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Abstract

A classical result by J. Diestel establishes that the composition of a
summing operator with a (strongly measurable) Pettis integrable function
gives a Bochner integrable function. In this paper we show that a much
more general result is possible regarding the improvement of the integra-
bility of vector valued functions by the summability of the operator. After
proving a general result, we center our attention in the particular case
given by the (p, σ)-absolutely continuous operators, that allows to prove
a lot of special results on integration improvement for selected cases of
classical Banach spaces —including C(K), Lp and Hilbert spaces— and
operators —p-summing, (q, p)-summing and p-approximable operators—.
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1 Introduction

Let X and Y be Banach spaces. Let (Ω,Σ, µ) be a finite, positive, non-atomic
measure space, and let 1 ≤ p <∞. Consider the space Pp(µ,X) of all (equiva-
lence classes of) strongly measurable Pettis p-integrable functions with respect
to µ, f : Ω→ X with the norm

‖f‖Pp := sup
{(∫

|x′(f(w))|p dµ(w)
)1/p

: x′ ∈ X∗, ‖x′‖ ≤ 1
}
,

and let Bp(µ,X) be the space of all Bochner p-integrable functions with respect
to µ, f : Ω→ X with the norm

‖f‖Bp :=
(∫
‖f(w)‖p dµ(w)

)1/p

.

A linear operator T : X −→ Y is absolutely p-summing if (T (xn))∞n=1 is
absolutely p-summable in Y whenever (xn)∞n=1 is weakly p-summable in X.
Diestel proved in 1972 that an absolutely 1-summing (from now on simply called
absolutely summing) operator not only improves the summability of sequences
but also the integrability of functions in the following sense (see [3]): Consider
u ∈ L(X,Y ) and let ũ : P1(µ,X) → P1(µ, Y ) be given by (ũf)(w) := u(f(w)),
w ∈ Ω and f ∈ P1(µ,X). Then ũ belongs to L(P1(µ,X);B1(µ, Y )) if and only
if u is absolutely summing.

The transcendence of absolutely summing operators and their connection,
provided by Diestel, with integrability has produced the appearance of several
works dealing with improvements of integrability of functions via composition
with absolutely summing operators. For instance, Rodŕıguez [15] has proved
that if u is absolutely summing then ũ maps Dunford integrable functions to
scalarly equivalent functions to Bochner integrable ones. Furthermore, he has
proved that U maps Birkhoff integrable or McShane integrable functions to
Bochner integrable functions (see [15] for definitions and for some other related
works). Our aim is to show that a variant of this improvement is fulfilled by RS-
abstract summing operators in the sense of [1] (see also [11]). This general result
has many consequences. We will center our attention in a particular case, that
contains the classical result by Diestel and let to consider it as a starting point
of a scale of results concerning the relation between (p, q)-summability of u and
the improvement of integrability provided by ũ. In order to do it, our main tool
is the study of the improvement of integrability given by operators belonging to
a particular class of interpolated operator ideals of summing operators: the so
called ideals of (p, σ)-absolutely continuous operators (see [7, 9, 10]). We will
need to introduce also a new definition of integrability of strongly measurable
(vector valued) functions that is given by some interpolation formula between
the Bochner integral and the Pettis integral.

However, we establish first our main result —Theorem 3— in more abstract
terms. The reason is that several recent papers have shown that, in fact, the
main arguments that prove the important results on ideals of operators improv-
ing summability, can be formulated and proved in a very general setting, and all
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the properties that hold for the classical case work also in this abstract frame-
work. This also happens in the case of the problem analyzed in the present
paper. In [1], the definition of RS-abstract p-summing operator is given, and a
generalized Pietsch’s Domination Theorem is proved for it. In fact, it is proved
that all known Pietsch type theorems are particular cases of this one, including
the multilinear cases. For this reason, this is the definition that we adopt. In
[11], an even more general definition of RS-abstract summing operator is given
removing two hypothesis and still preserving the Domination Theorem. In this
direction, a general framework regarding all these arguments is presented in [12],
and it is shown how can a lot of results of this kind be considered as particular
instances of a general principle; the interested reader can find there —and in
the references in this paper—, a general explanation of the general topics and
techniques in operator theory that are covered with the RS-abstract summing
operators.

In the second part of the paper (Section 5), we present a lot of examples
and applications of our results for particular sets of classical Banach spaces and
operators that are better known than the (p, σ)-absolutely continuous operators.
We will follow mainly the results in [10], and also the ones in [7, 8, 9].

2 Basic concepts and notation

We will use standard Banach space notation. If 1 ≤ p ≤ ∞, we will write p′

for the extended real number that satisfies that 1/p + 1/p′ = 1. Unless stated
otherwise X, Y , E and F will be Banach spaces. L(X,Y ) denotes as usual
the space of linear and continuous operators from X to Y . We will write X∗

for the dual of X and BX∗ denotes the closed unit ball of X∗ endowed with
the weak star topology. Our fundamental references for the general theory of
summing operators and general operator ideals are [2, 4, 13]. The definition of
RS-abstract summing operator is the following.

Consider arbitrary sets X and Y and E, let H be a family of mappings from
X to Y , G be a Banach space and K be a compact Hausdorff topological space.

Let R : K ×E ×G→ [0,∞) and S : H×E ×G→ [0,∞) be mappings such
that the mapping Rx,b : K → [0,∞), Rx,b(ϕ) = R(ϕ, x, b) is continuous for each
x ∈ E and b ∈ G.

Using these elements, the following notion is introduced in [1, Def.2.1] and
[11].

Definition 1 Let R and S as above and 0 < p <∞. A mapping f ∈ H is said
to be RS-abstract p-summing if there is a constant C1 > 0 such that( n∑

i=1

S(f, xi, bi)
p
) 1
p ≤ C1 sup

ϕ∈K

( n∑
i=1

R(ϕ, xi, bi)
p
) 1
p

,

for all x1, ..., xn ∈ E, b1, ..., bn ∈ G and n ∈ N.
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A particular instance of this abstract notion of summability is given by the
interpolated class of linear operators cited above. Let 1 ≤ p <∞ and 0 ≤ σ < 1.
A linear operator T : X → Y is said to be (p, σ)-absolutely continuous if for
every x1, ..., xn ∈ X,( n∑

i=1

∥∥T (xi)
∥∥ p

1−σ
) 1−σ

p ≤ C sup
x′∈BX∗

( n∑
i=1

(
|〈xi, x′〉|1−σ‖xi

∥∥σ) p
1−σ
) 1−σ

p

.

The space of all linear operators from X to Y satisfying this property will be
denoted in this paper by Πσ

p (X,Y ). It is a normed space, being πσp (T ) the norm
computed as the infimum of all the constants C > 0 in the inequality above (see
[7, 9, 10]). It is easy to see that

Πσ1
p1 ⊆ Πσ2

p2 (1)

for 1 ≤ p1 ≤ p2 <∞ and 0 ≤ σ1 ≤ σ2 < 1 (see [10, Prop. 3.3]; see also [7]).
The usual space of (p, q)-summing operators will be relevant in this paper

too, for 1 ≤ q ≤ p < ∞. This is given by all linear operators T : X → Y
for which there exists a constant C > 0 depending on T such that for every
x1, ..., xn ∈ X, ( n∑

i=1

∥∥T (xi)
∥∥p) 1

p ≤ C sup
x′∈BX∗

( n∑
i=1

|〈xi, x′〉|q
) 1
q

.

We will use the symbol Πp,q(X,Y ) to denote the component of this operator
ideal when the linear operators from X to Y are considered, and the norm for
such an operator T will be denoted by πp,q(T ) and defined as the infimum of
all constants C as above. For p = q, we get the operator ideal of p-summing
operators; the notation will be in this case Πp(X,Y ) and πp(T ).

The following well-known result will be used several times in this paper. Its
proof can be found in [10, Prop.4.2].

Lemma 2 Let 1 ≤ p <∞ and 0 ≤ σ < 1. Then Πp ⊆ Π p
1−σ
⊆ Πσ

p ⊆ Π p
1−σ ,p

.

3 A characterization of RS-abstract p-summing
operators in terms of integrability.

Let K be a compact set and H a space of operators. Let E and G be Banach
spaces. Let S : H × E ×G→ R+ and R : K × E ×G→ R+ be functions such
that

S(u, 0, b) = S(v, x, 0) = 0 = R(φ, 0, b) = R(ϕ, x, 0) (2)

for all u, v ∈ H, x ∈ E, b ∈ G, φ, ϕ ∈ K. Let (Ω,Σ, µ) be a non-atomic fi-
nite measure space, and let M(Ω, E) and N(Ω, G), i = 1, 2, be sets of strongly
measurable (classes of µ-a.e. equal) functions with values in E and G respec-
tively. Consider subsets M ⊂ M(Ω, E) and N ⊂ N(Ω, G) that contain the
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simple functions. We define the real functions S̃ : H ×M ×N × Ω → R+ and
R̃ : K ×M ×N × Ω→ R+ given by

S̃(u, f, g, w) := S(u, f(w), g(w))

and
R̃(ϕ, f, g, w) := R(ϕ, f(w), g(w)).

As our objective is to show how RS-abstract summing operators improve
the integrability of functions, we will assume that the function R̃ϕ,f,g(w) :=

R̃(ϕ, f, g, w) is µ-integrable for all ϕ ∈ K, f ∈ M and g ∈ N . Then, under
this assumption, our aim is to relate summability of u with integrability of
S̃f,g(w) := S̃(u, f, g, w), f ∈M and g ∈ N .

Notice that the definition of u being RS-abstract p-summing is equivalent
to the fact that there is C > 0 such that for finite families x1, ..., xn ∈ E,
b1, ..., bn ∈ G and a1,1, ..., a1,n, ..., an,1, ..., an,n ∈ R+,

( n∑
i,j=1

ai,jS(u, xi, bj)
p
)1/p

≤ C sup
ϕ∈K

( n∑
i,j=1

ai,jR(ϕ, xi, bj)
p
)1/p

.

In order to see this, a tricky approximation argument using rational numbers
is needed. Take x1, ..., xn ∈ E and b1, ..., bn ∈ G as above and fix positive
integers α1,1, ..., α1,n, ..., αn,1, ..., αn,n. Consider the original inequality in the
definition of RS-abstract p-summing operator repeating αi,j times each term
with subindexes i and j in both sums. This gives the desired inequality for
positive integers. After choosing the adequate integers and dividing by the
right denominator the expressions in both sides of the inequality, we get it for
rational numbers. Finally, using the density of the set of rationals, we obtain the
relation for arbitrary positive real numbers ai,j . The main idea of this argument
appeared in [5], and it has been used for example in [1, 12].

Theorem 3 An operator u : X → Y is RS-abstract summing if and only if
there is a constant C > 0 such that∫

Ω

S̃(u, f, g, w) dµ(w) ≤ C sup
ϕ∈K

∫
Ω

R̃(ϕ, f, g, w) dµ(w)

for all simple functions f ∈M and all simple functions g ∈ N .

Proof. (⇒) Take a pair of simple functions f =
∑n
i=1 xiχAi ∈ M and g =∑m

j=1 bjχBj ∈ N , with x1, . . . , xn ∈ E, b1, . . . , bm ∈ G, A1, . . . , An, B1, . . . , Bm ∈
Σ. Then, since we are assuming both u is RS-abstract summing and condi-
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tion (2),∫
Ω

S̃(u, f, g, w) dµ(w) =

∫
Ω

S(u, f(w), g(w)) dµ(w)

=

n∑
i=1

m∑
j=1

S(u, xi, bj)µ(Ai ∩Bj)

≤ C sup
ϕ∈K

n∑
i=1

m∑
j=1

R(ϕ, xi, bj)µ(Ai ∩Bj)

= C sup
ϕ∈K

∫
Ω

R(ϕ,

n∑
i=1

xiχAi ,

m∑
j=1

bjχBj ) dµ(w)

= C sup
ϕ∈K

∫
Ω

R̃(ϕ, f, g, w) dµ(w).

(⇐) Consider x1, ..., xn ∈ E and b1, ..., bn ∈ G. Since the measure is non-
atomic, there are pairwise disjoint measurable sets A1, ..., An in Σ such that
µ(A1) = ... = µ(An) =: α > 0. Then

α

n∑
i=1

S(u, xi, bi) =

n∑
i=1

µ(Ai)S(u, xi, bi) =

∫
Ω

n∑
i=1

S(u, xi, bi)χAi(w) dµ(w)

=

∫
Ω

S(u,

n∑
i=1

xiχAi(w),

n∑
i=1

biχAi(w)) dµ(w)

=

∫
Ω

S̃(u,

n∑
i=1

xiχAi ,

n∑
i=1

biχAi , w) dµ(w)

≤ C sup
ϕ∈K

∫
Ω

R̃(u,

n∑
i=1

xiχAi ,

n∑
i=1

biχAi , w) dµ(w)

= C sup
ϕ∈K

∫
Ω

n∑
i=1

R(ϕ, xi, bi)χAi(w) dµ(w)

= C sup
ϕ∈K

n∑
i=1

R(ϕ, xi, bi)µ(Ai) = αC sup
ϕ∈K

n∑
i=1

R(ϕ, xi, bi).

The proof is done.

One of the main examples of Theorem 3 is Diestel’s result [3], where u :
X → Y is absolutely summing if and only if its associated composition operator
carries strongly measurable Pettis integrable functions to Bochner integrable
functions. It can be easily seen that it is a particular case of our theorem, once
we consider the completion of simple functions to the space of Pettis integrable
functions.
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Corollary 4 Let X and Y be Banach spaces, and let u : X → Y be a continuous
linear operator. Then u is absolutely summing if and only if ũ : P1(µ,X) →
B1(µ, Y ) is well-defined and continuous.

Proof. Consider E = X, K = BX∗ and G = K (the scalar field). Take
H = L(X,Y ) the space of all continuous linear operators from X into Y and
define R and S by:

R : BX∗ ×X ×K −→ [0,∞) , R(ϕ, x, λ) = |λ||ϕ(x)|

S : L(X,Y )×X ×K −→ [0,∞) , S(T, x, λ) = |λ|‖T (x)‖.
With R and S so defined, a linear operator u : X −→ Y is RS-abstract 1-
summing if and only if it is absolutely summing. The fact that ũ : P1(µ,X)→
P1(µ, Y ) is continuous and the density of the simple functions in P1(µ,X) gives
the result. The reader can find this argument written in a more precise way in
the proof of the forthcoming Theorem 5.

4 The case of (1, σ)-absolutely continuous oper-
ators

This section is devoted to (1, σ)-absolutely continuous operators. Our aim is to
show the power of our main result —Theorem 3— by showing that the classical
result by Diestel (Corollary 4) is in fact an extreme case of a chain of results that
characterize integrability of the functions in terms of the summability proper-
ties of the operator u. The idea is that absolutely summing operators are the
starting point (for σ = 0) of a series —ordered by inclusion— of classes of linear
operators, whose ending point (for σ = 1) is the class of all continuous linear
operators. The class that holds the position σ, for 0 ≤ σ ≤ 1, of this chain is the
class of (1, σ)-absolutely continuous operators. According to this interpolating
idea, we introduce the space Pσp (µ,X) of Pettis (p, σ)-integrable functions, that
can be considered as the interpolated class, for 0 ≤ σ ≤ 1 and 1 ≤ p < ∞,
between Pp(µ,X) and Bp(µ,X).

Our aim is to show that an operator u : X → Y is (1, σ)-absolutely continu-
ous if and only if its associated composition operator ũ : P1(µ,X) → P1(µ, Y )
carries Pettis (1/(1−σ), σ)-integrable functions to 1/(1−σ)-Bochner integrable
functions. Several new results concerning the improvement of integrability via
summability of operators are derived.

We need first some definitions. Let (Ω,Σ, µ) be a non-atomic finite measure
space. Consider 0 ≤ σ ≤ 1 and 1 ≤ p < ∞, and the space Sσp (µ,X) of all
equivalence classes with respect to µ of simple functions with values in the
Banach space X. Since all of the functions in it are simple, they satisfy that(

|〈f(w), x′〉|1−σ‖f(w)‖σ
)p ∈ L1(µ)

for all x′ ∈ X∗, and

Φp,σ(f) := sup
x′∈BX∗

(∫ (
|〈f(w), x′〉|1−σ‖f(w)‖σ

)p
dµ
)1/p

<∞.
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A seminorm for this space can be given by the convexification ‖ · ‖p,σ of Φp,σ
defined by

‖f‖p,σ := inf
{ n∑
i=1

Φp,σ(fi) : f =

n∑
i=1

fi
}
,

for f ∈ Sσp (µ,X). Since for all p and σ, ‖ · ‖Pp ≤ Φp,σ(·), we have that ‖ · ‖p,σ
is in fact a norm, and Sσp (µ,X) ⊆ Pp(µ,X) continuously for all 0 ≤ σ ≤ 1.

Write Sσp (µ,X) for the completion of (Sσp (µ,X), ‖ · ‖p,σ). Define the space

Pσp (µ,X) as the subspace of the elements of Sσp (µ,X) that can be represented
by a function in Pp(µ,X). That is, Pσp (µ,X) is defined by the elements z ∈
Sσp (µ,X) satisfying that

(1) there is a Cauchy sequence (fn) in Sσp (µ,X) converging to z, and also
(2) (fn) converges to a strongly measurable Pettis p-integrable (class of)

function(s) f in Pp(µ,X).
A direct argument using the continuous inclusion of Sσp (µ,X) in Pp(µ,X)

shows that there is a unique function f as above for each z ∈ Pσp (µ,X), and so
the definition of f does not depend on the Cauchy sequence (fn). Therefore,
this space can be considered as a function space endowed with the norm induced
by Sσp (µ,X).

Given 0 ≤ σ < 1, the case p = 1/(1−σ) will be relevant for the applications.
The case p = 1 and σ = 0 gives the classical space of strongly measurable Pettis
integrable functions. We will use the fact that given a continuous linear operator
u : X → Y , then ũ : P1(µ,X)→ P1(µ, Y ) given by ũ(f) = u ◦ f , is well-defined
and continuous (see the proof of the theorem in [3]).

Theorem 5 Let 0 ≤ σ ≤ 1. An operator u : X → Y is (1, σ)-absolutely contin-
uous if and only if the composition operator ũ : Pσ1/(1−σ)(µ,X)→ B1/(1−σ)(µ, Y )

given by ũ(f) := u ◦ f is well defined and continuous. In this case,

πσ1 (u) = ‖ũ‖.

Proof. Let us see first that (1, σ)-absolutely continuous operators are RS-
abstract 1-summing for suitable R and S. Take the functions S : L(X,Y ) ×
X×R→ R+ given by S(u, x, a) := ‖u(x)‖1/(1−σ)|a|, and R : BX∗×X×R→ R+

by R(x′, x, b) := |〈x, x′〉|‖x‖σ/(1−σ)|b|.
For this R and S, an operator u : X → Y is RS-abstract 1-summing if

and only if there is a constant C > 0 such that for each pair of finite sets
x1, ..., xn ∈ X and b1, ..., bn ∈ R,

n∑
i=1

‖u(xi)‖1/(1−σ)|bi| =

n∑
i=1

S(u, xi, bi)

≤ C sup
x′∈BX∗

n∑
i=1

R(x′, xi, bi)

= C sup
x′∈BX∗

n∑
i=1

|〈xi, x′〉|‖xi‖σ/(1−σ)|bi|,
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that is, if the operator is (1, σ)-absolutely continuous.
The second step of the proof consists of defining maps R̃ and S̃ in order to

apply Theorem 3. Let M(µ,X) be the set of all strongly measurable functions
with values in X. Define now S̃ : L(X,Y )×M(µ,X)× {χΩ} × Ω→ R+ given
by

S̃(u, f, χΩ, ω) := S(u, f(ω), χΩ(ω)) = ‖u ◦ f(ω)‖1/(1−σ),

and R̃ : BX∗ ×M(µ,X)× {χΩ} × Ω→ R+ by

R̃(x′, f, χΩ, ω) := R(x′, f(ω), χΩ(ω)) = |〈f(ω), x′〉|‖f‖σ/(1−σ).

An application of Theorem 3 shows that u is (1, σ)-absolutely continuous if,
and only if,∫

Ω

‖u ◦ f(w)‖1/(1−σ) dµ(w) ≤ C sup
x′∈BX∗

∫
Ω

|〈f(w), x′〉| ‖f(w)‖σ/(1−σ)
dµ(w),

(3)
for all simple function f ∈ M(µ,X). Note that for this case, the proof of
Theorem 3 provides that C1−σ = πσ1 (u).

Thus, u is (1, σ)-absolutely continuous if, and only if, u0 : Sσ1/(1−σ)(µ,X)→
B1/(1−σ)(µ, Y ), given by u0(f) := u◦ f , is continuous. Indeed, from (3) we have

(∫
Ω

‖u ◦ f(w)‖1/(1−σ) dµ(w)

)1−σ

≤ C1−σ
(

sup
x′∈BX∗

∫
Ω

|〈f(w), x′〉| ‖f(w)‖σ/(1−σ)
dµ(w)

)1−σ

and since the expression in the left is a norm, we also have for f =
∑n
i=1 fi,(∫

Ω

‖u ◦
n∑
i=1

fi(w)‖1/(1−σ) dµ(w)

)1−σ

≤
n∑
i=1

(∫
Ω

‖u ◦ fi(w)‖1/(1−σ) dµ(w)

)1−σ

≤
n∑
i=1

C1−σ
(

sup
x′∈BX∗

∫
Ω

|〈fi(w), x′〉| ‖fi(w)‖σ/(1−σ)
dµ(w)

)1−σ

,

and thus(∫
Ω

‖u ◦ f(w)‖1/(1−σ) dµ(w)

)1−σ

≤ C1−σ inf
f=

∑n
i=1 fi

n∑
i=1

(
sup

x′∈BX∗

∫
Ω

|〈fi(w), x′〉| ‖fi(w)‖σ/(1−σ)
dµ(w)

)1−σ

= C1−σ ‖f‖1/1−σ,σ .
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A standard argument using these computations and the definitions of the
constants involved gives also ‖u0‖ = C1−σ = πσ1 (u).

Note that u0(f) = ũ(f) for all f in Sσ1/(1−σ)(µ,X). The last step of the

proof consists of proving that the composition operator u0 : Sσ1/(1−σ)(µ,X) →
B1/(1−σ)(µ, Y ) can be extended to the whole space Pσ1/(1−σ)(µ,X), i.e. that the

operator ũ : Pσ1/(1−σ)(µ,X) → B1/(1−σ)(µ, Y ) is well-defined and continuous.

To see this, note that the operator u0 : Sσ1/(1−σ)(µ,X) → B1/(1−σ)(µ, Y ) can

be extended by continuity to an operator U : Pσ1/(1−σ)(µ,X)→ B1/(1−σ)(µ, Y ),

since Pσ1/(1−σ)(µ,X) is a subspace of the completion of Sσ1/(1−σ)(µ,X). We have

to show that U(f) = ũ(f) for all f in Pσ1/(1−σ)(µ,X). Fix f ∈ Pσ1/(1−σ)(µ,X)

and take a sequence (fn) ∈ Sσ1/(1−σ)(µ,X) such that fn → f in the norm

‖ · ‖Pσ
1/(1−σ)

of Pσ1/(1−σ)(µ,X). Since Pσ1/(1−σ)(µ,X) ⊆ P1(µ,X) continuously,

the sequence (fn) converges to f for the norm ‖·‖P1 . As ũ : P1(µ,X)→ P1(µ, Y )
is continuous, (ũ(fn)) converges to the function ũ(f) ∈ P1(µ, Y ). It follows that

U(f) = ‖·‖Pσ
1/(1−σ)

− lim
n
U(fn) = ‖·‖P1− lim

n
U(fn) = ‖·‖P1− lim

n
ũ(fn) = ũ(f),

and so, ũ(f) is Bochner 1/(1−σ)-integrable. Note also that πσ1 (u) = ‖u0‖ = ‖ũ‖.
This gives the result.

Let us finish this section with two relevant examples.

Example 6 Let K be a compact Hausdorff topological space, and consider the
space C(K) of all continuous functions defined on it endowed with the usual sup
norm. If 1 ≤ p ≤ ∞ and ν is a measure, we denote as usual by Lp(ν) the space
of all (classes of equivalence of) p-integrable functions.

(1) Assume that ν is a regular Borel probability measure on K and consider the
canonical p-summing identification map jp : C(K) → Lp(ν). By Lemma
2 the mapping jp is (1, σ)-absolutely continuous for any 0 ≤ σ ≤ 1. Let
us show how jp improves integrability by a straightforward application of
Theorem 5. Let σ = 1/p′ (that is, p = 1/(1− σ)) and consider a strongly
measurable function f : Ω → C(K). If f belongs to Pσp (µ,C(K)) then,
jp ◦ f : Ω→ Lp(ν) belongs to Bp(µ,Lp(ν)).

(2) Take ν any σ-finite measure. Let 1 ≤ r ≤ 2 and 2 ≤ q < ∞, and define
σ0 := 1/q′. Then ũ : Pσ0

q (µ,C(K)) → Bq(µ,Lr(ν)) is well-defined and
continuous for any u ∈ L(C(K), Lr(ν)). In fact, from [4, Th.3.5] we
know that L(C(K), Lr(ν)) = Π2(C(K), Lr(ν)). Since 1/(1− σ0) = q ≥ 2,
by Lemma 2 we obtain

Π2(C(K), Lr(ν)) ⊆ Πq(C(K), Lr(ν)) ⊆ Πσ0
1 (C(K), Lr(ν))

and then Theorem 5 gives the result.
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5 Applications: (p, q)-summing operators and in-
tegrability

The following inclusion property will be useful in this section. It follows easily
from the definitions; note that the case σ2 = 1 gives the Bochner p-norm. Recall
that we are considering a finite and non-atomic measure space (Ω,Σ, µ).

Lemma 7 Let 1 ≤ p < ∞ and 0 ≤ σ1 ≤ σ2 ≤ 1. For a simple function f ,
Φp,σ1

(f) ≤ Φp,σ2
(f). Consequently, Pσ2

p (µ,X) ⊆ Pσ1
p (µ,X) with continuous

inclusion.

Proof. Since for every x′ ∈ BX∗ , we have that |〈f(w), x′〉| ≤ ‖f(w)‖, the
inequality

Φp,σ1(f)p = sup
x′∈BX∗

∫ (
|〈f(w), x′〉|1−σ1‖f(w)‖σ1

)p
dµ

= sup
x′∈BX∗

∫ (
|〈f(w), x′〉|1−σ2 |〈f(w), x′〉|σ2−σ1‖f(w)‖σ1

)p
dµ

≤ sup
x′∈BX∗

∫ (
|〈f(w), x′〉|1−σ2‖f(w)‖σ2−σ1‖f(w)‖σ1

)p
dµ

= sup
x′∈BX∗

∫ (
|〈f(w), x′〉|1−σ2‖f(w)‖σ2

)p
dµ = Φp,σ2

(f)p

holds. The continuous inclusion in the statement is a direct consequence of this
inequality and the definitions.

The following three results are direct applications of Theorem 5 under the
hypothesis of coincidences among the operator ideals Πp, Πσ

1 and Π 1
1−σ ,1

. They

are the source of a lot of particular applications, that will be written in the next
subsection.

Corollary 8 Let 1 ≤ s < ∞ and σ = 1/s′. If u ∈ Πs(X,Y ) then ũ :
Pσs (µ,X)→ Bs(µ, Y ) is well-defined and continuous. In general, if u ∈ Πs(X,Y )
and 1/s′ ≤ σ1, then ũ : Pσ1

s (µ,X)→ Bs(µ, Y ) is well-defined and continuous.

Proof. The case s = 1 reduces to Diestel’s theorem. Now, note that s =
1/(1− σ). Then by Lemma 2, if u ∈ Πs(X,Y ), we have that u ∈ Πσ

1 (X,Y ). By
Theorem 5 we have then that the operator

ũ : Pσs (µ,X) = Pσ1/(1−σ)(µ,X)→ B1/(1−σ)(µ, Y ) = Bs(µ, Y )

is well-defined and continuous. The second statement is a consequence of Lemma
7, since Pσ1

s (µ,X) ⊆ Pσs (µ,X) continuously.
The next results are obvious, we write them as corollaries for further use.

Corollary 9 Let 1 ≤ p < ∞ and σ = 1/p′. Assume that Πp,1(X,Y ) =
Πσ

1 (X,Y ). Then u ∈ Πp,1(X,Y ) if and only if ũ : Pσp (µ,X) → Bp(µ, Y ) is
well-defined and continuous.
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Corollary 10 Let 1 ≤ p ≤ q < ∞ and σ = 1/q′. Assume that L(X,Y ) =
Πp(X,Y ). Then ũ : Pσq (µ,X) → Bq(µ, Y ) is well-defined and continuous for
any u ∈ L(X,Y ).

Proof. It follows from the inclusions Πp(X,Y ) ⊂ Πq(X,Y ) ⊂ Π1,σ(X,Y )
(Lemma 2) and Theorem 5.

In what follows we deal with classical Banach spaces. We will use some
results on coincidence of some classical operator ideals with the interpolated
class of the ideals of (p, σ)-absolutely continuous operators; our main source is
the paper [10]. We will also use some classical results.

5.1 Operators improving integrability of Hilbert space val-
ued functions

Consider a Hilbert space L2. It is well-known (see [4, Corollary 11.16]) that for
each 1 ≤ p < ∞, Πp(L

2, L2) = Π1(L2, L2). Let 1 ≤ p < ∞ and let Ap(L2, L2)
be the corresponding component of the ideal of the p-approximable operators.
It is well-known that Π2(L2, L2) = A2(L2, L2) (see e.g. [6, Theorem 20.5.1] or
[4, Theorem 4.10]). In this setting, we can obtain the following

Corollary 11 Let µ be a non-atomic finite positive measure. Let 1 ≤ p < ∞
and σ = 1/p′ and consider u : L2 → L2 a 2p-approximable operator. Then the
composition operator ũ : Pσp (µ,L2)→ Bp(µ,L2) is well defined and continuous.

Proof. As a consequence of [10, Prop.5.1] and the comments above, we know
that for every 0 ≤ σ < 1, Πσ

1 (L2, L2)=Πσ
2 (L2, L2) = A 2

1−σ
(L2, L2). Theorem 5

gives the result.

5.2 Operators improving integrability of L∞ and C(K) val-
ued functions

Consider a space L∞(ν) for any measure ν. By [10, Prop.5.2], for every Banach
space E and each 1 ≤ p <∞, 0 ≤ σ < 1 and ε > 0, we have that

Π p
1−σ

(L∞, E) ⊆ Πσ
p (L∞, E) ⊆ Π p

1−σ+ε(L
∞, E).

This provides (see (1) below) a partial converse to Corollary 8, which we repro-
duce for L∞-spaces in part (2) of the next result.

Corollary 12 Fix 1 ≤ q < p < ∞, σ = 1/q′, and consider a linear operator
u : L∞(µ)→ E.

(1) If u satisfies that its associated composition operator ũ is well-defined and
continuous from Pσq (µ,L∞) to Bq(µ,E), then u is p-summing.

(2) In the case that u is q-summing, then ũ is well-defined and continuous
from Pσq (µ,L∞) to Bq(µ,E).
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Proof. For the proof of (1), just note that by Theorem 5, u belongs to
Πσ

1 (L∞, E). The right hand side inclusion before the corollary gives (1). Item
(2) is a particular case of Corollary 8.

As a consequence of a result of Pisier, it can be proved that the classes of
( 1

1−σ , 1)-summing operators and the class of (1, σ)-absolutely continuous oper-
ators coincide on C(K)-spaces (see [14, Th.2.4 (ii)] and the characterization of
(p, σ)-absolutely continuous operators given by [10, Th.4.1 (ii)] for the particular
case of C(K)-spaces; see also [8]). Recall that a consequence of Pisier’s result
is that for 1 ≤ q < p <∞, the (p, q)-summing operators acting in C(K)-spaces
coincide with the (p, 1)-summing ones. Thus, for a compact Hausdorff space K
and a Banach space E, we have the following

Corollary 13 Let 1 ≤ q < p <∞ and let σ = 1/p′. An operator u : C(K)→ E
is (p, q)-summing if and only if the composition operator ũ from Pσp (µ,C(K))
to Bp(µ,E) is well defined and continuous.

5.3 Operators improving integrability of L1-spaces valued
functions

The case of (p, σ)-absolutely continuous operators from L1-spaces has been in-
tensively studied (see [10, §6]), so we can find a lot of applications of our results
in this case. Let 0 ≤ σ < 1. Following the notation in this paper —and taking
into account the comments just after the definition in [10, page 201]—, we define

Hσ =:
{
E Banach : L(L1, E) = Πσ

1 (L1, E) for all L1-spaces
}
.

Corollary 14 Fix an L1-space L1 and a non-atomic finite positive measure µ.
Let 1 ≤ p < ∞ and σ = 1/p′. Consider a Banach space E ∈ Hσ. For every
operator u : L1 → E, the composition operator ũ from Pσp (µ,L1) to Bp(µ,E) is
well defined and continuous.

Let us apply this general result to some relevant Banach spaces belonging
to the class Hσ. First, note that since the ideal Πσ

1 is injective ([10, Th.3.2.])
and `1 has the lifting property all the subspaces of the spaces in Hσ are again
in Hσ. Following the notation of Matter in [10], we say that a Banach space
E is (σ, p)-Hilbertian (σ-Hilbertian) if there is an interpolation pair (H,E1)
with H a Hilbert space and E1 a Banach space such that E = (H,E1)σ,p
(E = [H,E1]σ) isomorphically. Here, (·, ·)σ,p and [·, ·]σ denote the usual real
and complex interpolation spaces.

Corollary 15 Let 1 ≤ p < ∞ and σ = 1/p′. Fix an L1-space L1 and a
non-atomic finite positive measure µ. Each of the following Banach spaces E
satisfies that for every operator u : L1 → E, the associated composition operator
ũ : Pσp (µ,L1)→ Bp(µ,E) is well defined and continuous.

(1) E being a quotient of an L∞-space having cotype smaller that 2
1−σ .

(2) E = Lr for 2 ≤ r < 2
1−σ .
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(3) E being a (σ, 2)-Hilbertian space.

(4) E being a σ-Hilbertian space.

(5) E being a Lorentz space Lr,s for 2
1+σ < r and s < 2

1−σ .

Proof. (1) Apply [10, Prop.6.5]. (2) Apply [10, Cor.6.6(a)]. (3) [10, Th.8.1].
(4) [10, Th.8.2]. (5) [10, Th.9.2(a)].

Let us finish the paper with a result regarding super-reflexive Banach lat-
tices. Recall that super-reflexive Banach spaces were the original motivation for
introducing the ideal of (p, σ)-absolutely continuous operators. The following
result is an application of our Theorem 5 and Corollary 10.4 in [10].

Corollary 16 Fix an L1-space L1 and a non-atomic finite positive measure µ.
If F is a super-reflexive Banach lattice, then there is 1 ≤ p < ∞ such that for
every operator u : L1 → E the associated composition operator ũ : Pσp (µ,L1)→
Bp(µ, F ) is well defined and continuous, for σ = 1/p′.
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