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LIPSCHITZ OPERATOR IDEALS AND THE
APPROXIMATION PROPERTY

D. ACHOUR, P. RUEDA1, E.A. SÁNCHEZ-PÉREZ AND R. YAHI

Abstract. We establish the basics of the theory of Lipschitz op-
erator ideals with the aim of recovering several classes of Lipschitz
maps related to absolute summability that have been introduced
in the literature in the last years. As an application we extend the
notion and main results on the approximation property for Banach
spaces to the case of metric spaces.

1. introduction and notations

Since Farmer and Johnson [20] extended absolute summability to
Lipschitz mappings, several works have appeared with the aim of ex-
tending different classes of linear operators to the Lipschitz context
(see for instance [11, 12, 13, 26] and the references therein).

Although in recent years there is an increasing interest for finding
results on approximation properties related to Lipschitz functions and
the free spaces Æ(X) of metric spaces X (see [15, 16, 21, 22, 29]),
there are no explicit definitions of approximation properties on metric
spaces. For example, [5] reproduces the approximation property for
Banach spaces considering approximating Lipschitz mappings instead
of linear operators.

Recently, new extensions of the approximation property for Banach
spaces related to operator ideals have been introduced (see [4, 30]).
In [30], the definition is based on a notion of compactness depending
on a given operator ideal, that has its roots in the paper by Carl and
Stephani [9] and has been developed in the context of polynomials and
holomorphy in [2, 3, 23]. The general notion of Lipschitz operator
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ideal provides a natural context for giving suitable definitions of such
notions.

Our purpose is to develop a basic theory of the Lipschitz operator
ideals that unifies all the recently introduced new classes of Lipschitz
mappings, and apply it to the establishment of a suitable context for
the study of the approximation property intrinsic to metric spaces and
Lipschitz mappings.

Throughout the paper X, Y denote pointed metric spaces with a base
point denoted by 0, and E,F are (real or complex) Banach spaces.
We will write K for R or C. If d is the metric on X, BX stands
for the set {x ∈ X : d(x, 0) ≤ 1}. Given a Banach space Z, Z∗

denotes its topological dual, and BZ is its closed unit ball (which is
coherent with the above notation). As usual, L(E,F ) denotes the
space of all continuous linear operators from E to F with the operator
norm. If T ∈ L(E,F ), T ∗ : F ∗ −→ E∗ is the adjoint operator of T .
The Lipschitz space Lip0(X,E) is the Banach space of all Lipschitz
mappings T from X to E that vanish at 0, under the Lipschitz norm
Lip (.), where Lip (T ) its the infimum of all constants C ≥ 0 such that
‖T (x)− T (x′)‖ ≤ Cd(x, x′) for all x, x′ ∈ X. The notation Lip0 stands
for the class of all Lipschitz mappings from pointed metric spaces to
Banach spaces. For E = K, we write X# = Lip0(X) = Lip0(X,K).
Along the paper we consider BX# endowed with the pointwise topology.
It is well know that Lip0(X) has a predual, namely the space of Arens
and Eells Æ(X) [1]. A molecule on X is a scalar valued function m on
X with finite support that satisfies

∑
x∈X

m (x) = 0. We denote byM(X)

the linear space of all molecules on X. For x, x′ ∈ X the molecule mxx′

is defined by mxx′ = χ{x}−χ{x′}, where χA is the characteristic function

of the set A. For m ∈ M(X) we can write m =
n∑
j=1

λjmxjx′j
for some

suitable scalars λj, and we write

‖m‖M(X) = inf

{
n∑
j=1

|λj| d(xj, x
′
j), m =

n∑
j=1

λjmxjx′j

}
,

where the infimum is taken over all representations of the molecule m.
Denote by Æ(X) the completion of the normed space (M(X), ‖.‖M(X)).

The map δX : X →Æ(X) defined by δX(x) = mx0 isometrically embeds
X in Æ(X). Given T ∈ Lip0(X,E), there exists a unique linear map
TL : Æ(X) −→ E such that T = TL ◦ δX . The operator TL is referred
to as the linearization of T (see [35, Theorem 2.2.4 (b)]).
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The correspondence T ←→ TL establishes an isomorphism between
the vector spaces Lip0(X,E) and L(Æ (X) , E). In particular, the
spacesX# and Æ(X)∗ are isometrically isomorphic via the linearization
R(f) := fL, where fL(m) =

∑
x∈X

f(x)m(x) (see [35, Theorem 2.2.2]).

Sawashima [34] defined the Lipschitz adjoint (or dual) of T ∈ Lip0(X,E)
as the continuous linear operator

T# : Lip0(E) −→ Lip0(X)
g 7−→ T#(g) = g ◦ T

The restriction of T# to E∗ is called the Lipschitz transpose map of T
and is denoted here by T t.

Section 2 contains the basics of the theory of Lipschitz operator
ideals, that are introduced in a natural way. Especial emphasis is
made on examples: we recover the main classes of Lipschitz mappings
such as approximable Lipschitz mappings, Lipschitz p−summing map-
pings, Lipschitz p−integral mappings, Lipschitz p−nuclear mappings,
Lipschitz compact and Lipschitz weakly compact mappings. In Section
3 we extend to the Lipschitz mappings setting some linear procedures
to construct ideals of operators from a given operator ideal I: by com-
position with linear operators from I and, by considering those Lips-
chitz mappings whose Lipschitz transposes belong to I. It is proved
that the Lipschitz dual of a given operator ideal I coincides with the
Lipschitz composition ideal with the dual ideal of I. A direct conse-
quence is the well-known Lipschitz variant of Schauder’s (respectively
Gantmacher’s) theorem: a Lipschitz operator is compact (respectively
weakly compact) if, and only if, its transpose is compact (respectively
weakly compact). In Section 4 we initiate a study of approximation
properties for metric spaces, that come from considering composition
ideals of Lipschitz mappings. The main aim is to relate the linear and
the Lipschitz theories. To do so, we strongly make use of linearization
techniques.

2. Lipschitz operator ideals

The aim of this section is to introduce the concept of Lipschitz oper-
ator ideal. We will follow the spirit of the definition of linear operator
ideal explained in the excellent monographs [17, 33].

Definition 2.1. A Lipschitz operator ideal ILip is a subclass of Lip0

such that for every pointed metric space X and every Banach space E
the components

ILip(X,E) := Lip0(X,E) ∩ ILip
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satisfy:
(i) ILip(X,E) is a linear subspace of Lip0(X,E).
(ii) vg ∈ ILip(X,E) for v ∈ E and g ∈ X#.
(iii) The ideal property: if S ∈ Lip0(Y,X), T ∈ ILip(X,E) and w ∈
L(E,F ), then the composition wTS is in ILip(Y, F ).

A Lipschitz operator ideal ILip is a normed (Banach) Lipschitz op-
erator ideal if there is ‖.‖ILip : ILip −→ [0,+∞[ that satisfies

(i’) For every pointed metric space X and every Banach space E, the
pair (ILip(X,E), ‖.‖ILip) is a normed (Banach) space and Lip(T ) ≤
‖T‖ILip for all T ∈ ILip(X,E).
(ii’) ‖IdK : K −→ K, IdK(λ) = λ‖ILip = 1.

(iii’) If S ∈ Lip0(Y,X), T ∈ ILip(X,E) and w ∈ L(E,F ), then
‖wTS‖ILip ≤ Lip(S) ‖T‖ILip ‖w‖.

From conditions (i’), (ii’) and (iii’) we get for any v ∈ E and any
g ∈ X#,

‖vg‖ILip = ‖(v IdK) ◦ IdK ◦ g‖ILip ≤ ‖v IdK‖‖IdK‖ILipLip(g)

= ‖v‖Lip(g) = Lip(vg) ≤ ‖vg‖ILip ,

that is, ‖vg‖ILip = ‖v‖Lip(g) = Lip(vg).
Following [26] a mapping T ∈ Lip0(X,E) has Lipschitz finite dimen-

sional rank if the linear hull of the set
{
T (x)−T (x′)
d(x,x′)

, x, x′ ∈ X, x 6= x′
}

is

a finite dimensional subspace of E. We denote by Lip0F(X,E) the set of
all Lipschitz finite rank mappings from X to E. Clearly, Lip0F(X,E)
is a linear subspace of Lip0(X,E). It is proved in [26, Proposition
2.4] that having finite dimensional rank is equivalent to having Lip-
schitz finite dimensional rank. This is also equivalent to saying that
the linearization TL of T has finite rank. Such a mapping admits a

finite representation T =
n∑
k=1

ukfk, with (uk)k≤n ∈ E, (fk)k≤n ∈ X#.

Indeed, given T ∈ Lip0F(X,E), according to [26, Proposition 2.4],
TL ∈ L(Æ(X), E) has finite rank. Thus

TL =
n∑
i=1

m∗i ⊗ ui, (ui)i≤n ⊂ E, (m∗i )i≤n ⊂ Æ(X)∗.

Since Æ(X)∗ andX# are isometrically isomorphic then, there is (fi)i≤n ⊂
X# such that (fi)L = m∗i .
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For x ∈ X we obtain

T (x) = TL ◦ δX(x) = TL(mx0) =
n∑
i=1

(fi)L ⊗ ui(mx0)

=
n∑
k=1

〈(fi)L,mx0〉ui

=
n∑
i=1

fi(x)ui.

Thus T =
n∑
i=1

uifi.

The class Lip0F is the smallest Lipschitz operator ideal.

Definition 2.2. (1) A Lipschitz operator ideal ILip is said to be injec-
tive if for every metric linear injection I : E ↪→ F (that is, I is linear
and ‖I(x)‖ = ‖x‖ for all x ∈ E) and every T ∈ Lip0(X,E), T is in
ILip whenever I ◦ T ∈ ILip(X,F ). A normed Lipschitz operator ideal
is called injective if moreover ‖T‖ILip = ‖I ◦ T‖ILip . In a straightfor-

ward way, the injective hull I injLip can be defined as the smallest injective
Lipschitz operator ideal that contains ILip. Note that each Lipschitz
operator ideal is contained in an injective Lipschitz operator ideal, and
so the notion of injective hull makes sense. Indeed, as in the linear
case, I injLip(X,E) is formed by all Lipschitz mappings T : X → E that
satisfy that JF ◦ T ∈ I(X, `∞(BE∗)), where JE is the canonical inclu-
sion JE : E → `∞(BE∗). The space I injLip(X,E) is endowed with the

norm ‖T‖injILip := ‖JE ◦ T‖ILip , for all T ∈ I injLip(X,E) (see for example

[17, 9.7]).
(2) The closed hull ILip of a Lipschitz operator ideal ILip consists of
all Lipschitz mappings that can be approximated, with respect to the
Lipschitz norm, by a sequence of Lipschitz mappings in ILip.

2.1. Approximable Lipschitz operators. Following [26], a Lips-
chitz mapping T ∈ Lip0(X,E) is said to be approximable if it is the
limit of a sequence of Lipschitz finite rank operators from X to E in
the Lipschitz norm Lip.

The collection of all approximable Lipschitz operators T ∈ Lip0(X,E)

is denoted by Lip0F(X,E). It is clear that Lip0F(X,E) is an example
of Lipschitz ideal. Given E and F Banach spaces, let Lf (E,F ) denote
the space of all finite rank linear operators from E to F .

The following is inspired in [6].
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Lemma 2.3. Let T ∈ Lip0(X,E). The following statements are equiv-
alent.

(1) T ∈ Lip0F(X,E).
(2) TL ∈ Lf (Æ (X) , E).
(3) T t ∈ Lf (E∗, X#).

Proof. The equivalence between (1) and (2) appears in [26, Proposition
2.4]. The equivalence with (3) follows from the fact that (TL)∗ = R◦T t
and the ideal property. �

Corollary 2.4. Let T ∈ Lip0(X,E). The following statements are
equivalent.

(1) T can be approximated by finite rank Lipschitz operators.
(2) TL can be approximated by finite rank linear operators.
(3) T t can be approximated by finite rank linear operators.

Proof. It is a direct consequence of Lemma 2.3 the fact that the corre-
spondence T ∈ Lip0(X,E) 7−→ TL ∈ L(Æ (X) , E) is an isomorphism,
and Hutton’s theorem [25, Theorem 2.1] that assures that TL can be
approximated by finite rank operators if, and only if, (TL)∗ can be
approximated by finite rank operators. �

2.2. Lipschitz p−summing operators. Let 1 ≤ p < ∞. In [20]
Lipschitz p−summing operators defined between metric spaces are in-
troduced. A mapping T ∈ Lip0(X,E) is Lipschitz p−summing if there
exists a constant C ≥ 0 such that for all (xi)i≤n, (x

′
i)i≤n in X and all

(ai)i≤n ⊂ R+

n∑
i=1

ai ‖T (xi)− T (x′i)‖
p ≤ Cp sup

f∈B
X#

n∑
i=1

ai|f(xi)− f(x′i)|p.

The infimum of all such constants C ≥ 0 is denoted by πLp (T ). This

class of mappings is denoted by ΠL
p (X,E). Thanks to an argument de-

tailed in [20] the scalars a1, . . . , an can be removed from the definition.
It is well known that ΠL

p (X,E) with the norm πLp (.) is a Banach
space that satisfies the ideal property (this is straightforward, see for
instance [20]) and that Lip(T ) ≤ πLp (T ) for every T ∈ ΠL

p (X,E). A

direct calculation shows that πLp (vg) ≤ ‖v‖Lip(g) for any v ∈ E and

0 6= g ∈ X#. Theorem 2 in [20] assures that πLp (IdK) = πp(IdK) = 1,
where IdK : K −→ K, IdK(λ) = λ. Moreover, consider a metric linear
injection I : E ↪→ F and T ∈ Lip0(X,E) such that I ◦ T ∈ ΠL

p (X,E).
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Since I is a metric injection, given (xi)i≤n, (x
′
i)i≤n in X we get(

n∑
i=1

‖T (xi)− T (x′i)‖
p

) 1
p

=

(
n∑
i=1

‖IT (xi)− IT (x′i)‖
p

) 1
p

≤ πLp (IT ) sup
f∈B

X#

(
n∑
i=1

|f(xi)− f(x′i)|
p

) 1
p

.

Hence T ∈ ΠL
p (X,E) and πLp (T ) ≤ πLp (IT ). The ideal property gives

the reverse inequality and then πLp (T ) = πLp (IT ). That proves that ΠL
p

is injective. Summarizing, we have the following.

Proposition 2.5. (ΠL
p , π

L
p ) is an injective Banach Lipschitz operator

ideal.

2.3. Lipschitz p−integral operators. Let 1 ≤ p ≤ ∞ Lipschitz
p−integral operators from metric spaces to pointed metric spaces are
introduced in [20] (see also [13]). A map T ∈ Lip0(X,E) is Lipschitz
p−integral if there are a probability measure space (Ω,Σ, µ) and two
Lipschitz mappings A : Lp(µ) −→ E∗∗ and B : X −→ L∞(µ) such that
the following diagram commutes:

X
T //

B
��

E
kE // E∗∗

L∞(µ)
iµp // Lp(µ).

A

OO

where iµp : L∞(µ) −→ Lp(µ) is the canonical mapping and kE : E −→
E∗∗ is the canonical isometric embedding. For short, we will say that
(A, iµp , B) is a factorization for T . Denote by ιLp (T ) the infimum of
Lip(A)Lip(B) taken over all factorizations as above. This class of
mappings is denoted by ILp (X,E).

Using some standard techniques from [7, Proposition 2.1] (see also
[19, Theorem 5.2] ) we can show that ILp (X,E) is a Banach Lipschitz

operator ideal with the norm ιLp (.). For the convenience of the reader,
we include the proof.

Proposition 2.6. (ILp , ιLp ) is a Banach Lipschitz operator ideal.

Proof. We check all conditions in Definition 2.1.
(i) We start checking that Lip(T ) ≤ ιLp (T ) for all T ∈ ILp (X,E).

Let (A, iµp , B) be a factorization for a T ∈ ILp (X,E). Clearly kET ∈
Lip0(X,E∗∗) and Lip(T ) = Lip(kET ) ≤ Lip(A)Lip(B). Taking the
infimum we get Lip(T ) ≤ ιLp (T ).
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We check now that ILp (X,E) is a linear subspace of Lip0(X,E). Let

T ∈ ILp (X,E) and let (A, iµp , B) be a decomposition for T . For any
α ∈ K, kE(αT ) = (αA)iµpB. Since αA ∈ Lip0(Lp(µ), E∗∗) then αT is
Lipschitz p−integral and

ιLp (αT ) ≤ Lip(αA)Lip(B) = |α|Lip(A)Lip(B).

It follows that ιLp (αT ) ≤ |α| ιLp (T ). Then, for α 6= 0, we have ιLp (T ) =

ιLp (α−1αT ) ≤ |α−1| ιLp (αT ), hence |α| ιLp (T ) ≤ ιLp (αT ) and so ιLp (αT ) =

|α| ιLp (T ).

Let T1, T2 ∈ ILp (X,E) and ε > 0. Consider factorizations (Ai, i
µi
p , Bi)

for Ti such that Lip(Bi) = 1
2

and Lip(Ai) < ιLp (Ti) + ε
2
, for i = 1, 2. We

may assume also that Ω1 ∩ Ω2 = ∅.
Take Ω := Ω1 ∪ Ω2, Σ := {S ⊂ Ω : S ∩ Ωi ∈ Σi, i = 1, 2} and define

the probability measure µ on Ω by

µ(S) :=
Lip(A1)µ1(S ∩ Ω1) + Lip(A2)µ2(S ∩ Ω2)

Lip(A1) + Lip(A2)
.

Define A : Lp(µ) −→ E∗∗ and B : X −→ L∞(µ) by

A(f) = A1(f |Ω1 ) + A2(f |Ω2 ),

B(x) = B1(x) · χΩ1 +B2(x) · χΩ2 ,

where χΩi is the characteristic function of Ωi for i = 1, 2. We have
A(0) = 0. If 1

p
+ 1

p′
= 1, using Hölder’s inequality we get

‖A(f)− A(f ′)‖ ≤
2∑
i=1

‖Ai(f |Ωi )− Ai(f ′ |Ωi )‖

≤
2∑
i=1

Lip(Ai)
1/pLip(Ai)

1/p′ ‖(f − f ′) |Ωi ‖Lp(µi)

≤

(
2∑
i=1

Lip(A1)

)1/p( 2∑
i=1

Lip(Ai)
1/p′ ‖(f − f ′) |Ωi ‖Lp(µi)

)

≤

(
2∑
i=1

Lip(A1)

)1/p( 2∑
i=1

Lip(Ai)

)1/p′ ( 2∑
i=1

‖(f − f ′) |Ωi ‖
p
Lp(µi)

)1/p

= (Lip(A1) + Lip(A2)) ‖(f − f ′)‖Lp(µ)

for all f, f ′ ∈ Lp(µ). Hence A ∈ Lip0(Lp(µ), E∗∗) and Lip(A) ≤
Lip(A1) + Lip(A2). Moreover B ∈ Lip0(X,L∞(µ)) with Lip(B) ≤ 1
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because B(0) = 0 and

‖B(x)−B(x′)‖L∞(µ) ≤ ‖B1(x)−B1(x′)‖L∞(µ1) + ‖B2(x)−B2(x′)‖L∞(µ2)

≤ (Lip(B1) + Lip(B2)) d(x, x′)

= d(x, x′)

for all x, x′ ∈ X. For each x ∈ X , we have

AiµpB(x) = Aiµp(B1(x)χΩ1 +B2(x)χΩ2)

= A1i
µ1
p B1(x) + A2i

µ2
p B2(x)

= kET1(x) + kET2(x)

= kE(T1 + T2)(x),

and thus AiµpB = kE(T1 + T2). Hence T1 + T2 ∈ ILp (X,E) and

ιLp (T1 + T2) ≤ Lip(A)Lip(B) ≤ Lip(A) ≤ ιLp (T1) + ιLp (T2) + ε.

Since ε was arbitrary, it follows that ιLp (T1 + T2) ≤ ιLp (T1) + ιLp (T2).

To prove the completeness of the space ILp (X,E), take a sequence

(Tn) in ILp (X,E) such that
∞∑
n=1

ιLp (Tn) < ∞. Since Lip(.) ≤ ιLp (.)

and (Lip0(X,E), Lip(.)) is a Banach space, there exists T :=
∞∑
n=1

Tn ∈

Lip0(X,E). We prove that
∞∑
n=1

Tn = T for ιLp (.). Let ε > 0. For each

n ∈ N we can find a probability space (Ωn,Σn, µn), Lipschitz operators
Bn ∈ Lip0(X,L∞(µn)), An ∈ Lip0(Lp(µn), E∗∗) with Lip(Bn) = 1/2n

and Lip(An) ≤ ιLp (Tn) + ε/2n such that kETn factors as

kETn = Ani
µn
p Bn : X

Bn−→ L∞(µn)
iµnp−→ Lp(µn)

An−→ E∗∗.

We can assume that the Ωn’s are pairwise disjoint and set Ω := ∪n∈NΩn

and Σ := {S ⊂ Ω : S ∩ Ωn ∈ Σn, ∀n ∈ N}. Define the probability mea-
sure µ on Σ by

µ(S) :=

∑∞
n=1 µn(S ∩ Ωn)Lip(An)∑∞

n=1 Lip(An)
,

S ∈ Σ. Define A : Lp(µ) −→ E∗∗ and B : X −→ L∞(µ) by

A(f) =
∞∑
n=1

An(f |Ωn ),

B(x) =
∞∑
n=1

Bn(x)χΩn .
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Clearly A(0) = 0 and B(0) = 0. When p =∞ it is clear that Lip(A) ≤∑∞
n=1 Lip(An) < ∞. For 1 ≤ p < ∞, using a similar argument as

above we get

‖A(f)− A(f ′)‖ ≤

(
∞∑
n=1

Lip(An)

)
‖f − f ′‖Lp(µ)

and

‖B(x)−B(x′)‖L∞(µ) ≤ d(x, x′),

for all f, f ′ ∈ Lp(µ) and all x, x′ ∈ X. Hence, A ∈ Lip0(Lp(µ), E∗∗)

with Lip(A) ≤
∞∑
n=1

Lip(An) ≤
∞∑
n=1

ιLp (Tn) + ε, and B ∈ Lip0(X,L∞(µ))

with Lip(B) ≤ 1.
For each x ∈ X , we have

AiµpB(x) = A

(
∞∑
n=1

iµp(Bn(x)χΩn)

)

=
∞∑
m=1

Am

(( ∞∑
n=1

iµp(Bn(x)χΩn)
)
|Ωm

)

=
∞∑
m=1

Ami
µm
p Bm(x) =

∞∑
m=1

kETm(x) = kET (x)

and thus AiµpB = kET. Hence, T ∈ ILp (X,E) and

ιLp (T ) ≤ Lip(A)Lip(B) ≤ Lip(A) ≤
∞∑
n=1

ιLp (Tn) + ε.

Since ε was arbitrary, it follows that ιLp (T ) ≤
∑∞

n=1 ι
L
p (Tn).

We now show that T =
∑∞

k=1 Tk for the ιLp norm. For each n ∈ N,
define tn : Lp(µ) −→ E∗∗ by tn(f) =

∑∞
k=n+1Ak(f |Ωk ). By the same

argument used above we obtain, tn ∈ Lip0(Lp(µ), E∗∗) with Lip(tn) ≤∑∞
k=n+1 Lip(Ak) and so lim

n→∞
Lip(tn) = 0. It is easy to see that T −∑n

k=1 Tk = tni
µ
pB. Then, lim

n→∞
ιLp ( T −

∑n
k=1 Tk) = 0.

(ii) Fix a point x0 ∈ X and take Ω = {x0} , Σ = {Ω, ∅} and µ :
Σ −→ R defined by µ(Ω) = 1, µ(∅) = 0. Then (Σ,Ω, µ) is a probability
space. Clearly, L∞(µ) and Lp(µ) contain only constant functions.

Let g ∈ X# and v ∈ E. Define B ∈ Lip0(X,L∞(µ)) and A ∈
Lip0(Lp(µi), E

∗∗) by A(t1) = tkE(v) for all t ∈ K and B(x) = g(x)1
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for all x ∈ X, where 1 is the constant function equal to 1 on Ω. It is
clear that

(kE(vg))(x) = g(x)kE(v) = g(x)A(1) = A(g(x)1) = Aiµp(g(x)1) = AiµpB(x)

for all x ∈ X. Then vg ∈ ILp (X,E) and ιLp (vg) ≤ Lip(A)Lip(B) =
‖v‖Lip(g).

Let IdK : K −→ K, IdK(λ) = λ. By [13, p. 5275] ιLp (IdK) =
ιp(IdK) = 1.

(iii) Let v ∈ Lip0(Y,X), T ∈ ILp (X,E) and w ∈ L(E,F ). Since T is
Lipschitz p−integral then we have the following factorization

Y
v // X

T //

B

��

E
w //

kE

$$HHHHHHHHH F
kF // F ∗∗

E∗∗

w∗∗
<<xxxxxxxx

L∞(µ)
iµp // Lp(µ)

A
;;wwwwwwww

Since the mappings B ◦ v and w∗∗ ◦ A are Lipschitz then w ◦ T ◦ v is
Lipschitz p−integral and

ιLp (w ◦ T ◦ v) = ιLp (w∗∗ ◦ A ◦ iµp ◦B ◦ v) ≤ ‖w‖Lip(A)Lip(B)Lip(v).

Taking the infimum, we obtain

ιLp (w ◦ T ◦ v) ≤ ‖w‖ ιLp (T )Lip(v).

�

2.4. Lipschitz p−nuclear operators. Let 1 ≤ p ≤ ∞. Lipschitz
p−nuclear operators from metric spaces to Banach spaces are intro-
duced in [13]. A map T ∈ Lip0(X,E) is Lipschitz p−nuclear if there
are two Lipschitz mappings A : `p −→ E and B : X −→ `∞ and
λ = (λn)n ∈ `p such that the following diagram commutes:

X

B
��

T // E

`∞
Mλ // `p

A

OO

where Mλ((xn)n) := (λnxn)n, for all (xn)n ∈ `∞. Let νLp (T ) denote the
infimum of Lip(A) ‖Mλ‖Lip(B) over all factorizations as above; note
that ‖Mλ‖ = ‖λ‖`p . The set of all such T is denoted by N L

p (X,E).

Proposition 2.7. (N L
p , ν

L
p ) is a Banach Lipschitz operator ideal.



12 D. ACHOUR, P. RUEDA, E.A. SÁNCHEZ-PÉREZ AND R. YAHI

Proof. We start proving that Lip(T ) ≤ νLp (T ) for any T ∈ N L
p (X,E).

Assume that T ∈ N L
p (X,E). Then, there exist A ∈ Lip0(X, `∞),

B ∈ Lip0(`p, E) and a diagonal operator Mλ ∈ L(`∞, `p) with λ ∈ `p
such that T factors as

T : X
A−→ `∞

Mλ−→ `p
B−→ E.

Clearly T ∈ Lip0(X,E) and

Lip(T ) = Lip(BMλA) ≤ Lip(B) ‖Mλ‖Lip(A).

Taking the infimum we get Lip(T ) ≤ νLp (T ).
The spaces Lp(µ) and L∞(µ) are the standard sequence spaces `p

and `∞ respectively, whenever µ is the counting measure on N. Then,
an easy adaptation of the proof of Proposition 2.6 proves that N L

p is a
Banach Lipschitz operator ideal. �

2.5. Lipschitz compact and Lipschitz weakly compact oper-
ators. Following [26] a Lipschitz map T ∈ Lip0(X,E) is Lipschitz
compact (Lipschitz weakly compact) if the set{

T (x)− T (x′)

d(x, x′)
, x, x′ ∈ X, x 6= x′

}
is relatively compact (respectively, relatively weakly compact) in E.
Denote by Lip0K(X,E) and Lip0W(X,E) the sets of Lipschitz compact
operators and Lipschitz weakly compact operators from X to E, re-
spectively. The ideal property has been proved in [26, Proposition 2.3].
Now we prove that Lip0K(X,E) (respectively Lip0W(X,E)) contains
the finite dimensional rank Lipschitz operators. Let T be a finite di-
mensional rank Lipschitz operator, then by [26, Proposition 2.4] the
linearization TL has finite dimensional rank and so is compact (respec-
tively weakly compact) and by [26, Proposition 2.1 and Proposition
2.2] T is Lipschitz compact (respectively Lipschitz weakly compact).
By [26, Corollary 2.6] the spaces Lip0K(X,E) and Lip0W(X,E) are
closed subspaces of Lip0(X,E)). Then Lip0K and Lip0W are Banach
Lipschitz operator ideals with the norm Lip.

We can get the next result regarding the classical approximation
property; we will adapt this notion to the Lipschitz setting in a more
general way in the last section of the paper.

Proposition 2.8. If E has the approximation property and T ∈ Lip0(X,E),
then T is Lipschitz compact if, and only if, T can be approximated by
Lipschitz finite rank operators.

Proof. If T is Lipschitz compact then TL is compact and by the ap-
proximation property of E we conclude that TL can be approximated
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by finite rank operators. Then, by Corollary 2.4 T can be approx-
imated by Lipschitz finite rank operators. For the converse see [26,
Propositions 2.1 and 2.4]. �

Remark 2.9. If ILip is a Banach Lipschitz operator ideal and we define
ILip∩L as the class of all linear operators between Banach spaces that
belong to ILip, then ILip∩L is a linear operator ideal. It is shown in
[20, Theorem 2] that for a linear operator T, πLp (T ) coincides with the

absolutely p−summing norm and then, ΠL
p ∩L is the ideal of absolutely

p−summing operators. The same thing occurs for Lipschitz p−integral
operators: for a linear operator T, ιLp (T ) coincides with the p−integral

norm and then, ILp ∩L is the ideal of p−integral operators. Also, from

[13, Theorem 2.1] it follows that N L
p (X,E∗) ∩ L(X,E∗) = Np(X,E∗)

whenever X is a separable Banach space and E∗ is a dual Banach space.

3. Methods to produce Lipschitz operator ideals

We undertake here some methods to produce Lipschitz operator
ideals.

3.1. Composition ideal of Lipschitz mappings.

Definition 3.1. (Composition Ideals) Given an operator ideal I, a
Lipschitz mapping T ∈ Lip0(X,E) belongs to the composition Lipschitz
operator ideal I◦Lip0, denoted T ∈ I◦Lip0(X,E), if there are a Banach
space F , a Lipschitz operator S ∈ Lip0(X,F ) and an operator u ∈
I(F,E) such that T = u ◦S. If (I, ‖.‖I) is a normed operator ideal we
write ‖T‖I◦Lip0 = inf ‖u‖I Lip(S), where the infimum is taken over all
u, S as above.

Proposition 3.2. Let I be an operator ideal. The following are equiv-
alent for T ∈ Lip0(X,E):

(1) T ∈ I◦Lip0(X,E).
(2) TL ∈ I(Æ(X), E).
If (I, ‖.‖I) is a normed operator ideal, then

‖T‖I◦Lip0 = ‖TL‖I .

Proof. (1) ⇒ (2) Assume that T ∈ I◦Lip0(X,E). Then there is a
Banach space F , a Lipschitz operator S ∈ Lip0(X,F ) and an operator
u ∈ I(F,E) such that T = u ◦S. Since TL = u ◦SL, the ideal property
ensures that TL ∈ I(Æ(X), E). If (I, ‖.‖I) is normed then,

‖TL‖I = ‖u ◦ SL‖I ≤ ‖u‖I ‖SL‖ = ‖u‖I Lip(S).
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Taking the infimum over all such factorizations we obtain ‖TL‖I ≤
‖T‖I◦Lip0 .

(2) ⇒ (1) Consider the factorization of T given by T = TL ◦ δX .
Since δX is Lipschitz and TL ∈ I(Æ(X), E) then T ∈ I◦Lip0(X,E)
and, if (I, ‖.‖I) is normed we have

‖T‖I◦Lip0 = ‖TL ◦ δX‖I◦Lip0 ≤ ‖TL‖I Lip(δX) = ‖TL‖I .

�

Corollary 3.3. If I is a (normed, closed, Banach) operator ideal then,
I◦Lip0 is a (respectively normed, closed, Banach) Lipschitz operator
ideal.

Proof. Let us check that a composition Lipschitz operator ideal is a
Lipschitz operator ideal. Using Proposition 3.2,

T, S ∈ I ◦ Lip0(X,E) ⇐⇒ TL, SL ∈ I(Æ(X), E)

⇐⇒ (αT + βS)L = αTL + βSL ∈ I(Æ(X), E),∀α, β ∈ K
⇐⇒ αT + βS ∈ I ◦ Lip0(X,E),∀α, β ∈ K.

As a consequence of Proposition 3.2, I◦Lip0(X,E) contains the finite
dimensional rank Lipschitz operators. To prove the ideal property con-
sider v ∈ Lip0(Y,X), T ∈ I◦Lip0(X,E) and w ∈ L(E,F ). There
are a Banach space G, a Lipschitz operator S ∈ Lip0(X,G) and an
operator u ∈ I(G,E) such that T = u ◦ S. From the ideal property,
w ◦ u ∈ I(G,E). It is clear that S ◦ v ∈ Lip0(Y,E) and we conclude
that w◦T ◦v ∈ I◦Lip0(Y, F ). Therefore I◦Lip0 is a Lipschitz operator
ideal.

Now we show that I◦Lip0 is closed whenever I is. Consider a se-
quence (Ti)i ∈ I◦Lip0(X,E) converging to T in Lip0(X,E). From

lim
i→∞
‖(Ti)L − TL‖ = lim

i→∞
‖(Ti − T )L‖ = lim

i→∞
Lip(Ti − T ) = 0.

it follows that TL ∈ I(Æ(X), E) and so, T ∈ I◦Lip0(X,E).
Clearly, (I◦Lip0, ‖·‖I◦Lip0) is a normed Lipschitz ideal whenever (I, ‖·
‖I) is normed. Just for the sake of completeness note that if v ∈
Lip0(Y,X), T ∈ I◦Lip0(X,E) and w ∈ L(E,F ) then, by [27, Lemma
3.1]) the linearization of w ◦ T ◦ v is w ◦ TL ◦ v̂ for a suitable linear
operator v̂ ∈ L(Æ(Y ) ,Æ(X)), with ‖ṽ‖ = Lip(v).

‖w ◦ T ◦ v‖I◦Lip0 = ‖w ◦ TL ◦ v̂‖I◦Lip0
≤ ‖w‖ ‖TL‖I ‖v̂‖
= ‖w‖ ‖T‖I◦Lip0 Lip(v).
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To finish the proof, it easily follows from Proposition 3.2 that if
(I, ‖.‖I) is a Banach operator ideal then, (I◦Lip0, ‖.‖I◦Lip0) is a Banach
Lipschitz operator ideal. �

Example 3.4. Let 1 < p ≤ ∞. Cohen [14] introduces the class of
strongly p−summing linear operators as those T ∈ L(E,F ) fulfilling
that there exists C ≥ 0 such that for all n ∈ N, x1, ..., xn ∈ E and
y∗1, ..., y

∗
n ∈ F ∗

n∑
i=1

|〈T (xi), y
∗
i 〉| ≤ C

( n∑
i=1

‖xi‖p
) 1
p

sup
ϕ∈BF∗∗

( n∑
i=1

|ϕ(y∗i )|
p′
) 1
p′
.

The space of all strongly p−summing linear operators is denoted by
Dp(E,F ) and the infimum of all C by dp(T ). In [14, Theorem 2.2.2] it
is shown that T ∈ Dp(E,F ) if, and only if, T ∗ ∈ Πp′(F

∗, E∗) whenever
1 < p ≤ ∞. In [36] the strongly Lipschitz p−summing mappings are
introduced. A map T ∈ Lip0(X,E) is strongly Lipschitz p−summing
(1 < p ≤ ∞), if there are a Banach space F and an operator u ∈
Dp(F,E) such that

|〈y∗, T (x)− T (x′)〉| ≤ d(x, x′) ‖u∗(y∗)‖ for all x, x′ ∈ X, y∗ ∈ E∗.

The infimum of all constants dp(u) is denoted dLst,p(T ). This class

of mappings is denoted by DLst,p(X,E) and with the norm dLst,p(T ) it
is a Banach space. Moreover, it is proved that T is strongly Lips-
chitz p−summing if, and only if, TL is strongly p−summing. Then by
Proposition 3.2 every strongly Lipschitz p−summing mapping T can
be considered the composition of a Lipschitz mapping and a strongly
p−summing mapping, that is, DLst,p = Dp ◦ Lip0.

Example 3.5. The following variant of Lipschitz integral mapping is
introduced in [7]. A mapping T ∈ Lip0(X,E) is Lipschitz Grothendieck-
integral if there are a probability measure space (Ω,Σ, µ), a linear oper-
ator A ∈ L(L1(µ), E∗∗) and a Lipschitz mapping B ∈ Lip0(X,L∞(µ))
such that kE ◦ T = A ◦ iµ1 ◦ B. The Lipschitz G-integral norm of T
is defined by LipGI(T ) = inf ‖A‖Lip(B), where the infimum is taken
over all factorizations as above. This class of mappings is denoted by
Lip0GI(X,E). If we denote by (I1, ι1) the Banach ideal of integral lin-
ear operators (we refer to [19, 17] for integral linear operators) then,
I1(F,E) ⊂ Lip0GI(F,E) ⊂ IL1 (F,E), for all Banach spaces E and
F . The maximality of I1 implies that ι1(T ) = LipGI(T ) = ιL1 (T ), for
all T ∈ I1(F,E). In [7, Proposition 2.1] it is proved that Lip0GI is
a Banach Lipschitz operator ideal (a similar notion of Lipschitz op-
erator ideal is considered in [7], without going into a general study).
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Proposition 2.4 in [7] shows that T ∈ Lip0GI(X,E) if, and only if,
TL ∈ I1(Æ(X), E). Hence, by Proposition 3.2, Lip0GI = I1 ◦ Lip0.

Proposition 3.6. Let X be a pointed metric space and E be a Banach
space. We have

(1) Lip0K(X,E) = K ◦ Lip0(X,E) isometrically.
(2) Lip0W(X,E) =W ◦ Lip0(X,E) isometrically.

Proof. It is a consequence of Propositions 2.1 and 2.2 in [26] and Propo-
sition 3.2. �

Remark 3.7. In general, a Lipschitz operator ideal ILip does not co-
incide with I ◦ Lip0. For example, the ideal of Lipschitz p-summing
operators ΠL

p and the corresponding composition Πp◦Lip0 do not co-
incide. Indeed, δK is Lipschitz p-summing, but its linearization is the
identity map on the infinite dimensional space Æ(K) and so, it cannot
be absolutely p-summing. Proposition 3.2 ensures now that δK does not
belong to Πp◦Lip0. The same situation occurs for Lipschitz p-nuclear
and Lipschitz p-integral operators.

3.2. The dual Lipschitz ideal. The dual of an operator ideal I is
defined as follows: for Banach spaces E and F ,

Idual(E,F )= {u ∈ L(E,F ) : u∗ ∈ I(F ∗, E∗)} ,
where u∗ : F ∗ −→ E∗ is the adjoint of u. It is well known that Idual is
an operator ideal. We write ‖u‖Idual = ‖u∗‖I .

Definition 3.8. The Lipschitz dual of a given operator ideal I is de-
fined by

ILip0−dual(X,E) =
{
T ∈ Lip0(X,E) : T t ∈ I(E∗, X#)

}
If (I, ‖.‖I) is a quasinormed operator ideal, define

‖T‖ILip0−dual =
∥∥T t∥∥I .

Theorem 3.9. If I is an operator ideal then,

ILip0−dual = Idual◦Lip0

Moreover, if (I, ‖.‖I) is normed then,

‖·‖ILip0−dual = ‖·‖Idual◦Lip0 .

Proof. Assume that T ∈ ILip0−dual, that is, T t ∈ I(E∗, X#). Consider
the linearization operator R : X# → Æ(X)∗ defined in Section 1. As
we said there, it is linear, continuous and ‖R‖ ≤ 1. Since (TL)∗ =
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R ◦ T t ∈ I(E∗,Æ(X)∗) then, TL ∈ Idual(Æ(X), E). By Proposition 3.2
we conclude T ∈ Idual◦Lip0. Besides,

‖T‖Idual◦Lip0 = ‖TL‖Idual = ‖(TL)∗‖I =
∥∥R ◦ T t∥∥I

≤ ‖R‖
∥∥T t∥∥I = ‖T‖ILip0−dual .

Assume that T ∈ Idual◦Lip0(X,E). Then T = u ◦ S with u∗ ∈
I(E∗, F ∗) and S ∈ Lip0(X,F ) for some Banach space F . We have
T t = St ◦ u∗. By the ideal property we conclude that T t ∈ I(E∗, X#),
that is T ∈ ILip0−dual. To finish the proof, we show the equality of the
norms. Let ε > 0, choosing F, S and u such that ‖u‖Idual · Lip(S) ≤
(1 + ε) ‖T‖Idual◦Lip0 we get

‖T‖ILip0−dual =
∥∥T t∥∥I =

∥∥St ◦ u∗∥∥I ≤ ‖u∗‖I ∥∥St∥∥
= ‖u‖Idual Lip(S)

≤ (1 + ε) ‖T‖Idual◦Lip0 .

Letting ε −→ 0 we obtain ‖T‖ILip0−dual ≤ ‖T‖Idual◦Lip0 . �

Propositions 3.4 and 3.5 in [26] can be proved directly from our
previous results.

Corollary 3.10. A Lipschitz operator is compact (weakly compact) if,
and only if, its transpose is a compact (weakly compact) linear operator.

Proof. We get the results directly from Proposition 3.6, Schauder’s
(Gantmacher’s) theorem and Theorem 3.9; indeed, they give the equal-
ities Lip0K = K ◦ Lip0 = Kdual ◦ Lip0 = KLip0−dual and Lip0W =
W ◦ Lip0 =Wdual ◦ Lip0 =WLip0−dual. �

4. Applications: the approximation property for Lipschitz
operator ideals

Recall first the classical approximation property: a Banach space
E has the approximation property if for every Banach spaces F (or
just for E) every linear operator T : E → F can be approximated
uniformly on compact sets by finite rank operators or, equivalently, for
every Banach space F every compact linear operator T : F → E can be
approximated uniformly on bounded sets by finite rank operators [24,
Proposition 35]. The approximation property has been widely studied
and the reader can find several books where it has been treated (for ex-
ample in [17, Ch.I,§5] and [10]). Roughly speaking, three are the main
ingredients that play an important role in the approximation property:
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the approximating operators (the finite rank operators), the approxi-
mated operators (the linear or compact operators) and the bornology
where the convergence is considered (compact or bounded sets). In the
last decades, some variants of the approximation property related to an
operator ideal I have been considered. These variants concern to what
extent the approximation property can spread whenever its ingredients
are replaced by some others related to I. The main situations that
have been considered are:
• To replace finite rank operators by operators belonging to an op-

erator ideal. The main purpose in [4] is the study of Banach spaces
E for which every linear operator T ∈ L(E,E) can be approximated
uniformly on compact subsets of E by operators in I(E,E).
• To replace bounded linear or compact operators by elements in a

general ideal I. This variant of approximation property on a Banach
space E related to an operator ideal I studies when the space of finite
rank operators F(F,E) is dense in I(F,E) for every Banach space F
(see for example [32] and the references therein).
• To replace compact sets by another class of sets with some kind of

compactness related to I. The new class of sets is formed by I-compact
sets. This notion was introduced by Carl and Stephani [9] and the
related approximation property has been studied in e.g. [18, 30, 31].

The space of all finite rank linear operators between two Banach
spaces E and F is denoted by F(E,F ). Let I be an operator ideal.
A subset B of a Banach space E is relatively I-compact if there is a
Banach space G and an operator S ∈ I(G,E) such that B ⊆ S(M),
where M is a compact subset of G. The associated operator definition
of this set-theoretic notion is the following. Let T be a linear operator
between Banach spaces E and F and consider an operator ideal I. It
is said that T is I-compact if T (BE) is a relatively I-compact subset
of F . The operator ideal formed by all linear I-compact operators is
denoted by KI (see [30, Sec.2]).

Let (I, ‖ · ‖I) be a Banach operator ideal. Following [32], a Banach
space E has the I-approximation property if for every Banach space
F , the space of finite rank linear operators F(F,E) is ‖ · ‖I-dense in
I(F,E). In [30] it is also considered the situation of replacing the norm
‖ · ‖I by the operator norm ‖ · ‖ in L: a Banach space E has the I-
uniform approximation property if for every Banach space F , the space
of finite rank linear operators F(F,E) is ‖ · ‖-dense in I(F,E). Note
that, whenever the ideal of compact operators K is considered, the K-
(uniform) approximation property is just the approximation property.

In particular, a Banach space E has the KI-uniform approxima-
tion property if for every Banach space F , F(F,E) is norm dense in
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KI(F,E), that is, every I-compact operator from F into E can be uni-
formly approximated by finite rank operators. In [30, Proposition 3.2]
it is proved that a Banach space E has the KI-uniform approximation
property if, and only if, the identity IdE : E → E can be approximated
uniformly on relatively I-compact sets by finite rank operators.

This is the starting point of our analysis of the “Lipschitz version”
of these notions, that is explained in what follows. We will consider
Lipschitz ideals ILip that are composition ideals, that is, ILip = I ◦
Lip0 for some linear operator ideal I. Taking into account that each
Lipschitz operator can be factored as

X
T //

δX ##FF
FF

FF
FF

F E,

Æ(X) ,

TL

;;xxxxxxxxx

ILip = I ◦ Lip0 satisfies that a Lipschitz map T belongs to ILip(X,E)
if, and only if, TL ∈ I(Æ(X), X) (see Proposition 3.2).

We consider the following natural definitions.

Definition 4.1. Let X and Y be pointed metric spaces, and ILip =
I ◦ Lip0 a composition Lipschitz operator ideal.

A set K ⊆ X is relatively I-Lipschitz compact if there is a pointed
metric space Y and a Lipschitz operator S : Y → Æ(X) in ILip such
that δX(K) ⊆ S(M), where M is a compact subset of Y .

Let Y and X be pointed metric spaces. We say that a Lipschitz
operator φ : Y → X is I-Lipschitz compact if φ(BY ) = φ({x ∈ Y :
d(x, 0) ≤ 1}) is relatively I-Lipschitz compact.

Note that, if E is a Banach space then, a Lipschitz operator T : X →
E is I-Lipschitz compact if T ({x ∈ X : d(x, 0) ≤ 1}) is a relatively
I-Lipschitz compact subset of E.

We will write KLI (X,E) for the class of all I-Lipschitz compact oper-
ators from X to E, considered as a topological subspace of the Lipschitz
operators. This class satisfies some good composition properties. For
example, taking into account that the Lipschitz image of a relatively
I-Lipschitz compact set is again relatively I-Lipschitz compact, we
obtain the following fact: if T : X → Y is I-Lipschitz compact and
R ∈ Lip0(Y, Z), then R ◦ T : X → Z is also I-Lipschitz compact.

Proposition 4.2. Let X be a pointed metric space and let A ⊂ X.
Then A is relatively I-Lipschitz compact if, and only if, δX(A) is rela-
tively I-compact.
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Moreover, if E is a Banach space, every relatively I-Lipschitz com-
pact subset of E is relatively I-compact.

Proof. Assume that A is relatively I-Lipschitz compact. There is a
pointed metric space Y , M ⊂ Y compact and S ∈ ILip(Y,Æ(X))
such that δX(A) ⊆ S(M). Since we can write S = SL ◦ δY with
SL ∈ I(Æ(Y ),Æ(X)), and δY (M) is compact, we conclude that δX(A)
is a relatively I-compact set.

Now assume that δX(A) is relatively I-compact. Let Z be a Ba-
nach space, K a compact subset of Z and T ∈ I(Z,Æ(X)) such that
δX(A) ⊆ T (K). This implies that T ∈ ILip(Z,Æ(X)), which now does
give the result.

Finally, assume that X is a Banach space E. Let us see that ev-
ery relatively I-Lipschitz compact subset of E is relatively I-compact.
Take a relatively I-Lipschitz compact subset K of E. This means that
there is a Lipschitz map S : Y → Æ(E) in ILip from a pointed metric
space Y and a compact subset M ⊆ Y such that δE(K) ⊆ S(M). We
have the canonical factorization for S given by SL ◦ δY , and since ILip
is a composition Lipschitz ideal, we have that SL belongs to the linear
ideal I. Then the compact subset M1 := δY (M) of Æ(Y ) satisfies that
there is a linear operator SL in I such that δE(K) ⊆ SL(M1). Con-
sider (IdE)L : Æ(E) → E. Then we have that K = (IdE)L(δE(K)) ⊆
(IdE)L ◦ SL(M1), where (IdE)L ◦ SL is a linear map in I, and so K is
a relatively I-compact subset of E.

�

From Proposition 4.2, we obtain the next

Corollary 4.3. A linear map T : F → E between Banach spaces is
I-Lipschitz compact if, and only if, it is linear I-compact.

In what follows we will show more concrete information about the
relation between the linear and the Lipschitz I-compactness for opera-
tors. We start with a lemma that is already known. The linearization
βE : Æ(E) → E of the identity map in E is known as the barycentric
map, and it is in fact a quotient map (see for example [28, p.25] and [21,
Lemma 2.4], where this map is denoted by β). This gives a proof of the
lemma; however, we write a direct proof for the aim of completeness.

Lemma 4.4. Let E be a Banach space and let βE : Æ(E)→ E be the
linearization of the identity map IdE : E → E. Then, βE(BÆ(E)) =
BE.

Proof. Since βE ◦ δE(x) = IdE(x) = x and δE(BE) ⊂ BÆ(E), the in-
clusion BE ⊂ βE(BÆ(E)) is trivial. Let us prove the other inclusion.
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It is enough to prove that βE(BM(E)) = BE. Assume that there is
m ∈ BM(E) such that βE(m) does not belong to BE. The Hahn-Banach
theorem gives a linear functional φ ∈ E∗ of norm ‖φ‖ = 1 such that
|φ(βE(m))| > 1. Write f := φ ◦ βE ∈ M(E)∗ and take a real number
a so that 1 < a < |f(m)|. Let ε > 0. Consider a representation of m,
m =

∑n
i=1 λimxi,x′i

so that
∑n

i=1 |λi|‖xi − x′i‖ < 1 + ε. Then,

a < |f(m)| = |
n∑
i=1

λiφ(βE(δE(xi)−δE(x′i)))| = |φ(
n∑
i=1

λi(xi−x′i))| < 1+ε.

Letting ε→ 0, we get a contradiction. �

The map (δE ◦ T )L appearing in (iii) of the next result is already

known (see [21, Lemma 2.2]): it is the unique linear map T̂ : Æ(F )→
Æ(E) such that T̂ ◦ δF = δE ◦ T .

Proposition 4.5. Let F and E be Banach spaces, and ILip = I ◦Lip0

a composition Lipschitz operator ideal. Consider a Lipschitz map T :
F → E.

(i) If T is linear and I-Lipschitz compact, then TL : Æ(F )→ E is
(linear) I-compact.

(ii) If δE ◦ TL : Æ(F ) → Æ(E) sends the unit ball to a relatively
I-compact set, then T is I-Lipschitz compact.

(iii) If (δE ◦ T )L : Æ(F ) → Æ(E) is (linear) I-compact, then T is
I-Lipschitz compact.

(iv) If T is linear, then T is I-Lipschitz compact if, and only if,
TL : Æ(F )→ E is (linear) I-compact.

Proof. (i) Assume that T is linear and I-Lipschitz compact. By def-
inition, T (BF ) is relatively Lipschitz I-compact. By Proposition 4.2,
T (BF ) is relatively I-compact. Note that since T is linear so is T ◦βF :
Æ(F )→ E (where βF is the barycentric map defined above), and

(T ◦ βF ) ◦ δF = T ◦ (βF ◦ δF ) = T.

But TL is by definition the unique linear map Æ(F ) → E such that
T = TL ◦ δF , so we obtain that TL = T ◦ βF . Now, using Lemma 4.4,

TL(BÆ(F )) = T ◦ βF (BÆ(F )) = T (BF ),

so TL(BÆ(F )) is a relatively I-compact set and thus TL is linear I-
compact.

(ii) This is an immediate consequence of Proposition 4.2. By hypoth-
esis we have that δE ◦ TL(BÆ(F )) is relatively I-compact. By Propo-
sition 4.2, we have that TL(BÆ(F )) is a relatively I-Lipschitz compact
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set. Since δF (BF ) ⊂ BÆ(F ) and T = TL ◦ δF , it follows that T (BF ) is
relatively I-Lipschitz compact and thus T is I-Lipschitz compact.

(iii) If (δE ◦ T )L is I-compact, then (δE ◦ T )L(BÆ(F )) is relatively I-
compact. Since (δE◦T )(BF ) = ((δE◦T )L)◦δF )(BF ) ⊆ (δE◦T )L(BÆ(F ))
it follows that (δE ◦T )(BF ) is relatively I-compact and thus by Propo-
sition 4.2 we conclude that T (BF ) is relatively I-Lipschitz compact.

(iv) We only need to prove (⇐=), since (i) gives the other implication.
Suppose that TL is I-compact. Then TL(BÆ(F )) is relatively I-

compact and thus it is relatively I-Lipschitz compact by Proposition
4.2. Since δF (BF ) ⊂ BÆ(F ),

T (BF ) = (TL ◦ δF )(BF ) ⊂ TL(BÆ(F )),

so T (BF ) is relatively I-Lipschitz compact, and thus T is I-Lipschitz
compact.

�

Proposition 4.5 gives that for linear operators, being (Lipschitz) com-
pact and being L-Lipschitz compact coincide. The first three state-
ments of the following result have been proved in [26, Proposition 2.1].

Corollary 4.6. Let F and E be Banach spaces and consider a linear
operator T : F → E. The following assertions are equivalent.

(i) T is compact.
(ii) TL : Æ(F )→ E is compact.
(iii) T is Lipschitz compact as a Lipschitz map.
(iv) T is L-Lipschitz compact as a Lipschitz map.

4.1. The I-approximation property for Lipschitz operators.
Consider a linear operator ideal I and let ILip = I ◦ Lip0 be the
associated composition Lipschitz operator ideal. On Lip0(X,E), we
define the topology Lipschitz-τI of uniform convergence on I-Lipschitz
compact sets in the space of operators Lip0(X,E) as the one generated
by the seminorms

qK(T ) := sup
x∈K
‖T (x)‖ = sup

m∈δK(K)

‖TL(m)‖E,

where K is a relatively I-Lipschitz compact set of X.
Note that this topology induces on the space L(F,E), of linear op-

erators between Banach spaces F and E, the topology τI of uniform
convergence on I-compact sets.

Definition 4.7. Let X be a pointed metric space. Consider a class of
operators O(X,Æ(X)) ⊆ Lip0(X,Æ(X)) with the operations inherited
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from this linear space. We say that X has the I-Lipschitz approxima-
tion property with respect to O(X,Æ(X)) if δX : X → Æ(X) belongs
to the Lipschitz-τI-closure of O(X,Æ(X)).

Of course, when looking for a genuine version of the approximation
property for metric spaces, the elements of O must have some sort of
finite-range-type property. In fact, the case O = Lip0F provides the
main classical characterization of an approximation type property, as
we will show in what follows. There are also two more interesting cases
of sets of operators O that will be analyzed in the next section.

The first result is a natural extension of Proposition 3.6 of [31] for
the Lipschitz case that can be obtained as a consequence of the factor-
ization of the Lipschitz operators through Æ(X).

Proposition 4.8. Let X be a pointed metric space. The following
assertions are equivalent.

(i) X has the I-Lipschitz approximation property with respect to
Lip0F(X,Æ(X)).

(ii) For every Banach space E, Lip0F(X,E) is Lipschitz-τI dense
in Lip0(X,E).

Proof. (i) ⇒ (ii). Consider a Banach space E and φ ∈ Lip0(X,E).
Take ε > 0 and an I-Lipschitz compact subset K of X. Let gε ∈
Lip0(X,Æ(X)) satisfying that supx∈K ‖δX(x)− gε(x)‖Æ(X) < ε. Since
there is a factorization for φ given by φ = φL ◦ δX , for each x ∈ K we
get that

‖φ(x)− φL ◦ gε(x)‖ ≤ ‖φL‖‖δX(x)− gε(x)‖Æ(X) ≤ εLip(φ).

This gives the proof. (ii) ⇒ (i) is obvious.
�

The second main property related to the approximation property
concerns the approximation of compact operators by finite rank ones.
Let us show the Lipschitz version. If A is a subset of a Banach space
E then co(A) denotes the closed convex hull of A.

Proposition 4.9. Let X be a pointed metric space and I be an operator
ideal. If X has the Lipschitz I-approximation property with respect
to Lip0F(X,Æ(X)) then, for any pointed metric space Z and any I-
Lipschitz compact mapping φ : Z → X, the mapping δX ◦ φ can be
approximated by finite rank operators of Lip0F(Z,Æ(X)) uniformly on
BZ.

Proof. Assume that φ is Lipschitz I-compact. There is a relatively I-
Lipschitz compact subset K of X such that φ(BZ) ⊆ K. Fix n ∈ N.
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Then by the approximation property of X there is a finite rank Lip-
schitz map gn such that supx∈K ‖δX(x) − gn(x)‖Æ(X) < 1/n. Conse-
quently,

sup
z∈BZ

‖δX ◦ φ(z)− gn ◦ φ(z)‖Æ(X) ≤ sup
x∈K
‖δX(x)− gn(x)‖Æ(X) <

1

n
.

This gives a sequence (gn ◦φ)n of finite rank Lipschitz maps converging
to δX ◦ φ uniformly on BZ , and the result follows.

�

4.2. The relation between Lipschitz and linear approximation
properties. The purpose of this section is to show that the new con-
cepts and results we have stated for the Lipschitz setting fit with the
definitions and properties of the KI-uniform approximation property.
To establish the connection, we consider the I-Lipschitz approxima-
tion property with respect to the sets O1(E,Æ(E)) = δE ◦Lip0F(E,E)
and O2(X,Æ(X)) = Lip0F(Æ(X),Æ(X)) ◦ δX . We will show that the
choice of O1 or O2 depends on which version of the two canonical cases
we want to get: either when X is a Banach space and has the approx-
imation property or when Æ(X) has the approximation property.

Our first aim now is to prove that the I-Lipschitz approximation
property is weaker than the KI-uniform approximation property when
they can be compared, that is, if a Banach space E has the KI-uniform
approximation property, then it has the I-Lipschitz approximation
property with respect to the set δE ◦Lip0F(E,E) too. This clearly pro-
vides a lot of examples of our new approximation property for pointed
metric spaces.

Proposition 4.10. Let I be an operator ideal. Let E be a Banach
space with the KI-uniform approximation property. Then it has the
I-Lipschitz approximation property as a metric space with respect to
the set δE ◦ Lip0F(E,E).

Proof. Suppose that E has the KI-uniform approximation property.
Then there is a sequence of finite rank operators (Tn)n that converges to

IdE in the τI topology. Let us show that the sequence (T̂n)n of Lipschitz

maps defined as T̂n(x) = δE(Tn(x)) ∈ Æ(E), x ∈ E, converges to δE in
the Lipschitz-τI topology. For a fixed relatively I-Lipschitz compact
subset K of E, consider the seminorm

qK(R) := sup
x∈K
‖R(x)‖Æ(E), R ∈ Lip0(E,Æ(E)).
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Recall that, by Proposition 4.2, every relatively I-Lipschitz compact
subset of E is relatively I-compact. Thus, K is also a relatively I-
compact subset of E, and then this formula defines also a seminorm of
the topology τI . We get

qK(δE − T̂n) = sup
x∈K
‖mx,0 − δE(Tn(x))‖Æ(E)

= sup
x∈K
‖mx,0 −mTn(x),0‖Æ(E) ≤ sup

x∈K
‖x− Tn(x)‖E.

This proves the result. �

Some results are known about the standard approximation property
for the free spaces Æ(X) (see [15, 16, 22] and the references therein). In
this direction, we can also show that under the hypothesis that Æ(X)
has the KI-uniform approximation property, we have that X has the
I-Lipschitz approximation property too with respect to a finite-range-
type class of operators, showing that our definition can also be applied
in these cases. Recall that F(E,E) denotes the space of all finite rank
operators on the Banach space E.

Proposition 4.11. Let I be an operator ideal and consider the as-
sociated composition Lipschitz operator ideal ILip = I ◦ Lip0. Let X
be a pointed metric space. If Æ(X) has the KI-uniform approxima-
tion property, then X has the I-Lipschitz approximation property with
respect to the class F(Æ(X),Æ(X)) ◦ δX .

Proof. Suppose that Æ(X) has the KI-uniform approximation property
as a Banach space. Fix a relatively I-Lipschitz compact subset K of
X. By Proposition 4.2 δX(K) is a relatively I-compact set.

By [30, Proposition 3.2], there is a sequence of linear finite rank oper-
ators Tn : Æ(X)→ Æ(X) such that Tn converges to IdÆ(X) uniformly

on δX(K). Consider the finite rank Lipschitz maps T̃n := Tn ◦ δX , that
define Lipschitz operators from X to Æ(X). It follows that

sup
x∈K
‖δX(x)− T̃n(x))‖Æ(X) = sup

x∈K
‖δX(x)− Tn ◦ δX(x)‖Æ(X)

= sup
w∈δX(K)

‖w − Tn(w)‖Æ(X)

and this finishes the proof. �
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[26] A. Jiménez-Vargas, J. M. Sepulcre and Moisés Villegas-Vallecillos, Lipschitz
compact operators. J. Math. Anal. Appl. 415 (2014), no. 2, 889–901.

[27] N. J. Kalton, Spaces of Lipschitz and Hölder functions and their applications,
Collect. Math. 55 (2004), 171–217.

[28] N.l J. Kalton, The nonlinear geometry of Banach spaces, Rev. Mat. Complut.
21 (2008), no. 1, 7–60.

[29] G. Lancien and E. Pernecka, Approximation properties and Schauder decom-
positions in Lipschitz-free spaces, J. Funct. Anal. 264 (2013), 2323–2334.

[30] S. Lassalle and P. Turco, The Banach ideal of A-compact operators and related
approximation properties. J. Funct. Anal. 265 (2013), 2452–2464.

[31] S. Lassalle and P. Turco, Operator ideals and approximation properties.
Preprint. arXiv:1211.7366v2 [math.FA]

[32] E. Oja , A remark on the approximation of p-compact operators by finite rank
operators, J. Math. Anal. Appl. 387 (2012), 949–952.

[33] A. Pietsch, Operator ideals. Deutsch. Verlag Wiss., Berlin, 1978; North-
Holland, Amsterdam-London-New York-Tokyo, 1980.

[34] I. Sawashima, Methods of Lipschitz duals, Lecture Notes Ec. Math Sust, 419,
Springer Verlag (1975), pp. 247–259.

[35] N. Weaver, Lipschitz Algebras, World Scientific Publishing Co., Singapore,
1999.

[36] R. Yahi, D. Achour and P. Rueda, Absolutely summing Lipschitz conjugates.
Mediterranean J. Math. To appear.

D. Achour, University of M’sila , Laboratoire d’Analyse Fonction-
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