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Introduction

In this paper, we consider a variation of the mathematical model
proposed in [1] to study the dynamics of HIV spread and transmission
into the patient. The modification of the model consists in introducing
time-fractional derivatives, density-dependent diffusion operators and
Holling type II functional responses to better incorporate the HIV
infection into the healthy cells. Later we justify these modifications
with respect the original model. The new reformulation of the original
model is given by

pruw  pruv

ofu—div(Dy(w)Vu) = —du Tv2 Tta in O,
%0 — div(Dy(v) Vo) = lljlfz + fz-:-‘l; —ro,  inQy, M
0;’w—diU(D3(w)Vw) = Nv-ew, in Op,

with the initial and boundary conditions:

u(x,0) = ug(x); v(x,0) = v(x); w(x,0) = wy(x) in £,
u(x,t) =v(x,t) = w(x,t) =0 on X,

where 97 denotes the Caputo fractional derivative of order 0 < a <1
with respect to time ¢, Oy = Q2 % (0,T), Xy = 02 % (0,T), Q2 is
a bounded domain in R" with a boundary 02 and T > 0. In (1),

* Corresponding author.

u(x, ), v(x,1) and w(x,t) represent the concentrations of healthy cells,
infected cells and virions, respectively. d = d(x,7) > 0 denotes the
death rate for healthy cells. g, = g;(x,1) > 0, p, = B(x,1) > 0
and r = r(x,t) are the virus infection rate, cell-cell infection rate and
death rate of infected cells respectively. N = N(x,f) > 0 denotes
the virus production rate. Finally, e = e(x,r) > 0 denotes the death
rate of virions. D;(-), i = 1,2,3, denote the nonlinear density for
u, v and w, respectively. A blood-borne infective disease called the
acquired immunodeficiency syndrome (AIDS) is caused by the human
immunodeficiency virus (HIV). In recent years, several mathematical
models have been proposed to describe the dynamics of the HIV disease
and to explain epidemic illnesses related to AIDS [2-4]. Here, we
consider the system proposed in [1] with major modifications. First,
we modified the integer order time derivatives with time-fractional
derivatives. Further, we considered here density-dependent diffusion
for diffusion operators. Because, in the biological models, movement of
infected cells through normal cells have similar pattern as in a porous
medium and so we may consider the cell random motility to be a
function of unknowns. Therefore, it is more realistic to consider the
density-dependent diffusion than the linear diffusion. For more details
about density dependent diffusion, see [5] and the references there in.
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For convenient in the subsequent analysis, we rewrite model (1) in
the following form:

ofu—div(D;(w)Vu) = —du — f(u,w) — o(u,v), in O,
of v — div(Dy(v)Vv) = p(u, w) + o(u, v) — ro, in O, (2)
ofw — div(D3(w)Vw)v = Nv — ew, in O,

where

Blu, w) = By % olu,0) = ﬁ2%~

In this paper, we assume that the functions d(x, 1), ,(x,1), B(x,1),
r(x,1), N(x,1) and e(x, 1), are in C(Qy) and, it is clear, from the definition
of p(u, w) and o(u, v), that p(u, w) < p,w and o(u, v) < p,v for u,v,w > 0.
We further assume that uy(x), vy(x), wy(x) € L*(€2). The above assump-
tions are standard, for example, see [6,7]. For better understanding
of above mathematical model with integer order derivatives, we refer
the interested readers to the paper [1,8,9]. For further epidemiological
models, see [10-12].

In recent years, fractional differential equations have demonstrated
to be powerful mathematical tool to model a wide range of applica-
tions in science and engineering (see, for example, [13-18] and the
references therein). As a consequence, the number of researchers who
are interested in the study of fractional partial differential equations
and their applications is increasing over the last few decades. However,
as far as time-fractional partial differential equations is concerned,
the number of contributions in the extant literature is still limited
and more analysis is required. For instance, time-fractional reaction—
diffusion equation and related integral equations can be investigated
by semigroup theory in the context of what is known as evolutionary
integral equations [19]. Kubica et al. [20] studied one dimensional heat
equation in a non cylindrical domain and established the existence of its
weak solutions using the Faedo-Galerkin approximation method. Sub-
sequently, the development of theoretical and efficient computational
techniques to solve the time-fractional PDEs has recently received a
great deal of attention among researchers [21-24]. Further, the finite
volume method [22,25-27], meshless method [21,28], finite difference
method [29,30], finite element method [23,24,31] and the spectral
method [32,33] are the widely preferred numerical methods in the
literature to solve fractional partial differential equations.

In the present work, we prove the unique solvability of weak solu-
tions and a-priori error estimates to time-fractional HIV mathematical
model with nonlinear diffusion operators. For that, we assume that the
Caratheodory functions D;(s) : Op X R" —» R,i = 1,2,3, are continuous
functions with respect to s and satisfy the following conditions:

(H1) Di(s)¢ - ¢ 2 bIC1% b;>0, i=1,2,3,
(H2) |D,(s)¢| <7 [A,-(x,z>+ |c|], v >0, i=1,2,3,

(H3) (D;(s)¢ = Dy(s),"N(¢ - ¢") =0, i=1,2,3,
(H4) |D/(s)| < L, L>0, i =1,2,3, for all s € R.

for almost every (x,7) € Op and, for every ¢,¢’ € R" with A;(x,1) €
L*(Qp).

The rest of the paper is organized as follows. In Section “Existence
and uniqueness of weak solutions”, we study existence and uniqueness
results for the model (1). In Section “Finite element scheme”, we derive
a priori bound and error estimates for the Galerkin finite element nu-
merical method that permits approximating the solution of model (1).
In Section “Numerical results”, we show several numerical examples to
validate the theoretical findings established in Section “Finite element
scheme”.

Existence and uniqueness of weak solutions

The aim of this section is to establish sufficient conditions in order
to guarantee the existence of weak solutions of the system of time-
fractional nonlinear diffusion Egs. (1). To achieve this goal, we will
use a uniform priori estimates for approximating the solution of model
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(1). For the sake of clarity, we keep the same notation as the one
utilized in [34,35]. To simplify the notation, we use a generic constant
C rather than utilizing different constants throughout the subsequent
development.

Mathematical preliminaries

Lemma 1 ([34]). Let n(-) be a non-negative, absolute continuous function
on [0, T], which satisfies for a.e. t the following differential inequality

6 Din(n) < C(@). ®
for constant C > 0. Then
n() < nO)E, [Cr*] .

This lemma follows by integral representation of (3) and the integral
form of Gronwall inequality. Assume that B,, B; and B are Hilbert
spaces. Let v € L!(R). The Fourier transform of v : R — B, is defined

by d(z) = / e 2T y(1)dt (see [36]). Then, we have

—00
C p _(n: N
Zo D v() = Qizt)" (7).
For 0 < a < 1, define a Hilbert space
U*(R, By, B)) = {ve LR, By) : € _D*ve L*R,B))}

equipped with the norm

1
— 2 ana2 K
ellyre = {10125 g g+ 1 171002

For every subset I C R, define a subspace U} c U™ as

VR, By, B)) = {v € U“(R, By, By) : supp(v) C I}.

Theorem 1 ([36,37]). Assume that B, & B < B, is continuous
and By < B is compact. Then, for every bounded set I and a > 0,
UF(R, By, B)) & L*(R, B) is compact.

Lemma 2 ([38]). Suppose u : [0,T] — X where X is a real Hilbert
space. Assume that there exists the fractional derivative of u in the Caputo
sense, then the following inequality holds,

1
W@).§ Df@@)) = 5 §Df lul.
First, we define a weak solution of the system (2).
Definition 1. A triplet of functions (, v, w) is called a weak solution of

the nonlinear time-fractional reaction-diffusion system (2) if u,v,w €
L2(0,T; Hj(2)) n L0, T; L*(2)) satisfy

/a,"u¢ldx+/Dl(u)Vuw;ldx:—/du¢ldxdr—/ﬁ(u,w)¢ldx
Q Q Q Q

- / o(u,v)p,dx,
Q

/0;’U¢2dx+/DZ(U)VUVq}zdx:/ﬂ(u,w)¢2dx+/U(u,u)¢2dx—/ru¢2dx,
Q Q Q Q Q

/d:’w¢3dx+/D3(w)VwV¢3dx:/Nv¢3dx—/ew¢3dx,
Q Q Q Q

4
for any ¢; € H,(€),i =1,2,3.

Now, we introduce the regularized system for (2). We consider the
following approximation of the system (2):

ofu — div(Dy ()Vu€) = —du® — puc, w®) — o, 1), in Oy,
9] V¢ — div(Dy (v9)VVe) = B, w®) + o (uf, v°) — ro, in Or, 5)
ofw® — div(D3 (w)Vue) = Nv° — ews, in O,
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subject to the following boundary and initial conditions:
uf(x,1) = v°(x, 1) = w(x,1) =0 on Zp,
u€(x,0) = ug(x); v°(x,0) = vy(x); w(x,0) = wy(x) in L.

Consider the following spectral problem to find z € H(;(Q) and a
number x such that

(Vz,V¢) = k(z,¢) in Q,
z =0 on dQ.

Notice that the spectral problem possesses a sequence of eigenvalues

{x;} and the corresponding eigenfunctions {e}2, are orthogonal in

Hé (€2) and orthonormal in L%(£2). Here we seek a finite dimensional
approximate solution to the problem (5) as a sequence {uf,vS,w}
defined for r > 0, x € 2 and satisfying

n n

us(x,1) = z ey piMe;(x), vi(x, 1) = 2 ey pi(e;(x), wi(x,1)

i=1 i=1
n
=) e3,(De ().
i=1

We are looking to find the set of coefficients {c j’"»i};l:l’ j=1,2,3, such
that for m = 1,2,3, ..., n, the following relations hold

/6;’uiemdx+/Dl_e(uZ)Vu2Vemdx=—/dujemdx—/ﬂ(uj,wfl)emdx
Q Q Q Q
—/a(u;,u;)emdx,
Q

dfujemdx+/ DZ‘L.(UZ)VUZVemdxz/ﬂ(uz,wi)emdx
Q 2

/i
+/o‘(ui,uf1)emdx—/rujemdx,
Q a
s

B,“w;emdx+/Dz.e(w;)th;Vemdx=/Nv;emdx—/ewﬁemdx,
Q Q Q

(6)

and the initial conditions

n n

UE(x,0) = ug,,(x) = . ¢1,,,(0)e;(x), U5(x,0) = 09,,(x) = Y. €3,,(0)e;(x),
i=1 i=1

W (x,0) = wo,(x) = Y 3,,,(0)e;(x).

i=1
Furthermore, it can be noted that the previous form of solutions also
satisfying the boundary conditions and (6) can be rewritten as a system
of fractional ordinary differential equations:

—/ Dle(u;)VuﬁVemdx—/duf,emdx—/ﬁ(ui,wi)emdx
o Q Q

- / o, v)e,dx,
Q
= G} (” {Cl,n,[};l:] » {c2m,/}:’:1 » {C3,n,i}:l:|) >

c
0 Dfcy pm(®)

SDfey ) = — /!2 D, (V5)VE Ve, dx + /Q BGE, w)e, dx
+/0'(u§,vi)emdx—/rvf,emdx, 7
Q Q
. n n n
= G;q (t’ {cl,n,i}izl ’ {cln,i}i:l > {03,,,,,-},,:]),
D%, (1) = —/ D37€(wZ)Vw;Vemdx+/ Nu;emdx—/ wle,dx,
Q Q Q

=0 G (t{cami}imy + AC3mi Fimy) -
Now we set U = [0, p] with p € [0,T] and choose R > 0 large enough_so
that the ball By C R” contains {c;,;}/_.j = 1,2,3, and that V = B.
The components of G;.", j=1,2,30n U xV are bounded as

‘Glln (tAernitiz - {emitic - {03%1‘}:’:1))
< <Dl,g(z cl,,,’,-(t)e,-(x))>
i=1

Z c1ni(MVe(x)

i=1

Ve, ||L2(_Q)
LX)
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Y crniDe)
i=1

Z 3,1 (D)e;(x)

i=1

+lldll Lo lley 20
(

L2(Q)

+ 1811l oo (2 lley Il 20)

LX)

n

Y ernit)e;(x)

i=1

< C(e, R,mA (1),

+ 1821l oo (2 lley Il L2y

L2(2)

where C(e, R, n) is a positive constant that depends only on €, R, n and
is independent of ¢, and A,(f) € L!(U) is independent of m,n,R. In a
similar manner, we obtain the estimates for G;.", j=2,3,

|G;n (l’ {cl,n,i}:lzl ’ {C2,n,i}:’=1 ’ {03.n,i}:‘=1) | < C(G, R, ”)Az(l),
1G5 (1, {eani iy s {eami iy ) | < Cles Rom A3 (D),
where C(e, R,n) is a constant as defined earlier. Using the standard
FODE theory (see, for example, [39]), there exist absolutely continuous
functions {c i }7=1’ j =1,2,3 satisfying the given initial conditions and
(7) for a.e t € [0, p], p > 0. Therefore, we have
Cl,n,m(O)

1 ! -
+ T@) /0 =" 'GY (r, {Cl.n,i(f)}:;l ’ {CZ,nJ(T)}:’=1 ’
{Clmi('[)}:'q:l) dr,

c2,ﬂ,m(t) = cZ,n,m(O)
1 ! 1 n n
g L =9 @) )

{esn@} ) dr,
c},n,m(o)

1/ _
* To) /0 -Gy (1. {ern @} {3 (]}, ) dr.
This shows that (uf, v, w$) are well defined and approximate solutions
of (5) on [0, p'), for some p' > 0.

We prove the global existence of approximate solutions by deriving
n-independent a-priori estimates for (us, 05, ws) in different Banach
spaces with arbitrary time 7.

Cl,n,m(t) =

—+

c3,n,m(t) =

Lemma 3. Assume that the hypotheses (H1) — (H3) hold. If uy, vy, wy €
L?(8), then there exists a constant C > 0, which is independent of n, such
that

G v Wl o 0 71202y £ Cs MIu, vy, wf,)”LZ(o,T;H(;(g)) <C ®)

Proof. Consider ¢, , (x,1) = Z;’z b; .1 ()e;(x), where the coefficients
{bj,,,iy,};’:], j =1,2,3, are absolutelly continuous functions. Then, from
(6), we get the following weak formulation

/6;’ui¢lndx+/Dl_é.(uf’)Vuf‘VqSlndx:—/duﬁqﬁlndx—/ﬂ(uz,wf)(ﬁlndx
Q ’ Q ' Q ' Q ’
- [ ot ),
o ,
/6,"v;¢2vndx+/ Dzvt(vi,)VU;Vqﬁzv,,dx:/ﬂ(u;,w;)(ﬁz'ndx
Q Q Q
+/6(ui,yj)¢2ndx—/rvzd)z‘"dxdx,
Q ’ Q

/0;’wi¢3vndx+/D3_E(w2)Vw5V¢3vndx:/ Nui¢3vndx—/ws¢3vndx.
Q Q Q Q

)]

Taking ¢, , = uf, ¢,, = v5, and ¢;, = wt in (9) and using the given
hypotheses together with Young’s inequality, we get

lc 2 2 2
3608 [ i+ 1o + o Prax

+/Q(b1|w;|2 + by | VOE I + by | Vit |H)dx
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sc[()|u;|2+|v;|2+|w;|2dx, 10)

where C is the positive constant depending on the given data. Then, it
follows by Lemma 1 that,

[P 10+ s < c. an
Q

where C is the positive constant independent of n. Thus the sequence
{@€, v8, we)} is bounded in L®(0,T; L2(2)). From (10) and (11), we get

T
Vil [>dxdt < C, 12)
o Jo "

which implies that [|uS]| L2071} (@) < C. Similar arguments lead to the
estimate:

”(uf,’ UZ’WZ)HLZ(O,T;H(}(.Q)) <C. (13)

This completes the proof. []

Lemma 4. Let uy, vy, wy € L*(Q) and (H1)-(H3) are satisfied. Then
@, 05, w5) € WR, Hy (L), L*(2)) is bounded.

o
Proof. We omit the proof as it is similar to that Lemma 2.8 in [34]. []

Theorem 2. Assume that hypotheses of Lemma 3 hold. Then, the approx-
imate problem (5) possesses a weak solution (u€,v¢, w¢), with uf, v¢,uw® €
L>(0,T; L2(22)) N L*0,T; HY()), satisfying
/ ()X"u”¢]dxdt+/ D, (u)Vu'Vdxdt
or Or
= —/ du; ¢, dxdt —/ B, w: ) dxdt —/ o(u;, vy dxdt,
Or Or or
/ 0fv€¢2dxdt+/
Or

[

D, (v)VvV,dxdt
=/ ﬂ(ui,wi)¢2dxdt+/ a(uj,vf,)dazdxdt—/ rvs ¢,dxdt,
Or Or Or

/ 9w pydxdt +
or or

=/ NU€¢3dxdt—/ ewPpsdxdxdt,
Or 1

Dy W)V Vopydxdt

a4
for every ¢, € L*(0,T; H)(2)), i =1,2,3.

Proof. Using Lemmas 3 and 4, and the standard compactness ar-
guments, sequences have convergent subsequences (which are also
denoted by (uS,v¢,w:)). Then there exist limit functions u®, v¢,w® as
n — oo, that is,
W, 08, we) = (uf,v°, wf) weakly in L2(0,T; H}(£2)),
(W€, 0%, w) = (u,0f, w) and weak” in L®(0,T; L*(£2)),
D, (u¥)Vu — o, weakly in L*(Qp),
D, .(v5)Vve — 0, weakly in LZ(QT),
D; (wi)VwS — o3 weakly in LZ(QT).
From the above convergence results, (uf,vS,w) — (¢, 0%, w) in
L2%(0,T; L*()). We have to show that
D5 [(u)Vul = 0, D, (V5)VVS = 0y, D3 (w)Vuws = o5. (15)
Multiplying the first equation in (5) by «¢ and then integrating over Q7
and taking the limit n - o0, we get
1/ [u€ (x, T)|2dx+/ (T — )" o, Vudxdt
2Ja or

+ [ (@ -0 B, wHudxdt

or

+ [ @ -0 o@s, v)udxdt
Or
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< / ) Pdxdi + L / lug ()2 dx. (16)
Q 2 Ja
In view of the monotonicity of the function D, .(Vu¢), it follows that
/Q(Dlve(uz)Vu; = Dy (u)Vuy)(Vuj, — Vuy)dx 2 0.

Multiplying the approximate equation by u¢ and integrating over £,
one obtains

%SD;"/Q|u;|2dx+/~QD1,€(u;)Vufqu;dx+/Qﬁ(ui,wf,)u;dx
+/ o(us, vouidx
Q

5—/ dluilzdx.
Q

Using the monotonicity condition yields
1
) ng /Q |uf,|2dx - /Q D, (u)Vu; Vuydx
_/ Dy ((u))Vuy(Vui, = Vuy)dx
Q

: 2
—/ﬂ(ufl,wfl)ufldx—/G(MZ,UZ)ufldx—/dluil dx > 0.
Q Q Q

Then, taking the limit n — oo and integrating a-th order expression
from 0 to T, one obtains

—1/ |u€(T)|2dx—/ (T ="' o, Vi dxdt
2Ja or

- (T — t)“_lDl’e(ul)Vul(Vue — Vupdxdt — / LW, wudxdt
or Q

—/ o®, v)udxdt

Q

— [ @ =l Pdxdi + / lug|2dx > 0. a”
Or 2 Ja

Comparing (16) with (17), one deduces

(01 = Dy (uy)Vuy (Vu® = Vuy))dxdt > 0.
Oor

Let u; = uf — ny for any 4 > 0 and w € L?*(0,T; L*(Q)) in the last
inequality, one gets

/Q (01 = Dy — ny)(V( = ny))(Vy))dxdt > 0. 18)

Passing onto the limit  — 0 and using Lebesgue’s dominated conver-
gence theorem, one obtains

/Q (01 = Dy W) Vu)Vy)) dxdt > 0, (19)
T

for any y € L*(0,T; H(; (€)). Thus ¢; = Dy (u*)Vuf. Similarly, we can
prove that 0, = D, (v°)Vv® and o3 = D; (w)Vu©.

We can easily prove that (uf(t)),z) — (u(1),z) — 0, (°(ty),z) —
(v4(1), z) = 0 and (w(ty), z) — (W(t),z) > 0 as t — 1, as in [34,37]. [

Lemma 5. Assume that the hypotheses (H1)-(H3) hold. If uy, vy, w, €
L*(2) are nonnegative, then solution (u¢,v¢,w¢) of (5) is nonnegative.
Further, there exists some constant C > 0 such that

”(ue" UE’ wg)“LW((),T;LZ(_Q)) S C’ ”(“ev Ug! wE)”LZ(O,T,H[;(_Q)) S C. (20)

Proof. The non negativity of solutions will be established by using the
procedure employed in [40]. Let us fix u=¢ = — sup(—u¢, 0) and multiply
the first equation of (5) by u~¢ to obtain

151);*/ |u’€|2dx+b|/ |Vu’€|2dx+/ﬂ(u’e,w’e)u’edx
2 Q Q Q
+/ o, v )" dx
Q

< / dlu P, @
Q
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where we have applied Lemma 2. From (21), we get

% / lu=|*dx < 0.

Since the initial value uy(x) is nonnegative, therefore the solution u¢
is also nonnegative. In a similar manner, it can be shown that v¢
and w® are nonnegative. The following energy estimates are valid for
e, ve, we).

@, v, Wl ooy < € NS00 207 110y < Cs (22)
where the constant C independent of e. The above results can be easily
obtained by replacing n by ¢ in the proof of Lemma 3. [J

Lemma 6. Let uy, vy, wy € H and the assumption (H1)—(H3) hold. Then
({a°}, {5°}, {w*}) forms a bounded set of W (R, H,(£2), L*(£2)), where

~ _ Jr
#={0

with 5 = i€, 0, @F.

t€[0,T1,
R\ [0,T1,

Proof. We omit the proof as it is similar to that of Lemma 4. []

Now we present our main results.

Theorem 3. Assume that ug, vy, w, € L*(Q) and the conditions (H1)-
(H3) hold. Then the time-fractional reaction—diffusion model (1) possesses
a weak solution in the sense of Definition 1.

Proof. By Lemmas 5 and 6, the sequences {u¢}, {v°} and {w*®
convergent subsequences (also denoted by {u¢}, {v¢} and {w*
there exists limit functions u, v and w as ¢ — 0, such that

} have
}). Then,

@, v°, wf) = (u,v,w) weakly in L*(0,T: H}(£2)),

(U, v, w°) = (u, v, w)and weak® in L*(0,T, L*(£2)),

D (u)Vu = ¢ weakly in L*(Qy),

D, ()V© = ¢, weakly in L*(Or),

D (wf)Vu® — &3 weakly in L*(Qp).

Using the arguments employed in the last section and the monotonicity

property of the nonlinear diffusion operator (H3), we obtain D, (u)Vu =
$1» Dy()Vo =&, Dy(w)Vw=_¢5. [

Theorem 4. The solution (u, v, w) of the nonlinear time-fractional diffu-
sion system (1) is unique.

Proof. Let (u,v,,w,) and (uy,v,, w,) be any two solutions of the
nonlinear time-fractional diffusion system (1). Then, by taking u = u; —
Uy, V=10, — vy, W= w; —w, and manipulating the weak formulation of
the solutions (u;, vy, w;) and (u,, v,, w,) together with the substitutions
¢ =u —uy, ¢, =0 — Uy, ¢p3 =w; —w, in (4), we obtain
! CD”‘/ Ju(x, l)| dx + /(Dl(ul)Vul D (uy)Vu,)Vudx

+/(/3(u1, wy) = Pluy, wy)udx

Q
< / d|u|2dx— /(U(uz,uz)—a(ul,ul))udx,

g / |lo(x, )] dx+/(D2(Ul)Vul — Dy (v,)(Vuy))Vodx
Q

N =

S/(ﬂ(ul’wl)_ﬂ(uz’wz))vdx+/(U(MI’U])_G(MZ’UZ))UdX
Q Q

+/ rlo|?dx
Q

%SD;"/ |w(x,t)|2dx+/(D3(w1)Vw1 — D3 (w,)Vw,)Vwdx
Q Q

s/ vadx—/elwlzdx. 23)
Q Q
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Using (H1)-(H3) and the non-negativity and boundedness of solutions
of the system (1), we get

: / luCx.)Pdx < Ju(x, 0
7 (S, = ul? + 10l + |wP)dxds )

%/ o, D < [o(x, )
25 (S, =l + 10l + |wP)dxds )

lw(x, D2dx < Jw(x, 0)
Q

75 (S, = 9 Qul? + 10 + JwP)dxds ).

Combining all the inequalities and using Lemma 1, we conclude that
the solution of the system (2) is unique. []

Finite element scheme

The main aim of this section is to derive a-priori error estimates
and obtaining optimal convergence order for the proposed Galerkin
finite element scheme of the problem. First, we present the spatial
and temporal discretization of the problem in this section. Further, we
derive a-priori error estimates and optimal convergence order for the
proposed finite element scheme.

Finite element discretization

Let @, be a triangulation of @ into tetrahedral cells. Suppose
vV, C Hé (2) and Q;, ¢ H'(Q) are a conforming finite element (finite
dimensional) subspace of piecewise linear polynomials (P,) associated
with Q,.

Let us define the elliptic projection IT,, : H(i (£2) = V,, such that

(a(w®)Vw, V) = (a(w)VI,w,Ve,), Yo e Hé (L2), ¢, €V 24
Theorem 5 ([41]). Suppose a is a smooth function in Q with 0 < u < a <
M for all x in Q. Assume that w € H? n H)(Q) and wj, is defined as in

(24). Then there exists a positive constant C, which is not depending of h
such that

IV(w - Mw)ll < C(w)h, (25)
llw = Mywlly < C(w)h?. (26)
Theorem 6 ([31]).
0,1,2,...} satisfy

CDgtwn < len +M2wn—l +gn,

Suppose the nonnegative sequences {w",g"|n =

positive constant 5t* such that, when &t < 6t*,

for n > 1, where p,, u, are nonnegative constants. Then, there exists a

a

" 2(2w + max g )Ea(z;nZ), 1<n<N.

r (1 + a) 0<j<n
Here E, v+ he Mittag-L i d
ere = —=—— is the Mittag-Leffler function an =y +

«(2) ;) Ta ke g-Leffler fu =

M

2 —20-a)°

Further, define the finite element ansatz functions as

N N

N
wp(x) = Y i (x), v = D 0;(x), wi(x) =Y weh(x).

i=1 i=1 i=1

Thus, we have
MDA + AA=F, @7

where A(t) = A = (up,uy, ..., Uy, U1, Uy, ..., Upsy Wi, Wy, ..., W) 1S Un-
known vector. Further, the mass matrix M, stiffness matrices A and
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known vector F are given by

M 0 0
M=[o M o [ (M>pq=/ bp(X)ebg (),
0 0 M Th
AW)
A=AV
AW)

N
(AU, = /T D[ X uebe ) | [V () Vb () x
h =1

N
+/r a’%(X)d)q(X)dx+/~(2 B Zue(lkﬁe(X), wy(Ne(x)
h h

t=1

X (X) g (x)dx
N
+ / o | Y uebe(). v (x) | by (1) (X)dx.
Qp =1
~
(A = / Dy || Y 0e0)ge() | [ Vb (1) Vb (x)dx
2 =1
+ / ry ()b (x)dlx
2
N
—/ c Zug(t)qﬁe(x), V(D (x) [P, (X)p g (x)dx
Qp =1
N
(A" = / Dy |1 Y uy o)) || Vb, (1) Vb (x)dx
2 e=1
+ [ ety opg00n,
2
0 N
F=|F|, (Fz)=/ B Zue(t)tﬁe(x),we(t)tﬁe(x) Pq(X)dx,
F; Th =1

N
(Fy) = /T N| T ety 0| 9y 0.
h

=1
Temporal discretization

Let 0 =¥ < t! < ... <N =T be a partition of the considered time
interval [0,T], and 6, = t"*! —#".,n = 0,1,..., N — 1, denotes a uniform
time step. Use the L1-discretization of Caputo fractional time derivative
CDf: defined by

6 -
Cpa, n _ t L e B
Dl = o g;a[(u w) + (28)
a = (+ D=1, [ =1,2,3,...,v as in [42,43]. For sufficiently
smooth « in time, the error E, satisfies

IE,llo < C8;7". (29)

For weak singularity in the initial time ¢ = 0 the error E, is given as

max IE,llo < Cay. (30)
Here further details about (29) and (30) can be found in [31,42].
W'(x) = u(x,t"),0"(x) = o(x,"),w"(x) = w(x,t") denote the

function values at time . Then the semi-discrete (continuous in space)
form of the system (2) using (28) reads:

6" A
r(zt_ = Z a[(chrH _ uv[) +a, @ a5 L ) = 0,
I=o
[ d
t t+1-I t—[ L I R e o B A S
To—a oo =) aerhat ot i g)

[=o0
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— f] (ut+1’ wt+1’¢)’ (31)
6 M
t - - . -
o a ; a[(wt+l [ l) + aw(wﬁ-l; Ut+l; wt+l’¢) — fz(UH‘l,(ﬁ),
for all ¢ € Hé (), where
au(ut+1;at+1;ﬁt+];wt+]’¢) — / Dl(at+l)vut+l . V¢ dx +/ dut+]q5dx
Q Q
+ / ﬂ(uH'l, 'I}H—l)d)dx
Q
+ / O'(MH'I, ﬁr+l)¢dx,
Q
a0t a s ave + 1,0, ) = / D, (5"*HYVot Vo x +/ ot pdx
Q Q
_/ O’(ﬁﬂ'l, Ur+l)¢dx,
Q
a, W o Bt ) = / Dy ")Vw - Ve dx +/ ew™ ¢ dx,
Q Q
fl(ut+1, wl‘+1’¢) — / ﬂ(uH'l, wt+l)¢dx, fz(ut-H) — / Nv"¢dx.
Q Q

Further, we adopt the fixed point iteration technique to handle the
nonlinear terms of the proposed system as in [34,44]. Initiate with
z%t1.0 = 7t the nonlinear terms can be written as

au(ut+l,m; at+1,”l; UI+I,M; Ii)tH’m, ¢)
~ au(ut#—l,m; uv:+l,m—1; Ut+1,m—1; wv:+l.m—1’ ¢)’
aU(UH'l’m; ﬁr+1,m; 5t+1,m; wr+1,m’¢)
~ aU(UrJrl,m; ur+1,m—1; Ut+1,m—1 : wr+1,m—l , ¢), (32)
aw(wt+l,m; ﬁt+1,m’ Iz)t+l,m’ ¢) ~ aw(wt+l,m; Ut+l,m—l’ wr+l,m—l’ ¢)’
for m =0,1,2, .... Further, iterate the process until the residual smaller

than a given value (107°) or attain the maximum number of iterations.
Finally, we set, z'+! = z*+1"~1 where z = u, v, w and advance to the
next time step. In computations, the iteration converges within two or
three iterations for the residual error 109, and the number of iterations
increase when 6§, is increased.

The analysis of the error estimates

First, we analyze error estimates for the considered finite element
numerical scheme. To analyze, we do not require to have the fixed point
iteration subscript m in the numerical solution notation (denoted by
", v", Wm). Thus, the fully discretized system is
(0°U", ) +a, (U™ U" V" W, ) = 0,

(0°V", @) +a, (V" ULV W, ) = fU", W), ), (33)
(W™, ) +a, W' UV, W, ) = f,(V", ),
where

- 6% :
0% 7" = F(zt_ o Za[(zt+l—[ _ Zr—l>’
[=0

and a; defined as in (28).
The following theorem provides a-priori bound for the solution of
fully discrete system (33).

Theorem 7. Let (U",V",W") be the solution of (33). Then there exists a
positive constant 6; such that 6, < &, the solution (”Z’ ”Z’ wZ) satisfies

lw", v, whlly < CA + 10 Vo, Wiy, 34

where n=1,2,..., N and C is a positive constant independent of h and §,.

Proof. From (33),

(0°U", ) + a, U™ U V" W™, ) = 0.
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Substitute ¢ = U" in the above equation, we get
(0°U",U") +a, U U™ V", W, U") = 0.

Using the hypotheses (H,) — (H3) and properties of ¢(-) and f(-) as in
(10), one gets

(0°U™.U™) + by [IVU" |12 < CANU™IS + VI3 + W 115).

Using the properties %5"||U "||> < (6*U",U"), one obtains

1-

SO NU"IG + b IVUIG < CAUTIG + 1V G + W I).

Thus

UNU™IZ < AU+ V13 + W 13).

Similarly, we can obtain for V" and W". Therefore, one obtains
F*WUMR + IV 12+ W12 < CAU™ 2+ 11V 112+ W 112).
Using Theorem 6 yields

o™, v, whlly < 1+ U’ vo, wly.

This completes the proof. []

Theorem 8. Suppose that (u,v,w) and (U",V",W") be the exact and
numerical solution, respectively, we have the following error estimates

15" = s(x. t,)llp < C(h? + 6627,
where S" = (U", V", W"), s = (u,v, w).
Proof. Let s" := s(-t,) and S” be the solution of (2) and (33),

respectively. .S} denotes the Ritz projection of s". Let the approximation
error

ST~ "= ST SIS~ = A

First, we estimate &”. Employing the properties of Ritz projection, we
get

/5“5;‘¢ldx+/ Dy (UMVE Ve dx
Q Q
=/5“U"¢1dx+/ Dl(U")VU"qbldx—/5”’[7,,u"¢ldx
Q Q Q
—/DI(U”)VH,,u"qudx,
Q

where ¢, € V.
Employing (24) and (33)

/ 9°E!pdx +/ D(UMVE"V,dx
Q Q
= —/(E“Hhu" - D*u)pdx - /(D,(U") — D, (W")Vu"Vp,dx
Q " Q
—/ D, (")Vu"p,dx —/ D% ugdx
Q Q "
+/ dU"$,dx +/ BU™, WMp dx +/ (U™, V" dx. (35)
Q Q Q
We know that
CD;’;u(t) - V- (D;@"HVu") = F;W", ", w"), (36)

where F@u",v", w") = —du" — ", w") — o(u", v"). Using (36) in (35), we
get

/ 0"Elpydx +/ Dy ())VEVp dx
Q Q
= /(CD;’ u—0%IMuu")p,dx — /(DI(U”) - D, W")Vu"Ve,dx
Q " Q

+/ F(U",V",W")(;bldx—/ F", ", w"), dx. 37
Q Q
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By definition, we know that F(u, v, w) is Lipschitz continuous. Substi-
tute ¢ = é'l’ in (37), we obtain

5“”5?”3+/!2D1(MZ)V.§”V§I’dx
= / (€D ut) = 3u ) erx - / (Dy(U") = Dy ") ViV dx
Q " Q
+/(F(uz,vﬁ,w;’l)—F(u",v",w")>§;’dx
Q

2

< %”CD;’;u(t) - 5“u;’l o

Ly
2 2 2
2 (e = w12+ 107 = o3 + e = 1)

Li+1y, .,
(=5 ). (38)

Using the properties

”CD;:u(t) - oo < C&2 + m).

Using the estimates of (26), we get

3L +1
2

Similar calculations lead to

- L
2 < (Her13) + 5 (1313 + 1512 ) + C(62 + 2.
3 (NG I3 + 1513 + 1312 ) < 7 (N2 + N33 + NEN3 ) + C62 + 2.

Here y is a positive constant dependent on L;, i =1,2,3.
Using Theorem 6, one gets

(NI + 1512 + NEzIZ ) < Coz + 2.

Thus

18" = s(x, 1)l < Ch* + C827°.

This completes the proof. []

Theorem 9. Suppose (u,v,w) and (U", V", W") are the solution of (1)

and (33) respectively. Further, (u, v, w) does not have sufficiently regularity
in time. Then there exists a positive constant 5t* such that §t < 5t*,

18" = s(x,1,)llp < C(S1% + h?),

where S" = (U", V", W"), s = (u,v,w), n = 1,2,3,...,Nand C >0 is a
constant, is independent of h and ét.

Proof. The proof is as similar as Theorem 8. From (30) and Theorem 5,
we get

| D uty = 3y o < c@Z + ). 39)

From (38) and (39), we get the desired result. []

Numerical results

In this section, we carried out numerical computations to validate
our theoretical results. To carry out numerical computations, we have
used the unit square domain @ = [0, 1]2. Further, we use Freefem++
library functions [45] with UMFPACK [46,47] to solve the proposed
system. Intel (R) Core (TM) i7-7700 CPU with 3.60 Hz and 8 GB RAM
machine was used for carrying out all computations.

Convergence study

We use the following examples for the convergence study of the
proposed finite element scheme.
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Fig. 1. Error plots of the healthy cell (u), infected cell (v), virions (w) obtained with different mesh levels for the scheme convergence study. Panel (i) and (ii), respectively,
represent « = 0.5 and a = 0.9 the logarithmic values of E errors of the solution of the system (43) against the logarithmic value of the degrees of freedom (DOF) for Example 1.
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Fig. 2. Error plots of the healthy cell (u), infected cell (v), virions (w) obtained with different mesh levels for the scheme convergence study. Panel (i) and (ii), respectively,
represent « = 0.5 and a = 0.9 the logarithmic values of E errors of the solution of the system (43) against the logarithmic value of the degrees of freedom (DOF) for Example 2.
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Fig. 3. Error plots of the healthy cell (), infected cell (v), virions (w) obtained with different mesh levels for the scheme convergence study. Panel (i) and (ii), respectively
represent « = 0.5 and a = 0.9 the logarithmic values of E errors of the solution of the system (43) against the logarithmic value of the degrees of freedom (DOF) for Example 3.
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Fig. 4. Evolution of u at r =5,10,15&20 along the line y = x.
Table 1
Errors and order of convergence for Example 1.
DOF E, Order E, Order E, Order CPU time
1681 7.0172e-05 - 5.2198e-05 - 6.8872e—-05 - 21.55 s
2601 4.4772e-05 2.0138 3.4256e-05 1.8874 4.4200e—-05 1.9876 40.97 s
=05 3721 3.0948e—-05 2.0255 2.4078e—-05 1.9338 3.0746e—-05 1.9908 72.99 s
o= 5041 2.2747e-05 1.9973 1.8077e-05 1.8595 2.2614e-05 1.9928 126.43 s
6561 1.7423e-05 1.9968 1.3844e-05 1.9978 1.7328e-05 1.9939 130.54 s
8281 1.3770e—-05 1.9974 1.1048e-05 1.9153 1.3699e—-05 1.9949 194.78 s
1681 7.3049e-05 - 5.0020e-05 - 6.9684e—-05 - 96.05 s
2601 4.7362e—-05 1.9418 3.2233e-05 1.9694 4.4605e—05 1.9993 199.20 s
=09 3721 3.3407e-05 1.9145 2.2483e-05 1.9757 3.0978e—-05 1.9995 469.81 s
a=" 5041 2.4978e—-05 1.8862 1.6525e—-05 1.9972 2.2760e—-05 1.9998 868.76 s
6561 1.9516e-05 1.8481 1.2672e-05 1.9885 1.7426e-05 1.9998 1535.01 s
8281 1.5777e-05 1.8055 1.0035e—-05 1.9810 1.3769e—-05 1.9998 2602.00 s
Table 2
Errors and order of convergence for Example 2.
DOF E, Order E, Order E, Order CPU time
1681 7.0838e—-05 - 5.3218e—-05 - 6.8876e—05 - 28.11 s
2601 4.5287e-05 2.0049 3.5012e-05 1.8765 4.4202e-05 1.9877 57.99 s
05 3721 3.1332e-05 2.0205 2.4637e-05 1.9276 3.0747e-05 1.9908 104.55 s
o= 5041 2.2959e-05 2.0171 1.8537e—-05 1.8453 2.2615e—05 1.9928 171.13 s
6561 1.7453e-05 2.0536 1.4192e-05 2.0004 1.7328e-05 1.9940 301.54 s
8281 1.3750e-05 2.0245 1.1337e-05 1.9070 1.3700e-05 1.9949 420.65 s
1681 7.3160e—05 - 5.0403e—-05 - 6.9684e—05 - 120.10 s
2601 4.7353e-05 1.9495 3.2490e-05 1.9680 4.4605e—-05 1.9993 325.31 s
—09 3721 3.3329e-05 1.9263 2.2667e—-05 1.9746 3.0978e—-05 1.9995 746.40 s
a=" 5041 2.4858e—-05 1.9024 1.6660e—05 1.9973 2.2760e—-05 1.9998 1284.67 s
6561 1.9367e-05 1.8692 1.2776e-05 1.9880 1.7426e-05 1.9998 2000.94 s
8281 1.5609e—-05 1.8318 1.0118e-05 1.9803 1.3769e-05 1.9998 2916.06 s
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Fig. 5. Evolution of v at r =5,10,15& 20 along the line y = x.
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Example 1.
fruw Pouv
0%u—dA d —_—t—=— =1,
u 1Au + u+(l+u)+(1+u) fu
P, LI - A
’ 2 A+w (+w 7

0fw —dydjAw — Nv+ew = f,,
with smooth solution

u=(1+0Hcosxsiny, v=(1+1>)sinxsiny,

Here f,, f, and f,, have chosen in such a way that u, v, w satisfy (40).

and w = (1+7°)sinxcosy.

Example 2.

. Buw Bruv
0;’u—dtv(dl(1+u)Vu)+du+(1+u) T+ = fu>
90 — div(dyoVo) - DI _ P
' 2 +w Jd+w 7V

ofw — div(d;(1 + w?Vw) — Nv+ew = fus

with smooth solution

u=(1+tcosxsiny, v=(l+7*)sinxsiny,

Here f,, f, and f,, have chosen in such a way that u, v, w satisfy (41).

and w=(1+£)sinxcosy.

Example 3.
pruw pruv
0% — div(d(1 \% d — = f,
u iv(d;(1 +uw)Vu) + u+(1+u) T+o u
. . pruw pruv
d/'v —div(d,vVv) - = f,

(T+uw (+uw
0%w — div(dy(1 + w)*Vw) = Nv+ew = f,

w>

10

with solution

u= (141" cosxsiny, v=(1+1t*)sinxsiny, and w = (1+¢%)sinxcosy.

Here f,, f, and f,, have chosen in such a way that u, v, w satisfy (42).
Further, we set the parameter values of the system (40)-(42) as

d, =0.1, dy =001, dy =0.0001, d =04, §; =0.1,
fy =0.01,r =001, N =0.007, e=0.07.

In addition, the following errors are measured to compare discretization
errors at various mesh levels and to validate the convergence order of
the proposed numerical scheme

— n __ zn
E, = max [1z" = Z"|lp. 43)

From Theorems 8 and 9, we has chosen the step size §, = hﬁ
for Examples 1 and 2 and §, = h% for Example 3. We present the
computational outcomes in Tables 1-3 and Figs. 1-3. It is explicitly
confirmed that for all cases (linear and nonlinear diffusion operators)
with piecewise linear triangular P, finite elements, the optimum order
of convergence (approximately two) is obtained.

Numerical simulations

To explore the influence of various fractional order derivative in the
HIV model, we perform the numerical simulations with various values
of « = 0.5, 0.9 & 1 using the method proposed in Section “Finite element
scheme”. Here, all the computations have been carried out until at
end time ¢+ = 20 with uniform time step §, = 0.1 and uniform mesh
size h = 0.0101015 in uniform square domain 2 = [0, 1]>. Further, we
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Table 3
Errors and order of convergence for Example 3.
DOF E, Order E, Order E, Order CPU time
1681 2.5412e-04 - 8.5098e—-05 - 1.8123e-04 - 12.32's
2601 1.6378e—-04 1.9685 5.4693e-05 1.9811 1.1629e-04 1.9881 41.10 s
=05 3721 1.1427e-04 1.9746 3.8088e-05 1.9845 8.0902e—-05 1.9903 125.75 s
o= 5041 8.4227e—-05 1.9787 2.8040e—-05 1.9870 5.9513e-05 1.9919 324.60 s
6561 6.4644e—05 1.9817 2.1500e—-05 1.9887 4.5607e—-05 1.9930 1172.04 s
8281 5.1173e-05 1.9839 1.7008e—-05 1.9900 3.6062e—05 1.9938 2140.85 s
1681 1.6753e—-04 - 5.9547e-05 - 1.3269e—-04 - 15.23 s
2601 1.1005e—-04 1.8832 3.9147e-05 1.8797 8.7163e—-05 1.8834 36.46 s
=09 3721 7.7633e—-05 1.9138 2.7635e—-05 1.9101 6.1516e—05 1.9114 79.40 s
o= 5041 5.7718e—-05 1.9230 2.0506e—-05 1.9355 4.5650e—05 1.9351 145.18 s
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Fig. 6. Evolution of w at r =5,10,15&20 along the line y = x.
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Fig. 7. Evolution of u at 1 =5,10,15&20 for a =0.5.
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Fig. 8. Evolution of v at 7 =5,10,15&20 for a =0.5.
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Fig. 9. Evolution of w at t=5,10,15&20 for a =0.5.
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Fig. 10. Evolution of u at 1 =5,10,15&20 for « = 0.9.
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Fig. 11. Evolution of v at 1 =5,10,15&20 for a =0.9.
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Fig. 12. Evolution of w at r =5,10,15&20 for « = 0.9.
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assume the following diffusion functions
D (u) = d|(1+u), Dy(v) =d,vand D3(w) = ds(1+ w)z.

The rest of parameters have been taken as in Section “Convergence
study”. Moreover, we assume homogeneous Dirichlet boundary condi-
tions and the following initial conditions
(x —0.5)2 = (y — 0.5)2
£ ’

uy =1-0.99exp (

- 0.5)2 — (y — 0.5)2 )

vy = l.Olexp( 5

_(x=05?%=(y-05)? )

wy =1.01 exp( -
3

where £, = 0.005, &, = 0.075 and &5 = 0.005.

We now briefly discuss the influence of the fractional derivatives.
Simulations are performed for various values of a depicted in Figs. 4—
12 at dimensionless time ¢t = 5, 10, 15&20. We mainly focus on the
effect of the time-fractional derivatives in the HIV infection model.
The snapshots of interactions of healthy cells (u), infected cells (v) and
virions (w) are depicted in Fig 10-12. From the simulations, we can
conclude that for large values of a, that is « = 0.9, the amount of
healthy cells decreases while the amount of infected cells increases, see
Figs. 7-9. However, when « is small, that is « = 0.5, spreading risk of
infected cells are not high, see Figs. 10-12. Therefore, we conclude that
fractional order derivatives are making huge impact on the dynamics
of HIV model.
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