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ASSOCIATED WEIGHTS FOR SPACES OF p-INTEGRABLE
ENTIRE FUNCTIONS

JOSE BONET AND ELISABETTA M. MANGINO

ABSTRACT. In analogy to the notion of associated weights for weighted spaces of
analytic functions with sup-norms, p-associated weights are introduced for spaces of
entire p-integrable functions, 1 < p < co. As an application, necessary conditions
for the boundedness of composition operators acting between general Fock type
spaces are proved.

INTRODUCTION

Weighted LP-spaces of entire functions, 1 < p < oo, arise in several different set-
tings, such as partial differential equation, Fourier analysis, and spectral theory. In
particular, the Fock L2-space (also known as Bargmann space or Segal-Bargmann
space) plays an important role in quantum physics (see [2, 21|, see also [15, Chapter
I, Sec. 6] for an historical introduction) .

Properties of composition operators acting between these spaces have been exten-
sively studied by several authors in the last two decades (see [1, 10, 17, 24, 25, 26, 27,
28, 29] ).

There are essentially two approaches to the analysis of weighted LP-spaces of entire
functions and of composition operators. The first approach has been developed for
p = oo and relies on the study of associated growth conditions, namely weights that are
intrisically defined for the space of entire functions under consideration (see, e.g. the
seminal paper [4]). The other approach has been initially applied in the case p = 2
and then extended to 1 < p < oo, and involves the use of complex and functional
analysis techniques, such as representing kernels, Carleson measures, sampling and
interpolation sequences.

The aim of this note is to present a connection between these techniques, by intro-
ducing an analogous concept of associated weights for 1 < p < co. The boundedness
of composition operators is then studied by applying p-associated weights. Moreover,
in the particular case of radial weights, we give conditions on the weights in order that
bounded composition operators have to be generated by affine maps, thus extending
the classical result that holds true for composition operators between Fock spaces.

1. NOTATION AND PRELIMINARIES

Consider the space CV endowed with the complex inner product and the norm
defined by:
N
<z,w>:ZziWi, lz| = /{2, 2), z=(21,...,2N),w = (w1,...,WN).
i=1
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2 JOSE BONET AND ELISABETTA M. MANGINO

We denote by H(CY) the space of entire functions and we consider the usual
Lebesgue measure on CV = R?Y. We will use the notation H(CN;C¥) for the space

(H(CV))"™.
Let v be a weight on CV, namely a continuous function v : CV —]0, oo[. Define for
1<p<o0

FL={f e H(C") | /CN [f(2)PoP(2)dz < oo} (L.1)

and
I£lle = ([ 100 <o), perp

The spaces Fi are subspaces of LP(CY,vPdz), hence are normed spaces. If p = 2
the norm is induced by the inner product:

(hoh= [ EEEA G fge R,
CcN
If p = co we consider

Foe={f e H(C") | S(élzglf(Z)lv(z) < oo}, (1.2)

endowed with the norm

1l = sup 7o), ] € P

The space F2° is often also denoted by HS°(CY). It is a Banach space and has

been widely studied (see e.g. [3, 4, 16, 18| and the references therein).
If v(z) = e 54’
[30]).

, then F7 is the classical Fock space FP® (see e.g. the monograph

Lemma 1.1. Let v : CY —]0,00][ be a continuous function and 1 < p < oo. For every
compact K C CN, the evaluation map

0, : FF — C, fef(z)

is continuous uniformly with respect to = € K. As a consequence, F} is a Banach

space and F2 is a Hilbert space.

PROOF. Since every compact subset in CV is covered by a finite number of poly-
disks, it is enough to prove that for every z € CV there exists M > 0 such that

sup [ f(w)| < M]|f]lp,
weP(z,1)
where P(z,1) = {w = (w1,...,wy) €CN | |zi —wy| < 1,i=1,...,N}.
Given z € CV, let vg be the minimum of v on P(z, 2).
Let f € FJ and x € P(z,1). Clearly |f| is separately subharmonic in each variable,
hence for every rq1,...,ry > 0:

1 2

‘f(xlfaxN” < |f('f51_{-Tlewlvl‘?""7$1\/v)|d91S'”S

27 Jo
1
(2m)N

IN

/[ W flz1+ rie® rNewN)dﬁl ... dOn.
0,27
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By multiplying both sides by 2Vr; - - --rx and by integrating with respect to rq,...,7x
on [0, 1]V, we get that:

f(ﬂf)!él/P( N |dw</ ) @ldw< ~ L[| pw)fo(w)dw

m™ vo ™ Jp(2,2)

1/p
L1 v Pdw w ii ﬂ_n/p
e (/P(Z’Q)(If( Jo(w))d ) </p<z,2>d ) < = ()7l

Finally we prove that 5 is a closed subspace of LP(CN,vPdz). Let (f,)n be a
sequence in FJ converging to a function f € LP(CN vPdz). Let K be a compact
subset of CV. There exists Cx > 0 such that for every n,m € N:

Vze K |fn(z)_fm(z)‘ gCKan_meP,U

Hence (fy)n is a Cauchy sequence with respect to the compact-open topology and
therefore it converges to an entire function. O

Remark 1.2. By the Riesz Representation Theorem, for every z € CV there exists
K, € F? such that

VEeF:  6(f)=(K..f)= [ K.(w)f(w)v*(w)dw. (1.3)

Observe that, for every z € CV,

10:\lr2y = sup [f(2)| = sup  [(K, f)] < [[K:|l2.0- (1.4)
1fll2,0<1 1fl2,0<1

Considering in particular f = K - ||Kz|]2_11}7 we get that
102112y 2 10K, Ko - 1Kl = 1 20 (1.5)

Hence

1012y = 1Kzll20 = V(K2 K2) = VKL (2 (1.6)

Several examples of spaces F5(C) are known in literature. In no way pretending to
be exhaustive, we refer to [1, 11, 14, 19, 20, 22, 23|. In particular we recall in the next
example the spaces FJ that have been first considered in [23].

Example 1.3. Let v = =% where ¢ € C%(C") is a real valued function on C" such
that

mwo < dd°p < Muwy

holds uniformly pointwise on CV for some positive constants m and M, where d is the
usual exterior derivative, d® = (9 — ) and wy = dd°| - |? is the standard Euclidean
Kihler form on CV. The associated spaces F5 have been thoroughly studied in [23].

If o(z) = —%|z|? one gets the classical Fock spaces and for ¢(z) = |z|> — mlog 2|,
with m € N, one gets the Fock-Sobolev spaces FP'"™ (see e.g. [12]).

In the case of example 1.3, the following characterization of composition operators
holds. For sake of completeness we give a proof with the arguments of [1].
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Proposition 1.4. Let v = e %t and w = e %2 with ¢; € C*>(CN),i = 1,2, real
valued functions of the type considered in Ezample 1.8. Let ¢p € H(CN;CN). The
composition operator Cy, : Fi — Fiy , f+— fotp with1 < p < g < oo, is continuous
if and only if there exists v > 0 (or equivalently for all r > 0) such that

sup / de < 00
2eCN Jy-1(B(zr)) VI(Y(w)) .

Zuw is q - integrable on CV, then Cy is continuous.

In particular, if

PROOF. Let A be the pull-back measure defined by
A(E) —/ e 192(2)dz
Y=1(E)

for any Borel subset of CV¥. By [1, Section 2, Corollary 3.1, Cy is a bounded compo-
sition operator if and only if the measure p = €9 - X is a (p, ¢)-Carleson measure, or,
equivalently by [1, Lemma 2.1], if

sup u(B(z,r)) < o0 for some/all r > 0.
zeCN

The assertion follows by observing that

u(Br) = [

191 W) g\ (w) = / 191 (¥(2) g =av2(2) 1, 0.
B(z,r)

1 (B(zr))
2. p-ASSOCIATED WEIGHTS AND COMPOSITION OPERATORS

Associated weights were introduced in [4], in order to study properties of the space
H°(C). Given a continuous weight v, the associated weight is defined as

3(z) = sup{|f(2)| | f € HECY), (|| flloee < 117"

It is known that v is continuous and 0 < v < v (see |4, Properties 1.2]). The weight v
is said to be essential if v ~ v , namely there exist ¢, C' > 0 such that

cv <v<Cv.
We will consider an analogous definition for every 1 < p < oc.

Definition 2.1. Let v : CV —]0, 00 be a continuous weight and 1 < p < oo. The
p-associated weight v, is defined by

Up(z) = | !

_ zeCV. (2.1)
10l ¢Foy

The weight v is said to be p-essential if v ~ v),.

Remark 2.2. Observe that if v is a 2-essential weight, then, by (1.6),

1
v(z) ~ T(z) (2.2)

Example 2.3. Let v = e~ % be the weight considered in Example 1.3.
By (23, Corollary 3.7],

fz)=0.(f)= | K(zw)flwe *™dw  VfeFPzeC,
cN
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where K, is the reproducing kernel. Then K, € Fj for every 1 < q < oo (see |1,
Equ. (2)]) and ||K.||4.» =~ v(2) L. Finally [23, Proposition 3.8] yields that 102]| 7y =
||K.||p» =~ v(2)71, where p’ is the conjugate exponent of p, and therefore v is p-
essential.

Example 2.4. Let v(z) = e 1", with o > 2, 2 € C. It has been proved in [14,
Corollary 8| that, for large values of |z|,

16:11 2y = [l o0 = e #1722,
Hence v is not a 2-essential weight.
Remark 2.5. If v is a continuous weight such that F < H° continuously, then
clearly there exists C' > 0 such that v < Cv,. Hence, if v is p-essential, it is essential.

The converse does not hold. For example, the weight v defined as v(z) = e~ *I*| with
a > 2, is essential (see e.g. [9, Lemma 1] or [8, Remark 3.11]), but it is not 2-essential.

Proposition 2.6. Let v and w be continuous weights on CN, 1 < p,q < oo, and

Y € H(CN;CN). If the composition operator Cy : F§ — Fiy is continuous, then

sup M < 00.
zecn Up(¥(2))
Proor. If Cy is continuous, then
(Cy) + (F) = (F)

is continuous. Hence there exists C' > 0 such that

vee (Fu)  ICy)¢Ellzry < ClIEllzay- (2.3)
In particular,
Ve I(Cp)alimy < ClIllrry- (2.4)
By observing that
(Cy) (8:)(f) = 0:(Cuf) = dy(z)(f), (2.5)
we get
V2eCV  |8yallzpy < ClIE:NFays (2.6)
therefore there exists a costant C' > 0 such that
vzeCN L gt u (2.7)

Up(1(2)) = wy(2)

As a consequence of the definition of p-essential weights and of Remark 2.5, we get.

Corollary 2.7. Let v and w be continuous weights on CV, 1 < p,q < oo, and
Y € H(CN; CN) such that the composition operator Cy : F§ — Fi is continuous.

, . , : w(z)
(1) If v is p-essential and w is g-essential, then sup,ccn Wy < o0

w(

P o] ; z)
(2) If Fiy — HyyY continuously, then sup,ccn B < %

Remark 2.8. Proposition 2.6 and Corollary 2.7 should be compared with the char-
acterization of bounded operators between spaces of type H:o° in terms of associated
weights (see |7, Proposition 5]).
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3. RADIAL WEIGHTS

Motivated by the results in the previous section, we investigate the boundedness
of the quotient %, where w and v are continuous radial weights on CV and

Y € H(CN;CN). In the following, if v : CV —]0, 0o is a radial weight, with an abuse
of notation, for any r > 0 we will write v(r) meaning v(z) for any z € CV with |z| = r,

and we say that v is (strictly) decreasing meaning that v(r) is (strictly) decreasing on
[0, 00

Proposition 3.1. Let v,w : CN —10, 00| be radial continuous decreasing weights and
let p € H(CN;CN). If for some a > 1

w(r)

Tlgglo o(ar) +oo (3.1)
and
sup w(z) < 400 (3.2)
secy v(P(2)) ’

then v is affine.
[ (2)]

||

PROOF. We show that sup,cen |.1>1 is bounded. Otherwise, there would exist

(k) ken such that |zx| — oo and
VE €N [¢(zk)| = klzxl.
Then

sup w(zr) w(|2k]) w(zr)

keN V(azk) ~ ken v(kzk) T gen v(v(zk))
against the hypothesis. Now the assertion follows with the argument of [10, Theorem
1]. For sake of completeness we give some hints of the proof. Assume that ¢ =
(Y1,...,%n), with ¢; : CN — C. For any ¢ € CV, |[¢|| = 1, consider the entire
function on C

< 400,

Yi) =i, AeC.
If i(2) = > 02, Z|a|:8 ca 2%, since

O
sup [z ] < 00, (3.3)
N1 A
for every ¢ € CV, [|¢|| = 1, we get
Z a2t =0 s> 2,
la|=s

and therefore 1; is affine. O

By combining Proposition 3.1 and Proposition 2.6 we immediately get:

Corollary 3.2. Let v,w : CV —]0, 00[ be radial continuous weights, 1 < p,q < 00.
Assume that v is p-essential, w is g-essential and that for some o > 1

= +oo (3.4)

If ¢ € H(CN;CN) satisfies that the composition operator Cy : Fi — Fib is contin-
uous, then v is affine.
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Example 3.3. The weights v(z) = e 2*=mloglzl and w(z) = e Al ~kloglzl are p-
essential for any 1 < p < oo (see Example 1.3). Moreover condition (3.1) is satisfied,
simply by choosing a > 1 such that a?y > 3. Hence we get that if a composition
operator between Fock-Sobolev spaces is continuous, then v is affine. Thus Corollary
3.2 covers some of the results in [13].

Corollary 3.4. Let v,w : C —]0,00] be radial continuous decreasing p-essential
weights and assume that for some a > 1

w(r) _

lim

r—oo v(ar)

(3.5)

Let 1) € H(C) non-constant. The composition operator Cy, : Fy — Fiy is continuous
if and only if
w(z
sup (2)

zec v(¢(2))

< oQ.

In this case, ¥ is affine.
PRroOOF. The necessity part follows from Proposition 2.6. Conversely, if sup,c¢ % <

oo, then by Proposition 3.1, we get that 1(z) = az + b, with a # 0. Therefore, for
every f € Fk:

z=b
Lurwenreei: =< [repe D<o [i@rees o
Proposition 3.5. Let ¢)(z) = Az + b, with A a N x N complex matriz and b € CN
and let v : CN —10, 00| be a radial continuous strictly decreasing weight.

(1) If ||A|| = sup{|Az| : |2| =1} < 1, then sup,ecn % < +00.
(2) If ||Al| > 1 and

v(r)

Ve > 1 Tlgrolov(ﬁr)z—koo
then
v(2)
sup —————~ = +00.

secn V(Az +b)

PROOF Assume v(z) = exp(—¢(]z])), with ¢ : [0,00[— [0, 00 continuous and
strictly increasing.
(1) Set e =1 — ||A]||]. For |z| > @ we get

p(|Az +0]) < ([|A]] - [2] + [b]) < @([A]] - |2] +€lz]) = @(]2])-
It is enough to take C' := max{p(|Az +b|) : |z| < 1o |} to get
o(|Az+ b < p(lz)) +C, zeCV.

(2) Take € > 0 such that 1+ 2¢ < ||A||. There exists £ € CV such that |¢] = 1 and
|A¢| > 1+ 2e. For every n € N such that n > Lﬂ

|A(n&) + b| > |nAE| — |b| > n(1+42¢) — |b] > n(l+¢) + (ne — |b]) > n(l+¢).
Assume that there exists C' > 0 such that
o(|Az+b]) < C+ ¢(]2]) VzeCN.
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Then, for every n > @:
p(n(l+e)) < p(JA(nE) +b]) < C +o(n),
hence
p(n(l+e¢)) —p(n) <C
This contradicts

lim ¢((1+4¢)r) — p(r) = +oo. O

7—00

We discuss now the case N = 1 and ¢(z) = az + b with |a| = 1. If b = 0, then
clearly ”U((az Z)) = 1 for every 2 € C. If b # 0, we consider some cases of particular

interest.

Proposition 3.6. Let (z) = az +b witha € C, |a| =1 and b € C, b # 0. Let
v(z) = exp(—p(]z])), with ¢ : [0, 00[— [0, 00] continuous and strictly increasing. If

Jim (7 + [bf) — p(r) = +oo, (3.6)
then
ze(IC) ’U(CLZ + b) - '
In particular sup,cc v(ng) = 400 ifv(z) = e " p > 1, ifu(z) = e~ or if

v(z) = e’ =mloglel e N,
PROOF. Assume a = e and b = |ble?. If z = re’(®Y) with r > 0, then

laz + b = |(r + \b[)eiol =r+ b,

hence
lim (laz +b]) —¢(|2]) = +o0,
|z]—o0
and therefore sup, ¢ % = +00.

If p(r) = arP, p > 1, we have
b p
a(r+10)P = arP (1 + ||> > arp+ozp|b|rp_1 > arp+ozp|b|rp_1 = ¢(r) +ap|b|rp_1.
r
Therefore
lim (s + [b]) — (r) = +00.
r—00

Consider ¢(r) = e". Then e Tl = elbler = lble™ and therefore lim, o0 ertibl —er =
lim, e er(e“" —1) = +o0.
Finally, if o(r) = 2 +mlogr,
lim ((r + (b))% +mlog(r + |b]) — > —mlogr) =
r—00

= li_)m 2|bjr + |b]* + mlog (1—|—’b|> = +o0. O
T—00 r
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Example 3.7. Let 9(z) = az + b with a € C, |a] = 1 and b € C, b # 0. Let
v(z) = exp(—p(]z])), with p(r) =7, 0 <p < 1. If |2| > 1:

b P
ollaz+b) = alaz+bP <a(lz|+ b)) = alz]? (1+’|> <
]
b i
< ol (1 +p||z||> — al#l? + aplbllP" < (12 + aplbl.
Then

o(laz 4+ b]) < (|2]) + ap|b] + l‘gllgw(\az + ).

Therefore sup,cc % < 400. This should be compared with the behaviour of the

weight when p > 1.
Proposition 3.8. Let ¢(z) = Az + b where A is a N x N complex matriz, b € CV,
1 < p < oo, v(z) = exp(—p(|z])), with ¢ : [0,00[— [0,00] continuous and strictly
increasing, such that v is p-essential.

(1) If ||A]| < 1, then Cy : F3° — Fg° is continuous.

v

(2) If ||A|| < 1 and for some a > 1
lim olr) _

r—oo v(ar)

)

then Cy, : F§ — F§ is continuous for any 1 < p < co.
(8) If ||A|| > 1 and

wg>1  lim o)

e u(Ar)

then Cy : F¥ — FF is not continuous for any 1 < p < oo.
(4) If N =1, (2) =az+b, |a] =1, and

Jim o 4 [b]) — ¢ (r) = +o0, (3.7)
then Cy : F° — FJ° is continuous if and only if b= 0.

v

(5) If N =1, Y(2) = az+b, |a| = 1, and (3.7) holds, then Cy : F§ — F is
continuous if and only if b =10, for any 1 < p < 0.

Proor. It is enough to apply Proposition 3.5, recalling that, for p = oo Cy is
continuous if and only if sup,ccn % < 00 (see [7]) and for 1 < p < oo, if Cy,
is continuous then sup,ccwn % < oo and the converse holds if for some a > 1
lim, e % = +oo. If (3.7) holds, this condition is satisfied for any o > 1, since

plar) — o(r) = e(r + b]) — ¢(r) for r > L& 0.

a—1°

Example 3.9. If p = oo, Proposition 3.8 can be applied when ¢(r) = r4, ¢ > 0,
o(r) =12+ mlogr, m € N or ¢(r) = e, since e~¥ is essential by [8, Remark 3.11]
and by [4, Corollary 16].

If 1 < p < oo, Proposition 3.8 can be applied when (1) = ar? or p(r) = r2+mlogr
by example 2.3.

We conclude with a result about composition operators acting between F2 spaces

with different radial weights. The proof is based on the techniques of [25, Lemma 6.1].
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Assume that v is a continuous weight on C such that fooo r"v(r)dr < oo for every
n € N. If we set a, = [;° r*"*1v?(r)dr, then the reproducing kernel in F2(C) is given
by

K, (w) = Zanfnw”, w e C, (3.8)
n=0
and

|| K

1
00 2
20 = (Z an‘zyzn) . (39)
n=0

(see e.g. |5, 6, 25]).

Theorem 3.10. Let v and w be decreasing continuous radial weights on C such that
an = [ r"o(r)dr < 400, by = [;¥r"w(r)dr < 4oco for every n € N. Assume
that M := sup,, /b,/a, < 4+o00. Let ¢ € H(C). If the composition operator Cy, :
F2(C) — F2(C) is continuous, then 1 is affine.
Proor. As in the proof of Theorem 2.6, we get that, if Cy is continuous, then

there exists C' > 1 such that

V2eCV I8y lly < ClISAIz2y (3.10)
or equivalently

Vz € cV HKdJ(Z)
Therefore we can apply (3.9) to get, for each z € C,

e P 2n 00 )
(S (7)) (S B
" n=0

n=0 n=0

2.0 < Ol K||2,0- (3.11)

It is enough to prove that SUp|;|>1 W}‘(Z'T” < oo. Otherwise, there would exist a
sequence (zx )i of complex numbers such that limg_, |2x| = 00 and limy_, % =
00. Then there would exist ¥ € N such that for every k > v:

|2k
with M > 0 as in the statement. Now, for every £ € N and k > v we have
2n b
|9 (21| > o2 (M + 1)2n > 02(M2n+ 1) > (2 y1),
‘Zk ’271 an
hence
= b b
0 < C?aylz| < Zan\zkln (C’2 <n + 1) - an)
an Gn
n=0
a 2n
n (1¥(zk)] 2bn
n=0
So we reach a contradiction. .

Corollary 3.11. Letwv be a decreasing continuous weight on C such that fooo ru(r)dr <
oo and let 1 € H(C). If the composition operator Cy, : F2(C) — F2(C) is continuous,
then v is affine.
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Remark 3.12. Observe that Corollary 3.11 applies also to the weights considered in
Example 2.4 and, more in general, those in [14], although they are not 2-essential.
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