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DISSIPATIVE OPERATORS AND ADDITIVE PERTURBATIONS IN LOCALLY
CONVEX SPACES

ANGELA A. ALBANESE AND DAVID JORNET

Dedicated to our dear friend José Bonet on the occasion of his 60th birthday

ABSTRACT. Let (A, D(A)) be a densely defined operator on a Banach space X. Characterizations
of when (A, D(A)) generates a (an equicontinuous) Cop-semigroup on X are known. For instance, a
famous result of Lumer and Phillips states that it is so if and only if (A, D(A)) is dissipative and
rg(A — A) = X for some A > 0. There exists also a rich amount of Banach space results concerning
perturbations of dissipative operators. In a recent paper Tyran-Kaminska provides perturbation criteria
of dissipative operators in terms of ergodic properties.

These results, and others, are shown to remain valid in the setting of general non—normable 1cHs’.
Applications of the results to concrete examples of operators on function spaces are also presented.

1. Introduction

The theory of unbounded operators is an important and intensively studied topic in the context
of Cy-semigroups of continuous linear operators acting on Banach spaces. In the literature there
exists a vast amount of results covering various types of generation, perturbation, approximation,
asymptotics on different classes of Banach and Hilbert spaces. We refer to [13, 25] and the references
therein. Various notions and results from the theory of unbounded operators on Banach spaces
had been successfully generalized to the setting of locally convex spaces; see [19], [23] and [28] for
a sample. Hovewer, there is an essential difference between the Banach space case and the locally
convex space case. For instance, in the Banach space setting the resolvent set p(A) of the infinitesimal
generator (A, D(A)) of a Cy-semigroup is always not empty and open; in the locally convex space
setting it can happen that p(A) = 0; see [20]. Actually, leaving the Banach space setting, many
results of this theory do not carry over to general locally convex spaces; the results do not even
extend to general Fréchet spaces. On the other hand, modern analysis occurs in non-normable locally
convex spaces. S0, there is an interest to understand what is possible to extend from Banach space
setting to this more general setting. This analysis has been carried out in recent years; see, f.i.,
[3,4,5,7,12, 14, 15, 16, 27] and the references therein. For instance, Domanski and Langenbruch [12]
introduce a general notion of resolvent for operators on locally convex spaces to provide a complete
solution of the abstract Cauchy problem for operator valued Laplace distributions or hyperfunctions on
complete ultrabornological locally convex spaces. In a recent paper Jacob, Wegner and Wintermayr
[16] prove a Desch-Schappacher perturbation theorem for locally equicontinuous Cp-semigroups of
continuous linear operators acting on sequentially complete locally convex spaces. On the other hand,
Albanese, Bonet and Ricker [7] show that the uniform mean ergodicity of a Cp-semigroup (7'(t))+>0
on a locally convex Hausdorff space X is equivalent to the closedness of the range of its infinitesimal
generator whenever X belongs to a class of Fréchet spaces, the so-called quojection Fréchet spaces,
as it happens in Banach space case. They show also that this characterization fails in the setting of
general Fréchet spaces; see also [5] for more information.

The purpose of the present paper is to study when some known Banach space results concerning
dissipative operators and their perturbation carry over to general locally convex Hausdorff spaces.

Key words and phrases. Equicontinuous semigroup, dissipative operator, additive perturbation, (uniformly) mean
ergodic operator, quasi-Montel operator, locally convex space.
Mathematics Subject Classification 2010: Primary 47B44, 47A55, 46 A99; Secondary 47D03, 47A35.
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To this aim, in Section 3 we develop an introductory theory of closable operators and dissipative
operators on locally convex spaces. In particular, we show that the classical result of Lumer and
Phillips remains valid in the setting of non—normable complete locally convex spaces; see Theorem
3.13. In the end of Section 3 we also collect some simple conditions for an operator to generate an
equicontinuous Cy-semigroup. In Section 4, we establish additive perturbation results of dissipative
operators on some classes of locally convex spaces; see Theorems 4.10 and 4.12. To this end, we first
adapt the notion of subdifferential in this setting and we then collect some relative properties. In
Section 4 applications of the perturbation results to concrete examples of operators on function spaces
are also presented. The results from Sections 3 and 4 together with recent developments in ergodic
theory in locally convex Hausdorff spaces investigated in [1, 2, 6, 8] allow us to extend from the Banach
space case to locally convex space case the results on additive perturbations, due to Tyran-Kaminska
[26], in terms of ergodic properties; see Theorems 5.1, 5.2, 5.4 and 5.5 of Section 5. For instance, in
Section 5 we show that if (A, D(A)) and (B, D(B)) are two operators acting on a quojection Fréchet
space X such that (A + B, D(A)) is dissipative and BR(A, A) is uniformly mean ergodic for some
A > 0, then (A + B, D(A)) generates an equicontinuous Cy-semigroup on X; see Theorem 5.4. But,
we also show that this result fails in the setting of general Fréchet spaces; see Example 5.7.

2. Preliminaries and main notation

Let X be a locally convex Hausdorff space (briefly, IcHs) and I'x a system of continuous seminorms
determining the locally convex topology (briefly, lc-topology) of X. The strong operator topology 7s
in the space £(X) of all continuous linear operators from X into itself is determined by the family of
seminorms ¢, (S) := ¢(Sx), for S € L(X), for each x € X and g € I'x; in such a case we write Ls(X).
Denote by B(X) the collection of all bounded subsets of X. The topology 7, of uniform convergence
on bounded sets is defined in £(X) via the seminorms ¢g(S) := sup,cp ¢(Sz), for S € L(X), for each
B € B(X) and g € I'x; in this case we write £,(X). In case X is a Banach space, 7, is the operator
norm topology in £(X). If I'x is countable and X is complete, then X is called a Fréchet space. The
identity operator on a IcHs X is denoted by I.

By X, we denote X equipped with its weak topology o(X, X’), where X’ is the topological dual
space of X. The strong topology in X (resp. X’) is denoted by S(X, X’) (resp. S(X’, X)) and we
write Xz (resp. Xj); see [17, §21.2] for the definition. The strong dual space (X})}; of Xj is denoted
simply by X”. By X! we denote X’ equipped with its weak—star topology o(X’, X). Given T € L(X),
its dual operator T': X' — X' is defined by (x,T'z’') = (T'z,2’) for all z € X, 2’ € X'. It is known
that 7" € £(X,) and T" € L(X}), [18, p.134].

Definition 2.1. Let X be a lcHs and (T'(¢)):>0 C £(X) be a 1-parameter family of operators.
We say that (T'(t))i>0 is a semigroup if it satisfies
(i) T(s)T'(t) =T (s +t) for all s,t > 0, with 7(0) = I.

A semigroup (T'(t))¢>0 is locally equicontinuous if, for fixed K > 0, the set {T'(t) : 0 < ¢t < K} is
equicontinuous, i.e., for every p € I'x there exist ¢ € I'x and M > 0 (depending on p and K) such
that

(2.1) p(T(t)x) < Mq(z), ze€X,tel0, K]
A semigroup (T'(t))s>0 is said to be a Cy—semigroup if it satisfies
(ii) lmy o+ T(t) = I in L4(X).
If the Cy—semigroup (7'(t)):>0 satisfies the additional condition that
(iil) limy_ys, T'(t) = T'(to) in L5(X), for each tg > 0,

then it is called a strongly continuous Ch—semigroup.
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A semigroup (T'(t)):>0 is called exponentially equicontinuous if there exists a > 0 such that the
semigroup (e ™T'(t));>0 in £(X) is equicontinuous, i.e.,

2.2 VpeTx3qgelx, M, >0: p(T(t)z) < Mpe®q(z) ¥Vt >0, z € X.
P P
If a = 0, then we simply say equicontinuous.

Given any exponentially equicontinuous Cp-semigroup (7(¢)):>0 on a lcHs X, observe that condition
(iii) in Definition 2.1 is equivalent to T'(t) — I in L4(X) as t — 0T,

If X is a sequentially complete 1cHs and (T'(t)):>0 is a locally equicontinuous Cp—semigroup on X,
then the linear operator A defined by

Az = lim Tt)e — =

t—0+ t ’

for x € D(A) := {z € X: limy_,o+ % exists in X}, is closed with D(A) = X, [20, Propositions
1.3 & 1.4]. The operator (A, D(A)) is called the infinitesimal generator of (T'(t )t>0 Moreover, A and
(T'(t))¢>0 commute, [20, Proposition 1.2(1)], i.e., for each ¢ > 0 we have {T'(t)z : z € D(A)} C D(A)

and AT (t)xr = T'(t) Az, for all x € D(A). Also known, [20, Proposition 1.2(2)], is that
(2.3) T(t)r —x = /Ot T(s)Axds = /Ot AT (s)xds, =z € D(A),

and, [20, Corollary p.261], that

(2.4) T(t)r —x = A/Ot T(s)xds, xe€X.

For each x € D(A) (resp. = € X), the integrals occurring in (2.3) (resp. (2.4)) are Riemann integrals
of an X—valued, continuous function on [0,t]; see [4, Appendix]. The closedness of A ensures that
Ker A := {z € D(A) : Az = 0} is a closed subspace of X. The range of A is the subspace rg A :=
{Az:z € D(A)}.

Let A: D(A) C X — X be a linear operator on a lcHs X. If A € Cis such that (A\T—A): D(A) - X
is injective, the linear operator (A\I—A)~! exists and is defined on the domain rg (\I —A). The resolvent
set of A is defined by

p(A):={\ € C: (M —A): D(A) — X is bijective and (M — A)~! € L(X)}

and the spectrum of A is defined by o(A) := C\p(A). For A € p(A) we also write R(\, A) := (A\[—A)~!
For A, u € p(A) it is routine to check that the resolvent equation

R\ A) = R(p, A) = (p — AR, A)R(p, A)

is valid. The spectral theory for closed linear operators A in a (non-normable) IcHs X is not as well
developed as in Banach spaces and many features depart from the well known theory in Banach spaces;
see [5, Section 3], for example, where those aspects that we require in this paper can be found.

3. Dissipative operators on locally convex Hausdorff spaces

Let A: D(A) € X — X be a linear operator on a lcHs X (briefly, (A, D(A)) is an operator on
X). Recall that the operator (A, D(A)) is said to be closed if for each net (x,)o € D(A) satisfying
o — x and Az, — y in X, we have x € D(A) and Ax = y. It is a well-known fact that if
G(A) :={(x,y) €e X x X: 2z € D(A), Az = y} denotes the graph of (A, D(A)), the operator (A, D(A))
is closed if and only if its graph G(A) is a closed subspace of space X x X endowed with the product
le-topology.
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Definition 3.1. Let (A, D(A)) be an operator on a IcHs X. An operator (B, D(B)) on X is called an
extension of (A, D(A)) if D(A) C D(B) and B|pa) = A. The operator (A, D(A)) is called closable if
it admits a closed extension. The smallest closed extension of a closable operator (A, D(A)) is called
the closure of (A, D(A)) and it is denoted by (A, D(A)).

Remark 3.2. Let X be a IcHs. A subset G of X x X is a graph of an operator on X if and only if G
is a subspace of X x X and (0,y) € G implies y = 0. In particular, every subspace of a graph is also
a graph.

To see this fact, first assume that G is the graph of some operator. Then G clearly satisfies the
property above.

Conversely, suppose that G satisfies the property above and set

D(A) :={z € X: Jy € X with (z,y) € G}.

If x € D(A), then the corresponding y € X is unique. Indeed, if there exist y, v’ € X such that
(x,y), (x,y) € G, then (0,y —y') € G as G is a subspace of X x X. It follows that y = ' by the
hypothesis on G. On the other hand, D(A) is clearly a subspace of X (z,2’ € D(A) = Jy,y € X
with (z,y), (2/,y') € G and hence, (x + ',y +y') € G; this implies that = + 2’ € D(A)). Finally, if we
define Az :=y on D(A), then A is linear as it easily follows via the hypothesis on G. Thus, (A, D(A))
is an operator with G(A4) = G.

Proposition 3.3. Let (A, D(A)) be an operator on a IcHs X. If (A, D(A)) is closable, then G(A) =
G(A).

Proof. If (B,D(B)) is any closed extension of (A, D(A)), then G(A) C G(B) and hence, G(A) C
G(B) = G(B). So, by Remark 3.2 the space G(A) is the graph of some operator (R, D(R)) on X.
We observe that (B, D(B)) is also a closed extension of (R, D(R)) and that (R, D(R)) is a closed
operator on X as its graph is closed. On the other hand, (R, D(R)) is a closed extension of (A4, D(A))

as G(A) C G(A) = G(R). Since (B, D(B)) is arbitrary and (A, D(A)) is the smallest closed extension
of A, it follows that (4, D(A)) = (R, D(R)) and hence, that G(A) = G(A). O

Proposition 3.4. Let (A, D(A)) be an operator on a lcHs X. Then:

(i) (A, D(A)) is closable if and only if for every net (zq)a € D(A) such that xo — 0 and Azq — vy
i X, we have y = 0.

(i) If (A, D(A)) is closable, then D(A) = {x € X : 3(za)a C D(A) such that v, — = and Az, —
y in X}. Moreover, Ax = lim,, Az, for x € D(A).

Proof. (i) Suppose that (A, D(A)) is closable and that (B, D(B)) is any closed extension of (A, D(A)).
Let (xo)a € D(A) satisfy x, — 0 and Az, — y in X. Then (0,y) € G(B) and hence, y = 0; see
Remark 3.2. L

Conversely, consider G(A), which is a closed subspace of X x X, being it the closure of a subspace
of X x X. If (0,y) € G(A), then y = 0. Indeed, if (0,y) € G(A), then there exists (x4)o € D(A) such
that o, — 0 and Az, — y in X. So, by hypothesis, y = 0. Therefore, G(A) is the graph of some
closed operator (closed because the graph is closed) which is clearly a closed extension of (A, D(A)).

(ii) If (A, D(A)) is closable, then G(A) = G(A); see Proposition 3.3. Hence,

D(A)={z € X: Iy € X with (z,y) € G(A) = G(A)}

and Az = y, where y is the unique element of X such that (z,y) € G(A) = G(A). Consequently,
if z € D(A), then (x,y) € G(A) and so there exists ((za, AZa))a € G(A) such that x, — z and
Azy — yin X. Therefore, x € D := {z € X: 3 (20)a € D(A) such that z, — z and Az, — w in X}
and Az = lim, A,z.

Conversely, if © € D, where D is defined as above, there exists (z4)o € D(A) with z, — = and
Az — yin X. Then (x4, Aza))a C G(A) and (x4, Aza) — (z,y) in X x X, thereby implying that

(x,y) € G(A) = G(A). Thus, z € D(A) and Az = y. O
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Definition 3.5. Given a densely defined operator (A, D(A)) on a lcHs X, we define the dual operator
(A, D(A") of (A, D(A)) on X’ by setting

D(A) :={2' € X": 3y € X' such that (Az,2’) = (z,y),Vx € D(A)},
and A'z' .=y for 2’ € D(A").

We observe that the dual operator (A’, D(A’)) is closed with respect to o(X’, X) and hence, it is
closed also with respect to (X', X). Indeed, if (z))q € D(A’) with 2/, — 2/ and Az}, — v/ in X/,
then (Az,xl) = (x, A'xl)) for all x € D(A) and «. Passing to the limit on «, we get that

(Az, 2’y = (x,y)), x € D(A).
This yields that 2’ € D(A’) and A’z = y/.
Now, we collect some properties of dual operators.
Proposition 3.6. Let (A, D(A)) be a densely defined operator on a lcHs X. Then:
(i) ker A’ = (rg A)*.
(i) If D(A') is dense in Xj, then the dual operator (A", D(A")) of (A", D(A')) is an extension of
(4, D(A)).

(iti) If A: D(A) € X — X is a continuous linear operator, then A': D(A') C X — Xj is a

continuous linear operator and D(A") = X'. The converse holds if, in addition, X is barrelled.

Proof. (i) Observe that 2’ € (rg A)* if and only if (z,2') =0 for all x € 1g A = {Az: z € D(A)}, i.e.,
(Az,2') = 0 for all z € D(A). Since (z,0) = 0 for all z € D(A), this is equivalent to the fact that
2 € D(A") and A2’ =0, ie., 2’ e ker A = {y € D(A): A’y = 0}.

(i) If D(A’) is dense in Xj (equivalently, D(A’)U(X”’X/) = X'), then the dual operator (A", D(A"))
of (A, D(A")) is well defined on X”. Moreover, if z € D(A), then (z, A2’y = (Az,2’) for all 2’ € D(A’),
where x and Ax belong to X and hence, also to X” as X C X”. Thus, the equality above ensures
that © € D(A”) and A"z = Ax.

(iii) Since A is continuous, A admits a unique continuous linear extension A on X, i.e., A € L(X).
So, A’ € L(X}) and (Az,z') = (z,A'2') for all z € X and 2/ € X’. Since Alpay = 4, it follows, for
every x € D(A) and 2’/ € X', that

(Az, 2’y = (z, A'2').
This proves that D(A’) = X’ and that A’ = 4’ € L(Xp).

Suppose that A" € L£(X}). Then A” € L(X}) and hence, also A” € L((X",0(X",X"))), where
by part (ii) of this proposition the operator (A”, D(A”)) is an extension of (A, D(A)), i.e., for every
z € D(A), we have Az = A"z. If, in addition, X is barrelled, the le-topology induced by Xz on X
coincides with its original le-topology. Then it follows that A = A”| D(4) 1s also continuous on X. [

Moreover, we have

Proposition 3.7. Let (A, D(A)) be a densely defined operator on a lcHs X. Then:
(i) If (A, D(A)) is closable, then A' = A'.
(i) Let X be barrelled. If D(A') is dense in Xj, then (A, D(A)) is closable. The converse holds
if, in addition, X is reflexive. In such a case, we have A = AN|D(Z) with D(A) = {x €
D(A"YNX: A"z € X}.

Proof. (i) Fix 2/ € D(A"). Then (Az,2') = (x, A'a’) for all z € D(A). Since D(A) C D(A) and
Alpay = A, it follows that (Az,2’) = (z, A'2’) for all z € D(A) and hence, 2’ € D(A’) and A'2’ = A2/

Conversely, if 2 € D(A’), then (Azx,2’) = (x, A'z’) for all z € D(A). This equality extends to the
whole space D(A). Indeed, for x € D(A) fixed, by Proposition 3.4(i) there exists a net (z4) C D(A)
such that z, — = and Az, — Az in X. Since (Azq,,2") = (x4, A'2’) for all o, by passing to the limit

on « it follows that (Az,a’) = (x, A’2’). The arbitrariness of  in D(A) yields that ' € D(A') and
Ay = Ay
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(i) If D(A') is dense in X}, then its dual operator (A”, D(A")) is well defined and closed in XJ;
see the comment below Definition 3.5. Moreover, by Proposition 3.6(ii) the operator (A”, D(A"))
is an extension of (A, D(A)). Since X is barrelled, it follows that (A, D(A)) is closable. Indeed, if
(Za)a € D(A) C X such that z, — 0 and Az, — y in X, then (z,)o € D(A”) also satisfies the
conditions x4 — 0 and A"z = Aza — y in Xj. The closedness of (A", D(A”)) implies that y = 0.
So, by Proposition 3.4(i) we conclude that (A, D(A)) is closable.

Suppose that X is reflexive and that D(A’) is not dense in Xj (and hence, D(A’) is not dense
n (X',0(X’,X))). Then there exists x € X such that z # 0 and (z,2') = 0 for all 2’ € D(A’),
i.e., x € (D(A’))t. This implies that (0,x) € G(A). Indeed, if (0,7) ¢ G(A), then by Hahn-Banach
theorem there exists (v, 2’) € X’ x X’ such that 1 = ((0,2), (¢, 2')) = (0,¢') + (x, ') = (,2’) and

0= ((w, Aw), (¢, 2)) = (w,y) + (Aw, 2')

for all w € D(A). Hence, (Aw,2') = (w,—y') for all w € D(A) with 2/, ' € X’. This means that
2z € D(A") and A’z = —y/. Then, (x,2’) = 0; this is a contradiction with the fact that (z,z") = 1.
The fact that (0,2) € G(A) with z # 0 means that G(A) is not the graph of an operator (see
Remark 3.2) and hence, that (A, D(A)) is not closable. Moreover, when X is reflexive, we have
Z:A”|D(— with D(A )_{I‘GD(A”)ﬂX Az e X}. O

Example 3.8. Let X = C(R) be the Fréchet space of continuous functions on R endowed with the
compact-open topology (i.e., its le-topology is generated by the seminorms py(f) := supye[—_p 5 | f(@)],
h €N and f € X, and so X is a non-normable Fréchet space) and consider the operator

Af = f(0)-1, fe D(A) =CYR).

Then, (A,C'(R)) is not closable. In fact, if fn(2) = & sin(nz + ), for n € N and z € R, then f,, — 0
uniformly in R and so f,, — 0 in X. On the other hand, f](z) = cos(nx + 7), for n € N and z € R,
and hence, Af, = —1 which tends to —1 in X. Since —1 # 0, by Proposition 3.4(i) it follows that
(A, CY(R)) is not closable.

Since D(A) = CY(R) is dense in X, there exists the dual operator (A4’, D(A’)) of (A,C*(R)). To
determine the dual operator (A’, D(A’)) we proceed as follows.

Let F € D(A’). Then (Af,F) = (f,A'F), for all f € D(A), i.e., f/(0)- F(1) = (f'(0)-1,F) =
(f,A'F), for all f € D(A). If F(1) # 0, then f/(0) = ﬁ(A’F)(f) for all f € D(A) and hence, as
A'F € X', there exist M > 0 and h € N such that

, 1
1f(0)] < WMph(f); f € D(A).
Since f,(z) = Lsin(na + ) € D(A) for all n € N, it follows that
, 1 1 M

which is a contradiction for large n € N. Then, F(1) = 0. So, the fact that f/(0)-F (1) = (f, A'F) for all
f € D(A) implies that (f, A’F) =0 for all f € D(A) and hence, that A’F =0 in X, being D(A) dense
in X. Since F' € D(A’) is arbitrary, we can conclude that A’ =0 on D(A’) = {F e X': F(1) = 0}.
Moreover, the fact that (A, D(A)) is not closable implies via Proposition 3.7(i) that D(A’) cannot be
dense in Xj.

Definition 3.9. Let X be a IcHs. An operator (A, D(A)) is called dissipative if there exists I' C I'x
determining the lc-topology of X such that

(3.1) p((M — A)z) > Ap(x), A>0, ze€ D(A), pel.
In such a case, we also say that (A, D(A)) is I'-dissipative.
Proposition 3.10. Let X be a lcHs and (A, D(A)) be a T'-dissipative operator on X. Then:
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(i) M — A is injective for every A > 0. Moreover, we have
1
(3.2) p((M—A)12) < Xp(z), A>0, zerg(AM —A), pel.

(ii) Ifrg (A — A) is (sequentially) closed for some X\ > 0, then (A, D(A)) is (sequentially) closed.
If, in addition, X is (sequentially) complete, then the converse holds, even for all A > 0.

(iii) Let X be sequentially complete. Then A\I — A is onto for some X\ > 0 if and only if it is onto
for all A > 0. In such a case, (0,+00) C p(A).

Proof. (i) Fix A > 0 and suppose that (Al — A)z = 0 for some z € D(A). Then, from (3.1) it follows
that

0=p((\ —A)z) > M\p(z) >0, pel,

i.e, p(x) =0 for all p € T and hence, z = 0. As z is arbitrary, it follows that AT — A is injective.

Since AI — A is injective, the inequalities in (3.2) easily follow from (3.1).

(ii) Suppose that rg (A — A) is closed for some A > 0. To prove that (A, D(A)) is closed, fix a net
(a)a € D(A) satisfying z, — x and Az, — y in X. Then (A — A)xy = Aty — Azq — Az —y in X,
where (A — A)zg)a C rg (A — A). Since rg (A — A) is closed, it follows that Az —y € rg (A — A),
ie, Az —y = (A — A)z for some z € D(A).

Now, we observe that by part (i) of this proposition the operator (Al —A)™! :rg(AI—-A) C X — X
exists, is continuous and satisfies rg (A\I—A)~1 = D(A). As (M —A)z, — Az —y inrg(A — A), we have
To =M —A) YA - A)zy — (M —A)" Az —y). But, 24 — xin X. Thus, (M — A)" Az —y) = z.
Since rg (\[— A)~! = D(A), this implies that z € D(A) and hence, we also have (A\] —A) "} (A\[—A)x =
r. By the injectivity of (A — A)~!, it follows that Az —y = Az — Az and so y = Azx. Therefore,
(A, D(A)) is closed.

Conversely, suppose that X is complete and that (A, D(A)) is closed. Fixed any A > 0, let (yo)a C
rg (A — A) satisfying yo, — y in X. Since yo = (M — A)z, with z, € D(A) for all «, from (3.1) it
follows that

1
p(xa — ) < 1PWa — Yor)s

for all p € ' and «, &'. Since (y4)q is convergent in X, it then follows that (z,)s is a Cauchy net in X
and hence, that z, — = in X, being X complete. Therefore, (z,)q € D(A) is a net satisfying z, — =
and (Al — A)z, — y in X. Since (A, D(A)) is closed, we obtain z € D(A) and y = (A — A)x and so
yerg(AM —A).

Proceeding in a similar way, one shows that if rg (A — A) is sequentially closed for some A > 0,
then (A, D(A)) is sequentially closed and that the converse holds when X is, in addition, sequentially
complete.

(iii) It suffices to show only the necessary condition. So, suppose that (A\g/ — A): D(A) C X — X
is surjective for some Ao > 0. Then, by part (i) of this proposition we have that

R(Xo) :== (Ml — A1 X = X,

with rg R(\g) = D(A), is a continuous linear operator on X satisfying

(3.3) p(R(o)z) < jop@:), reX, pel.

From (3.3) it clearly follows that

(3-4) p([R(Xo)]"x) <

This yields that the series
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converges in Ly(X), say to R(u), for all p € (0,2)\g). Indeed, by (3.4) we obtain, for every x € X,
n €N, pel and p > 0, that

(%0 = W) [ROW0) < + (W) p(z)

and hence, for every B € B(X), that

n n 1 ’)‘0 - :u’ "
sup (%0 — )" [R(0)"0) < 1 () sup ().

Fixed p € T' and B € B(X) and observing that M := sup,cpp(x) < oo, it follows that the series
Yoo supzep P((Ao — 1)"[R(Xo)]"x) surely converges if % <1, ie., if p € (0,2Xg).
Moreover, for every u € (0,2)g), the operator (u— A): D(A) — X is surjective (hence, bijective by
part (i) of this proposition) with (uz — A)~™! = R(u). In fact,
o
R(u)(ul = A) = Y (ho — w)"[R(A0)]" (] — A)

n=0
o9

= 3 00— )" RO (AT — A) — (11— Mo)]]

n=0
oo

= Y (o= )" (R(N)" = (Mo — )" (R(M0))" ]
n=0
k

= lim 3" [(ho — )" (R(0))" = (o = )™ (R(A))" "]
n=0

[ = (o= )" H(R(N))"] = 1.

= lim
k—o00
In a similar way, one shows that (ul — A)R(u) = I. Therefore, the operator uI — A is surjective with
(uI = A)~! = R(p).

Iterating such a procedure with 2 instead of g and so on, the result follows. Il

Remark 3.11. If (A, D(A)) is the infinitesimal generator of an equicontinuous Cop-semigroup (7'(t))+>0
on a sequentially complete lcHs X, then (A, D(A)) is a dissipative, closed densely defined operator on
X.

In fact, in such a case (4, D(A)) is a closed densely defined operator on X such that C. C p(A)
and

+o0o
(3.5) RO\ A)z = / e MT()zdt, A\ Cs, z € X;
0
see [20, Proposition 1.4] and [28, Corollary 1, p.241]. Moreover, by the equicontinuity of (7'(¢)):>0 we
may assume that
p(T(t)z) <p(z), z€X,t>0, pelx;
see [5, Remark 2.2(i)]. So, it follows via (3.5) that,

1
(3.6) P(R(A, A)z) < pp(z), A€Cy, z€X, pely;

see [5, Remark 3.5(iv)]. In particular, by (3.6) we get
1
p(@) = p(R(A, A)M = A)z) < 7p((M = A)z), A>0, 2 € D(4), pelyx.
Accordingly, (A, D(A)) is dissipative.

Proposition 3.12. Let (A, D(A)) be a T-dissipative operator on a lcHs X. If D(A) = X, then
(A, D(A)) is closable and its closure (A, D(A)) is also a dissipative operator on X. Moreover, if X is
complete, then rg (AN — A) = rg (A — A) for all X > 0.
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Proof. By Proposition 3.4(i) to show that (A, D(A)) is closable it suffices to prove that if (z4)q € D(A)
satisfies z, — 0 and Az, — y in X, then y = 0.
So, fix a net (z4)o € D(A) satisfying z,, — 0 and Az, — y. Then by (3.1) we have

P(AN — A)zy + (A — A)w) = p(A — A)(Azo + w)) = Ap(Azg + w),

for all w € D(A), A >0and p € I' (I' C Iy determines the lc-topology of X). By passing to the limit
with respect to «, we obtain

p(=Ay + (A = Ayw) = Ap(w),
for all w € D(A), A > 0 and p € I'. Hence,

1
p(—y+w-— XAw) > p(w),

for all w € D(A), A >0 and p € I'. Letting A — +o0 it follows that
(3.7) p(=y +w) = p(w)
for all w € D(A) and p € T, which yields that y = 0. Indeed, if y # 0 then there is p € T" such that
p(y) > 0. Let e := %y). Since D(A) = X, there is w € D(A) such that p(—y + w) < € and so

p(y) — p(w)| <p(-y +w) <e.
From this we get that p(y) — p(w) < e = @ and hence, $p(y) < p(w). Therefore, via (3.7) we have

%p(y) <p(w) <p(-y+w) <e= %MW

this is a contradiction. So, (4, D(A)) is closable. B
Fix z € D(A). Then, by Proposition 3.4(ii) there is (z4)o € D(A) such that x, — = and Az, — Az
in X. On the other hand, by (3.1) we have

(A — A)zy) > Ap(zo), A>0, o, peT.
Passing to the limit with respect to «, it follows thanks to the continuity of each p € I that
(3.8) p((M — A)x) > Ap(x), A>0, pel.

The arbitrariness of z together with (3.8) imply that (A, D(A)) is dissipative.

Fixed any A > 0, we first observe that rg (\[ — A) = {(\[ — A)z : € D(A)} is dense in rg (A\] — A).
Indeed, if 2z € rg (A — A) then z = (A — A)z for some z € D(A). So, by Proposition 3.4(ii) there is
(Ta)a € D(A) such that x, — z and Az, — Az in X and, hence, (A — A)z4)a C g (M — A) and
(M — A)zq — (M — A)z = 2. Now, if we suppose that X is also complete, then by Proposition 3.10(ii)
the subspace rg (A\I — A) is closed in X and so rg (A — A) = rg (A — A). O

Now, we are able to extend in the setting of operators acting on locally convex spaces a classical
result of Lumer and Phillips for unbounded operators acting on Banach spaces; see [21, Theorem 3.1].

Theorem 3.13. Let (A, D(A)) be a dissipative, densely defined operator on a complete lcHs X. Then
the following statements are equivalent:

(i) The closure (A, D(A)) of (A, D(A)) generates an equicontinuous Cy-semigroup on X,
(ii) rg (A — A) is dense in X for some XA > 0 (hence, for all A > 0).

Proof. (i)=(ii). The generation of an equicontinuous Cy-semigroup on X implies that rg(A\] — A) = X
for all X > 0; see, f.i., [28, Corollary 1, p. 241]. Since rg (Al — A) = rg (M — A) by Proposition 3.12,
(ii) follows.

(ii)=-(i). Since (A, D(A)) is a dissipative, densely defined operator on X and X is complete, by
Proposition 3.12 the operator (A, D(A)) is closable with closure (A, D(A)) a dissipative operator on
X such that rg (A — A) = rg (A — A) for all A > 0. Hence, rg (A — A) is closed for all A > 0 (see
also Proposition 3.10(ii)).

Now, let A > 0 be such that rg (AI — A) is dense in X. Then rg (A — A) is also dense in rg (Al — A)

and so, being rg (A — A) a closed subspace of X, we have that rg (A — A) = X, i.e., \[ — A is
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surjective. From Proposition 3.10(i)-(iii) it follows that the operator (A — A): D(A) C X — X is

bijective for all A > 0 (hence, (0,+00) C p(A)) and that
_ — 1
(3.9) p(RO\, A)z) = p(M — A)z) < Xp(:v), A>0,zeX, pel,
with I' C I'x determining the lc-topology of X. B
By the inequalities in (3.9) we get that the set {{AR()\, A)]": A > 0, n € N} is equicontinuous in
L(X). Indeed, if we fix p € I', by (3.9) we obtain
(3.10) p(AR(\, A)"z) < p(x), A>0, 7€ X, neN.

Since (A, D(A)) is (clearly) a densely defined operator on the complete IcHs X such that (0, +o00) C
p(A), via (3.10) we can conclude that (A4, D(A)) generates an equicontinuous Cp-semigroup on X see
[28, Theorem, p.246]. O
Example 3.14. Let Ry = [0,4+o00[ and X = Cy(Ry) = {f : Ry — R: f continuous on Ry, f(0) = 0}.
Then X is a Fréchet space with respect to the le-topology generated by the seminorms pp(f) :=
supgejop |f(2)], h € Nand f € X.

We consider the operator Af := —f’, with u € D(A) := {g € C*(R1): g(0) = 0}. Then (4, D(A))
is dissipative. In fact, fixed any A > 0 and g € Cy(R;), the equation A\f — Af = ¢ has a solution
f € D(A) given by

f(z) = /0 ANEDg(e)de = ¢ /0 A g(€)de

This shows that rg (Al — A) = X. Moreover, we have, for every h > 1 and x € [0, h], that
Ag
e

A < 2 [T lglee <0 || o)

= (N = Dpalg) < (1= e )palg) < pal9),
and hence, that Ap,(f) < pu(g) = pn(Af — Af).
Since A > 0 and g are arbitrary, we can conclude that (A, D(A)) is dissipative in X. Moreover,
D(A) = X. Accordingly, by Theorem 3.13 the operator (A, D(A)) generates an equicontinuous Co-

semigroup on X.
The same operator on C(Ry) is dissipative with rg (A — A) = C(R4), for A > 0, (for the proof

it suffices to proceed as above), but D(A) = Co(Ry) & C(Ry) and hence, the operator (A, D(A))
cannot generate an equicontinuous Cyp-semigroup on C(R ).

In the following, we obtain some consequences of Theorem 3.13, which permits to extend analogue
available results for unbounded (also for continuous) operators on Banach spaces; see [13, 21].

Corollary 3.15. Let X be a complete lcHs and A € L(X). If there exists I' C I'x determining the
le-topology of X such that A is a I'-dissipative operator satisfying

(3.11) Je>0VpeTl Jgel : p(AFz) Sckq(:c) VkeN, z e X,
then A generates an equicontinuous Co-semigroup on X. In particular, CT C p(A).

Proof. Tt easily follows via (3.11) that the series Y .-, % converges in Ly(X) for all ¢t > 0. So, we

can define T'(t) := > 72, tkk—‘?k for all ¢ > 0, thereby obtaining a Cy-semigroup of linear continuous
operators on X . Actually, the semigroup (7'(¢)):>0 is exponentially equicontinuous since, fixed p € T,
by (3.11) we have

>, ¢k . ckik
P(T(t)) < Y- p(Ahe) <3 “mqla) = eq(a), v € X, t>0, pel.
k=0 k=0

In particular, the operator (A, X) is the infinitesimal generator of (T'(t));>0 and so {A € C: Re A >
¢} € p(A); hence, rg(A\] — A) = X for all A > ¢. As (A, X) is dissipative and densely defined,
it follows by Theorem 3.13 that (A, X) generates an equicontinuous Cp-semigroup on X (i.e., the
semigroup (7'(t))s>0 is equicontinuous). Therefore, C; C p(A). O
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Corollary 3.16. Let (A, D(A)) be a densely defined operator on a complete lcHs X . If both (A, D(A))
and (A, D(A")) are dissipative operators on X and on Xj (resp.), then the closure (A, D(A)) of
(A, D(A)) generates an equicontinuous Cy-semigroup on X .

Proof. By Theorem 3.13 it suffices to show that rg (I — A) is dense in X. So, assume that rg (I — A) #
X. By Hahn-Banach theorem there exists ' € X’ such that 2/ # 0 and ((I — A)z,2’) = 0 for
all z € D(A), ie., (x,2') = (Az,2’) for all € D(A). Therefore, 2’ € D(A") and Az’ = 2/, i.e.,
(I — A"z’ = 0. This is a contradiction with the facts that 2’ # 0 and that (A’, D(A")) is dissipative;
see Proposition 3.10(i). O

Theorem 3.17. Let (A, D(A)) be a dissipative operator on a sequentially complete lcHs X with
rg(I — A) = X. If X is reflexive, then D(A) = X. If, in addition, X is complete, then (A, D(A))

generates an equicontinuous Cy-semigroup on X.

Proof. Let o' € X' satisfy (x,2’) = 0 for all z € D(A). We claim that ' = 0. To this end, as
(I — A)(X) =1g(l — A) = X, it suffices to show that (x — Ax,2') = 0 for all z € D(A). Since
(z, 2’y =0 for all z € D(A), this reduces to show that (Az,z’) = 0 for all z € D(A).

So, fix z € D(A). Since (A, D(A)) is dissipative and rg (I —A) = X, by Proposition 3.10(iii) we have
rg (Al — A) = X for all A > 0. Thus, for every n € N there is z,, € D(A) such that nx = (nl — A)zy,.
Consequently we have, for every n € N, that x = z,, — %Amn, i.e., that Az, = n(z, — x) and hence,
Az, € D(A). Then, for every n € N we can apply A to Az, and so we obtain that

Axr = Az, — EAQQTn = <I - 1A> Ax,,.
n n

Which implies that Az, = (I — L 4)7*Az. Since (A, D(A)) is dissipative, by (3.2) we have

LA) " A2) < p(Az), neN, peT,

n

(3.12) p(Azy,) = p((I —

where I' C I'x generates the lc-topology of X. Then, we have

1 1
plzn —2) = Ep(Al'n) < Ep(Al‘), neN, pel,

and so, r, — r in X.

From (3.12) we obtain that the set B := {Ax,: n € N} is bounded in X and hence, by the reflexivity
of X, B is a relatively o(X, X')-compact subset of X. Consequently, B has a (X, X')-cluster point in
X, say y € X. So, the set {(zp, Az,) : n € N} C G(A) has (z,y) as a o(X x X, X' x X)-cluster point.
Now, we see that (z,y) € G(A) and so Az = y. Indeed, as (A, D(A)) is dissipative and rg (I — A) = X
(hence, rg (I — A) is closed in X), by Proposition 3.10(ii) we have that (A, D(A)) is closed, and so
that G(A) is closed in X x X. The fact that G(A) is a closed subspace of X x X yields that G(A) is
also (X x X, X’ x X’)-closed in X x X. Therefore, every (X x X, X’ x X')-cluster point of G(A)
necessarily belongs to G(A).

Since (w, ') =0 for all w € D(A) and x € D(A), (zp)neny € D(A), we have (z,,, 2"y = (x — 2, 2') =
0 for all n € N. So, as Az, = n(x — x,) for all n € N, it follows that

(Azy, 2’y = (n(x — xp), 20) = n{x — xy,2") =0

for all n € N. Since Az is a o(X, X’)-cluster point of (Azy)nen, we get that (Az,z ) = 0. This
completes the proof because we have shown that (z — Az,2’) = 0, for all z € D(A), ie., (2,2') =0
for all z € rg (I — A) = X. This implies that = 0. So, we can conclude that D(A) = X

Now, suppose that X is also complete. Then the fact that (A, D(A)) is a dissipative, densely
defined operator on X with rg (I — A) = X implies by Theorem 3.13 that (A, D(A)) generates an
equicontinuous Cp-semigroup on X. O
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4. Dissipative operators and additive perturbations

In this section we first adapt the notion of subdifferential to the setting of locally convex spaces along
the lines of the classical theory of unbounded operators acting in Banach spaces; see, fi., [9], [13].
Later, we present some additive perturbation results of dissipative operators on lcHs.

Let X be a IcHs. For each p € I'x, set Uy := {z € X : p(z) < 1} and define the dual seminorm p’
of p on X’ by

p'(a) = sup{|(z, 2)|: p(x) < 1} = sup{[{z,2")|: p(2) =1}, 2’ € X',

i.e., p' is the gauge of the polar Uy in X'. Set X, := (X/Kerp,p) (where p denotes the norm induced
on X/Kerp by p) and X, := {2’ € X": p/(2) < oo}. Then X, is a normed space and (X,,p’) is a
Banach space. In particular, if @,: X — X, denotes the canonical quotient map from X onto X, then
its dual map Q; is an isometry from the strong dual of the normed space X, onto (lew p’). Therefore,
every ' € (X/Kerp,p)’ defines a continuous linear functional 7’ = 2’/ 0 Q, € X’ with p/(z') < co. In
particular, [(z,@')| = |2/(Qpx)| < p'(T')p(z), for all z € X.

Let X be a real or complex IcHs. For each p € I'x and x € X, we set

dp(x) := {2’ € X': Re(y,2") <ply) Vy € X, (z,2") = p(z)}.

The set dp(z) is called subdifferential of p in x.

Observe that dp(x) # 0 for all x € X and p € I'x. Indeed, if p(x) # 0, then the result follows
from the Hahn-Banach theorem. In case p(x) = 0, consider the normed space X, and its topological
dual (X, p’). Then, for every 2’ € X, the composition map 7' := 2’ o @}, belongs to X’ and satisfies
Z'(z) = 0 = p(x). Moreover, we have

Re (y, @) < [{y,7)| = [y, 2" 0 Qp)| = [2"(Qpy)| < cp(Qpy)| < ep(y),

for all y € X and some constant ¢ > 0. Accordingly, c™'Z’ € dp(x) and so dp(x) # 0.
Example 4.1. 1. Let Q C R¥ be an open set and let X := C() = {f: 2 — C: f continuous on Q}.

Suppose that (K})y, is sequence of compact subsets of Q such that K, = [%h g}%h+1g Qand UpKp = Q
and define py,(f) := maxyek, |f(z)], h€ Nand f € X.

Then X is a Fréchet space with respect to the lc-topology generated by (pp)n. In particular, for
every h € N and f € X with f # 0 on K}, we have

{signf(z0) - 0uy: w0 € Ky and pu(f) = |f(20)|} C dpa(f)
(recall that, for z € C, signz = % if z # 0 and sign z = 0if z = 0). In fact, for fixed h € Naf € X with

f # 0on K and xg € K, such that p,(f) = |f(zo)]|, the linear functional F(g) := signf(zo)g(xo),
for g € X, belongs to X’ because Re F(g) < |F(g9)] = |g(x0)| < pn(g) for all ¢ € X. Moreover,
F(f) = signf (z0) f(z0) = | F(z0)] = Pi(f). -

In case f = 0 on K}, and so pp(f) = 0, for every F' € X, the linear functional I = F o @Q,, belongs
to X" and satisfies F(f) = 0 = py(f) and Re F(g9) < cpp(g) for all g € X and some constant ¢ > 0.
So, ¢ F € dpp(f).

2. Let 1 < p < 0o and © C RY be an open set. The space XP := LY () of all locally p-integrable
functions on €2 is a Fréchet space with respect to the lc-topology given by the sequence of seminorms

1/p
wmﬁ:(ﬁﬁﬂmwm) . heN, fex,

where (K},), is sequence of compact subsets of 2 such that K = [O{h Q[O(hﬂg Q and Up K}, = €.
If 1 < p < oo then, for every h € N and f € XP with f # 0 on K}, the function ¢: 2 — C defined
by
TN (P2 fP
wmy:{ﬂ@U@N Ifllps? i @ € K, f(z) # 0

otherwise,

o
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determines an element of d|| ||, 4(f). To see this, fix h € N and f € X? with f # 0 on K}. We have
that the linear functional F(g) := [, ¢(x)g(z) dz, for g € XP, satisfies

|F'(g)] < /Kh lo()||g(z)| da < </Kh |Sp(x)|qu>1/q‘ </Kh |g(x)|pda:>1/p

1/q
1— — 1— —1
_ Hpr,hp</K )| ”%zx) 9o = 17152113 gl = lgllp g € X7,
h

Re F'(g)

IN

where ¢ satisfies ;1) + % =1 and hence (p — 1)g = p and g = p — 1. Moreover, we have

F(f) = /Q (@) f (@) do = | £ /K F@P dz = [ FI5PFIE = 1 e

h

Let p = 1. Then, for every h € N and f € X! with f # 0 on K}, the function ¢: Q — C defined by
o(z) = { signf(z) ifxze Ky, f(x)#0

0 otherwise,

determines an element of d|| ||1,,(f). Indeed, for fixed h € N and f € X! with f # 0 on K}, the linear
functional F(g) := [, ¢(x)g(z) dz, for g € X*, satisfies

Re F(g) < |F(g)| < / (@) dz = llgln g€ X",

Ky
and
F(f) = [ 17@lde=|fln
Ky
In case f = 0 on Kj, for every 1 < p < oo the set d|| ||,4(f) contains all the elements of type
F:=FoQ Ip With F' € (Xﬁ’ ”p,h)’ of norm < 1.

Proposition 4.2. Let (A, D(A)) be an operator on a lcHs X. Then (A, D(A)) is dissipative if and
only if there exists I' C I'x determining the lc-topology of X such that for everyp € I' and x € D(A),
there exists x’' € dp(x) satisfying Re (Az,z’) < 0.

Proof. Suppose that (A, D(A)) is dissipative. Then there exists I' C I'y determining the lc-topology
of X such that the inequalities in (3.1) are satisfied.

Fixed p € T and x € D(A), for each t > 0 we choose z} € dp(xz — tAz). Then, for every t > 0
and y € X we have Re (y,z;) < p(y). Since [(y,z})| = a(y,x}) for some o € C with |a] = 1, we
get that [(y,z})| = (ay,z}) = Re(ay,z;) < play) = p(y) for all ¢ > 0, y € X. Hence, the net
{z} : t >0} C X, is bounded in X},. Consequently, it possesses a o(X,,, X;)-limit point 2’ € X as
t — 0 and so a (X', X)-limit point in X', say 2/, as t — 0.

We claim that 2’ € dp(z) and Re (Az,2') < 0. Indeed, since Re (y, ;) < p(y), for all ¢ > 0 and
y € X, it follows by passing to the limit for ¢ — 0 that Re (y,2’) < p(y) for all y € X. On the other
hand, from (y,z}) — t(Ax,x}) = (y — tAx,x}) = p(x — tAz), for all t > 0, we get by passing to the
limit for ¢ — 0 that (z,2') = p(x). Hence, 2’ € dp(z).

Since (A, D(A)) is dissipative and 2’ € dp(x), we obtain, for every ¢ > 0, that

p(x) < p(z—tAz) = (v — tAz,z;) = Re (z — tAx, z})
= Re(z,7}) —tRe(Ax,z}) < p(x) — tRe (Ax,z}).
Accordingly, Re (Az,z;) < 0 for all ¢ > 0, which implies by passing to the limit for ¢ — 0 that
Re (Az,2’') < 0. So, the claim is proved.

To show the converse, fix p € I', x € D(A) and t > 0. Then by assumption, there exists 2’ € dp(z)

satisfying Re (Az, 2') < 0. It follows that
p(r) = (x,2') =Re(r,2’) = Re (z — tAx + tAz,2') = Re (v — tAz,2") + t Re(Az, 2') <
< Re(r —tAx,2') < p(x — tAx)
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and hence, that

1 1 1

(( I-— A) ) gp(x), ie., p(M[ — A)x) > Ap(z) for X = T
Accordingly, (A, D(A)) is dissipative. O
Example 4.3. Let R_ :=|—00,0] and let X := C((—o00,0]) be the Fréchet space of all complex-valued

continuous functions on R_ endowed with the lc-topology generated by the sequence of seminorms
pr(f) = max,e_p0) |f(7)|, for h € Nand f € X. Consider the operator

(4.1) Af=f, feD(A):={fecC'R-): f(0)=Lf},
where L € X’ and so there exists hg € N such that pj, (L) = SUpy, (f)<1 |L(f)| < co. The operator
defined in (4.1) is the so-called delay differential operator.

If we define o(f) := f'(0) — Lf, for f € C'(R_), and endow the space Y := C'(R_) with the
le-topology generated by the sequence of seminorms g5 (f) := max,e(_p o) [f(2)| + max,c(_p o) [ f'(2)],
for h e Nand f € Y, then ¢ € Y and D(A) = Kerg. So, D(A) is a closed subspace of Y. On the
other hand, ¢ ¢ X’ and hence, D(A) is a dense subspace of X.

Now, we show that the operator (A — pj, (L)1, D(A)) is dissipative in X. To see this, fix h € N
with h > hg and f € D(A) with f # 0 on K}, := [—h,0]. As in Example 4.1 one shows that the linear
functional signf(z)ds, belongs to dp,(f) whenever xy € K}, satisfies p,(f) = | f(zo)|. In such a case,
we have

(4.2) Re (Af — ph, (L), signf(z0)dz,) = Resignf(zo) f'(w0) — |f(z0)phy (L) <0
if and only if
(4.3) Resign f(zo) f'(x0) < pn(f)Phy (L),

being pn(f) = |f(zo)]. If —h < zp < 0, then Resignf(zo)f'(zo) = 0 and so the inequality in (4.3)
holds. In the case o = —h, we have

Resignf(zo)f'(z0) = —— Re f(z0) f'(x0) = Re (f- f)(x0) <0

!f( o)l

and so the inequality in (4.3) holds. Finally, if 2y = 0, then

Resign f(zo) f'(z0) = Resignf(zo) Lf < |signf(xo)||Lf] = |Lf| < pro(f)Phy (L) < pr(f)ph, (L)
Thus, the inequality in (4.3) holds.

In case f =0 on K, and so f/ = 0 on K}, too, every element of type F := F o @Q,, with F € X;,h of
norm < 1 belongs to dpp,(f) and satisfies

Re (Af — pho (L) f, F) = Re(Qp,, [* = D1 (L)Qp, f, F) = Re (0, F) = 0,
being @), the canonical quotient map from X onto X,, = X/Ker py,.
Since (pn)n>h, generates the lc-topology of X also, we can conclude via Proposition 4.2 that the
operator ((A — pj, (L)), D(A)) is dissipative in X.
The operator (Al — (A —pj, (L)1), D(A)) is also surjective for every A > 0. Indeed, fixed A > 0 and
g € X, if we set pu:= A+ pj, (L), then the function

fa) = cet — /Ox eV g(y) dy =: ceu(x) + K(z), <0,

2!f( o)l

9(0)—L
w— Le

with ¢ :=
11, 3.29).

Therefore, by Theorem 3.13 the operator ((A — pj, (L)1), D(A)) generates an equicontinuous Co-
semigroup (71'(t))s>0 on X, i.e., pp(T(t)f) < pu(f) for all f € X and h € N. In particular, the rescaled

Co-semigroup S(t) := ep;lo(L)tT(t), t > 0, satisfies
Pr(S(M) < o p(f), feX, heN,

, satisfies the equations A\f — (A — p’ho (L)I)f = g and f'(0) = Lf; see, f.i., [13, Ch.
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Moreover, its infinitesimal generator coincides with (A, D(A)).
The next result is also available.

Proposition 4.4. Let X be a complete lcHs. Let (A, D(A)) be the infinitesimal generator of an expo-
nentially equicontinuous Co-semigroup (T'(t))e>0 on X. Then the following assertions are equivalent.

(1) (T'(t))e=0 is equicontinuous.
(ii) There exists ' C T'x generating the le-topology of X such that for every p € T', x € D(A) and
2’ € dp(x), we have Re (Ax,2’) < 0.

Proof. (1)=(ii). Since (T'(t))¢>0 is equicontinuous, by [5, Remark 2.2(i)] there exists I' C I'x generating
the lc-topology of X such that

p(T(t)z) <p(z), pel, z€X, t>0.
So, fixed any p € T', € D(A) and 2’ € dp(x), it follows, for every ¢t > 0, that

Re (TEZ20) = L (Re(T(@r.) - Relo.a)

IN
\
—~
=
S
=
=
|
=
8
=
(VAN

Then
Re (Az,2') = lim Re <T(t)f_$,x’> <0.

t—0+
So, since p € I' and = € D(A) are arbitrary, (ii) follows.

(ii)=(i). Since (A, D(A)) generates an exponentially equicontinuous Cp-semigroup (7'(t))s>0 on X
and X is complete, the operator (A, D(A)) is closed and (w,o0) C p(A) for some w € R. Hence, there
exists A > 0 such that rg (Al — A) = X. On the other hand, the assumption implies that the operator
(A, D(A)) is dissipative; see Proposition 4.2. So, we can apply Theorem 3.13 to conclude that the
semigroup ((7'(t))+>0 is equicontinuous. O

In what follows, some further notations are required. Let X be a lcHs and let I' C I'xy determine
the lc-topology of X. An operator T' € L(X) is said to be I'-contractive if, for every p € I' and
z € X, we have p(Tx) < p(x). Accordingly, a semigroup (T'(t))i>0 C L(X) is called T'-contractively
equicontinuous if, for every p € I', x € X and t > 0, we have p(T'(t)z) < p(z). A power bounded
operator T' € L(X) (i.e., such that {T™},en is equicontinuous) is I-contractive for some I' C I'x which
determines the le-topology of X; see, f.i., [8, Lemma 18]. Analogously, an equicontinuous semigroup
(T'(t))e>0 on X is always I'-contractively equicontinuous for some I' C I'y with I' generating the
le-topology of X; see, f.i., [5, Remark 2.2(i)].

Proposition 4.5. Let X be a complete IcHs. Let (A, D(A)) be the infinitesimal generator of a I'-
contractively equicontinuous Cy-semigroup on X for some I' C I'x determining the lc-topology of X.
Let (B, D(B)) be a I'-dissipative operator on X such that D(A) C D(B). If there exists A\ > 0 such
that

(4.4) rg(M — (A+B)) =X,
then (A+ B, D(A)) generates a I'-contractively equicontinuous Cy-semigroup on X .

Proof. Since (A, D(A)) generates a I'-contractively equicontinuous Cp-semigroup on X, the operator
(A,D(A)) is densely defined and closed on X. Moreover, we have that Re (Az,2') <0 for all p € T,
x € D(A) and 2/ € dp(z); see Proposition 4.4(i)=-(ii). On the other hand, as (B,D(B)) is I'-
dissipative, by Proposition 4.2 we have, for every p € I' and 2 € D(B), that there exists T’ € dp(z)
such that Re (Bxz,2’) < 0. Then it follows, for every p € T' and x € D(A) (D(A) C D(B)), that
there exists 7' € dp(z) such that Re ((A + B)x,2’) < 0. Accordingly, the operator (A + B, D(A))
is I-dissipative. As rg (A — (A + B)) = X, it follows via Proposition 3.10(ii) that the operator
(A+ B, D(A)) is also closed.
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Since (A+ B, D(A)) is a I'-dissipative, closed densely defined operator on X with rg (A —(A+B)) =
X, for some A > 0, and X is complete, by Theorem 3.13 the result follows, i.e., (A4 B, D(A)) generates
a ['-contractively equicontinuous Cp-semigroup on X. U

Example 4.6. Let X = {f:]0,+o0[— C: f € C(]0,+0o0[), Ilim, g+ zf(z) € C}. Then X is a
Fréchet space with respect the lc-topology generated by the seminorms py(f) = sup,ejo ) #|f(2)|, for
heNand f € X.

We consider the operator Af(x) := —xf'(x) — f(z), for z > 0 and f € D(A) := {g: |0, +o0][—
C: g € XNCY0,+oc[), 3lim,_,o+ 22¢'(x) € C}. Then (A, D(A)) is an operator on X. Indeed, for
every f € D(A), we have f € C(]0,+oo]) and lim,_,g+ 2Af(z) = lim,_,o+ (—22f'(z) — 2 f(z)) exists
in C. Moreover, we will see that the operator (A, D(A)) is dissipative on X with rg (Al — A) = X for
all A\ > 0. To this aim, fix A > 0 and g € X and consider the equation A\f — Af = g on |0, +o0], i.e.,
A+ 1) f(z) + zf'(x) = g(x) for x > 0. An easy calculation yields that the solutions are given by

(4.5) f(z) = 2=+ / o) dy + cx= Y = F(z) + ca= D 2>0, ceC.
0

Since g € X and hence, g € C(]0,400]) and lim, ,y+ zg(z) exists in C, the definite integral on the
right in (4.5) converges. Indeed, from the existence of lim,_,o+ zg(x) in C, it follows that the function
x €]0, 0o[— zg(x) is bounded in a right neighbourhood of 0, say in ]0, ], and so

° A ’ A—1 ’ A—1 5/\
(4.6) / yg(y)dylﬁ/y‘ylg(y)ldySM/y‘ dy = M~

0 0 0
where M := supyc(o5 ¥/9(y)|. Consequently, we can conclude that f € C1(]0, o0|).

Now, by L’Hopital rule we obtain
o Voly)dy . ag(x)

1
lim zF(x) = lim =————— = lim ——— = — lim xg(x),
z—0t ( ) z—0t+ x =0+ AxA1 A z—0+ g( )

and hence, the function given in (4.5) defines an element of the space X if and only if ¢ = 0. In such
a case f'(z) = —(A+ 1)z~ [Fyrg(y) dy + @, for z > 0. So

lim 2%f'(z) = lim
z—0t f( ) z—0t

—(A+ I)W + zg(z)

= —% lim xzg(z).

z—0t

Therefore, the function f given in (4.5) with ¢ = 0 belongs to D(A). Moreover, for a fixed h € N,
from (4.5) with ¢ = 0 it follows, for each = €]0, h], that

x| f(z)] < $A/O ¥ g(y)| dy < ph(g)xA/O ydy = %ph(g)

and hence, that

(47) ph(f) < 1o0(9) = 3pu(AT = A)f).

Since g € X, A > 0 and h € N are arbitrary, via (4.7) we can conclude that the operator (A, D(A))
is dissipative with rg (A — A) = X, for every A > 0. In particular, the domain D(A) is dense in X.
Indeed, set Z := span{z™: n > —1}, we have that Z C D(A) and Z is dense in X. To see this, fix
f € X,heNande > 0. Since f € C(]0,+00[) and lim,_,o+ 2 f(z) exists in C, the function = €
10, +00[— x f(z) can be continuously extended at 0 and so there exists a polynomial g(z) = Zi:o cra”
with complex coefficients such that max,cp ) [2f(7) — g(z)| < e. But, max,¢cjop [vf(z) — g(v)| =
pr(f — 27 1g) with 27 1g € Z. Therefore, Z is a dense subspace of X. Consequently, by Theorem 3.13
we can conclude that the operator (A, D(A)) generates an equicontinuous Cp-semigroup in X.

Next, we consider the operator Bf(z) := —zf(z), for x > 0 and f € X. Then B € £(X). Indeed,
we have, for every h € N and f € X, that

pr(Bf) = sup |zBf(z)| = sup |a*f(x)| < hpp(f).

z€[0,h] z€[0,h]



DISSIPATIVE OPERATORS AND ADDITIVE PERTURBATIONS IN LOCALLY CONVEX SPACES 17

Moreover, (B, X) is dissipative. To see this, we observe, for every f € X and z, A > 0, that
z[Af(z) — Bf(z)| = z|Af(z) + 2f ()| = 2(A + z)| f(z)| = Az[f(2)]

and hence, it follows, for every h € N, that

pr((M = B)f) = Apn(f)-

We claim that the operator (A + B, D(A)) generates an equicontinuous Cy-semigroup on X. To see
this, it suffices via Proposition 4.5 to show that rg (I — (A+ B)) = X. So, fix g € X and consider the
equation f — (A+ B)f = g on |0,4+00[, i.e., xf'(x) + (24 z)f(z) = g(x), for z > 0. As it is easy to
calculate, the general solution f is given by

1 xX
(4.8) fx) = / ye¥g(y) dy + J:Tcex’ x>0, ceC.
0

- x2e®
Since g € X, similar arguments to the previous ones yield that the function f given in (4.8) belongs
to D(A) whenever ¢ = 0. So, (4.4) is satisfied, i.e.,, rg (I — (A+ B)) = X.

Remark 4.7. (i) In case the condition rg (A — (A + B)) = X is satisfied for some A > 0 instead of the
identity in (4.4), the arguments of the proof of Proposition 4.5 yield that the closure of (A+ B, D(A))
generates a I'-contractively equicontinuous Cy-semigroup on X.

(ii) If rg (/ — BR(X, A)) = X, for some A > 0, then also rg (Al — (A + B)) = X. Indeed, from the
identity

(M —(A+B))x = (I —BR(M\A)M — Az, xe€ DA,
it follows that
(4.9) (M —(A+ B))(D(A)) =(I — BR(MA))(M — A)(D(A)) = (I — BR(\, A))(X).

Hence, we have

rg(M — (A+B))=rg(Il — BR(\A)) = X.
Next, we introduce the notion of (I',A)-bounded operators and show some related properties.

Definition 4.8. Let X be a IcHs and let I' C I'x determine the le-topology of X. Let (A, D(A)) and
(B, D(B)) be two operators on X. The operator (B, D(B)) is called (I',A)-bounded if D(A) C D(B)
and

(4.10) Vpel, Fap,by, >0, Ve e D(A), p(Bzx) < app(Az) + byp(z).
For each p € I', the number a,, o := inf{a, > 0: (4.10) holds for some b,} is called (p, A)-bound of B.
As in the setting of Banach spaces, the following result holds.

Proposition 4.9. Let (A, D(A)) be a closed operator on a complete IcHs X. Let (B,D(B)) be a
(', A)-bounded operator on X for some I' C I'x with I' generating the lc-topology of X. If the (p, A)-
bound apo < 1 for all p € T, then (A+ B, D(A)) is closed.

Proof. Fix p € I'. Then there exists a;, < 1 such that the inequality in (4.10) is satisfied. So we obtain,
for every x € D(A), that

p(Az) = p((A+ B)x — Bz) < p((A+ B)z) + p(Bx)
< p((A+ B)z) + app(Az) + bpp(x),
and hence, that (1 — a,)p(Az) < p((A+ B)z) + byp(z). We also obtain, for every x € D(A), that
p((A+ B)z) <p(Az) + p(Bx) < (1 4 ap)p(Az) + bpp(z).
Therefore, it follows, for every z € D(A), that
(4.11) (1 —ap)p(Azx) + bpp(x) < p((A+ B)x) + 2bpp(x) < (14 ap)p(Ax) + 3bpp(z).

Now, we fix (z4)a € D(A) such that z, — x and (A + B)z, — y in X. By the left-hand side
inequality in (4.11), we have, for every p € " and «, o/, that

DA~ 70)) < T2—p((A+ B)(ra — 7)) + 1 oplia — 2a0).

—ap 1—a,



18 ANGELA A. ALBANESE AND DAVID JORNET

Consequently, (Azx,)q is a Cauchy net in X. Since X is complete, there exists Az, — z in X. But,
(A,D(A)) is closed and hence, x € D(A) and Az = 2.
Finally, by the right-hand side inequality in (4.11) we obtain, for every p € I and «, that

p(A+ B)(x = 2a)) < (14 ap)p(A(z = 2a)) + 3bpp(2 — Ta)-

Consequently, (A+ B)x — (A+ B)z, — 0 in X. But, also (A+ B)x — (A+ B)zo — (A+ B)z—y in
X. Then, we conclude that (A + B)x = y. Accordingly, (A + B, D(A)) is closed. O

We recall that if (A, D(A)) and (B, D(B)) are two operators on a Banach space (X, || ||) satisfying
the first part of the assumptions in Proposition 4.5 but nothing is assumed about the identity in (4.4),
then the operator (A + B, D(A)) surely generates a contractive Cp-semigroup on X whenever the
operator B is (| ||, A)-bounded with bound a | o < 1; see , f.i., [13, Theorem II1.2.7]. In what follows,
we extend the result in the setting of some classes of Fréchet spaces.

Theorem 4.10. Let X = NjenX; be a Fréchet space which is the intersection of a reduced sequence of
Banach spaces {(X;,p;)}jen satisfying X1 C X; with pj(x) < pjp1(x) for each j € N and x € X414
and let ' = {p;} jen.

Let (A, D(A)) be the infinitesimal generator of a T'-contractively equicontinuous Cp-semigroup on
X. Let (B,D(B)) be a I'-dissipative operator on X. If the operator (B, D(B)) is (I', A)-bounded with
ap;0 <1 for all j € N, then (A+ B, D(A)) generates a I'-contractively equicontinuous Co-semigroup
on X.

Proof. The argument for the proof of Proposition 4.5 shows that (A + B, D(A)) is a I-dissipative,
closed densely defined operator on X. Since X is complete, to conclude the proof it suffices to see
that rg (Al — (A + B)) = X for some A > 0; see Theorem 3.13.

Now, fix j € N. Since X C X, continuously and X = X;, from p;(T(t)z) < pj(x), for t > 0 and
x € X, it follows that each T'(t), for ¢t > 0, admits a continuous linear extension T}(t) on X satisfying
pi(T;(t)x) < pj(x), for t > 0 and = € X;. In particular, (T}(t))i>0 is a Cop-semigroup on X;. Indeed,
the semigroup law is clearly satisfied. On the other hand, Tj(t)z — x as t — 07 for all z € X;. To
see this, take a sequence of positive numbers ¢, — 0. Since the family (7)(t))ren is equicontinuous
in X; and converges on the dense set X, the conclusion follows by a straight forward argument.

Let (A;,D(A;)) denote the infinitesimal generator of (7}(t))i>0. We show that (A;, D(A;)) is the
closure of (A, D(A)) on X;. To see this, we first observe that R(\, A;)|x = R(\, A) for each A > 0.
This fact follows from T}(t)|x = T(t), for all t > 0, and from X C X; continuously. Indeed, we have,
for every A > 0 and x € X, that

RO\, A)z = /Ooo Tt dt = /OOOTj(t):L‘ dt = RO\ Ay

Consequently, D(A) = R(1,A)(X) = R(1,4;)(X) € D(A;). The property T;(t)|x = T(t), for all
t > 0, also implies, for every x € D(A), that Ax = lim;_,q+ T(t)fﬂ = lim;_,o+ L _ Ajx, ie.,
Aj|pay = A. Therefore, (A;, D(A;)) is a closed extension of (4, D(A)) on X; and hence, (A4, D(A)) is
closable on X;. But, if x € D(A;), there exists y € X such that = R(1, A;)y. Since D(A) is dense in
X and so in X, there exists (yn)nen € D(A) satisfying yp, — y in X for h — co. For each h € N, let
xp, = R(1, A)yp. Then (zp)peny € D(A) and xp, = R(1, A)yp, = R(1, Aj)y, — R(1,Aj)y = x in X for
h — oo. Also, Az, = AR(1, A)yp, = R(1, A)yp, —yn >z —y=R(1,Aj)y—y=A;R(1,A;)y = Ajz in
X, for h — oo. Since x € D(A;) is arbitrary, by Proposition 3.4(ii) we can conclude that (A;, D(A;))
is the closure of (A, D(A)) on Xj.

Next, we show that also B extends to a linear operator on D(A;) which is (p;, A;)-bounded with
ap; 0 < 1, i.e., there exists an operator B;: D(4;) C X; — X satisfying Bj|p4) = B and

(4.12) pi(Bjz) < ap;pi(Ajz) + by, pj(z), = € D(4;),

for some positive constants a,, and by, with a,; 0 = inf{a,,: (4.12) holds for some b,, > 0} < 1. To
see this, fix € D(A;). Since (A;, D(A;)) is the closure of (A, D(A)) in X, via Proposition 3.4(ii)
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we can find a sequence (xp)pen € D(A) such that x;, — z and Azp, — Ajx in X; for h — oco. But, by
(4.10) we have

pi(B(wn — wx)) < ap;pi(A(zn — k) + bp,pj(n —wx), h, k€N,

for some positive constants a,; and by,. Accordingly, (Bzp,)nen is a Cauchy sequence in X; and hence,
it converges in X, say to Bjz, i.e., Bjx := limj,_,oc Bxy,. Clearly, the operator (Bj, D(A;)) is linear.
Moreover, again by (4.10) we have

pj(Bxn) < ap,pj(Azn) +bp,pj(xn), h €N,
for some positive constants ap; and by,;. Letting h — oo and keeping in mind that p; is continuous on
Xj, it follows that
pj(Bjz) < ap;pj(Ajx) + bp;pj ().
Since x € D(Aj) is arbitrary, the inequality (4.12) necessarily holds. The fact that ap, o < 1 follows
by (4.12) and the assumptions.
The operator (Bj, D(A;)) is also p;-dissipative. Indeed, by assumption we have

pi((AM — B)x) > Apj(x), A>0, x€ D(A).

Now, fixed € D(A;) and repeating the argument above, we can find a sequence (zp)hen € D(A)
such that x;, — x, Az, - Ajxz and Bz, — Bjz in X; for h — co. Applying the above inequality we
obtain

pi((AL = B)zp) 2 Apj(an),  A>0, heN,

and so, letting h — oo, it follows that
pi(M — Bj)z) > Apj(x), A>0.

The arbitrariness of « in D(A;) then ensures that (Bj, D(A;)) is pj-dissipative.

As (Aj, D(A;)) is the infinitesimal generator of a p;-contractive Cy-semigroup on X; and (Bj, D(A4;))
is a pj-dissipative, (p;, Aj)-bounded operator with a,, o < 1, the operator (A; + B D(A )) generates
a pj-contractive Cp-semigroup (S;(t))i>0 on Xj; see, fi., [13, Theorem I11.2.7]. Accordingly, (0,00) C
p(A; + Bj).

The above construction yields, for every j € N, that (A;, D(A;)) is also the closure of the operator
(Aj+1, D(Aj41)) on X; and that Bj|pa,,,) = Bj+1 and Bj|py = B. We will see that both facts
imply that D(A) = GND(A ) and that (0 o0) C p(A+ B).

We first show that D(A) = NjenD(4;). Set D(A) := NjenD(A4;) and define Az := Ajzx for
x € D(A). Clearly, (A, D(A)) is a well defined operator on X and also an extension of (4, D(A)) on
X. In particular, (4, D(A)) is a closed operator on X. Indeed, if (z3)nen € D(A) satisfies xj, — x and
Az, — yin X for h — oo, then, for every j € N, (zp)nen € D(A;) and zp, — z, Ajz, = Azp, — y in
X, as h — oo. Since (A;, D(A )) is a closed operator on X for all j € N, it follovvs that x € D(A;) and
Ajx =y for all j € N. Accordingly, z € NjenD(4;) = D(Z) and Az = Ajx = y. So, (A, D(A)) is a
closed operator on X. Actually, (4, D(A)) is the closure of (4, D(A)) on X. In fact, fixed x € D(A), for
every j € N there exists z; € D(A) such that p;(z—z;) < 1/j and p;(Az—Ax;) = pj(Ajz—Az;) < 1/j
(see Proposition 3.4(ii) and keep in mind the construction of (A;, D(A;))). It follows that z; — x and
Az — Az in X for j — oo. By Proposition 3.4(ii) this shows that (A, D(A)) is indeed the closure of
(A, D(A)). But, (A, D(A)) is closed and then (A4, D(A)) = (A, D(A)).

We now bhOW that (0,00) C p(A + B). To this end, fix A > 0 and y € X. Then, for every j € N
there exists z; € D(A;) such that (A — (4; + Bj))z; =y. But, (4 + Bj)|pa,,,) = Aj+1 + Bjt1 for

J € N and hence, (A — (A; + Bj))z; =y = (M — (Aj + Bj))xj41 for j € N. As (M — (4; + By))
is injective, it follows that z; = x;41 for all j € N. So, if we set x := x1, then we have that z; = «
for all j € N. Consequently, x € NjenD(4;), i.e.,, x € D(A) (by the proof above), and hence,
(M — (A+ B))x = (M — (A1 + B1))x1 = y. This shows that (A — (A + B)) is a surjective operator.
So, the proof is complete. O

The space C°°([0,1]) = N;jenC?([0,1]) is a classical example of a Fréchet function space satisfying
the assumptions in Theorem 4.10. The next example is more involved.
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Example 4.11. Let 1 < p < oo and L™ := Ny<r<pL7([0,1]). Then LP~ is a reflexive Fréchet space
with respect the lc-topology generated by the norms || fl; = (fol |f(2)|"™ dx)Y/™, for h € N and
f € LP~, where (1), is an increasing sequence of real numbers satisfying 1 < rj, T p for h — oco. Let
L= Al ln}hen-

We consider the operator Af := f” with domain D(A) := WP~ N Wol’pf, where WP~ :=
M<rpW?7([0,1]) and Wy P~ := Ny, Wy " ([0,1]). Then (A, D(A)) is a T-dissipative operator in LP~
with rg(A —A) = LP~ for all A > 0. Indeed, fixed h € N and A > 0, we have that [[(A[+A) f|ln > || f|n
for all f € W2 ([0,1]) N Wy "™ ([0,1]) (see, f.i., [25, Theorem 3.6]) and hence, for all f € D(A). Since
h € N and A > 0 are arbitrary, the I'-dissipativity of (A4, D(A)) follows.

Now, fix A > 0 and recall that the operator A\ — A: W27 (]0,1]) N Wol’rh([o, 1]) — L™([0,1])
is bijective for every h € N; see, again, [25, Theorem 3.6]. This implies that also the operator
M — A: WP~ 0 Wol’p_ — LP~ is bijective. To see this, it is enough to proceed as in the proof of
Theorem 4.10. Indeed, fixed g € LP~, we have that g € L™ ([0,1]) for all ~ € N and hence, there exists
frn € W2 ([0,1]) N W, " ([0,1]) such that (A\— A) f, = g. It follows that (A— A)fr, = g = (A— A) fri1
for all h € N. But, for every h € N, AT — A is an injective operator in L™ ([0, 1]) and fr41, fn €
w2rn([0,1]) N Wol’rh([o, 1]). So, we have f, = fn41 for all h € N. If we set f := fi, we then obtain
that f € D(A) and (M — A)f = (M — A) fi = ¢g. This shows the surjectivity of the operator \I — A
in LP~.

Since the operator (A, D(A)) is also densely defined in LP~, we can conclude via Theorem 3.13 that
it generates a I'-contractively equicontinuous Cp-semigroup in LP~.

Next, we consider the operator Bf := —f’ with domain D(A). Then (B, D(A)) is a I'-dissipative
operator on LP~. To see this, we fix f € D(A)\ {0} and h € N. As in Example 4.1 one shows that the
linear functional F' defined via the function g(z) := f(x)|f(x)|’”h_2|]f|\lll_rh if f(z) # 0 and g(x) :=0
otherwise belongs to d|| ||,. Now, we write f = a + i3 and, hence, Re (f'f)(z) = Re(ff’)(x) =
a(z)a/(z) + B(z)B'(z) = 3(ff) (z) for all z € [0,1]. Then, we have

1 —_
Re(Bf.F) =[] Re /0 P @ T@ @) 2 de

Tp—2

= (a(z)a(2) + Bx) B () da

1
= |y /0 (02(z) + F2(x)
1

s <o

0

On the other hand, the operator (B, D(A)) is (I', A)-bounded with bound a) |, 0 = 0 < 1 for all
h € N. Indeed, we have, for every h € N and ¢ > 0, that

Tt
=1 |

Th

187 < 2IAfln+ 211, f € DA

see, f.i., [13, Chap.III, §2, Example 2.2].

Since the space LP~ belongs to the class of Fréchet spaces satisfying the assumptions of Theorem
4.10, we can now conclude that the operator (A+ B, D(A)) generates a I'-contractively equicontinuous
Co-semigroup (T'(t))¢>0 on LP~.

For each h € N let s, > 1 (¢ > 1, resp.) denote the conjugate exponent of r; (of p, resp.), i.e.,
%h + i = 1. We observe that the dual semigroup (7”(t));>0 acting on the dual space (LP~) =
Use , (L™ [0,1]) = U2, L*»[0,1] =: LT is clearly o((LP~)’, LP~)-continuous on (LP~)". On the other
hand, as it is routine to verify, (T7(¢));>0 is equicontinuous on the strong dual (Lp_)% of LP~. Conse-
quently, as the Fréchet space LP~ is reflexive and its strong dual (Lp_)’ﬁ is complete (and barrelled),
the dual semigroup (77(t))+>0 is also Cop-continuous on (LP7)%; see [4, Proposition 1]. In particular,
an argument of duality shows that its infinitesimal generator (C, D(C)) is given by

Cg=4¢"+4, geU,w([0,1])n W, ([0,1]).
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Our next purpose is to prove that Theorem 4.10 continues to hold also for another class of Fréchet
spaces, the so-called quojections. First, some preliminaries are required.

A Fréchet space X is always a projective limit of continuous linear operators S; : X;11 — Xj,
for j € N, each X; being a Banach space. If it is possible to choose X; and S; such that each 5}
is surjective and X is isomorphic to the projective limit proj;(Xj, S;), then X is called a quojection,
[10, Section 5]. Banach spaces and countable products of Banach spaces are quojections. Actually,
every quojection is the quotient of a countable product of Banach spaces, [11]. In [24], Moscatelli gave
the first examples of quojections which are not isomorphic to countable products of Banach spaces.
Concrete examples of quojections are w = CV, the spaces L7 .(Q), with 1 < p < o0, and Cm(Q),
for all m € Ny. The space X given in Example 4.6 is a quojection also. Indeed, the above function
spaces are isomorphic to countable products of Banach spaces. Moreover, the spaces of continuous
functions C'(A), with A a o—compact completely regular topological space, endowed with the compact
open topology are also examples of quojections. For further information on quojections we refer to
the survey paper [22] and the references therein.

Let X be a quojection Fréchet space, i.e., X = projj(Xj, Qjj+1) with Q; j+1: Xj41 — X surjective
for all j € N, and p; a norm of X; for all j € N. Then there exist continuous, surjective linking maps
Qj: X — X such that

(4.13) Qjjr10Qip1 =Qj jeN

In particular, if we set ¢; := p; o Q; for all j € N, then {g;};en C I'x generates the lc-topology of X.
Theorem 4.12. Let X = projj(Xj, Qj,j+1) be a quojection Fréchet space and let q; := pjo Q; with p;
a norm on X; and Q; satisfying the identity in (4.13) for all j € N. Let I' := {q;}jen. Let (A, D(A))
be the infinitesimal generator of a I'-contractively equicontinuous Co-semigroup (T'(t))i>0 on X and
(B, D(B)) be aI'-dissipative operator on X . If the operator (B, D(B)) is (I, A)-bounded with aq, o < 1
for all j € N, then (A+ B, D(A)) generates a I'-contractively equicontinuous Cy-semigroup on X .

Proof. The argument for the proof of Proposition 4.5 shows that (A + B, D(A)) is a I-dissipative,
closed densely defined operator on X. Since X is complete, to conclude the proof it then suffices to
show that rg (AI — (A+ B)) = X for some A > 0; see Theorem 3.13. To this end, we first observe that
(0,00) € p(A) and that

1
(4.14) gj(R(\, A)x) < qu(x), A>0, €N, z € X,

as the semigroup (7'(t))>o is I'-contractively equicontinuous.
Fix j € N. Define a family (7}(t)):>0 of operators on the Banach space X; via
(415) Tj(t)Qj:L‘ = QjT(t)l‘, re X, t>0.

Proceeding as in the proof of Theorem 3.3 of [3] one shows via (4.15) that each T}(t), for t > 0, is
a well defined linear operator on X; (with 7;(0) = I on X;) and that the semigroup law is satisfied.
Moreover, via (4.15) we obtain that

pi(T;(1)2) = p;(T;(1)Qjz) = pj(Q;T(1)x) = ¢;(T(t)x) < gj(z) = pj(Q;)
for all € X; and x € X with Q;z = Z. It follows that
(4.16) pi(T;()2) < p;(2), € X;.

Since p; is the norm of Xj, (4.16) ensures the continuity of Tj(¢), for all t > 0, and that (T}(t))i>0 C
L(X;) is a pj-contraction semigroup on X;. Actually, (Tj(t))¢>0 is a Cp-semigroup on the Banach
space X;. Indeed, for every € X, we have lim; ,o+ T;(t)Q;z = lim;_,o+ Q;T(t)z = Q;z via (4.15)
and the continuity of @;. Since Q; is surjective, it follows that (Tj(t))s>0 is strongly continuous on
X;.
If we denote by (A;, D(A;)) the infinitesimal generator of (Tj(t))i>0, then from (4.15) it follows

that
lim LRy ~ Qs = lim Q; (T(t)a:—x) =Q;Az, z € D(A).

t—0+ t t—0+ t
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Accordingly, Q;(D(A)) € D(A;) and
(417) Aij.%' = QjA.’E, T € D(A)
Actually, D(A;) = Q;(D(A)). To show this, we observe that from (4.15) we also obtain that

R(M\Aj)Qjxr = /000 e M (1) Qjx dt = /OO e MQ,T(t)x dt

0
(4.18) = Qj (/OO e MT(t)x dt) =QjR\\, Az, ze€X, A>0,
0

where the third equality in (4.18) easily follows by approximation with Riemann sums and the con-
tinuity of @;. Fixed any A > 0, if § € D(A;), there exists £ € X such that R(\, A;)& = ¢. Since
& = Q;x for some x € X, it follows from (4.18) that § = R(\, 4;)T = R(\, Aj)Qjx = Q; R(\, A)x. As
R(\, A)x € D(A) and so Q;R(\, A)x € Q;(D(A)), we have § € Q;(D(A)).

Next, define an operator B; on D(A;) as
(419) Bijm = QjBH}, T < D(A)
The operator B;: D(A;) = Q;(D(A)) € X; — X is well defined and linear. Indeed, if Q;z = Q;y for
some x, y € D(A), then Qj(z —y) =0, i.e., v — y € KerQ; = Kerg; and hence, ¢;(z —y) = 0. Also
¢j(A(x—y)) = 0. Indeed, from Q;(z—y) = 0 and (4.17) we obtain that Q;A(x —y) = 4;Q;(x—y) =0
and so ¢;(A(x —y)) = 0 (by repeating the argument above). Since (B, D(B)) is (I', A)-bounded, we
can now apply (4.10) with p = ¢; and = —y € D(A), thereby obtaining that

45(B(z —y)) < aq;qi(A(z —y)) + bg;qj(z —y) = 0.
Accordingly, ¢;(B(z—y)) =0, i.e., p;(Q;B(x—y)) = 0. As p; is a norm on X;, we conclude via (4.19)
that B;Q;(z —y) =0, i.e., BjQjz = B;jQ;y. So, the operator (Bj, D(A;)) is well defined on X;. The
linearity of Bj; easily follows by (4.19), the linearity of B and of ); and the surjectivity of Q;.

The operator (Bj, D(A;)) is also p;-dissipative on X;. To see this, fix £ € D(A;) and so & = Q;x
for some z € D(A) (as D(A;) = Q;(D(A))). Since (B, D(B)) is I'-dissipative and D(A) C D(B), by
Proposition 4.2 we can find 2’ € dg;(z) such that Re (Bz,z’) < 0. Now, define a functional &’ on X
by

(4.20) #'(Qy) :=2'(y), =€ X.
The functional #’ is well defined and linear. Indeed, if Q;y = @,z for some y, z € X, then Q;(y—z) =0
and so ¢gj(z —y) = 0. But, 2’ € dgj(z) and so [(w,2’)| < gj(w) for all w € X. Thus, [(y — z,2’)| <
qj(y — 2) = 0 and hence, 2'(y) = 2'(2). The linearity of &’ follows easily. Moreover, &' € X7 because
by (4.20) we have
2" (@)] = 12"(Qiy)l = 12" (W)] < ;(y) = p;(Qsv),

for all § € X; and y € X with Q;y = g. It follows that

F@<pi@), §e€X;
Now, we claim &' € dp;(&). To see this, we first observe that Re (Q;y,2') = Re(y,2') < ¢j(y) =
p;j(Q;y) for all y € X. Therefore Re (9,2’) < p;(y) for all § € X, being Q; surjective. We also have
(#,2") = (z,2') = qj(z) = pj(&). This proves the claim.

We now observe that from Re (Bz,z’) < 0 it follows by (4.19) that Re (B;#,4') = Re (Q;Bz,1’) =
Re (Bz,%’ o Q;) = Re(Bx,2’) < 0. Therefore, as & € D(A;) is arbitrary, we can conclude that
(Bj, D(Aj)) is pj-dissipative on Xj.

The operator (Bj, D(A;)) is also (pj, Aj)-bounded with a,, o < 1. Indeed, since (B, D(B)) is (I, A)
bounded, we have

0:(B2) < ag,0;(A2) + byyq(a), @ € D(A),
for some positive constants ag,, by, > 0. So, (4.19) and (4.17) and the fact that D(4;) = Q;(D(A))
imply that

pj(BjQjz) = p;j(Q;Bz) = qj(Bx) < a4;q;(Az) + bg;q;(x)
= aquj(QjAJT) + bquj(le‘) = aquj(Aijl‘) + bquj (ij)v T € D(A)
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Hence, ap; 0 = ag;0 < 1.

As (A;, D(A;)) is the infinitesimal generator of a p;-contractive Cp-semigroup on X; and (B, D(A4;))
is a pj-dissipative, (p;, Aj)-bounded operator with a,, o <1, the operator (A; + Bj, D(A;)) generates
a pj-contractive Cp-semigroup (S;(t))i>0 on Xj; see [13, Theorem II1.2.7]. Accordingly, (0,00) C
p(Aj + Bj).

Since j € N is arbitrary, we can see that (0,00) C p(A + B). In fact, if A > 0, to conclude that
A € p(A+ B) we need to show only that (\] — (A+ B)): D(A) € X — X is surjective. To do so, we
observe that from (4.13), (4.17) and (4.19) it follows, for every j € N, that

(M = (4 + B;))Qj,j+1Qj+12 = (M — (4; + B)))Qjz = Q;(M — (A+ B))z

= Qjj+1Qjr1 (M — (A+ B))z = Q11 (A — (Aj41 + Bj11))@Qjiz, = € D(A),
and hence, as D(4;) = Q;(D(A)) = Qjj+1Qj+1(D(A)) = Qjj+1(D(Aj11)), that
(4.21) (AL = (45 + B)))Qj 112 = Qjj1(M — (Aj11 + Bjy1)z, € D(Aj41).
Now, fix y € X. Then, for every j € N there exists x; € D(A;) such that (A — (4; + Bj))z; = Q;v.
Define z := (z;)jen € [[;en Xj- So, for every j € N we get via (4.21) and (4.13) that

(A = (Aj + B;))Qjj+17j41 = Qjj+1(M — (Aj1 + Bjy1))zj1 = Q) j+1Q5+1y = Qjy
and hence, by the injectivity of (Al — (A; + Bj)), we deduce that
Qjj+1%j+1 = Tj.

Since X = proj;(X;, Qjj+1) = {(2j)jen € [[jen Xj: Qjj+12j+1 = 2; Vj € N} we can conclude that
x € X. Actually, x € D(A). This easily follows from the fact that Qjz = z; € D(A;) for all j € N
and so, by (4.15), for every j € N there exists in X the limit
Q;T()r — Qjx Tj(t)z; —

lim = lim —Z 1= Aj.%'j, jeN.
t—0+ t t—0+ t

So, there exists lim;_,o+ T(t)f_m in X and x € D(A).

Moreover, (A — (A+ B))z =y because Q;(A — (A+ B))x = (A — (4; + B;))Qjz = (M — (4; +
Bj))z; = Qjy for all j € N. This shows that (Al — (A+ B)): D(A) C X — X is surjective and so the
proof is complete. O

Example 4.13. We recall that the space X given in Example 4.6 is a quojection. In particular,
the space X and the operators (A4, D(A)) and (B, X) satisfy all the assumptions of Theorem 4.12
with respect to I' = {pp}ren. In particular, the operator (B, D(A)) is (I, A)-bounded with bound
ap,0 =0 <1 for all h € N, being B € L(X). Then by Theorem 4.12 we can immediately conclude
that the operator (A + B, D(A)) generates a I'-contractively equicontinuous Cy-semigroup (7'(t))+>0
on X without checking that the equality in (4.4) is satisfied for some A > 0.

In case the bounds ay, o = 1, for j € N, the result continues to hold under the assumptions either of
Theorem 4.10 or of Theorem 4.12 whenever the dual operator of (B, D(B)) is also densely defined in
Xp exactly as in the Banach space setting, as the following proposition shows; for the Banach space
case, see, for example, [13, Corollary I11.2.8].

Proposition 4.14. Let X be a Fréchet space satisfying the assumptions either of Theorem 4.10 or
of Theorem 4.12 with respect to I' = {p;}jen C I'x. Let (A, D(A)) be the infinitesimal generator of a
I'-contractively equicontinuous Cy-semigroup on X. Let (B, D(B)) be a I'-dissipative, (I', A)-bounded
operator on X such that

(4.22) pj(Bx) < p;(Az) + bpj(a), x € D(A), jEN,

for some positive constant bj, for j € N. If (B', D(B’)) is densely defined on X}, then the closure of
(A+ B, D(A)) generates a I'-contractively equicontinuous Cy-semigroup on X .
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Proof. Under such assumptions the operator (A+B, D(A)) is densely defined and I'-dissipative. Hence,
by Theorem 3.13 it suffices to show that rg (I — (A + B)) is dense in X.

Assume that rg (I — (A+ B)) is not dense in X. Then there exists ¢y’ € X'\ {0} such that (z,9y') =0
for all z € rg (I — (A + B)). Since y’' € X'\ {0} there exists & € N such that pj (y') # 0 and so we can
choose y € X satisfying (y,y') = pi.(¢/).

Now, fix ¢ € (0,1) and observe that (¢B,D(B)) is also I'-dissipative and (I', A)-bounded with
ap; 0 < 1for all j € N. Indeed, for a fixed j € N, we have that

pi((A—eB)z) = ep;i((e7'A = B)x) > (e Ap;(2)) = Apj(2), « € D(B),
and by (4.22) that
pj(eBx) = pj(B(ex)) < pj(Alex)) + bjpj(ex) = ep;(Az) + ebjp;(x), = € D(A),

and so ap; 0 < 1. Accordingly to Theorem 4.10 or to Theorem 4.12, the operator (A + eB, D(A))
generates a I'-contractively equicontinuous Cp-semigroup on X. So, 1 € p(A + £B) and hence, there
exists x. € D(A) satisfying . — (A + eB)x. =y and p;(z.) < p;(y) for all j € N (because A + eB is
also I'-dissipative). Moreover, by (4.22) we also have

pj(Bze) < pj(Axe) + bpj(ae)
< pi((A+eB)z.) +epj(Bzxe) + bjpj(ac)
= pj(xe —y) +epj(Bxe) + bjpj(ze), jEN,
and hence,
(4.23) (1 —€)p;(Bxe) < pj(ae —y) + bjpj(we) < (24 bj)p;(y)-
If 2/ € D(B') and so pj(Bz') < oo for some [ € N, then it follows that
(4.24) (1 = &)Bae, 2)| < (1 = e)pi(we)py(B'2') < (1= e)pu(y)py(B'2).

Since ¢ € (0, 1) is arbitrary, we can let ¢ — 17 in (4.24), to obtain

lim ((1 —€)Bz.,2') =0

e—1—

Since {(1 — ¢)p;j(Bzc): € € (0,1)} € B(X) thanks to (4.23) and D(B’) is dense in Xj, it follows that

lim ((1 —€)Bz.,y') =0

e—1—

and so

) = (49) = (2= (A+eB)re,y) = (1 =) Bz, ) + (I — (A+ B))ze, /)
(1 —-¢)Bx,y) -0 as e =17

this is a contradiction as p(y') # 0. Therefore, rg (I — (A + B)) is dense in X and the proof is
complete. n

If X is a reflexive IcHs, then the dual operator of every closable, densely defined operator on X
is densely defined on X /g; see Proposition 3.7(ii). On the other hand, dissipative, densely defined
operators are always closable; see Proposition 3.12. So, we easily obtain thanks to Proposition 4.14
the following result.

Corollary 4.15. Let X be a reflexive Fréchet space satisfying the assumptions either of Theorem
4.10 or of Theorem 4.12 with respect to T' C T'x. Let (A, D(A)) be the infinitesimal generator of a
[-contractively equicontinuous Cy-semigroup on X. If (B,D(B)) is a I'-dissipative, (I, A)-bounded
operator on X satisfying the inequalities in (4.22), then the closure of (A + B, D(A)) generates a
I'-contractively equicontinuous Cy-semigroup on X.
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5. Additive perturbations and (uniformly) mean ergodic operators

The results in Sections 2 and 3 together with recent developments in ergodic theory in IcHs’ investigated
in [1, 2, 6, 8] allow us to extend to this setting some results on additive perturbations on Banach spaces
in terms of the ergodic properties of the operator BR(A, A) due to Tyran-Kamiriska [26].

First we recall some necessary notation and facts. Given any lcHs X and T' € £(X), let us introduce
the notation

1 o
(51) T[n] ::; ZT , n €N,
m=1

for the Cesaro means of T. Then T is called mean ergodic precisely when {T[n} }>° | is a convergent

sequence in Ls(X). If {T},}72o happens to be convergent in £,(X), then T" will be called uniformly
mean ergodic.
We always have the identities

1 n
(5.2) (I =TTy =TI -T) = E(T—T Y, neN,

and also (setting Tjo) := I) that
(n—1)

1
(5.3) 1" = T Ty, neN
If T' is power bounded, then
(5.4) rg(I-T)={zxe X: ILm Tipxr =0}, rg (I = T)NKer (I —T) = {0}

and such a T clearly satisfies 27" — 0 in £3(X) (hence, in £4(X)) for n — occ.

If T is mean ergodic (uniformly mean ergodic, resp.), then the identity in (5.3) implies that 277 — 0
in L4(X) for n — oo (in Lp(X), resp.). So, if, in addition, X is barrelled, then the identities in (5.4)
are satisfied and we also have
(5.5) X=Ker(I-T)®rg(I—-T);
see [2, Propositions 2.1 and 2.2] (or see [1]).

Theorem 5.1. Let X be a complete, barrelled lcHs. Let (A, D(A)) be a densely defined operator on X
such that p(A)+ := p(A) N (0,00) # 0. Let (B,D(B)) be an operator on X such that D(A) C D(B),
(A+ B,D(A)) is dissipative and BR(\, A) € L(X) is mean ergodic for some A\ € p(A)y. Then the

closure of (A + B, D(A)) generates an equicontinuous Cy-semigroup on X.

Proof. Let A € p(A)4 such that BR(\, A) € L(X) is mean ergodic. Then

(5.6) X = Ker (I — BR(\, A)) @ 1g (I — BR(), A)).

But, Ker (I — BR(A, A)) = {0} and so rg (I — BR(A, A)) = X. To see this, we observe that
(Ml = (A+ B))x=(I = BR(M\,A))(AI — A)z, z € D(A),

where (A\] — A)(D(A)) = X. If (I — BR(\, A))y = 0 for some y € X, then there exists z € D(A) such
that y = (A — A)x and hence

(M —(A+B))x=(I — BR(\,A))(A\I — A)x = (I — BR(\,A))y = 0.
Since (A + B, D(A)) is dissipative and so injective by Proposition 3.10(i), it follows that x = 0.
Consequently, y = (Al — A)z = 0. Then, Ker (I — BR(\, A)) = {0}.
The fact that rg (I — BR(A, A)) = X implies from Remark 4.7(ii) that rg (A — (A + B)) = X.

Since (A+ B, D(A)) is dissipative and rg (A — (A + B)) = X, we can conclude thanks to Theorem
3.13 that the closure of (A + B, D(A)) generates an equicontinuous Cy-semigroup on X. O

Conversely, the following fact holds.
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Theorem 5.2. Let X be a complete, barrelled lcHs. Let (A, D(A)) and (B,D(B)) be two operators
on X such that D(A) C D(B). Let us assume that the closure of (A+ B, D(A)) generates an equicon-
tinuous Cy-semigroup on X and BR(\, A) € L(X) is power bounded for some X\ € p(A)y. Then the
operator BR(\, A) is mean ergodic.

Proof. Since the closure of (A4 B, D(A)) generates an equicontinuous Cyp-semigroup on X, the operator
(A4 B,D(A)) is dissipative and densely defined; see Remark 3.11. It follows from Proposition 3.12
that

rg(ul —(A+B))=rg(ul —A+B)=X, u>0.
Hence, rg (I — BR(\, A)) = rg (M — (A+ B)) = X. This fact together with the power boundedness
of BR(\, A) imply by (5.4) that BR(\, A) is mean ergodic. O

If X is a reflexive IcHs in which every relatively o(X, X’)-compact subset is also relatively se-
quentially o(X, X’)-compact, then every power bounded operator T' € £(X) is mean ergodic; see [1,
Corollary 2.7] and [2, Proposition 2.3]. So, by Theorem 5.1 we immediately obtain the following result.

Corollary 5.3. Let X be a complete lcHs. Let (A, D(A)) and (B, D(A)) be operators on X. Suppose
that (A4 B, D(A)) is a dissipative, densely defined operator on X and that BR(\, A) € L(X) is power
bounded for some X € p(A)y. If X is a reflexive lcHs in which every relatively o(X, X')-compact
subset is also relatively sequentially o(X, X')-compact, then the closure of (A+ B, D(A)) generates an
equicontinuous Cy-semigroup on X .

In case the space X is a quojection Fréchet space, the following results are also available.

Theorem 5.4. Let X be a quojection Fréchet space. Let (A, D(A)) be a densely defined operator on
X such that p(A) 4 := p(A)N(0,00) # 0. Let (B, D(B)) be an operator on X such that D(A) C D(B),
(A+ B,D(A)) is dissipative and BR(\, A) € L(X) is uniformly mean ergodic for some X\ € p(A)+.
Then (A + B, D(A)) generates an equicontinuous Co-semigroup on X .

Proof. By Theorem 5.1 the closure of the operator (A + B, D(A)) generates an equicontinuous Cy-
semigroup on X. Accordingly, rg (ul — (A+ B)) = X for every u > 0.

Since BR(A, A) € £(X) is uniformly mean ergodic, then rg (I — BR(\, A)) is a closed subspace of
X; see [6, Theorem 3.5]. But, rg (A — (A+ B)) =rg (I — BR(\, A)); see (4.9). This identity implies
that rg (AI — (A + B)) = X and so that the operator (A + B, D(A)) is closed, being (A + B, D(A))
dissipative; see Proposition 3.10(ii). This completes the proof. O

Conversely, we have

Theorem 5.5. Let X be a quojection Fréchet space. Let (A, D(A)) and (B, D(B)) be two operators
on X such that D(A) C D(B). Let us assume that the operator (A + B, D(A)) is the infinitesimal
generator of an equicontinuous Cy-semigroup on X and BR(\, A) € L(X) is power bounded for some
A € p(A)y. Then BR(A, A) is uniformly mean ergodic.

Proof. By Theorem 5.2 we can conclude that BR(A, A) is mean ergodic. On the other hand, the
assumptions ensure that (A + B, D(A)) is a dissipative, closed operator on X. So, by Proposition
3.10(ii) the subspace rg (A — (A+ B)) is then closed in X and hence, also rg (I — BR(\, A)) is a closed
subspace of X. This implies via Theorem 3.5 of [6] that BR(\, A) is uniformly mean ergodic. O

Let X be a lcHs. An operator T € £L(X) is called Montel if T maps bounded subsets of X into
relatively compact subsets of X. In case X is a Banach space, if T is Montel, then it is clearly
a compact operator on X. While, an operator T' € L(X) is called quasi-Montel if there exists a
sequence { My, }nen € L£(X) of Montel operators such that (7' — M,,) — 0 in £,(X) as n — oco. In case
X is a Banach space, if T is quasi-Montel, then it is a quasi-compact operator on X. Now, Theorem
5.4 combined with Theorem 35 of [8] yields the following result.

Corollary 5.6. Let X be a quojection Fréchet space. Let (A, D(A)) and (B, D(A)) be two operators
on X such that D(A) C D(B). Suppose that (A+ B, D(A)) is a dissipative, densely defined operator
on X and that BR(\, A) € L(X) is power bounded for some X € p(A)y. If BR(AA) € L(X) is
quasi-Montel, then (A+ B, D(A)) generates an equicontinuous Cy-semigroup on X .
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The next example shows that the result stated in Theorem 5.4 remains confined to the setting of
quojection Fréchet spaces.

Example 5.7. An increasing sequence A = (a;); of functions a; : N — [0, 00) is called a Kdthe matric
on N, where by increasing we mean 0 < a;(i) < aj4+1(i) for all ¢, j € N. For each p € [1,00) let

1/
(5.7) Ap(A) = {:c eCV: ¢ (a) = (Z laj (4)i]P ) "o, Vje N}.
1€EN
Elements z € CN are denoted by z = (;);. The spaces \,(A), for p € [1,00], are called Kdithe
echelon spaces (of order p); they are all Fréchet spaces (separable and reflexive if p # 1) relative to
the increasing sequence of seminorms {qu }ien.

Fix 1 < p < oo and p = (pi); € RT. For each t > 0 set T'(t)x := (e Hi'z;); for z € A\y(A). Then
it is easy to verify that (T'(t));>0 C L(A\,(A)) is an equicontinuous Cp-semigroup on A,(A) whose
infinitesimal generator (A, D(A)) is given by

Az = (—pizi)i, € D(A) :={x e \p(A): -z = (ix;i)i € Ap(A)}.
In particular, (A, D(A)) is a dissipative, densely defined closed operator on A,(A); see Remark 3.11.

If \,(A) # CY and Montel, there exists (d;); € RT with 0 < d; < 1 for i € N such that the diagonal
operator Sz := (d;z;); for x € A\p(A) is power bounded (i.e., qj(.p)(Skx) < q](.p) (x) for all k, j € N and
x € A\p(A)), uniformly mean ergodic but, (I — 5)(A,(A)) is a not closed, dense subspace of A\,(A); see
[6, Proposition 3.1].

Now, we choose (y;); € RT and A > 0 so that £ > l—idl
B :=S\—-A): D(A) C \,(A) = A\y(A). Then BR(X, A) = S is a power bounded, uniformly mean
ergodic operator on A,(A). Moreover, we have

(1 — (A + B))z = ((p+ (1 — di)pi — did)ai)i,  x € D(A), n>0.

, (1 —di)pi — diA > 0 for all ¢ € N, it follows, for every j € N

Since £ > 1

and z 6 D(A) that
(a7 (1 = (A+ B2 =" la; (i) (0 + (1 = di)pss = d )il = 12 lag (@)aal? = wlg” (@)
1€EN i€EN
Therefore, the operator (A + B, D(A)) is dissipative.
On the other hand, we have
A—(A+B)=A—A-S\A\—-A)={UI-S)(A—A) on D(A),
from which it follows
(A= (A+B))(D(4)) = I = S)(A=A)(D(A)) = (I = 5)(Ap(A)).

So, (A= (A+ B))(D(A)) is a non closed dense subspace of A\,(A).

We can then apply Theorem 5.1 to conclude that the closure of the operator (A+ B, D(A)) generates
an equicontinuous Cp-semigroup on A,(A). But, the operator (A + B, D(A)) is not closed, being
(A= (A+ B))(D(A)) a non closed subspace of A\,(A).

We conclude this section with the following fact which is the quojection version of Lemma 2.1 of
[21].

Proposition 5.8. Let X be a quojection Fréchet space and let T € L(X) satisfy % — 0 in Ly(X)
for n — oo. Suppose that T is mean ergodic but, not uniformly mean ergodic. Then T cannot be
dissipative.

Proof. Suppose that T is dissipative. Then Ker (I —T) = {0}. So, as T is mean ergodic, it follows
that X = rg(I —T). But, T is not uniformly ergodic and so rg (I — T') cannot be closed in X; [6,
Theorem 3.5]. Accordingly, 1 & p(T"). This is a contradiction with the dissipativity of T'. Indeed, if T
is dissipative, then C; C p(T'); see Corollary 3.15. O
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