that
have provided precise and reliable results on the propagation of pressure pulses across junctions.
The results obtained have been compared to simulations performed with a staggered mesh finite
volume method with different flux limiters and different meshes and, as a reference, have also been
compared with the results of a more conventional pressure loss-based model. The results indicate
that the staggered mesh finite volume model provides a closer description of wave dynamics, even if
further work is needed to establish the optimal calculation settings.
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1. Introduction

Duct junctions are essential elements of numerous piping systems, including the intake and
exhaust systems of reciprocating internal combustion engines. The use of one-dimensional time
domain gas-dynamic codes has become commonplace in the numerical study of unsteady flows in
such systems, both in terms of their effect on engine performance and on intake and exhaust orifice
noise [1]. While assuming one-dimensional wave action may be acceptable when duct diameters
are relatively small, as is the case in the majority of the ducts present in engine intake and exhaust
systems of passenger car engines, in certain elements, and most notably in duct junctions, complex
three-dimensional flow structures may occur [2]. Consideration of the effects of such structures on the
one-dimensional flow in the adjacent ducts requires the definition of suitable boundary conditions at
the junction, usually involving empirical information.

The effects of a junction on the flow in the neighboring ducts arise in different ways. From the
point of view of the passive propagation of small amplitude pressure waves (i.e., in the acoustic range)
the effect can be characterized in terms of length corrections, which have been reported to depend on
the type of side-branch and the branch width and length [3], and with a rapid increase in the duct
length corrections being associated with the excitation of non-planar higher order modes, which also
results in lower sound transmission. This sort of representation has been quite successfully applied to
the prediction of the effect on intake noise of a multi-pipe junction in the intake manifold [4]. It has also
been reported [5] that for low Strouhal numbers based on the duct diameter, the acoustic transmission
properties of T-junctions can be acceptably described by using an incompressible quasi-steady model,
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the upper limit of the Strouhal number being defined by flow-acoustic interaction effects, which differ
significantly between different flow configurations: waves incident on the junction at the downstream
side are attenuated, whereas waves incident at the other branches may be either amplified or attenuated,
depending on the Strouhal number [6]. Such flow-acoustic interactions due to the coupling of the flow
and the geometry are common to all intake and exhaust system elements [7].

When the focus is on the effect of the junction on the propagation of finite amplitude pressure
waves and the resulting influence on engine performance, different approaches are found in the
literature, most of them inspired by the seminal work of Benson [8]. The simplest approach is given by
constant pressure models, in which is it assumed that the pressure at the end of all branches of the
junction is the same at any time, so that the pressure is assumed to be uniform across the junction. The
most comprehensive description of these models is given in [9], where it was shown that, besides the
assumption of uniform pressure, additional closing equations must be added. While the choice of
those equations is arbitrary, it was also shown in [9] that assuming that the total enthalpy for all the
outgoing flows is the same provides suitable results.

More elaborated approaches are based on the consideration of the pressure differences existing
between the different branches, which are incorporated in a quasi-steady manner, i.e., steady pressure
loss coefficients (or more properly, as discussed in detail in [10], energy change coefficients accounting
partly for losses and partly to a mutual energy transfer between the partial flows) are applied at each
time step. The solutions proposed differ mainly in the origin of the pressure loss coefficients, in the
hypotheses underlying their determination, and in the precise implementation of the solution method.

Regarding the origin of the coefficients, while there have been some attempts to obtain them
from computational fluid dynamics (CFD) simulations [11–13], it appears that the results are strongly
dependent on the numerical method used, both in the details of the flow and in the overall values
of the coefficients obtained [14]. Therefore, usually the coefficients are either obtained from simple
and robust models, or specific measurements are performed in order to characterize the junction
under consideration. The most successful example of the first option is probably that presented in [15],
where a remarkable agreement with experimental results was obtained from a model that extended the
previous work performed in [16] and neglected any effects of mixing losses, compressibility and wall
friction. Regarding the experimental characterization, it is usual to consider steady incompressible
flow, as in [17], but more recently, specific studies accounting for the flow compressibility have been
reported [18,19] that suggest that the total pressure loss coefficient is mainly dependent on the Mach
number, mass flow rate ratio, and area ratio, and is almost independent of the Reynolds number.

Numerous implementations of the pressure loss model for multi-pipe junctions have been
proposed in the literature, comprising implicit time formulations [20] and different explicit
solutions, such as the supplier–collector strategy [21], the branch superposition method [22] and the
generalization of the classical approach of Benson presented in [23]. The limitations of these approaches
lie mainly in the fact that, even if steady flow coefficients contain information on three-dimensional
separation effects around the junction, the results will be significant only if quasi-steady flow can
be assumed, which requires that mass and energy storage at the junction are very small, which may
not be the case in real manifold flows. Additionally, any information regarding the wave refraction
characteristics of the junction is lost in the quasi-steady approximation.

Overcoming these limitations requires accounting for the unsteady and multi-dimensional
character of the flow at the junction, but without incurring in an excessive computational cost.
A suitable solution is thus to include a local multi-dimensional region within an otherwise
one-dimensional wave-action engine simulation, as first suggested in [24]. In this first approach,
an inviscid two-dimensional model was applied to the simulation of shock-wave propagation through
different junctions, and the observed evolution of the wave fronts through the junctions and the
measured high frequency pressure oscillations induced by the transverse reflections were successfully
predicted. However, even if the increase in the computational cost was reasonable, it did not appear to
be justified when compared with a conventional quasi-steady pressure loss model [25].



Appl. Sci. 2017, 7, 480 3 of 25

It appears, thus, that a full three-dimensional description of the junction should be used in order
to describe its unsteady behavior. Such a description was presented in [26,27], successfully reproducing
the flow field and the associated non-plane-wave motion. However, even if coarse 3D grids were
used in the first simulation cycles that were switched to more refined grids during the last simulation
cycles, the computational cost and time may still be regarded as excessive for the practical design and
evaluation of full intake and exhaust systems.

A possible alternative to 1D–3D coupling, which could provide some accountancy for the
three-dimensional effects at the junction and to the authors’ knowledge has not been explored in
some detail, would be the use in this context of a staggered mesh finite volume method [28]. Such
methods have become standard in commercial codes, either as the core solver [29,30], or used locally
for elements exhibiting significant three-dimensional features, such as plenums and mufflers [31].
Typically, when these methods are applied to simple duct junctions, a single volume is used for the
junction with appropriate effective areas and characteristic lengths at each connection with the adjacent
ducts. As these connections contain information on vector quantities (including the orientation of the
branch duct) the momentum equation can be solved, even in an approximate way, so that all the effects
of the junction of the flow need not be included through the pressure loss coefficients. Additionally, it
would be possible to use a refined mesh locally at the junction, so that a first-order estimate of any
three-dimensional features could be obtained.

The objective of this paper is precisely to establish the potential of these ideas as a way to improve
the description of the effect of simple duct junctions on an otherwise one-dimensional flow system, as
the intake or exhaust of an internal combustion engine. Specific experiments have been performed
in order to obtain precise and reliable results on the propagation of pressure pulses across junctions.
The results obtained have been compared to simulations performed with different versions of a
staggered mesh finite volume method and different meshes and, as a reference, also with the results of
a more conventional pressure loss-based model.

2. Materials and Methods

Two junctions, shown schematically in Figure 1, were manufactured. A T-junction and a Y-junction
were considered, in order to allow the analysis of the effect of the angle of the side branch. An internal
diameter of 51 mm was used in all the branches of the junctions.
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While several formalisms may be used for the representation of the transient response of a system,
the most intuitive one for the present case of a junction is that based on the consideration of wave
components, so that the junction is actually regarded as a multi-port. In this framework, for a junction
such as that represented in Figure 2, one has three excitations and three responses, and writing the
relations between them directly in matrix form in the frequency domain, one has: B1

B2

B3

 =

 R1 T21 T31

T12 R2 T32

T13 T23 R3


 A1

A2

A3

. (1)

where, as indicated in Figure 2, Ai represents the wave component moving towards the junction in
port i and Bj represents the wave component moving away from the junction in port j. Regarding
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the matrix elements, Ri denotes the reflection coefficient as seen from port i whereas Tij denotes the
transmission coefficient between ports i and j. All these magnitudes are functions of the frequency f .
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In this way, one has a reflection coefficient for each of the pipes arriving at the junction, and
transmission coefficients for all the possible transmission paths, indicated by the corresponding
subscripts. The experimental setup and the corresponding measurement procedure are described in
detail in [32,33], and here only a brief overview is given in Appendix A.

Two different modeling approaches were evaluated: a staggered mesh finite volume method and,
as a reference, a more conventional pressure loss-based model. The staggered mesh finite volume
method used is described in detail in [34], where a flux-corrected transport (FCT) technique was used
in order to suppress the spurious oscillations that these numerical methods exhibit in the vicinity of
discontinuities in the flow variables. It was found that satisfactory results were obtained through the
combination of dissipation via damping together with the phoenical form of the anti-diffusion term.
As an alternative, the momentum diffusion term described in [35] was also used. A brief summary is
given in Appendix B.

The pressure loss-based model uses a conventional one-dimensional finite volume model with a
collocated mesh, derived from the code available in [36]. The junction is modeled as a small volume
with three connections to which different pressure loss coefficients are assigned, and in which the
mass and energy conservation equations are solved. For the connection to the duct where the incident
pressure pulse propagates it has been assumed that the total pressure loss is zero, whereas for the other
two connections their corresponding pressure loss coefficients are computed following the expressions
given in [15,16]. The procedure is summarized in Appendix C.

3. Results and Discussion

In this section, first the experimental results obtained will be analyzed, both in the time (t) and
the frequency ( f ) domains. Then, the performance of the different modeling approaches will be
discussed, first in the case in which the junction itself is represented by a zero-dimensional element,
and secondly in the case in which the staggered mesh method is used to provide a quasi-3D description
of the junction.

3.1. Experimental Results

3.1.1. Time Domain Analysis

The results for the T-junction and shown in Figure 3. Ports are denoted as in Figure 1, and it
is apparent that when the junction is excited at port 1 the pulse transmitted through port 2 (i.e., in
the main propagation direction) has a higher amplitude than that transmitted through port 3 (the
branched duct), as could be intuitively expected. It is also apparent, and equally expectable, that when
the junction is excited at port 3, the pulses transmitted through ports 1 and 2 are very similar, the small
differences observed being attributable to manufacturing issues.

Differences in the reflected pulses recorded at ports 1 and 3 are also apparent, even if the incident
pulses do not have the same amplitude. The reflected pulse recorded at port 3 is noisier, and its
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amplitude is comparable to that of the reflected pulse recorded at port 1, while the corresponding
incident pulse has a lower amplitude. This indicates that reflection is more intense when the junction is
excited at the branch duct, as it is also intuitively reasonable in terms of the interaction of the incident
pulse with the wall of the main duct. Of course, none of these effects, regarding both transmission and
reflection, can be accounted for by a constant pressure model, and this is the reason why such a model
will not be considered in the subsequent discussion.
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The results for the Y-junction are shown in Figure 4. Here the trends observed confirm those
found for the T-junction regarding the difference between the main duct and the branch duct, but with
additional issues related with the branch angle. Comparison of Figure 4a,b indicates that the difference
in amplitude between the two pulses transmitted is more important when the branch direction is
against that of the incident pulse (i.e., when the junction is excited at port 2), in which case the results
are rather similar to those shown in Figure 3a for the T-junction. Regarding the reflected pulses
recorded at ports 1 and 2, some differences may be observed mostly in the last part of the pulse, which
suggests some difference in the dynamic behavior of the junction.
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These statements are supported by the results obtained with the excitation at port 3, shown in
Figure 4c. Here, it appears that again the amplitude of the transmitted pulse is higher when there is no
significant change in direction along the transmission path (in this case, from port 3 to port 1). However,
the differences are not as apparent as those seen in Figure 4b, which is reasonable considering that
here there is some change in direction in the two transmission paths. It is also worth noticing the clear
differences observed between the reflected pulse recorded at port 3 and those recorded at the other
two ports. A much more complex time evolution can be observed in the case of port 3, which again
suggests that wave dynamics inside the junction depend significantly on the port at which the junction
is excited.

3.1.2. Frequency Domain Analysis

Here, the results obtained for the transmission and reflection coefficients defined in Equation (1)
are analyzed. For brevity, only the modulus of these coefficients will be considered, as this contains
significant information about the overall energetic behavior of the junction. The results for the
T-junction are shown in Figure 5, where it can be observed that the values obtained in the very low
frequency range (below 200 Hz) are fully consistent with the time domain results shown above in
Figure 3: when exciting the junction at port 1, it is seen that |T12| is systematically larger than |T13| in
this frequency range, whereas when the excitation is at port 3 the differences between |T31| and |T32|
are significantly smaller.
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At higher frequencies, above 200 Hz, it can be seen that the behavior of |T12| and |T13| is essentially
flat around mean values of 0.65 and 0.64, respectively, with a maximum deviation from the mean of
0.065 in |T12| and of 0.05 in |T13|. On the contrary, in the case of |T31| and |T32| their mean values are
very similar to those of |T12| and |T13| (0.64 and 0.63, respectively) but some relevant acoustic features
can be detected in both coefficients between 1000 and 1250 Hz, mostly in the case of |T31| where the
deviation from the mean value reaches a maximum of 0.125, while |T32| follows the same trend but
with a maximum deviation from the mean of 0.08 . This confirms, on one hand, that when the junction
is excited at port 3 the two propagation paths are substantially equivalent and, on the other hand, that
their behavior is different from that obtained when exciting the junction at port 1.

This second statement is fully supported by the spectra of the reflection coefficients |R1| and
|R3|: it is apparent that |R3| is overall larger than |R1| for frequencies below 200 Hz, as suggested by
the results shown in Figure 4, but now without any uncertainty due to the difference in amplitude
between the incident pulses used in each test. Additionally, the trend observed is rather different for
frequencies above 200 Hz, and most notably above 1000 Hz, where |R1| shows a certain decreasing
tendency whereas |R2| increases with frequency.
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The corresponding results for the Y-junction are shown in Figure 6. Again, results below 200 Hz
confirm the time domain tendencies observed in Figure 4. In this frequency range, it is seen that while
|T12| is only slightly higher than |T13|, when exciting at ports 2 or 3 one finds that the transmission
coefficient corresponding to a smaller change in direction (that is, |T21| when exciting at port 1 and
|T31| when exciting at port 3) is significantly larger than the other one, and that this effect is more
noticeable the larger is the change in direction.

Appl. Sci. 2017, 7, 480  7 of 26 

while | | is only slightly higher than | |, when exciting at ports 2 or 3 one finds that the 
transmission coefficient corresponding to a smaller change in direction (that is, | | when exciting 
at port 1 and | | when exciting at port 3) is significantly larger than the other one, and that this 
effect is more noticeable the larger is the change in direction. 

 
Figure 6. Experimental results for the Y-junction in the frequency domain. (a) Excitation at port 1;  
(b) excitation at port 2; (c) excitation at port 3. Ports are denoted as in Figure 1. : reflection 
coefficient as seen from port ; : transmission coefficient between ports  and . 

When considering frequencies above 200 Hz, noticeable differences are also observed between 
the case with excitation at port 1, for which results very similar to those shown in Figure 5a are 
obtained, with small differences between | | and | | and an almost flat behavior with little 
dependency on frequency, and the other two cases, in which the transmission coefficients 
corresponding to the propagation path with the smallest change in direction (| | and | |) are 
significantly and systematically higher than those implying an important change (| | and | |, 
respectively) except at the highest frequencies represented. 

However, it is in the reflection coefficients where the effect of the change in the excitation port is 
more apparent. In fact, the results for | | do not differ substantially from those obtained for the 
T-junction and shown in Figure 5a, neither in the low frequency values nor in the high frequency 
trend. On the contrary, the high frequency behavior seen in | | and | | is a clear indication of the 
change produced in the dynamic characteristics of the junction when the excitation port is changed, 
an effect that could be guessed from the time domain results of Figure 4 but now is fully confirmed. 
Actually, a well-defined trend of picks and troughs can be observed in both cases, with similar shape 
but a clear frequency shift, which provides a sort of acoustic signature of the dynamic behavior of 
the junction. The fact that such a behavior is not apparent in the spectrum of | | for the T-junction 
shown in Figure 5b indicates that such dynamic issues are suppressed by the symmetric nature of 
the excitation through a perpendicular branch. 

3.2. Assessment of Modelling Approaches Considering a 0D Description of the Junction 

Here, modeling approaches in which the junction itself is regarded as a 0-dimensional element, 
while the flow in the adjacent ducts is assumed to be one-dimensional, will be evaluated. In the 

Figure 6. Experimental results for the Y-junction in the frequency domain. (a) Excitation at port 1;
(b) excitation at port 2; (c) excitation at port 3. Ports are denoted as in Figure 1. Ri: reflection coefficient
as seen from port i; Tij: transmission coefficient between ports i and j.

When considering frequencies above 200 Hz, noticeable differences are also observed between the
case with excitation at port 1, for which results very similar to those shown in Figure 5a are obtained,
with small differences between |T12| and |T13| and an almost flat behavior with little dependency
on frequency, and the other two cases, in which the transmission coefficients corresponding to
the propagation path with the smallest change in direction (|T21| and |T31|) are significantly and
systematically higher than those implying an important change (|T23| and |T32|, respectively) except at
the highest frequencies represented.

However, it is in the reflection coefficients where the effect of the change in the excitation port
is more apparent. In fact, the results for |R1| do not differ substantially from those obtained for the
T-junction and shown in Figure 5a, neither in the low frequency values nor in the high frequency
trend. On the contrary, the high frequency behavior seen in |R2| and |R3| is a clear indication of the
change produced in the dynamic characteristics of the junction when the excitation port is changed,
an effect that could be guessed from the time domain results of Figure 4 but now is fully confirmed.
Actually, a well-defined trend of picks and troughs can be observed in both cases, with similar shape
but a clear frequency shift, which provides a sort of acoustic signature of the dynamic behavior of
the junction. The fact that such a behavior is not apparent in the spectrum of |R3| for the T-junction
shown in Figure 5b indicates that such dynamic issues are suppressed by the symmetric nature of the
excitation through a perpendicular branch.
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3.2. Assessment of Modelling Approaches Considering a 0D Description of the Junction

Here, modeling approaches in which the junction itself is regarded as a 0-dimensional element,
while the flow in the adjacent ducts is assumed to be one-dimensional, will be evaluated. In the context
of the staggered mesh finite volume method, this corresponds to the case in which the junction is
regarded as a single volume and the adjacent ducts are meshed only in the axial direction. The pressure
loss-based model used here falls also within this category since, as commented in Appendix C, the
junction branches are connected through an auxiliary 0D element.

Again, separate analyses for the time and the frequency domains are presented.

3.2.1. Time Domain Assessment

First, in Figure 7, direct comparison between the experiments and the method with the momentum
diffusion term (MDT) as flux limiter is given for the case of the T-junction. The figures at the top provide
a direct representation of the results obtained, whereas in the figures at the bottom the differences
between the experimental and numerical results are represented (these are labeled ∆R and ∆T for
reflected and transmitted pulses, respectively). In general, the model reproduces the experimental
results within reasonable limits, but with a superimposed oscillation due to the development of the
pulse from station 0 to station 1 (refer to Figure A1) and which is a consequence of the way in which
the inlet boundary condition has been set. The scale of the vertical axis in the differences plots has thus
been chosen so as to allow proper comparison for the times not affected by those oscillations.
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Figure 7. Experimental vs. modeled results for the T-junction: raw data (top) and differences (bottom)
in the time domain, momentum diffusion term (MDT) method. (a) excitation at port 1; (b) excitation
at port 3. Ports are denoted as in Figure 1. ∆R(i): difference in the pulse reflected at port i; ∆T(i− j):
difference in the pulse transmitted between ports i and j.

From the differences plots, it is apparent that the numerical results tend to underestimate the
actual measured values in the trailing part of the pulses, for t > 0.85 s, the differences being larger
in general for the case of the reflected pulse. The situation is rather more complex for the previous
instants, with different trends observed for the transmitted and reflected pulses, and with a noticeable
influence of the port at which the junction is excited.

The results obtained for the rest of the modeling approaches considered are compared in Figure 8,
where for clarity the experimental results are not shown in the top figures, but the bottom figures have
been expanded to allow proper analysis of the behavior observed in each of the propagation paths. It is
apparent that the conventional pressure loss method (labeled 1D in the figure) is much less dispersive
than any of the staggered-grid methods, and thus better suited for this particular calculation setting.



Appl. Sci. 2017, 7, 480 9 of 25

This is particularly true in the case of the reflected pulses, where the conventional method approaches
the measured values considerably earlier. It is also apparent that while no significant differences can
be found between the MDT and the FCT methods in the reflection seen from port 1, this is not the case
when the junction is excited at port 3: the FCT method exhibits larger differences, except in the last
part of the reflected pulse.
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Figure 8. Comparison between the different models for the T-junction: raw data (top) and differences
(bottom plots) in the time domain. (a) excitation at port 1; (b) excitation at port 3. Ports are denoted
as in Figure 1. ∆R(i): difference in the pulse reflected at port i; ∆T(i− j): difference in the pulse
transmitted between ports i and j. FCT: flux-corrected transport; MDT: momentum diffusion term; 1D:
conventional pressure-loss model.

Regarding the different transmission paths, it can be observed that, while relatively small
differences between all the methods are seen in the case of transmission from port 1 to port 2 (the
performance of the conventional method being slightly better), significant differences appear at
intermediate times in all the cases in which port 3 is involved. There is a clear trend in the results
obtained in these cases, in the sense that the conventional method produces the lowest values, the FCT
method the highest values, and those produced by the MDT method lie in between. However, the
maximum differences are observed at time instants in which the amplitude of the transmitted pulses is
relatively high.

As an additional criterion for the comparison of the performance of the different modeling
approaches, the mean quadratic error corresponding to the differences shown in Figure 8 was
computed. A time window with 0.82 < t < 0.95 was chosen to avoid the large oscillations and
to focus on those times for which the differences between the methods are more apparent.

The values obtained for the mean quadratic errors are summarized in Table 1, where it is confirmed
that the best values for the reflection coefficients are those provided by the conventional method, while
the FCT method gives the best approach to the transmission coefficients.
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Table 1. Values of the mean quadratic error: T-junction.

Path MDT FCT 1D

R(1) 1.514 × 10−4 1.842 × 10−4 1.448 × 10−4

R(3) 1.102 × 10−4 2.046 × 10−4 1.019 × 10−4

T(1–2) 1.005 × 10−4 9.932 × 10−5 6.926 × 10−5

T(1–3) 1.609 × 10−4 1.298 × 10−4 1.774 × 10−4

T(3–1) 1.121 × 10−4 1.094 × 10−4 1.114 × 10−4

T(3–2) 1.554 × 10−4 1.245 × 10−4 1.833 × 10−4

Abbreviations: FCT: flux-corrected transport; MDT: momentum diffusion term; 1D: conventional
pressure-loss model.

Similar comments can be made about the comparison shown in Figure 9 for the case of the
Y-junction. Again, the conventional method reproduces better the behavior of the reflected pulses,
regardless of the excitation port, and the MDT and the FCT methods exhibit significant differences
only when the junction is excited at port 3, following the same trend as for the T-junction.

The trend is also very similar for the different transmission paths. Transmission between ports 1
and 2 is acceptably reproduced by all the modeling approaches, regardless of the exciting port, again
with a slightly better performance of the conventional model. In those cases in which port 3 is included
in the transmission path, the tendency observed is again the same when the junction is excited at port 1
or 2, with a small difference with respect to the T-junction when the excitation comes from port 3: in
this case, the lowest values are those provided by the MDT method, most notably in the transmission
from port 3 to port 2.

Again, the mean quadratic errors were calculated, and the corresponding results shown in Table 2
confirm the previous comments.

Table 2. Values of the mean quadratic error: Y-junction.

Path MDT FCT 1D

R(1) 1.575 × 10−4 1.915 × 10−4 1.273 × 10−4

R(2) 1.992 × 10−4 2.172 × 10−4 1.681 × 10−4

R(3) 1.648 × 10−4 2.945 × 10−4 1.394 × 10−4

T(1–2) 1.171 × 10−4 1.369 × 10−4 9.186 × 10−5

T(1–3) 1.514 × 10−4 1.322 × 10−4 1.742 × 10−4

T(2–1) 1.992 × 10−4 2.172 × 10−4 1.681 × 10−4

T(2–3) 1.336 × 10−4 1.296 × 10−4 1.141 × 10−4

T(3–1) 1.669 × 10−4 1.949 × 10−4 1.355 × 10−4

T(3–2) 2.117 × 10−4 1.516 × 10−4 1.751 × 10−4

Abbreviations: FCT: flux-corrected transport; MDT: momentum diffusion term; 1D: conventional
pressure-loss model.

From these results, it is apparent that the conventional pressure loss model, while is not able
to account for all the differences observed between the two transmission paths studied in each test,
could still provide a sufficient approximation to the real situation if the focus of the problem is on
the reflection properties of the junction and only time domain issues are relevant for the problem
under study (for instance, the eventual influence of a reflection at an intake junction on the volumetric
efficiency on the engine). The staggered mesh finite volume method appears to be more sensitive
to the relative directions of the different branches, mostly when the excitation comes from the side
branch (port 3), as should be expected since the momentum equation is actually solved, albeit in an
approximate way, at the junction, whereas in the conventional model such effects are included only
through their influence on the pressure loss coefficients.
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Figure 9. Comparison between the different models considered for the Y-junction (time domain):
(a) excitation at port 1; (b) excitation at port 2; (c) excitation at port 3. Ports are denoted as in Figure 1.
∆R(i): difference in the pulse reflected at port i; ∆T(i− j): difference in the pulse transmitted between
ports i and j. FCT: flux-corrected transport; MDT: momentum diffusion term; 1D: conventional
pressure-loss model.
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3.2.2. Frequency Domain Assessment

As already detected when describing the experimental results, it is in the frequency domain where
the benefits of the staggered mesh finite volume method are more apparent. Consider first the results
corresponding to the T-junction, shown in Figure 10 in the case of the reflection coefficients. Here,
using either MDT or FCT as flux limiter, the staggered mesh finite volume method produces results
for the reflection coefficients which overestimate dynamic effects when the excitation is at port 1, but
produces a suitable approximation up to 1000 Hz when the excitation is at port 3 and the FCT flux
limiter is used. In comparison with this, it is apparent that the conventional pressure loss model (again
labeled as 1D in the figure) is unable to fully capture the dynamic features of the results, while still
providing a sort of suitable average value, even if all the dynamic issues are lost, as an unavoidable
consequence of the quasi-steady assumption underlying the calculation.
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coefficients of the T-junction (frequency domain): (a) excitation at port 1; (b) excitation at port 3. Ports
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The corresponding transmission coefficients are shown in Figure 11, where it can be observed
that the staggered mesh finite volume method produces results that follow the overall trend of the
experimental results, with two exceptions: when the excitation is at port 1 the method underestimates
the transmission to port 3, and when the excitation is at port 3 the method is unable to capture the
behavior observed between 1000 and 1250 Hz. In the case of the conventional model, it is apparent that
in this case it is fully unable to reproduce neither the level nor the dynamic features of the measured
data, the only acceptable results being produced when the excitation is at port 1 and that only for very
low frequencies.

This essential difference between the two modeling approaches considered is even more apparent
in the case of the Y-junction, whose results are shown in Figures 12 and 13 for the reflection and
transmission coefficients, respectively. In this case, the results provided by the conventional model
are rather similar regardless of the port at which the junction is excited. In all the cases, an acceptable
value of the transmission coefficient in the very low frequencies is produced in those propagation
paths with smaller change in direction, and also a suitable average value for the reflection coefficient as
seen from any of the exciting ports. However, differences in transmission between the two propagation
paths are not reproduced in any case and, moreover, the results start to decrease monotonically at
about 200 Hz and reach totally unrealistic values for frequencies above 750 Hz in all the cases.

On the contrary, the staggered mesh finite volume method reproduces quite fairly the overall
dependency with frequency, but tends to overestimate the influence of the change in direction of
the propagation path on the transmission coefficients (and thus to underestimate the value of the
corresponding coefficient). With this geometry, this effect is especially evident in the results obtained
with the FCT flux limiter for |T13|, |T23|, |T31| and |T32|, i.e., all the cases in which the side branch (port 3)
is involved. On the contrary, the results of the FCT method are affected by a certain overestimation
when transmission through the main branch is considered (|T12| and |T21|). Accordingly, with the
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description given in Appendix B, this difference in behavior between the FCT and the MDT methods
can only be due to the effect of the application to the junction itself of the different ways used to handle
the information of the neighboring volumes when limiting the flow.
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Figure 13. Comparison between the experimental results and the different models for the transmission
coefficients of the Y-junction (frequency domain): (a) excitation at port 1, transmission through port 2;
(b) excitation at port 1, transmission through port 3; (c) excitation at port 2, transmission through port 1;
(d) excitation at port 2, transmission through port 3 (e) excitation at port 3, transmission through port 1;
(f) excitation at port 3, transmission through port 2. Ports are denoted as in Figure 1.

In the case of the reflection coefficients, the overestimation of the junction dynamics already
observed in the T-junction is also present here when the junction is excited at port 1, but the measured
dynamics are quite successfully reproduced when the junction is excited at ports 2 and 3. The
characteristic frequencies governing the reflection coefficient are not exactly captured, but the overall
amplitude and the influence of the exciting port are reproduced by the numerical results.

3.3. Assessment of a Modelling Approach with a Quasi-3D Description of the Junction

In order to explore the additional potential offered by the staggered mesh method regarding
the approximate solution of the three-dimensional flow field inside the junction, such an approach
(commonly referred to in the literature as quasi-3D) was finally considered. In Figure 14 the mesh used
is shown together, for reference, with that used in the previous subsections. The four volumes at the
endpoints of the part shown are then connected to a single volume, thus providing the connection
with the one-dimensional computation at the ducts. The mesh chosen is relatively modest, in order to
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keep the computation time at reasonable values, but sufficient to show any potential advantages of
this description.
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Figure 14. Meshes used in the staggered-grid method: (a) a 0D description of the junction;
(b) a quasi-3D description.

Additionally, in view of the previous results, only the MDT method will be used as a flow limiter,
since overall it has appeared to be more robust and consistent, and only the case of the T-junction will
be analyzed in the following, as no new qualitative issues have been identified in the Y-junction that
were not present also in the T-junction.

3.3.1. Time Domain Assessment

In Figure 15 the results obtained with the quasi-3D description of the junction (labeled MDT Q3D)
are compared with those previously shown in Figure 7 corresponding to the MDT with 0D description
of the junction. Again the plots on top represent the raw results, whereas the bottom plots show
the differences with respect to the experimental values. It can be seen that, in all the cases, a certain
improvement is achieved when using the quasi-3D junction, improvement which is more apparent
when the junction is excited at port 3, this is, at the side branch, which is intuitively reasonable.
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and differences with measurement (bottom). (a) Excitation at port 1; (b) excitation at port 3. Ports are
denoted as in Figure 1.

Again, the mean quadratic errors were computed, as shown in Table 3.
These results indicate that, while the reflection coefficients exhibit a similar mean error, there is a

substantial improvement in the transmission coefficients, thus confirming the previous analysis.
However, the improvement achieved is not sufficient to produce results comparable to those

shown in Figure 8 for the conventional model in the case of the reflection coefficient, and the differences
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in the transmission coefficients are clearly significant only when the junction is excited at the side
branch. Therefore, while it appears that further refinement of the mesh at the junction should
improve further the quality of the results, this might produce in turn an unacceptable increase in the
computation time.

Table 3. Values of the mean quadratic error: T-junction.

Path MDT MDT Q3D

R(1) 1.514 × 10−4 1.513 × 10−4

R(3) 1.102 × 10−4 1.809 × 10−4

T(1–2) 1.005 × 10−4 1.018 × 10−4

T(1–3) 1.609 × 10−4 1.469 × 10−4

T(3–1) 1.121 × 10−4 1.044 × 10−4

T(3–2) 1.554 × 10−4 1.249 × 10−4

Abbreviations: MDT Q3D: momentum diffusion term with quasi-3D description of the junction.

3.3.2. Frequency Domain Assessment

Quite unexpectedly, the improvements just commented do not have a translation in the frequency
domain. In the case of the reflection coefficients, shown in Figure 16, the influence of the new
description is apparent, but the new results do not provide any improvement in the reproduction of
the experimental trend, showing even a certain degree of degradation in the quality of the results, with
the abnormally high values achieved around 1300 Hz when the junction is excited at port 1.
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The same comments apply to the transmission coefficients shown in Figure 17. The strange
behavior around 1300 Hz is again present in those coefficients associated with the excitation at port 1,
while when the junction is excited at port 3 no significant improvement can be detected.

The only possible explanation for the behavior observed, this is, something that produces minor
but evident improvements in the time domain, but that induces a rather severe degradation in the
quality of the results in the frequency domain, would be that some spurious high-frequency oscillations
are being generated at the interface between the quasi-3D junction and the 1D elements of the adjacent
ducts, due to the virtual merging of four volumes into a single one.

In order to clarify this point, the whole system was meshed as shown in Figure 14b for the junction,
and the results are shown in Figure 18, only for the case in which the junction is excited at port 1. It is
apparent that a dramatic improvement in the quality of the transmission coefficients is achieved, now
showing a more realistic influence of the change in direction. In the case of the reflection coefficients
the improvement is not so apparent, but the amplitude of the oscillations is smaller, what indicates
that further refining of the mesh could lead to substantially improved results. However, that would be
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impractical, since the computation time increases substantially when the whole system is meshed in
this way.
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4. Conclusions

The objective of the work presented was to establish the potential of staggered mesh finite volume
models as a way to improve the description of the effect of simple duct junctions on an otherwise
one-dimensional flow system, as the intake or exhaust of an internal combustion engine.

With that purpose, specific experiments were performed making use of a modified impulse
method, in which two different junctions were characterized as a multi-port, and that provided precise
and reliable results on the propagation of pressure pulses across junctions.

The results obtained were then compared to numerical results obtained from different methods,
both in the time and the frequency domains. First, methods assuming a zero-dimensional description
of the junction were assessed, including the staggered mesh finite volume method with different flux
limiters and, as a reference for comparison, a more conventional pressure loss-based model. Then, the
potential of using the staggered mesh finite volume method in order to produce a quasi-3D description
of the junction, to be coupled with the one-dimensional description of the adjacent ducts, was explored.

As an overall conclusion of the results found, one may state that none of the modeling approaches
considered is able to reproduce totally the observed behavior. However, the performance of the
different models is such that a suitable choice seems to be possible depending on which is the actual
focus of the problem under study: situations in which a suitable time domain description may be
sufficient may be addressed either with the conventional quasi-steady pressure loss model (most
notably when the focus is on the reflection properties of the junction) or with the staggered mesh
model with quasi-3D junction description (in this last case, when the main interest is on transmission,
and given that the lengths involved in the problem will not be as long as to give rise to spurious
oscillations due to the dispersive character of the method).

When the focus is on the frequency domain and on the dynamic behavior of the junction, it is the
staggered mesh method the one that provides the most suitable results, at least from a qualitative point
of view, as a consequence of the fact that momentum conservation across the junction is accounted
for. However, due to spurious oscillation arising from the method used to couple a quasi-3D junction
to the 1D ducts, suitable results with an acceptable computation time have been obtained only either
with the zero-dimensional description of the junction or with a full quasi-3D description of the whole
system, this last option being unacceptable in practice. It is thus clear that further work is needed
in this case in order to find the optimal settings for the calculation, most notably in the connection
between the quasi-3D and the 1D regions.

Finally, it should be recalled that no empirical information has been included in the staggered mesh
method used; the incorporation of such information in terms of effective sections and characteristic
lengths and the evaluation of their potential could be additional topics for further research.
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Appendix A. Experimental Procedure

Making reference to the notation in Figure 2, the determination of the transmission and reflection
coefficients defined in Equation (1) requires the three following measurements:
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• Excitation in duct 1, with anechoic terminations in ducts 2 and 3, so that A1 6= 0 and A2 = A3 = 0,
and thus,

R1 = B1/A1; T12 = B2/A1; T13 = B3/A1 . (A1)

• Excitation in duct 2, with anechoic terminations in ducts 1 and 3, so that A2 6= 0 and
A1 = A3 = 0; then,

R2 = B2/A2; T21 = B1/A2; T23 = B3/A2 . (A2)

• Excitation in duct 3, with anechoic terminations in ducts 1 and 2, so that A3 6= 0 and A1 = A2 = 0,
so that,

R3 = B3/A1; T31 = B1/A3; T32 = B2/A3 . (A3)

In order to perform the above-indicated tests, the modified version of the impulse method
described in [28] was used, since pressure components, which all the previous developments are based
upon, are directly obtained in the time domain with a simple procedure, and the consideration of
three-port elements is straightforward. In Figure A1 both the experimental setup used and the relevant
pressure waves recorded are illustrated.Appl. Sci. 2017, 7, 480  20 of 26 

 
Figure A1. Experimental setup used. 

The incident pulse is generated by means of a high speed electrovalve that controls the 
discharge from a high-pressure tank. A proper choice of the opening time ensures that the spectrum 
associated with the incident pulse is essentially flat. The length of the ducts placed between the valve 
and transducer 0, transducer 0 and the junction, and the junction and the open ends is chosen so that 
no windowing is necessary in order to isolate the incident, the reflected, and the transmitted pulses, 
as indicated in the figure. Transducer 0 was located 15 m away from both the valve and the junction, 
and transducers 2 and 3 were placed 0.15 m downstream of the junction, and 15 m away from their 
corresponding open end. 

At the position indicated for transducer 1 in Figure 2, it is clear that this transducer records the 
addition of the incident and the reflected pulses, as illustrated in the figure. In order to surpass this 
difficulty, the solution adopted is to estimate the pulse incident on the junction at section 1 (whose 
Fourier transform will give the complex amplitude of the  component) from an additional test 
performed without any element, using the pressure recorded by transducer 0 only to check the 
comparability of the excitations used in both types of tests (with and without junction). 

Appendix B. Staggered-Grid Finite-Volume Approach 

As described by Torregrosa et al. [34], the quasi-3D model uses a staggered grid with two 
different basic elements: volumes and connectors. Volumes have associated scalar information such 
as pressure, density or temperature, as well as the cell volume. Connectors contain vector 
information, like flow velocity, momentum or the orientation of the connector in space, together 
with its area. With this configuration, a volume might have attached as many connectors as needed, 
but a connector will always connect only two volumes. In Figure A2 two volumes and a connector 
are shown schematically (volumes and connectors actually have an undefined shape). 

 
Figure A2. Basic mesh elements, definition of velocity projections and notation of volumes and connectors. 

The method is based on the solution of the 3D Euler conservation equations without source term: ⁄ + ∇ · ( ) = 0 (A4)

Figure A1. Experimental setup used.

The incident pulse is generated by means of a high speed electrovalve that controls the discharge
from a high-pressure tank. A proper choice of the opening time ensures that the spectrum associated
with the incident pulse is essentially flat. The length of the ducts placed between the valve and
transducer 0, transducer 0 and the junction, and the junction and the open ends is chosen so that no
windowing is necessary in order to isolate the incident, the reflected, and the transmitted pulses, as
indicated in the figure. Transducer 0 was located 15 m away from both the valve and the junction,
and transducers 2 and 3 were placed 0.15 m downstream of the junction, and 15 m away from their
corresponding open end.

At the position indicated for transducer 1 in Figure 2, it is clear that this transducer records
the addition of the incident and the reflected pulses, as illustrated in the figure. In order to surpass
this difficulty, the solution adopted is to estimate the pulse incident on the junction at section 1
(whose Fourier transform will give the complex amplitude of the A1 component) from an additional
test performed without any element, using the pressure recorded by transducer 0 only to check the
comparability of the excitations used in both types of tests (with and without junction).
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Appendix B. Staggered-Grid Finite-Volume Approach

As described by Torregrosa et al. [34], the quasi-3D model uses a staggered grid with two different
basic elements: volumes and connectors. Volumes have associated scalar information such as pressure,
density or temperature, as well as the cell volume. Connectors contain vector information, like flow
velocity, momentum or the orientation of the connector in space, together with its area. With this
configuration, a volume might have attached as many connectors as needed, but a connector will
always connect only two volumes. In Figure A2 two volumes and a connector are shown schematically
(volumes and connectors actually have an undefined shape).
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The method is based on the solution of the 3D Euler conservation equations without source term:

∂ρ/∂t +∇·(ρu) = 0 (A4)

∂(ρu)/∂t +∇·(ρuu) = −∇p (A5)

∂(ρe0)/∂t +∇·[(ρe0 + p)u] = 0 (A6)

together with the perfect gas equation of state. Here, ρ is the density, p is the pressure, u is the velocity
vector, ∇· indicates the divergence, and e0 is the specific stagnation internal energy, whose expression
for a perfect gas is:

e0 = cvT + u2/2 (A7)

where cv is the specific heat capacity at constant volume and T is the fluid static temperature.
However, in the context of a finite volume method on a staggered grid, the key issue is how

and where these equations are solved. The mass conservation equation, being scalar, is solved in the
volumes. Upon discretization it becomes:

ρn+1 = ρn +
∆t
V

Nc

∑
c=1

ρn
c un

c Ac (A8)

where u is the flow velocity. Superscript n indicates the time step, ∆t is the time interval, V the volume
of the cell, Nc the number of connectors, A is the cross section, and subscript c indicates that the
variable is taken at a connector (otherwise it is assumed that the variable is taken at the volumes).

Following a similar procedure, the discretized energy equation is written as:

(ρe0)
n+1 = (ρe0)

n +
∆t
V

Nc

∑
c=1

ρn
c en

0 un
c Ac +

∆t
V

Nc

∑
c=1

pn
c un

c Ac (A9)

The momentum equation in a 3D case consists of three coupled equations. In this context, the
momentum equation is solved in the connectors and only in the direction orthogonal to its surface.
This is achieved by projecting the flow velocity of the two adjacent volumes into that direction, as
shown in Figure A2, where the velocity uc in the connector, and the projections of the volume flow
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velocity from its left and right, uLn and uRn, are shown. As a result, the momentum in the connector
follows a one-dimensional momentum equation, whose discretization gives:

(ρcuc Ac)
n+1 = (ρcuc Ac)

n + (∆t/∆L)
[(

ρu2
n + p

)
L
+
(

ρu2
n + p

)
R

]
Ac (A10)

Here, un is the velocity projection onto the direction orthogonal to the connector surface and
subscripts R and L denote the variables taken from the volumes at the right and left of the connector,
respectively. With this simplification, a single equation is solved for each connector instead of three
coupled equation for each volume. While usually the number of connectors is higher than the number
of volumes in a 3D mesh, the fact that the momentum equations for each direction are not coupled
reduces drastically the computation time when compared to a regular 3D method.

Once the momentum is calculated, its value is used to compute the mass and energy conservation
equations in the next time step. It is worth noticing that some terms in the momentum and energy
equations, like density or pressure, must be evaluated in the connectors, but are only calculated in the
volumes. To solve this, an upwind approach is adopted, the required values being taken from the right
or left volumes, depending on the flow direction.

Finally, the momentum in the volumes is computed by distributing the momentum calculated in
the connectors among the volumes they connect, taking into account their size. In a uniform 1D mesh,
half the momentum is thus assigned to each volume. As the orientation of the connectors in space
is known, the resulting momentum vector of a volume can be calculated from the vector sum of the
momentum in the connectors:

(ρcuV)n+1
v =

1
2

Nc

∑
c=1

(ρuc Ac∆L)n+1
c (A11)

The resulting method is a second-order accuracy method based on an explicit scheme with a
staggered grid, as shown in Figure A3.
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The fact that the resulting scheme offers second-order accuracy, together with the simplifications
adopted in the momentum equation, results in nonphysical oscillations, especially in the vicinity of
significant pressure gradients. In order to mitigate such overshoots, two different flux limiters have
been used here: the momentum diffusion term (MDT) proposed in [35] and the flux-corrected transport
(FCT) methodology proposed in [34].

In the case of the MDT, the main goal is to add a diffusion term to the momentum equation so that
the mass flux computed at that connector is conveniently limited. With this purpose, the momentum
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flux density tensor used in the momentum Equation (A5) can be modified, in a way similar to that
used for incorporating viscosity effects, as follows:

∂(ρu)/∂t +∇·(ρuu + D) = −∇p (A12)

where the tensor D is assumed to depend linearly on the local momentum gradients, i.e.,

D = ε∇(ρu) (A13)

The scalar quantity ε has the dimensions of a kinematic viscosity and can thus be interpreted
as a momentum diffusion coefficient. With this prescription, the contribution of the diffusion term
∇·D will only be relevant if significant gradients exist, and any resulting spurious oscillations will
be damped.

Adding the projection of Equation (A12) onto the direction of a connector to the discretized
momentum equation one gets:

(ρcuc Ac)
n+1 = (ρcuc Ac)

n +

(
∆t
∆L

){[(
ρu2

n + p
)

L
+
(

ρu2
n + p

)
R

]
Ac +

(
D̃Ln − D̃Rn

)}
(A14)

where D̃L and D̃R are the projections onto the connector direction of tensor D̃ = ε∇(ρuA) computed
in the two adjacent volumes. Following [35], the momentum diffusion coefficient is computed by
relating the mesh size and the time step to the local flow velocity at the volume, as:

ε =
|u|
2
(∆L− |u|∆t) (A15)

and the gradient of mass flow ∇(ρuA) is also computed from the projections of the mass flows of the
adjacent connectors onto each direction.

Considering now the FCT technique, it was initially conceived to be used in a finite differences
scheme, but it was adapted to a finite volume staggered grid in [34]. In the FCT technique three
stages can be identified: a transport stage based on the scheme considered, a diffusion stage where
the numerical dispersion is reduced, and an anti-diffusion stage in which the accuracy of the scheme
where the solution is smooth is restored. The diffusion operator is defined as:

Dj(W) = θ
(

Wj+1/2

)
− θ
(

Wj−1/2

)
(A16)

with,
θ
(

Wj+1/2

)
= ϑ/4

(
Wj+1 −Wj

)
(A17)

where Wj is the conservative variable computed at cell j in the transport stage, j± 1/2 indicates that
the conservative variable is evaluated in the midpoint between j and j± 1, and the factor ϑ is a positive
real number with ϑ ≥ 1/2. Calculating the diffusion via damping, as suggested in [34], the new
variable W j is obtained as:

Wn+1
j = Wn+1

j + Dj(Wn) (A18)

When considering a staggered mesh finite volume method, the FCT is only applied to the
momentum equation, since this is the main source of oscillations. Therefore, all the calculations in the
volumes are made using Wn

j = (ρuc Ac)
n
j as the conservative variable, whereas the calculations in the

midpoints make use of the variables evaluated at the volumes adjacent to the connector.
Finally, the non-linear anti-diffusion operator Aj is defined as:

Aj(W) = Ψ
(

Wj−1/2

)
−Ψ

(
Wj+1/2

)
(A19)
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Making use of the anti-diffusive limited flow defined in [37] gives:

Ψ
(

Wj+1/2

)
= smax

[
0, min

(
(5/8)s ∆Wj−1/2, (1/8)

∣∣∣∆Wj+1/2

∣∣∣, (5/8)s ∆Wj+3/2

)]
(A20)

where s = sign
(

∆Wj−1/2

)
, ∆Wj−1/2 = Wj −Wj−1, ∆Wj+1/2 = Wj+1 −Wj and ∆Wj+3/2 = Wj+2 −

Wj+1. Then, according to [34], the phoenical form should be used, so that:

=
W

n+1

j = Wn+1
j + Aj

(
Wn+1

)
(A21)

The anti-diffusion stage equations can be adapted to the staggered grid mesh finite volume
method in a way similar to that used with the diffusion stage.

Appendix C. 1D Method with Pressure Loss-Based Junction Model

In this case, a collocated one-dimensional finite volume method is used for all the calculations
inside the pipes. The Euler equations of fluid dynamics simplified for one-dimensional flow in a
straight uniform duct can be expressed as:

dWi
dt

=
d
dt

 ρ

ρu
ρe0


i

=
A(Fi−1,i − Fi,i+1)

Vi
(A22)

Here, Wi is the cell-averaged state vector of cell i, Fi−1,i and Fi,i+1 are the inter-cell fluxes between
cells i − 1 and i and between i and i + 1, respectively, and the other symbols refer to the same
magnitudes as in Appendix B, with u being now the axial velocity of the flow. The inter-cell fluxes
are computed by an approximate solution of the Riemann problem as described by Toro et al. [38].
The state vector is extrapolated to the cell boundaries to compute the fluxes by means of a Monotonic
Upstream-Centered Scheme for Conservation Laws (MUSCL) approach as described in [39], while the
solution is propagated in time using Heun’s method, leading to a second order in time and space, total
variation diminishing scheme.

While the main one-dimensional flow inside the ducts is simulated, the effects of the geometry
of the junction are modelled. The connections of the ducts to the junction are solved using an
auxiliary small zero-dimensional element. Each of the one-dimensional branches is connected to
that zero-dimensional element making use of the Riemann variables to compute the fluxes at their
corresponding boundary. At each connection, it is assumed that a certain amount of stagnation
pressure is lost, depending on the angle of the junction and of the ratio between the outflow mass flow
.

mout passing through the branch of interest and the inflow mass flow
.

min. The pressure loss coefficients
are computed following the expressions given in [15,16], and are defined as the ratio of the difference
in stagnation pressure between the outflow branch and the inflow branch to the dynamic pressure
(ρu2/2) of the inflow branch. Finally, the total pressure loss coefficient K for a three-branch junction
with the same section in all the branches can be estimated as:

K =

( .
mout

.
min

)2

− 3
2

.
mout

.
min

+
1
2

(A23)

when the branch is collinear with the inflow branch, and,

K =

( .
mout

.
min

)2

+ 1− 2
.

mout
.

min
cos
(

3
4

θ

)
(A24)

for the lateral branch, when the flow is split between a collinear and a lateral branch. In this case, θ is
the angle between the lateral branch and the axial outflow branch, so that 0◦ means that both outflow
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branches are parallel. The same expression applies when the inflow branch is not parallel to any of
the outflow branches: in that case, the angle θ is measured between the inflow branch and the other
outflow branch.

In the auxiliary zero-dimensional element, the gas is again considered as a perfect gas, and the
mass and energy equations are solved:

dm
dt

= ∑
.

m (A25)

d(mcvT)
dt

= ∑
.

mh0 (A26)

where m is the mass trapped in the zero-dimensional element,
.

m is the mass flow, positive when it
enters the element, and h0 is the specific stagnation enthalpy associated with the mass moving inside
or outside of the element. These two equations set an additional limitation to the maximum possible
time step.
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