Document downloaded from:

http://hdl.handle.net/10251/161058
This paper must be cited as:

Mingueza, D.; Montoro, ME.; Roca Martinez, A. (2020). The centralizer of an endomorphism
over an arbitrary field. Linear Algebra and its Applications. 591:322-351.
https://doi.org/10.1016/j.1aa.2020.01.013

The final publication is available at

https://doi.org/10.1016/j.1aa.2020.01.013

Copyright E|sevier

Additional Information



The centralizer of an endomorphism over an
arbitrary field

David Mingueza
Accenture, Barcelona, Spain *

M. Eulalia Montoro
Departamento de Matematicas e Informaética,
Universitat de Barcelona, Spain

Alicia Roca
Departamento de Matematica Aplicada, IMM
Universitat Politecnica Valéncia, Spain ¥

Abstract

The centralizer of an endomorphism of a finite dimensional vector
space is known when the endomorphism is nonderogatory or when its
minimal polynomial splits over the field. It is also known for the real
Jordan canonical form. In this paper we characterize the centralizer of an
endomorphism over an arbitrary field, and compute its dimension. The
result is obtained via generalized Jordan canonical forms (for separable
and non separable minimal polynomials). In addition, we also obtain the
corresponding generalized Weyr canonical forms and the structure of its
centralizers, which in turn allows us to compute the determinant of its
elements.
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1 Introduction

The centralizer of an endomorphism has been widely described when the min-
imal polynomial splits on the underlying field, and different characterizations
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have been provided depending on the representation of the endomorphism. For
the Jordan canonical form, a description of the centralizer can be found in
[6, 9, 20] and for a Weyr canonical form, in [16]. For nonderogatory matrices
over arbitrary fields few references exist; a parametrization of the centralizer
for companion matrices (i.e,, nonderogatory matrices) with irreducible minimal
polynomial is given in [7]. For derogatory matrices, a description of the central-
izer over the real field is provided in [9]. No general description can be found in
the literature for the centralizer of derogatory matrices over arbitrary fields.

When the minimal polynomial of a matrix has irreducible factors of degree
greater than 1, it can not be reduced to Jordan or Weyr canonical forms. How-
ever, the Jordan canonical form admits different generalizations over arbitrary
fields (rational canonical forms) depending on whether the minimal polynomial
is separable ([3, 18, 12, 17]) or nonseparable ([18, 11, 4]). We will describe
the centralizer in both cases. The generalized Jordan form is chosen because it
allows us to find a parametrization of the centralizer, in a relatively simple way.

We first recall the centralizer of a companion matrix, building block of the
rational canonical forms. Then, we prove some technical lemmas, which solve
certain matrix equations involving companion matrices. These results allow us
to obtain the centralizer for the generalized Jordan canonical form. Afterwards,
adapting appropriately the technical lemmas, we derive the results needed to
obtain the centralizer for the separable case.

From the generalization of the Jordan canonical form we derive the general-
ized Weyr canonical form, and obtain the corresponding centralizer (which, as
far as we know, cannot be found in the literature). Out of it, we also obtain
an explicit formula for the determinant of the matrices in the centralizer. This
fact is important in order to recognize the automorphisms of the centralizer,
which is key, for instance, to study the hyperinvariant and characteristic lat-
tices of an endomorphism (see [1, 14, 15]). We also compute the dimension of
the centralizer.

The paper is organized as follows: in Section 2 we recall some definitions,
previous results and the generalized Jordan canonical forms over arbitrary fields.
In Section 3 we obtain the generalized Weyr canonical form. Section 4 is devoted
to obtain the centralizer of the generalized Jordan form over arbitrary fields.
In Section 5 we find the centralizer of the generalized Jordan form when the
minimal polynomial is separable, for this case is not a particular case of the
general one. In Section 6 we obtain the centralizers of matrices in the generalized
Weyr canonical form, compute the determinant of a matrix in the centralizer
and, finally, find the dimension of the centralizer.

2 Preliminaries

We recall some definitions and previous results, which will be used throughout
the paper.



Let V be a finite dimensional vector space over a field F and f : V — V
an endomorphism. We denote by A the matrix associated to f with respect
to a given basis, pa is the characteristic polynomial and m 4 is the minimal
polynomial of A. In what follows we will identify f with A. The degree of a
polynomial p is written as deg(p).

a1y
Given a matrix A = [a; ;)i j=1,..n € M, (F), we denote by A,; =
Qnj
the j-th column of A and by A;, = [ a1 ... Qin ] the i-th row of A, i.e.,
Axy
A=[Au,....,Ax] and A = :
Anps

We recall the primary decomposition theorem, which establishes that a ma-
trix A € M, (F) is similar to a direct sum of matrices whose minimal polynomials
are powers of distinct irreducible polynomials over F.

Theorem 2.1 ([10], see also (3, 17]). Let ma = pi'p5*...p;" be the minimal
polynomial of A € M, (F), where p; € Flx| are distinct monic irreducible poly-
nomials and r; € N. Let V; = ker(p;*(A)), i =1,...,1. Then,
(i) V; is invariant for A,
(i4i) the minimal polynomial of A; = Ay, is p;'.
The centralizer of A over F is the algebra Z(A) = {B € M,,(F) : AB = BA}.

The role of the centralizer is key to analyze important algebraic properties of
the endomorphism ([20]).

The next proposition allows us to reduce the study of the centralizer to the
case where the minimal polynomial is of the form my = p”, with p € Flx]
irreducible.

Proposition 2.2. [8] Let A and B be endomorphisms on finite dimensional
vector spaces V. and W, respectively, over a field F. The following properties
are equivalent:

1. The minimal polynomials of A and B are relatively prime.
2. Z(A® B)=Z(A)® Z(B).

From now on we will assume that the characteristic polynomial of A is
pa =p" with p = 2% + co_125 1 + ... + 1z + ¢ irreducible. We denote by C



the companion matrix of p

0 0 0 —co
1 0 O —C1

c=|01 0 —c2 | ¢ M, (F). (1)
0 0 ... 1 —Cs—1

Knowing the centralizer of a matrix, we can obtain the centralizer of any
other similar one. In order to obtain them, it is convenient to describe the
centralizer of a canonical form.

One of the most useful canonical forms for the similarity of endomorphisms
over a finite dimensional space is the Jordan canonical form. It allows us to easily
know the determinant, characteristic and minimal polynomials, eigenvalues and
eigenvectors and rank of the endomorphism, among others. We recall next two
generalizations of it over arbitrary and perfect fields, respectively.

2.1 The generalized Jordan canonical form

The primary rational canonical form of a matrix over a field under similarity is
a generalization of the Jordan canonical form. The name comes from the fact
that it can be obtained using the operations of a field (rational operations) (see

[18]).

Theorem 2.3 (Primary rational canonical form or generalized Jordan canonical
form, [18, 17,12, 11]). Let pa = p" withp = x°+cs_12° 1 +. .. +cix+co € Flz]
irreducible be the characteristic polynomial of A € M, (F). Then, A is similar
to

G= diag(G17G27“‘7Gm)a (2)
where
c 0 ... 0
E C ... 0
Gi = . 3 3 . EMsai(F)a 1= 1a-~-ama (3)
o ... E C

C' is the companion matriz (1) of p, E is the matriz

0 ... 01
0O ... 00
E=1| . .| e My(TF), (4)
0O ... 00
ay > ag > ... > qy > 0 are integers such that p®i, ¢ = 1,...,m are the

elementary divisors of G and Y. o; =7



The following remarks aim at summarizing some properties of the generalized
Jordan canonical form.

Remark 2.4. 1. The matrix G in (2) can be found in many references in
the literature receiving different names: “rational canonical set” ([17], here
the blocks G; are called “hypercompanion matrices”), “classical canonical
form” ([12]), “Jordan normal form for the field F” ([11], in this paper it
has been obtained by a duality method).

We call the matrix G the generalized Jordan form of A and o = (a1, as, ..., am)
the generalized Segre characteristic of A. We will refer to a block G; as

a generalized Jordan block. Here, each «; denotes the number of diagonal
blocks in the matrix G;.

When deg(p) = 1, the resulting matrix is the Jordan canonical form ([13]).

2. The canonical form (2) allows the following decomposition

G =D+ N =diag(D1, ..., D) +diag(Ny,. .., Nyn) (5)
cC 0 ... 0 0 0O ... 0
o C ... 0 E 0 ... 0
D=1 . . ) s M= )
o ... 0 C o ... E 0

with N;, D; € Mg, (F). In general DN # ND.

Remark 2.5. A generalized Jordan basis can be written as B = {v(l), v@ ,v(m)}
where v is a generalized Jordan chain. Each one of them contains o partial
chains, that is

1) _
o) = {wi1, W s, Wi s 15, W28, -+ oy W1 (ay—1)s415 -+ - s Wiays |
»® o U((:l)
v? = {w w w w }
2,1y, W2 59+, 2,(a271)8+17"'a 2,a2s
v§2) vfg
m) _
U( ) - {wm,la R 7w’m,87 R 7w'm,,(am—l)s+17 L] 7wm,ams}
UY") ’US,Z:;)
such that for i =1,...,m,

w1 € ker(p®i(@)) \ ker(p®—1(Q)),
Gwij=w;jt1, j=1,...,80;, j#ks, k=1,...
Wi, ks+1 :pk(G)wm, k= 1...,0@— 1.



Example 2.6. Let a = (3,2), that is, G = diag(G1, G2) with

c 0

cC 0 O
Gi1 = E C 0 € Mgs(F), Gy = |:
0 E C E-c

} € Moy (F).

In this case the minimal polynomial of G is mg = p® and deg(p) = s. Let
B = {v(M, v} be the generalized Jordan basis. Each Jordan chain v() contains
«; partial chains

1) _
v( ) = {w1,1, ce, W1s, W1 5415+ -+, W1,25, W1,25415 - - - ,w1,3s}

(1) (1)

(1)
vy Vg

v, 3

2
U( ) = {'LUQ)]_, sty w2,87w27s+17 s 7w2728}

’U§2) ’UéQ)

2.2 The generalized Jordan canonical form of the first
kind

Concerning the existence of canonical forms of matrices for the similarity equiv-
alence relation, particular attention deserves the case when the polynomial p is
separable. In this case, another canonical form can be obtained which allows
the so called Jordan-Chevalley decomposition of a matrix ([17]). We recall here
the results.

The existence of the Jordan-Chevalley decomposition makes easier the study
of certain properties of the endomorphism. For instance, one example is the
study of the lattices of its hyperinvariant and characteristic subspaces (see
[3, 15]). In particular, it makes easier the obtention of the centralizer of the
endomorphism, as we will see later.

Theorem 2.7 (Generalized Jordan canonical form of the first kind, [10, 19]).
Let pa = p" with p = 2° + cs 12571 + ... + 1@ + ¢o € F[a] irreducible and
separable be the characteristic polynomial of A € M, (F). Then, A is similar to
a matriz of the form

G= diag(Gl,Gz, .. .,Gm), (6)
where
cC 0 0
I C ... 0
Gi=1| . . ) .| € My, (F), i=1,...,m,
o ... I C

C' is the companion matriz (1) of p, I is the identity matriz and oy > g > ... >

am > 0 are integers such that p®i, ¢ = 1,...,m are the elementary divisors of
Gand " a;=r.



Remark 2.8. 1. This canonical form is known as the generalized Jordan
form of the first kind ([4]). A particular case of this canonical form is the
real Jordan canonical form ([9]). When deg(p) = 1, this form also reduces
to the Jordan canonical form.

2. When p is separable, the matrix (6) is obviously similar to the generalized
Jordan form (2) (for a proof see [19]).

3. The canonical form (6) allows a decomposition analogous to (5), which is
the following

G =D + N = diag(Dy,...,Dy,) + diag(Ny, ..., Np)

c 0 ... 0 0O 0 ... 0

o C ... 0 I 0 ... 0
D= | . ) N

o ... 0 C 0O ... I 0

with N;, D; € M, (F). Now, DN = ND, and the decomposition is
known as Jordan-Chevalley decomposition. In fact, given pp = p", p is
separable if and only if A admits Jordan-Chevalley decomposition. See,
for instance, [19].

3 The generalized Weyr canonical form

A canonical form of an endomorphism under similarity, relevant to theoreti-
cal and applied mathematics, is the Weyr canonical form. It has been obtained
when the minimal polynomial splits over IF (therefore, it exists over algebraically
closed fields). See [16] for details. This section is devoted to obtain a generaliza-
tion of the Weyr form over an arbitrary field, which will be called the generalized
Weyr canonical form (or Weyr primary rational canonical form).

One important feature leading the present work is that the Weyr canonical
form allows to describe the matrices in the centralizer of an endomorphism in
an upper triangular form (see [16]). We will generalize it to arbitrary fields,
and will obtain the corresponding upper triangular form of the matrices in
the centralizer. We will use this property to calculate the determinant of the
elements of the centralizer.

The Weyr canonical form can be obtained from the Jordan canonical form
reordering appropriately the vectors of a Jordan basis. In fact, it is associated
to the conjugate partition of the Segre characteristic of the endomorphism (see
[16]). To obtain the generalized Weyr canonical form we use the same sort of
transformation, as we see next.

According to Proposition 2.2, we will assume that the minimal polynomial
of the matrix A € M, (F) is of the form m4 = p”, where p is irreducible over F.



The generalized Weyr canonical form will also be associated to the conjugate
partition of the generalized Segre characteristic of A.

Let o = (aq, ..., ;) be the generalized Segre characteristic of A, and B =
{v(l), v@ ,v(m)} the generalized Jordan basis defined in Remark 2.5, where
0@ = {v%z), . 71;,(;)} and each partial chain vj(»z) is composed by a collection of

s vectors. To obtain a generalized Weyr basis from it, we proceed analogously
to the obtention of the Weyr basis, but replacing vectors by partial chains. The
relations among the partial chains can be sketched as follows

W e o)

NCIDINSDINC

o e ™
In order to renumber the partial chains according to its absolute position in
the basis we need to introduce some notation. Let (81, ..., ) be the different
values of the generalized Segre partition and (ng,...,n;) its frequencies. Let
(41, -, pp) be the cumulative frequencies of 8; (u; = pi—1 + n;). For i =
1,...omylet oy, =1 + ...+ a; (09 =0). For 0,01 < j < 0, we define

Then, the partial chains of the basis can be described as follows

Vo, Vo1—fBn+1 """ Vo1 —Br+1 " "° Voy—Ba+1 " °° Vo1—pB1+1
Vo, Vo, —Bntl " Vo —Brtl " Vo, —fotl " Vo, —f+1
Vopp—np+1 7 Voup—np=Brt+2 77 Vou_n, —Br+2
Vo, Vo, —Brn+1 Vo, —Br+1
Vo —np+1 " Vou, —np+1—Br+2
Vo, Vo, —Br+1

Now, taking this basis in vertical order we obtain the generalized Weyr form.
In more detail, if we write the identity matrix as

I’n. == [ I*(1)7 e 71*(0'1)71*(0'1+1)7 e 7]*(0'“}1) ] 5

ni

Nk

nh



where I, ;) denotes a block of s consecutive columns of I,, (notice that o, s = n),
the permutation matrix reordering the basis is

p= [I*«n) o Leop) Haor=1) - Luo =0 | [ eoi—gurn) -+ Letou, —u+) |
o o= - Lo =80 | [ =ity o (o =i |
|I*(0_1732) I*(Uu1*ﬁ2) ‘| I*(01*51+1) I*(Uu1*51+1):| (7)

and the following theorem is obtained.

Theorem 3.1. Let G = diag(Gy,...,Gm) be a generalized Jordan matriz as
in (2). Let pg = p" be its characteristic polynomial with p irreducible and
deg(p) = s. Let & = (aq,...,ay) be the generalized Segre characteristic of G
and T = (T1,...,Ta,) the conjugate partition of .

Then, G is similar to a matriz

Wi Es ... 0 0
0 Wy . 0 0
W=l o ] (8)
0 0 ... Wa-1 Ea
0 0o ... 0 Wa,
where
C 0 0
0o C 0
W; = . S Ms‘ri(]F)u i1=1, aq,
0 O C
[ E 0 0 7
0 F 0
Ei+1: o o0 ... FE EMSHXS”+1(F), t=1,...a1 — 1,
0 0 0
L 0 0 ... 0 |

with E defined as in (4).

Proof. Representing G with respect to the basis reordered according to the per-
mutation matrix P described in (7), we obtain the desired result, i.e. P"'GP =
W. Observe that, because of the reordering chosen, the sizes of the resulting
diagonal blocks are given by 7, the conjugate partition of «.

O



Example 3.2. Let G be a generalized Jordan form with generalized Segre
characteristic a = (3,2,2) and

B = {0, 0@} = {1, 03?, d} (o1 o 0”07 1),

the corresponding basis. We can sketch the relations among the partial chains
of the basis as
oD o) D
o2 o
NONDENG
Notice that (61a52) = (372)7 (nlanQ) = (172)a (/.tl,/J/Q) = (1a3)7 (Ula02a03) =
(3,5,7). For 0,_1 < j < 0;, we define

(@)
Vi =V o 1s

then, the partial chains of the basis can be described as follows

V3 Vg U1 } ny =1
Us s N9 = 2

U7 Vs
Now, if we take this basis in vertical order B’ = {{vs, vs,v7}, {va,va,v6},{v1}},
we obtain the generalized Weyr basis associated to the conjugate partition of «,
7 =(3,3,1). The permutation matrix which reorders the basis is

P=[ L Le Lo Lo Lao Le Lol

and the resulting matrix is

c E
c E

c E

W= C E | € My, (F).

C

Remark 3.3. The Weyr characteristic can be obtained in terms of the kernels
of p*(W) ([16]). Analogously, the generalized Weyr characteristic 7 can be
computed as

71 = L dim(ker(p(W)),

T s

Ty = %(dim(ker(pQ(W)) — dim(ker(p(W))),
T = L(dim(ker(p® (W) — dim (ker(p®~1 (W))).

1

10



4 The centralizer of a matrix over an arbitrary
field

The centralizer Z(A) of a matrix A € M, (F) is known when the characteristic
polynomial splits over IF (see [20]), for nonderogatory matrices (see [7]) and for
F =R (see [9]).

In this section we obtain the centralizer of a matrix in the generalized Jordan
form (2), therefore for arbitrary fields. We can obtain it thanks to the structure
of the generalized Jordan form and its behavior face to the matrix multiplication.
We achieve the result in three steps: in Subsection 4.1 we recall the centralizer
of a companion matrix (i.e., nonderogatory matrix), in Subsection 4.2 we obtain
the centralizer of a generalized Jordan block, and finally in Subsection 4.3 we
find the centralizer of a generalized Jordan matrix. To prove our results, we
introduce in Subsection 4.2 some technical lemmas concerning the obtention of
solutions of certain matrix equations.

4.1 The centralizer of a companion matrix

Let C' € M,(F) be the companion matrix (1) and m¢c(z) = 2™ + ¢, 12" 1 +
...+ 12 + ¢o its minimal polynomial.

In the following lemma we recall the characterization of the centralizer of a
companion matrix ([7]). Next, we give a more simple proof than that of [7].
Moreover, the technique we use to prove it, is also used later to obtain the
centralizer of the generalized Jordan form.

Lemma 4.1. [7] The centralizer Z(C) of the companion matriz C is
{(XeM,(F): X=[v Cv ... C" ], veF"}.
Proof. From the definition of the centralizer, we have that

XeZlC)&s X =XC.

- CX=C[Xa ... Xeu]=[CXu ... CXu ],
XC=[ X ... Xin —cXa—...—cn1Xun |,
identifying columns we obtain
X2 =CXia
X3 =CX,up=C?X,q
Xon = OXony = C" X,
therefore

CX=XC&X= [ Xa CXia ... CnilX*l } .

11



As a consequence of the above lemma we see that the matrices in the cen-
tralizer Z(C') can be parametrized in terms of the elements of the first column.
Next corollary shows another parametrization in terms of the last row.

Corollary 4.2. Let X = [z;;] € Z(C). Then,

Tp_il = Cn—iTpl+Cnit1Tn2+ ..+ Cn1Tni+Tnit1, 1=1,...,n—1. (9)
Proof. As
x1,1 x1,2 e T
x2,1 x2.2 - T2 S
X = ) :[X*l CXy ... C X*l],
Tn,1 Tn,2 oo Inon

forj=1,...,n—1,

T1,5+1 L1, 10 0 L1, —C0Tn,j
—c
T2,j+1 T2,j ! T2,j T1j = C1%n,j
-C - -
Tn—1,5+1 Tn—1,5 0 0 ... 0 —cp_o Tn—1,5 Tn—2,j — Cn—2Tnj
Tn,j+1 T j 00 ... 1 —¢,y Tp,j Tp—1,j = Cn—1Tn,;
It means that for i =1,...,n, j=1,...,n—1 (z9, =0)
Tn—ij = Cn—inj + Tnit1j+1- (10)
Applying (10) repeatedly we obtain the conclusion:
Tpn—il = Cn—iTn1 + Tpn_it12 =
= Cpn—iTn1 + Cn—i+1Tn2 + Tn—i423 =
= Cn—iTn1+ Cn—i+1Tp2+ ...+ Cn_1Tn; + Tpit1-
O

As a consequence, the following results arise.

Corollary 4.3. [2] Assume that C' € M,(F) is the companion matriz (1).
Then, it is satisfied that

1. dim(Z(C)) = n.
2. Let X € Z(C), then

det(X)=0< X1 =0& X, =0.
8. If the polynomial associated to C' is irreducible, then

det(X) =0 X =0.

12



4.2 The centralizer of a generalized Jordan block

Let G be a generalized Jordan block as in (3). Our target now is to obtain the
centralizer of G.

We introduce the following notation: given a matrix X = [2; j]i<ij<n €
M, (F), we denote by X € M, (F)

0 Tn,1 Tn,2 oo Tpon-—1
0 0 Tnl -+ ITpn-2
X = : (11)
0 0 0 ... s
0 0 0o ... 0

The next lemma is key to compute the centralizer of a generalized Jordan
matrix G.

Lemma 4.4. Let C € M, (F) be a companion matriz as in (1) and E a matric
as in (4). Let X, Y € Z(C) and T € M, (F). Then

EX+CT=TC+YE & X=Y, T=T+X,
where T' € Z(C) and X is defined as in (11).

Proof. By Lemma 4.1 we have that

XGZ(C)C}X: [ Xa CXg ... C’"_lX*l ] ,
Y € Z(C) <Y = [ Yai CYa ... C’n_ly*l ] .
Observe that
Tnl -+ Tpn-1 Tpn 0 ... 0 Y11
0 N 0 0 0 ... 0 y271
EX = . . YE=
O o e O O O e 0 yn71

If we denote by e; the i-th vector of the canonical basis of F™, then

EX + CT = :z:n7161 e xnmel ] + [ CT*l e CT*n } ,
TC + YE = T*Q RN T*n _COT*l — ... cn—lT*n + Y*l ] .

Identifying the two expressions we obtain

Tio =apae1 +CT
T.3 = xpge1 + CTuy = xp 261 + C(xn1e1 + CThr) = (Tp2 + 201C)er + C?Toy

Ten = Tn,n—1€1 + CTip—1 = (xn,n—l + xn,n—ZC +...+ xn,lcn_2)€1 + Cn_lT*l

*COT*l B Cn—lT*n + Y*l = Tn,n€l + CT*n
(12)

13



Hence

Tio =xpe1 + CTa
Ty = Tp €1 + Tpiea + C?Th

—1
Tin = Tp,n—1€1 + Tp,n—2€2 +...+ Tp,1€n—1 +C" Ty

—coTi1 — .. —cn1Tun + Yi1 = Tpner + CTin
and replacing To, ..., Ty, into the last equation
coTia+

c1(xn1e1 + CTy)+
ca(Tp,2e1 + Tpaez + C? T+

Cn-1(Tpn_161+ Tpp_oez + ...+ Tp1en_1 +C" 1 Th)+
(En,nel'i_
+C(mn7n—lel + xn,n—2€2 +...+ xn,len—l + Cn_lT*l) =

= (colp +c1C+ ...+ ¢, 1C" 1+ O T+
C1Tp 161+
ca(xn 21 + T 1€2)+

Cn—Q(xn,n—Qel + Tpn-se2 + ...+ xn,len—2)+
Cn—l(xn,n—lel + Ln,n—2€2 +...+ Tn,2€n—2 + xn,len—1)+
Tn nél + Tp,n—1€2 + Tp,n—2€3 +...+ Tp,1€n =

C1Tn,1 + C2Tn,2 +.. .+ Cn—2Tn,n—2 + Cn—1Tn,n—1 + Tn,n
CoTp1 +C3Tp2+ ...+ Cno1Tnn—2+ Tpn-1

- Cn—2Tn,1 + Cpn—1Tn,2 + Tn,3 -
Cn—1Tn,1 + Tn,2
Tn,1
Taking into account Corollary 4.2 we conclude that
i1 = Yi,1, i:l,...,n,
therefore X,1 = Yi1, and since X,Y € Z(C) we obtain that X =Y. Moreover,
from equations (12) denoting T = [ Ta Twx ... Tin },
0 Tp,1l Tn,2 Tn,n—1
0 0 Tn,1 LTn,n—2
T = [ T CTy CzT*l CnilT*l ]—|—
0 0 0 Tl
0 0 0 0

ie. T =T + X where T’ € Z(C) and X defined as in (11) as desired.

14



Conversely, assume that X, 7" € Z(C), Y =X and T =T + X where X is
defined as in (11). To prove that

EX+CT=TC+YE,
it is enough to prove that
EX +CX =XC + XE,
and this equation is satisfied whenever (9) is satisfied. But it fulfills because,

X € Z(C).
O

Corollary 4.5. The set
M={(X,T) e M,(F) x M,,(F): X € Z(C), T=T'+ X, T' € Z(C)}
s a vector subspace of dimension
dim(M) = 2n.

Notice that since EX = XFE = 0, Lemma 4.4 can be stated in a more general
form as in the following lemma.

Lemma 4.6. Let C € M, (F) be a companion matriz as in (1) and E a matriz
as in (4). Let X',Y' € Z(C), T,A € M,(F) and X = X'+ A, Y =Y’ + A with
A defined as in (11). Then

EX+CT=TC+YE & X=Y, T=T+X,
where T' € Z(C) and X is as in (11).

Particular cases of the previous results are stated in the next corollary; they
will be used later.

Corollary 4.7. 1. LetY € Z(C) and T € M,(F). Then

CT=TC+YE & Y =0, Te Z(O).

2. Let X € Z(C) and T € M, (F). Then
TC=CT+EX & X=0,TeZ).

The next theorem is the main result of this subsection. We give a charac-
terization of the centralizer of a generalized Jordan block.

Theorem 4.8 (Centralizer of a generalized Jordan block). Let G € Mg (F) be
a generalized Jordan block, mg = p®, p irreducible and deg(p) = s. Then, the
centralizer Z(G) of G is
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X114 0O ... 0 0

Xon X1 ... 0 0 X1 € 2(0),
) . . : Xin =X/, +Xi11,
T X[, €Z(0), ’
Xop1q Xeon - X1 O i=2,...,L
Xep  Xe11 oo Xon X

)

where Xl-,u is defined as in (11).

Proof. For £ = 1 the result is immediate. Assume that £ > 2. We prove the
theorem by induction on k = 2,...,¢. For k = 2 it is straightforward to see that

Z<[g gD_H)T( )()(}:T—THLX, X,T’eZ(C)}.

Assume that the property is true for k and let us prove that it is satisfied
for k + 1.
Let us write

(G 0
Gr1 = [ B, C } ,
where By =[ 0 ... 0 E |. Assume that X1 € Z(Gj41) and write
X1 k41
X,
Xi1 = [Xijli<ij<nt = Xppsr |7 Nii € M(F).
Xit11 oo Xitik | Xbgi,k+1
Then,
Xi1Gry1 = Grp1 Xpq1
if and only if the following equations (13)-(16) are satisfied
0 ... 0 XipnE
G X, = X5Gp + | - : : ) (13)
0 ... 0 XpxsiE
X1, k41 X1,541C
Gy : = : ; (14)
Xk k1 X p41C
EXp1+CXpp11 = Xpg1,10 4+ Xpq12F,
: : : (15)
EXpr +CXpp1p = Xip1,0C+ Xip1p1E,
EXpk k1 + CXpg1,5+1 = Xpy1,641C. (16)
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From equations (14) and (16) we have

CXipp1 = XipaC
EXi 1 +CXopp1 = XopnC
EXp 1441 +CXppr1 =  XgpC
EXpk1+CXpr1601 = Xpr1,601C
and as a consequence of Corollary 4.7 we obtain X; 41 = ... = Xj 41 = 0 and

Xk+1,k+1 S Z(C)
Now, equation (13) reduces to GpX; = X, Gr. Applying the induction
hypothesis we can write

Xi1 0 0
Xo1  Xig 0 0

X, = | Xs1  Xaa X1 ... 0 :
Xe1 Xp—1ie Xip—2 ... X1

where X;; € Z(C) and X;; = X(,1 + )N(Z-,Ll,X{’l € Z(C) and X’i,l’l is as in

3
(11), for i = 2,..., k. Tt allows us to rewrite equations (15) as follows

CXkt1,h+1 = Xig41,641C
EXi11+CXpr10 = Xp41,6C + Xpp1 51
EXo1 +CXpqr1,0-1 = Xpg1,6-1C + Xpp1 1 B

EXp_11+C0Xpp12 = Xp4120 + Xpp13E
EXp1+CXpp11 = Xp41,1C + Xpy12F

As X1 and Xpq1 641 € Z(C), by Lemma 4.4 the second of these equations
implies that Xp41 51 = X1,1 and Xgp1 6 = Xf g o+ X1 1 with X[, € Z(0).
Now, from the third equation and Lemma 4.6 we obtain that Xy i = X9
and Xp41 -1 = X,;H,kfl + 5(271. Proceeding in the same way we obtain the
desired result. O

The following corollary generalizes Corollary 4.5.

Corollary 4.9. Under the hypotesis of Theorem 4.8 we have that

dim(Z(Q)) = ¢s.

4.3 The centralizer of a generalized Jordan form

In order to obtain the centralizer of a generalized Jordan form we need to prove
first two technical results.

17



Lemma 4.10. Let G1 € M, (F),Ga € Mg (F), a > b, be two generalized Jordan
blocks. Let T = [T; ;] € Msaxsp(F) be a block matriz with T; ; € My(F) such
that

G\T = TGs. (17)

Then,

with Ty € Z(Ga).

Proof. Denoting T' = [Y; jli=1,....a,j=1,...,p» €quation (17) is

CYi1 . CY1p—2 CY1p—1 CYiyp
EY11+CYs, - EYip 20+ CYsp 2 EYip14+CYs EY1, +CYsp
EY, 31+CY, 21 ... EYy 3y 04+CY, 9040 EY, 34 1+CY, 0p1 EYy 3, +CY, 24
EY, 21+ CYe 11 ... EYq 0p 20+ CY 142 EY, 25 1 +CYq 1351 EYs 2 +CY, 1y
| EY, 11 +CY1 ... EYq 135 20+ CY 4 2 EY, 141 +CY,p 1 EY, 1, +CYqp |

Y1,.C+Y1E Yip-2C+ Y1y E Yip-1C+ Y1 B Y1,C |
Y51C 4+ Y2 oF . You 2C+ Yoy 1 E Yo, 1C+ Yo, B Y, C

- Yo01CH+Ye 00F ... Yo 0p oC+Ye 041 E Yo 0y 1CH+ Y 0B Yu 0,C

Yo 10C+Ye 12E ... Yo 13 20 +Y, 1p 1 F Yo 15 1C+Ye 1,E Yo 1,,C

Yale + Ya,gE R Ya,b_gc + Ya7b_1E Ymb_l(] + Ya7bE Ymb(] ]

Identifying the block components of the last column and taking into account
Corollary 4.7, we successively obtain that

Yl,b =0, Yg,b =0, ... Ya—l,b =0, Ya,b S Z(C)

Then, identifying the block components of the last but one column and taking
into account Corollary 4.7 and Lemma 4.6, we successively obtain that

Yipo1=0, Yop_1=0, ... Yo 9p1=0, Yo 1p-1="Yqy,

and R
Ya,b—l = Y/,b—l + Ya7b7 Yl,b S Z(C)

a a

Identifying the block components of the third block column starting from the
end and taking into account Corollary 4.7, Lemma 4.6 and Lemma 4.4, we
obtain

Yip2o=0, Yop 0=0, ... Yo352=0, Yy 04 2="Yqy,
and

Yoo1p-2=Yap1, Yap2=Y,y o+ Yabs Y, 0 € Z(C).

a
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Proceeding analogously down the remaining columns we obtain

0 0o ... 0 0

o
)
je)
o

po| Yoo 0 .0 0
Yovo1 Yap ... O 0o |
Yoo Yaz ... Yup O
Ya,l Ya,2 s Ya,b—l Ya,b ]

with Y, ; =Y/ 4+, ;1 and Yo, Y, ; € Z(C) for j =1,...,b—1 as desired. [
The next lemma can be proved in a similar way.

Lemma 4.11. Let G1,G2 be two generalized Jordan blocks as in (3), G1 €
Mo (F), G2 € Mop(F), a < b. Let T = [T; )i=1,....a,j=1,.. be a block matric
with T; ; € M(F) such that

.....

T = TGo.

Then,
T=[T 0,

with Ty € Z(Gl)

Theorem 4.12 (Centralizer of a generalized Jordan form). Let G = diag(Gh,...,Gm)
be a generalized Jordan matriz. Let pg = p” be its characteristic polynomial,

p irreducible, mg = p™, 1 < r and deg(p) = s. Let @ = (av,..., ) be the
generalized Segre characteristic of G. If X € Z(Q), then

X = [Xijlij=1,...m,

where X; ; € Msa,; xsa; (F) are block lower triangular Toeplitz matrices of the
form:

_Z) IfOZZ = oy, then Xi,i c Z(Gz)

2) If a; < aj, then
Xij=[ Xii 0],

where X, ; € Z(G,).
3) If a; > a, then

where X, ; € Z(G;).
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Proof. Let X € Z(G) and assume that X = [X, ;]; j=1,..,m- Then, the block

components of X satisfy the following equations:

GiXij; = Xi,;Gj,

ij=1,...,m.

The structure of the blocks X; ; for ¢,7 = 1,...,m is a direct consequence of
Theorem 4.8 and Lemmas 4.10 and 4.11.

O

Example 4.13. Let G be a generalized Jordan matrix with minimal polyno-
mial mg = p°, where p is an irreducible polynomial of deg(p) > 1 and whose
companion matrix is C' as in (1). Let o = (5,4,3,1,1) be its generalized Segre

characteristic, i.e. the generalized Jordan form of G is

C
E C
E C
E C
E C
C
E C
G = E C
FE
C
E C
E C
L C_
In this case a matrix X € Z(G) has the following form
Ay
Ay Ay I
Az Ay Ay I, I, Ly
Ay Az Ay Ay Iy I, I Ly Ly
H, B
Hy, H; By B My
Hs Hy H; By Bs B My My
H, Hz Hy H; By B3 By By | M3z My M| R | Xy
J1 K, Cy
Ja i Ky, K Cy;
J3  Jo Ji Kz Ky K; C; Cy Ci| S| n
Ny 0, Py D, | Gy
T Uy i F1| E;

where Ay € Z(C) and for i = 2,...,5, A; = A} + A;_; with A} € Z(C) and

A;_1 is defined as in (11). An analogous pattern occurs in each block.
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5 The centralizer of a matrix over a perfect field

When F is a perfect field we can replace the matrices F by identity matrices I in
the generalized Jordan form, obtaining the generalized Jordan canonical form
of the first kind (see Theorem 2.7). In fact, a perfect field is not a necessary
condition, it is enough that the polynomial p is separable.

In what follows, we calculate the centralizer of a generalized Jordan matrix
of the first kind. Although it is not a particular case of the centralizer of a
generalized Jordan form, we can easily derive the technical results we need to
obtain the centralizer in this case from those obtained in Section 4.

An example of this case is the centralizer of the real Jordan form.

The following results are variants of Lemma 4.6 and Corollary 4.7, respec-
tively, adapted to this case.

Lemma 5.1. Let C' € M, (FF) be a companion matriz as in (1). Let X, Y € Z(C)
and T € M, (F). Then

X4+CT=TC+Y & X=Y, TeZQC).

This result is, in fact, an immediate consequence of the next lemma.

Lemma 5.2. Let C € M, (F) be a companion matriz as in (1). Let Y € Z(C)
and T € M, (F). Then

CT=TC+Y & Y=0,TecZ(C).

Proof. By Lemma 4.1 we have that

YeZ(C)=Y=[Ya OY ... O™V, ].
CT=[CT ... CT., ]
TC+Y =[Te ... Ty —coT—...—co1Ten |+
[ Yo OYa ... O™V .

Identifying the two expressions we obtain:

T*Q - CT*I + Y*l
T3 =CTio+ CYi = +C?T,q +2CY,1

T*i = Ci_lT*l + (’L - ].)Ci_QY*l

T*n = Cn_lT*l + (Tl — 1)Cn—2y*1
_COT*l B Cn—lT*n = OT*n + Cnily*l

Replacing the values of all T; in the last equation we have:
_COT*l_Cl (CT*l +Y*1) e -_Ci—l(Ci_lT*l+(i_1)ci_2Y;1) .- -_Cn—l(cn_lT*1+
(n—1)C"2Y,) = C(C™" Ty + (n — 1)C"2Y,q + O 1Y,
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therefore,
p(C>T*1 = pI(C)Y*l.
Observe that p(C') = 0 and since p is separable p'(C) # 0. Moreover, p'(C) €

Z(C). By Corollary 4.3 we have that det(p’(C)) # 0. Hence, Y1 = 0.
The converse is trivial. O

Theorem 5.3 (Centralizer of a generalized Jordan block of the first kind).
Let G € My (F) be a generalized Jordan block of the first kind with mg = p°,
deg(p) = s, p irreducible and separable. Then, the centralizer Z(G) of G is

X, 0 ... 0
X X3 ... 0
. . 7Xi€Z(C),Z':1,...7€
X Xe—1 ... Xy

Proof. For £ = 1 the result is immediate. Assume that ¢ > 2. We prove
the theorem by induction on k = 2,...,¢. For k = 2, it can be proved as a
consequence of Lemmas 5.1, 5.2. Assume that the hypothesis is true for k. To
prove that it is also true for k + 1 it is enough to follow step by step the proof
of Theorem 4.8, replacing E by the identity matrix. O

Observe that the centralizer in this case is analogous to the centralizer ob-
tained in Theorem 4.8, but now there is no dependency between the blocks of
a lower diagonal and those of the diagonal immediately above it.

In order to obtain the centralizer of a generalized Jordan form of the first
kind, we need to translate Lemmas 4.10 and 4.11 to the case where the poly-
nomial p is separable. Their proofs are analogous to those of Lemmas 4.10
and 4.11.

Lemma 5.4. Let G1 € My, (F),Gy € Mg (F), a > b be two generalized Jordan
blocks of the first kind. Let T = [T; ;] € Mgaxsp(F) be a block matriz with
T;; € Ms(F) such that

G\T = TG,.

0
r=[r)
with T, € Z(GQ)

Lemma 5.5. Let G1,Gy be two generalized Jordan blocks of the first kind,
G1 € My (F),Gy € Mw(F), a < b. Let T = [T; ;] € Msaxsp(F) be a block
matriz with T; ; € Ms(F) such that

Then,

G1T =TG;.

Then,
T= [T1 O} ,

with Ty € Z(Gy).
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Theorem 5.6. Let G = diag(G1,...,Gn) be a generalized Jordan matriz of
the first kind. Let pg = p" be its characteristic polynomial, p be irreducible
and separable, mg = p™, r1 <1 and degp = s. Let a = (aq,...,qm) be the
generalized Segre characteristic of G. If X € Z(QG), then

X = [Xijlij=1,....m;

where X; ; € Mo, xsa; (F) are block lower triangular Toeplitz matrices of the
form.:

]) Ifai = ay, then Xi,i S Z(GZ)

2) If a; < aj, then
Xij=1[ Xii 0],
3) If a; > «j, then

with XjJ‘ € Z(Gj)

Proof. The result follows straightforward from Theorem 5.3 and Lemmas 5.4
and 5.5. O

6 Centralizer of a generalized Weyr form

In this section we compute the centralizer of a generalized Weyr matrix. Let W
be a matrix of the form

Wy E, ... 0 0
0 W, . 0 0
0 0 Wa,—1 Ea,
0 0 0 Wa,

with W; and E; as in (8).

Theorem 6.1. Let W be the generalized Weyr matriz with generalized Segre
characteristic « = (a1, ..., Q). Let 7= (T1,...,7Tq,) be the conjugate partition
of a. Then, if K € Z(W),

Kipn Kia ... Ki o, -1 Ky o,
0 KQ,Q Ce K27a1_1 K27a1
0 0 Ka1_17a1—1 Ka—l—l,oq
o0 .. 0 Koy o

built according to the following recursive construction
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1. Ko, o 15 a block matriz of 7o, X Ta, independent blocks of Z(C).

2. The blocks on the main diagonal fori=1,..., a1 — 1 are of the form
| Ky Y
Kz,z |: 0 Xi,i )

where X; ; is composed by (T; — Ti41) X (73 — Tix1) independent blocks of
Z(C) and Y, ; is composed by 7,41 X (7; —Ti+1) independent blocks of Z(C).

8. The blocks on the last column fori=1,..., a1 — 1 are of the form

. _ }/7;7041
Kz,ocl - |: Xi7041 :| b)
where X; o, 15 a block matriz of (7;—T;41) X 7o, tndependent blocks of Z(C)

and Vi o, =Y/

1,001

Yf7l+1 « .
+ ( ~4+1’ ! where Y, is composed by Tiy1 X Ta,
K3 et

independent blocks of Z(C') and }N/i_ll_l’al, XHLQI are composed by blocks
defined as in (11). Notice that Yy, oy = Koy 01 -

4. Fori,j=1,...,s—1, 1<y,

Kiy1j41 Y }
K = . d
" { 0 X
where X; ; is a block matriz of (1; — Ti41) X (Tj — Tj+1) independent blocks

of Z(C), and Y; ; =Y/

i,

}/iJrl J T
. ~ > h Y. d b i
it ( X1 w, e~re 7 ~zs composed by Tip1 X
(1; —Tj+1) independent blocks of Z(C) and Yi11 ;, Xiy1,; are composed by
blocks defined as in (11).

Proof. Let G be a matrix similar to W in generalized Jordan form. If P is the
matrix described in (7) and X € Z(G), then P! XP = K. O

Remark 6.2. If p is separable, the block structure of K € Z(W) is the same
as (18) but every block component is in Z(C).

Example 6.3. Following with Example 4.13, the Weyr characteristic of G is
7 =(5,3,3,2,1). This partition 7 gives us the number of blocks of the diagonal
blocks in the generalized Weyr form.

24



The generalized Weyr form is

C E
C E
C E
C

and a matrix K € Z(W) has the form

By My Ry Xy |Hy By My;|Hy By Mz |Hs DBsy| Hy

Ci S Yi K Cy Ji Ky Cs3 | Jo Ks| Js
D1 Gl Pl Ol Nl
B Vi U | Ty

A1 Il L1 A2 I2 L2 Ag 13 A4

Cl Kl 02 Jl KZ J2

Ay I Ly | Ay I | A3
By M; | Hi By | H>

Cy K| Ji
Ay L | Ay

B, | Hy

Ay

where the blocks in this matrix satify the same relations as in Example 4.13.

6.1 Determinant of the centralizer

We proved in Theorem 6.1 that the elements of the centralizer of the generalized
Weyr canonical form are block upper triangular matrices. As a consequence, the
determinant of K € Z(W) can be computed as the product of the determinants
of the diagonal blocks (see [5] for the centralizer of a Weyr form)

det(K) = det(Kl’l) det(Kz’Q) N det(Kryr).

Hence, the diagonal blocks are key to characterize the automorphisms of the
centralizer. An important application of this property will be the characteriza-
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tion of hyperinvariant and characteristic lattices of the endomorphism (see [14]
for the case when p splits over F).

In Example 4.13 (also Example 6.3), the expression of the determinant for
those elements of the centralizer results in

det(K) = det(X) = det(A1)” det(Bi1)* det(C1)? det {Dl Gl} :

B

Remark 6.4. Notice that the formula is exactly the same in the separable and
nonseparable cases, as the block components of the diagonal blocks of a matrix
K € Z(W) are elements in Z(C). Therefore, the condition for a matrix in the
centralizer to be an automorphism is exactly the same in both cases.

6.2 Dimension of the centralizer

As a consequence of Corollary 4.9, to compute the dimension of the centralizer
we must take into account that each block has dimension equal to s. Then,
according to the Segre and Weyr characteristics we have that

dim(Z(G)) = s(ag + ...+ 2m — Day,) =

=dim(Z(W)) = s(r8 + ... +72).

Notice that when deg(p) = s = 1 the result matches the Frobenius formula of
the dimension of the centralizer of a Jordan and Weyr form ([16]).
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