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The weak topology in finite dimensional
asymmetric normed spaces *

Carmen Alegre

Abstract

In this paper we show that, in contrast to what happens in a
normed space, the weak topology of a finite dimensional asymmet-
ric normed space is not necessarily the same as the topology of the
asymmetric norm. We provide a class of finite dimensional asymmetric
normed spaces where both topologies coincide. We also prove that the
weak topology of an infinite dimensional asymmetric normed space is
strictly coarser than the topology of the asymmetric norm.

1 Introduction

In [6] the authors introduced different weak topologies in the context of
the asymmetric normed spaces and they studied basic properties of these
topologies. They also provided an interpretation of the obtained results in
the context of the theory of Complexity Analysis of algorithms. It is well
known that the weak topology of a normed space coincides with the topology
of the norm if and only if the space is finite dimensional. In this paper we
examine whether this result can be extended to the framework of asymmetric
normed spaces.

We start by recalling several notions and properties of the theory of asym-
metric normed spaces. Our basic reference is [2].

Let X be a real linear space. A function ¢ : X — R™, is an asymmetric
norm on X if for all z,y € X and r € RT,
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(i) q(z) = g(—2) = 0 if and only if z = 0.
(i) q(rz) = rq(z).
(iii) ¢(z +y) < q(x) +q(y).

The pair (X, q) is called asymmetric normed linear space.

If ¢ is an asymmetric norm on X, then the function ¢~! defined on X by
q }(z) = q(—=z) is also an asymmetric norm on X, called the conjugate of q.
The function ¢* defined on X by ¢*(z) = max{q(z),q ' (x)} is a norm on X.

Example 1. Denote by u the function defined on R by u(x) = x V0 for all
x € R. Then u is an asymmetric norm on R such that u® is the Euclidean
norm on R, i.e. (R,u®) is the Fuclidean normed space (R, |.]).

A quasi-metric on a nonempty set A is a function d : A x A — R* that
satisfies

(1) d(a,b) = d(b,a) = 0 if and only if a = b.
(2) For every a,b,c € A, d(a,b) < d(a,c)+ d(c,b).

Each quasi-metric d on A generates a Tj topology 7(d) on A, which has
as basic open sets the d-balls,

Bi(a,r) ={be A:d(a,b) <1}, ac A, r>0.

An asymmetric norm g on a linear space X induces the quasi-metric d,
by means of the formula

dg(x,y) == qly — x), x,y € X.

The dg-ball By, (x,r), will be simply denoted by B,(z,r) and the topology
7(d,) will be denoted by 7(q).
Thus, the sets

B,(0,e) ={zr € X : q(x) < e}, e >0,

define a fundamental system of neighborhoods of zero for the topology 7(q),
and for all y € X, the sets B,(y,e) = y + B,(0,¢) define a fundamental
system of neighborhoods of .



If (X, q) is an asymmetric normed space, by X* is denoted the set
X ={f:(X,q9) — (R,u) : f is linear and continuous}

where (R,u) is the asymmetric normed space given by u(z) = =7 (see Ex-
ample 1).

Note that f € X* if and only if f is is a linear and upper semicontinuous
function from (X, ¢q) into (R, |-|). It should also be noted that if ¢ is a norm
on X then X* is the classical topological dual of the normed space (X, q)
because in this case a linear function f is upper semicontinuous if and only
if it is continuous.

The following proposition provides a useful characterization of continuity
that will be used in this paper.

Proposition 1. (Corollary 1 of [1]) If (X, q) is an asymmetric normed space
then f € X* if and only if there exists M > 0 such that f(x) < Mq(x) for
all x € X.

If (X, q) is an asymmetric normed space, by X** is denoted the topological
dual space of the normed space (X, ¢°), i.e.,

X" =A{f:(X,q°) = (R,]| -]) : f is linear and continuous}

The set X* is not necessarily a linear space, but it is a cone of X**. The
set X* is called the dual space of (X, q). More information about these spaces
can be found in [1], [2] and [7].

An important class of asymmetric normed spaces are those where the

asymmetric norm is given by a lattice norm. If (X, | - ||, <) is a normed
lattice, the function ¢ defined on X by ¢(z) = ||z ||, with ¥ =2V 0, is an
asymmetric norm on X and the norm ¢° is equivalent to the norm || - || (see,

for example, [1, 5] ). We shall refer to ¢ as an asymmetric lattice norm on
X. It is noted that in this class of spaces X* is the positive cone of X**.

It is well known that all norms in a finite dimensional space are equiva-
lent, and so all the asymmetric lattice norms defined by this procedure are
equivalent too. In addition, if (X, | - ||, <) is a finite dimensional normed
lattice then X and R"™ are order isomorphic if we consider in R™ the coordi-
natewise order (see Corollary 1 of Theorem 3.9 and Proposition 5.2 of [12]).
Thus, there exists a linear bijection 7" : R" — X such that x < y if and only
if T(z) < T(y). If we define in R™ the norm ||z|| = ||Tx|| then T is a lattice
isometry, therefore, X and R™ are identical from the point of view of Riesz
normed spaces.



2 The weak topology of (X, q).

Let (X,q) an asymmetric normed space. The weak topology induced by q
(weak positive topology in [6]) for X, is the one that has as a base of neigh-
borhoods of the origin the following sets

Vi ot (0,6) ={z € X : fi(z) <e folx) <e€,..., fu(z) <€}

with fl?f?a"'?fn € X*a € > Oa n € N.
A basis of neighborhoods for an element y € X is obtained by:

Vi o (U €) = Y+ Vi a1, (0,€)

The weak topology induced by ¢ will be denoted by Tyear(¢) (it is denoted
by 7.} . in [6] ).

By definition, it is obvious that Tyea(q) C 7(q). Moreover, Tyear(q) is
the coarser topology on X under which all the elements of X* are upper
semicontinuous functions. Note that if ¢ is a norm on X, then 7T,eqx(q) is the
classical weak topology on X.

In finite dimensional normed spaces the weak topology and the norm
topology coincide. The following example shows that this result can not be
extended to the asymmetric case.

Example 2. In R? we consider the asymmetric norm

ol(ay) = LHEVIELS

If f € (R?®)* then there exists (a,b) € R? such that f((x,y)) = ax + by
and there exists M > 0 such that f((x,y)) < Mq((z,y)) for all (z,y) € R%
Since q((0,1)) = 0 we have that b = f((0,1)) < 0. On the other hand, if
g((z,y)) = x then g and —g are not in (R*)*. Indeed, if g € (RQZ then there
ezists § > 0 such that g(B,(0,6)) Cloo, 1[. Nevertheless, (2,252-) € B,(0,)
because q((2, 162’552)) =0/2 and g((2, 1625152)) = 2. Similarly, it is proved that
—g ¢ (R®)* . Therefore,

(R*)* C {(a,b) € R*: b < 0} U{(0,0)}.

Now we will prove that Tyear(q) is strictly coarser than 7(q). Suppose that
Tweak(q) = 7(q). Let B = {(z,y) : ¢((z,y)) < 1}. It is easy to prove that

B={(x,y):y>a2*—1}
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Since B is a neighborhood of zero for the topology T(q) there exist (ay,by),
(ag, b2), ..., (an,by) € (R*)*\ {(0,0)} and ¢ > 0 such that (), Vi C B,
where

Vi={(z,y) s aiw + by < e} = {(rv,y) Ly > _aiac+5}.

aq

If m = maa:{ b,

:z':l,‘..,n}, then

Sz{(m,y):xZO,yme}ngigB.

i=1

If m = 0 there is clearly a contradiction because S is not included in B.
If m > 0, then

(m+Vm2+4,m* + mvVm?2 +4) € S,
nevertheless (m + vm? + 4,m? + mvm? +4) ¢ B, because
(m+vVm2+4)> =1 >m?> + mvm?2 + 4.

The next result provides a class of finite dimensional asymmetric normed
spaces where the norm topology and the weak topology coincide.

Theorem 1. If (X, || - ||, <) is a finite normed lattice and q(x) = ||z || then
T(q) = Tweak(q>‘

Proof. We can suppose without loss of generality that X = R". We must
show that B,(0,€) is a neighborhood of the origin in Tk (q) for all e > 0.
Let {e;}?, the canonical basis of R" and let {ef}! , its dual basis, i.e.,

e;(ej) = d; ;. Since e} is continuous in (R”, || - ||) and ef > 0, by Corollary 3
of [1], we have that ef € (R")* fori=1...,n.

Let M = maz{[le1||,. .., |len]|} and let 2 € Vex s ex(0,¢/nM). If 2 =
(1,29, ...,xy,), we have that e} (x) = z; < e¢/nM for i =1,2,...,n. Then

n n
a(@) = @t at, ) < S at el < S et/ = e
i=1 i=1
Therefore, Ver s

-----



In the light of this result it is natural to wonder whether the equality of
the two topologies is only fulfilled if the asymmetric norm is an asymmetric
lattice norm. The example below shows that this is not the case.

Example 3. In R? we consider the asymmetric norm

q((x,y)) = max{|z|,y"}.

This asymmetric norm is not an asymmetric lattice norm. Indeed, if it were
so the set {(x,y) : @ < 0,y < 0} is included in B,(0,1) and this is not true.
Is easy to prove that 7(q) is strictly finer than the topology in R* defined by
an asymmetric lattice norm.

Now we prove that f is an element of the dual space of (R?, q) if and only
if f((x,y)) = ax + by with b > 0.

If b > 0 then

f(z,9)) = az + by < allz| +by™ < (|a] + b)g((x, 1)),

therefore f € (R?)*. Conversely, if f € (R?)*, there exists M > 0 such that
F(5,9)) = aw+by < Mq((z,)) for all (z,) € R®. Then —b = (0, ~1)) <
Mq((0,—1)) =0, hence, b > 0.
Thus, the functions f1((x,y)) =z, fa((x,y)) = —x and f3((x,y)) =y are
n X* and
vf17f27f3 (07 6) - BtI(Ov 6)'
for all e > 0. Therefore T7(q) = Twear(q)-

Next , we prove that, as in normed spaces, the weak topology of an infinite
dimensional asymmetric normed space is strictly coarser than the topology
of the asymmetric norm. The proof is analogous to that for normed spaces.

Lemma 1. (Lemma 5, Chap.II of [11]) Let X be a real vector space. If

f,91,92, ..., 9n are linear functions of X, then f is a linear combination of
g1, 92, - - -, Gn OT there is an element a of X with f(a) =1 and ¢1(a) = g2(a) =
. =gn(a) =0.

Proposition 2. If (X, q) is an infinite dimensional asymmetric normed space
then Tyear(q) is strictly coarser than 7(q).

Proof. Suppose that T,ear(q) = 7(q). There exist fi, fo,..., fn € X* and
€ > 0 such that
Vf17f2 ----- fn(O’ E) C BQ(()? 1)'
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Then .
Y =()£7'(0) € B,(0,1).
=1

Let us now see that Y # {0}. Suppose that (_, f; '(0) = {0}. If f
a linear function of X, by previous lemma, f is a linear combination of
fi, f2,- -, fn. This implies that the algebraic dual of X is finite dimensional
and this is not possible because X is infinite dimensional

Let zg € Y, xg # 0. Then ¢(xy) # 0 or q(—xo) # 0. If g(z¢) # 0 then
2x0/q(xo) € Y, therefore 2x¢/q(xo) € B,(0,1), and this is a contradiction
because q(2x¢/q(zq)) = 2.

If g(—z0) # 0, the proof is similar.

0

Next, we study the weak convergence in asymmetric normed spaces. Let
us recall that a sequence {z,} in the asymmetric normed space (X,q) is
q-convergent to v € X if {q(z, —x)} — 0, i.e., {x,} converges to x with
respect to the topology 7(q).

Definition 1. Let (X, q) be an asymmetric normed space and let {x,} be
a sequence in X. We say that {z,} is weakly q-convergent to x € X if the
sequence {f(x,)} is u-convergent to f(x) for all f € X*ji.e., {(f(zn) —
f(x)"} =0 forall f e X*.

Proposition 3. Let (X, q) be an asymmetric normed space and let {z,} be
a sequence in X. If {x,} is q-convergent to x € X then {x,} is q-weakly
convergent to x.

Proof. If f € X* then there exists M > 0 such that f(x) < Mq(z), for all
xr € X. Then

(f(@n) = f(@))" = (f(zn — )" < Mq(z, — 2).

Since {q(x, —x)} = 0, we have that {(f(z,) — f(z))*} — 0 for all f € X*.
[

The converse of this result is not true. In infinite dimensional normed
spaces there are easy examples of weakly convergent sequences which fail
to be convergent. For instance, if {e,} is the standard basis of [, where
1 < p < +oo then {e,} is weakly convergent to zero and it is not convergent



to zero with respect to the topology of the norm. Note that if p = 1 weak
convergence and norm convergence of sequences are the same (Schur’s [;
Theorem). Both notions also coincide in finite dimensional normed spaces
but this does not occur in the asymmetric case. The following example
illustrates this fact.

Example 4. Let (R?, q) the asymmetric normed space given in Example 2
and let {(n,n?)} a sequence in R?. If f € (R?)* then there exists (a,b) € R?
with b < 0 such that f((n,n?)) = an + bn®. Since b < 0, we have that
{an + bn*} — —o0, and so {(an + bn?)T} — 0. Therefore, the sequence
{(n,n*)} is weakly q-convergent to (0,0). This sequence is not q-convergent
to (0,0) because

q((n,n?)) =

—n + V4n? + nt - —n+V4n? +n? (V5 —1)n
2 - 2 B

2 Y
and this implies that {q(n,n?)} — oc.

The next proposition characterizes weak g-convergence in terms of Tyeqr(q)-
We omit the proof because it follows closely the classical one.

Proposition 4. Let (X,q) be an asymmetric normed space and let {x,}
be a sequence in X. Then, {x,} is q-weakly convergent if and only if it is
convergent with respect the topology Twear(q)-

Final remark. Recently, several properties of finite dimensional asym-
metric normed spaces spaces have been investigated in a series of papers
([4, 8, 9, 10]). The fact that the asymmetric norm is right bounded plays a
crucial role in the study of many of these properties. An asymmetric norm
q is said to be right bounded if there exists » > 0 such that rB, C B + 6y,
where B, = {x € X : ¢(x) < 1} and §, = {x € X : ¢(x) = 0}. The asym-
metric lattice norms are right bounded and so also is the asymmetric norm
of Example 3, nevertheless the asymmetric norm of Example 2 is not ([3]).
These results suggest the following question.

Question. Let (X, g) be a finite dimensional asymmetric normed space.
7(q) = Twear(q) if and only if ¢ is right bounded?
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