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Abstract

Let ba(A) be the Banach space of the real (or complex) finitely additive measures of bounded variation defined on an algebra A
of subsets of Q and endowed with the variation norm. A subset B of A is a Nikodym set for ba(A) if each B-pointwise bounded
subset M of ba(A) is uniformly bounded on A and B is a strong Nikodym set for ba(A) if each increasing covering (8,,);_, of B
contains a B, which is a Nikodym set for ba(A). If, additionally, the Nikodym subset B verifies that the sequential 8-pointwise
convergence in ba(A) implies weak convergence then 8 has the Vitali-Hahn-Saks property, (VHS) in brief, and $ has the strong
(VHS) property if for each increasing covering (8,,);,_, of B there exists B, that has (VHS) property.

Motivated by Valdivia result that every o-algebra has strong Nikodym property and by his 2013 open question concerning that
if Nikodym property in an algebra of subsets implies strong Nikodym property we survey this Valdivia theorem and we get that in
a strong Nikodym set the (VHS') property implies the strong (VHS ) property.

Keywords: Bounded set, Algebra and o-algebra of subsets, Bounded finitely additive scalar measure, Nikodym and strong
Nikodym property, Vitali-Hahn-Saks and strong Vitali-Hahn-Saks property
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1. Introduction

For an algebra A of subsets of a set Q we denote by L(A) the normed real or complex space generated by the
characteristic functions e(A) of the sets A € ‘A and endowed with the supremum norm || - ||,, which dual is the Banach
space ba(A) of bounded finitely additive measures on A endowed with the variation norm |- | (€2), or |- | in brief, [2,
Theorem 1.13]). As it is usual for each y € ba(A) and C € A the value u(C) of the measure i in C defines the value
u(e(C)) of the linear form u in e(C), |u| (C) is the variation of u on C and defines a seminorm in ba(A) such that for
each finite partition {C; : C; € A,1 < i < n} of C we have |u|(C) = Z; |u|(C;). Polar sets, [9, Chapter IV, §20, 8
Polarity, where are named absolute polar sets], are considered in the dual pair < L(A), ba(A) > and the polar of a set
M is denoted by M°. For each family of sets B contained in the algebra A the topology 7,(B) in ba(A) is the topology
of pointwise convergence in 8 and the weak™* topology in ba(A) is 74,(A). The completion of L(A) endowed with the
supremum norm || - |, is the space L/(\ﬂ) of bounded A-measurable functions.
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The convex (absolutely convex) hull of a subset B of a vector space E is denoted by co(B) (absco(B)) and the
seminorm in span B defined by inf{|1| : x € A(absco B)}, for each x € span B, is the gauge of absco B. The gauge
of absco({yc : C € A}) is a norm in L(A) equivalent to the supremum norm || - ||, [17, Propositions 1 and 2 for an
inductive proof]. The dual norm of the gauge of absco({yc : C € A}) is the A-supremum norm. For each B € A we
have that in ba(A) the seminorms variation on B and supremum of modulus on {C € A : C C B} are equivalent.

For a o-algebra X of subsets of a set 2 Nikodym boundedness theorem (see [1, page 80, named as Nikodym-
Grothendieck Boundedness Theorem]) states that a X-pointwise bounded subset M of ba(X) is bounded in ba(X).
Then a subset B of an algebra (A of subsets of a set Q is a Nikodym set for ba(A), or that B has (N) property, if each
B-pointwise bounded subset M of ba(A) is bounded in ba(A) (see [16, Definition 2.4], [18, Definition 1] and [13, see
uniform bounded deciding property]), where we may suppose that M is weak™ closed and absolutely convex and also
we may suppose that M is countable. Nikodym boundedness theorem says that if X is a o-algebra then X is a Nikodym
set for ba(X).

A subset B of an algebra (A of subsets of a set Q is a strong Nikodym set for ba(A), or that B has strong (N) or
(sN) property in brief, if for each increasing covering {8, : n € N} of B there exists p € N such that 8, is a Nikodym
set for ba(A). Valdivia obtained in [17, Theorem 2] that for a o-algebra X the set  has (sN) property and in [18,
Problem 1] he asks if for an algebra A it is true that () property implies (sN) property. A partial solution of this still
open is provided in [4, Theorem 3.3]. Previous results, more strong properties and examples are provided in [5], [8,
Theorem 2], [10], [12, Theorem 3] and [14]. - .

An algebra of sets A has property (G) if the space L(A) is a Grothendieck space, i.e., in the dual pair <L(ﬂ), ba(ﬂ)>
the sequential weak* convergence in ba(A) implies weak convergence, or, in brief, A has property (G) if the
space L/(f\l) is a Grothendieck space, see [16, Introduction] where it is stated that each o-algebra has property
(G). Then an algebra of sets A has property (G) if, and only if, each bounded sequence (u,),”, of ba(A) such
that lim,, o t,(A) = u(A), for each A € A with u € ba(A), verifies that the sequence (u,),., converges weakly to u.
This equivalence follows easily from Banach-Steinhaus theorem that says that the condition lim,,—« ¢, (f) = u(f), for

each f € L/(?\l), implies that the sequence (i), , is bounded in ba(A), and from the following direct Claim 1.1.

Claim 1.1. Let £ be a Banach space and let (u,,);7, a bounded sequence in its dual E* endowed with the polar norm.

If y € E* and (uy,), | converges pointwise to u in the subset F of E , then this sequence (u,), | converges pointwise to
w in the closure F of F.

Proof. Clearly fore > 0and v € F there exists f € F such that |[v — f]| < e(2(1 + |u| + sup, lt.)™", and then, by the
pointwise convergence condition, there exists 7. such that |(u, — u)(f)| < 27 €, for every n > n.. Hence for n > n, we

have that

€(lul + sup,, |ual) €
[(n — ) = O+ [ — (Ol < 21+ + sup, o] + 3 <€,

80 |(un — W) < (et — (v = PO + |(un — ()l < €. This proves that (), | converges pointwise to y in F. O

In [16, Introduction] it is stated that each o-algebra X verifies the Vitali-Hahn-Saks theorem, i.e., every sequence
()7, of ba(Z) such that
lim u,(B) = u(B), for every B € Z,

is uniformly exhaustive, i.e., for each sequence (B D of pairwise disjoint subsets of X the lim ;. u,(B)) is 0,
uniformly in n € N. An algebra A has (VHS) property if it verifies the thesis of Vitali-Hahn-Saks theorem or,
equivalently, if A has properties (N) and (G), see [16, 2.5. Theorem] or [7, Theorem 4.2]. Therefore A has (VHS)
property if and only A has property (V) and for if each sequence (u,);- , and p in ba(A) such that lim, . u,(A) =
H(A), for every A € A, we have that the sequence (u,,),”, converges weakly to u. The last equivalence follows easily
from the observation that property (V) and lim,, e u,(A) = u(A), for every A € A, imply that the sequence (), , is

bounded and from the Claim 1.1. This last characterization and the (sN) property suggest the following definition.

Definition 1.2. A subset B of an algebra A of subsets has (VHS) property if B is a Nikodym set for ba(A) and each
sequence (i), and y, both in ba(A), such that lim,, . u,(B) = u(B), for each B € B, we have that (u,,);” ; converges
weakly to u. B has the strong (VHS') property if for each increasing covering {8, : n € N} of B there exists p € N
such that 8, has (VHS).
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In the next section we provide a proof of Valdivia theorem stating that for each o-algebra X the set X has the
strong Nikodym property. This proof simplify the proof contained in [11], where was given a proof of this theorem
following [17] and independent of the theory of barrelled spaces that are locally convex spaces that verify the thesis of
Banach-Steinhaus theorem and which main properties may be found in [3], [6] and [15], among others. For the sake
of completeness we will give all the proofs, with references to the proofs given in [11, 3 Revisiting Valdivia theorem
on Nikodym sets].

In the last section we will prove that if a subset B of an algebra of sets A has (VHS ) property then B has the strong
(VHS) property if and only if B has the strong (N) property. Therefore a positive solution of the mentioned Valdivia
open problem [18, Problem 1] imply a positive solution for the corresponding problem for the (VHS) property, i.e.,
that (VHS) property for an algebra A imply strong (VHS') property in A.

2. Valdivia theorem on Nikodym sets
A natural internal characterization of Nikodym sets for ba(A) is provided in the next Proposition 2.1.

Proposition 2.1. Let A be an algebra of sets and let B be a subset of A. B has property (N) if and only if for each
increasing covering {8, : n € N} of B there exists p € N such that

absco{e(A) : A € B,;}L(ﬂ)

is a neighborhood of zero in L(A).

Proof. 1If B is a not a Nikodym set for ba(A) there exists a subset C in ba(A) which is B-pointwise bounded and C is
unbounded in ba(A). Then the sets B, = {A € B : sup,cc [u(A)| < n}, n € N, are an increasing covering of 8 and C°
is not a neighborhood of zero in L(A). By the definition of 8, we have that for each n € N

absco{e(A) : A € B,,}L(ﬂ) c nC°.

Hence so absco{e(A) : A € B,,,}L(ﬂ) is not a neighborhood of zero in L(A) for each n € N.

Conversely, if there exists an increasing covering {8, : n € N} of B such that
L(A)

absco{e(A) : A € B,)

is not a neighborhood of zero in L(A) for every n € N, then the polar sets {e(A) : A € B,}° are unbounded, so there
exists u, € {e(A) : A € B,}° such that |u,| > n, for each n € N, hence {u, : n € N} is an unbounded subset of ba(A).
If A € B there exists g4 € N such that A € B, for each n > g4, hence |u,(e(A))| < 1 for n > g4, and we get that
{lun(e(A))] : n € N} is bounded. Hence B does not have property (N). O

The fact that abscofe(A) : A € B,,}L(ﬂ) is a neighborhood of zero in L(A) implies that span{e(4) : A € B,,}Lm) =

L(A) and abscofe(A) : A € Bp}L(ﬂ)

is a neighborhood of zero in L/(\ﬂ)

Lemma 2.2. Let M be an unbounded, weak*-closed and absolutely convex subset of ba(A) such that span MOL(ﬂ) =

L(A). For each finite subset Q of A we have that M N {e(A) : A € Q}° is unbounded in ba(A), i.e.,
sup {lul ()} = oo. Q.1)

neMnie(A):AeQ}°

Proof. The set B = M” is a closed absolutely convex subset of the normed space L(A) such that span BL(ﬂ) = L(A)
and B is not a zero neighborhood in L(A). It is direct to prove that for each finite subset C of L(A) there exists a subset
D of C such that span B N span D = {0} and the gauges defined by absco(B U C) and absco(B U D) are equivalents.
Hence absco(B U C)is not a zero neighborhood in L(A). In particular, the set absco(B U {e(A) : A € Q}) is not a zero
neighborhood in L(A) and then its polar set

{absco(BU {e(A) : A € O} = M*° N{e(A) : A € O}°
is an unbounded subset of ba(A) and as M = M°° we get (2.1). O
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Proposition 2.3. Let {8, : n € N} be an increasing covering of a subset of B of an algebra A such that B is a
Nikodym set for ba(A) and for every n € N the set B, is not a Nikodym for ba(A). Then there exists p € N such that
for each n > p there exists a subset M,, in ba(A) that it is B,-pointwise bounded, absolutely convex, weak*-closed
and such that for each finite subset Q of A the intersection M, N {e(A) : A € Q}° is unbounded in ba(A).

Proof. By Proposition 2.1 there exists p € N such that for eachn > p

spanie(A) A€ B, " = L(A). 2.2)

As 8, is not a Nikodym for ba(A) there exists an unbounded, weak™-closed and absolutely convex subset of M,
in ba(A) which is unbounded in ba(A) and M, is pointwise bounded in {e(A) : A € B,}. The pointwise boundedness
imply that {e(A) : A € B,} C span M,,, hence for each n > p we have by (2.2) that

L(A) = spanleA) A€ B,) " c span btz " ¢ L(A). 2.3)

From 2.3 we deduce that span M;;L(ﬂ) = L(A), for each n > p, and the Proposition follows from Lemma 2.2. O

Claim 2.4. Let B be an element of an algebra (A, let M be a subset of ba(A) such that for each finite subset Q of A

sup {lul (B)} = o0 24
ueMN{e(A):AcQ)°

if {By, B, ..., By} is a finite partition of B by elements of A there exist j, 1 < j < g, such that for each finite subset O
of A
sup {lul (B))} = . 25)
HeMn{e(A):AcQ)F
Proof. If this Claim were not true there exists a finite subset Q; of A, 1 < i < g, such that sup, .y (eay.aep,- {ul (Bi)} <
0. Then for O = U{Q; : 1 <i < g} the first member of (2.4) is the first member of the inequality

q
sup (B <Y sup {ll(B)) <o

T peMnle(A):AcQ) = ueMnie(A)AcQ,)°

e

and from this contradiction with (2.4) follows (2.5). O

Lemma 2.5. Let A be an algebra of subsets of a set Q, A € A and M a weak*-closed and absolutely convex subset
of ba(A) such that for each finite subset Q of A

sup  Jul(4) = oo
peMnie(D):DeQ}°

For each (p, a) € (N\{0, 1}) x R* and each finite subset {B; : 1 < i < n} of A there exists a partition {A; : A; € A, 1 <
i < p}ofAand a subset {u; : 1 <i < p}of M such that

lui(e(A)) > a and E;le |,u,-(e(Bj))| <1, forl <i<p (2.6)
Proof. First we claim that if for each finite subset Q of A we have that

sup |ul (A) = oo, (2.7)
pueMnie(D):DeQ}°

then for each @ € R* and each subset {B; : 1 < i < n} of A there exists (u;,A;) € M X A, A; C A such that

lui(e(A) > @, |ui(e(A\AD) >, T, |ui(e(By)| < 1

and for each finite subset Q of A

sup lul (A\A}) = o0
pueMnie(D):DeQ}°
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In fact, by (2.7) with Q = {A, By, - - - , B,} there exists (v, Py;) € (M N{e(D) : D € 0}°) X A, with P;; C A such that
ViP)l > n(@+1), vi(AI<1 and |[y(B)| <1, forl < j<n.
Let Py := A\Py; and u; = n~'v;. The measure y; € M and verifies that

i (Pl > @+ 1, (W] < 1, T [y (e(B))] < 1,

hence
1 (P12l = lur(A) — pi (Pro)l = (Pl — e (A)] > a.

By Claim 2.4 it is verified at least one of the inequalities

sup {lul (P11)} = oo, for each finite subset Q € A
pueMnie(D):DeQ}°
or
sup {lul (P12)} = oo, for each finite subset Q € A.
peMnie(D):DeQ}°
In the first we define A; := P}, and in the second we take A| := P;; to get our claim.
Hence by this claim just proved there exists in A a partition {A;, A\A;} € A X A and a measure u; € M such that

1A > @, |ui(e(A\AD)| > o, T, [ui(e(B))| < 1

and for each finite subset Q of A
sup |ul (A\A;) = oo.
pueMnie(D):DeQ}°

If we apply the claim to A\A; we get in A\A; a partition {A;, A\(A; U Ay)} € A X A and a measure u, € M such

that
lua(e(A))] > @, |u2(e(A\(A U AL > @, X, |ua(eB))] < 1
and for each finite subset Q of A
sup lul (A\(A1 U Ap)) = co.
neMnie(D):DeQY

Following this method we getin A\(A{ UA,U---UA,_,) a partition {A,_;, A\(A;|UA,U---UA, LUA,_ )} e AXA
and a measure y1,_; € M such that|u,_1(e(A,-1))| > a.|up-1(e(A\(A; U--- UA, )| > @ and =™ |tp-1(e(B))| < 1.

To finish the proof we define A, := A\(A{ UA, U---UA, 2, UA,_;)and u, := yp,_;.

The property given in Lemma 2.5 has the following corollary. O

Corollary 2.6. Let A be an algebra of subsets of a set Q, A € A and M,,n € 1,2, ..., a weak*-closed and absolutely
convex subset of ba(A) such that for each finite subset Q of A

sup  [ul(A) = o0
ueM,nie(D):DeQ}°

forn =ny, ny,- -+, n, and for an infinity of values of n. For each a € R* and each finite subset {B; : 1 <i < n} of A
there exists in A a partition {A1,A\A} € A X A and a measure py € My, such that

ie(A)l > @ and X, |u(e(B))| < 1
and for each finite subset Q of A
sup lul (A\A) = oo

ueM,N{e(D):DeQ}°

forn =ny, ny,- -, n, and for an infinity of values of n.
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Proof. By Lemma 2.5 for each (p + 2,) € (N\{0, 1}) x R* and for the subset {B; : 1 < i < n} of A there exists a
partition {D; : D; € A, 1 <i< p+2}of Aand asubset {v;: 1 <i< p+2}of M, such that

[vi(e(D))l > @ and X7, |U,’(€(Bj))| <1, forl<i<p+2.
From Claim 2.4 and for each 1 < j < p there exists i; € {1,2,---, p + 2} such that for each finite subset Q of A

sup (D) = o
/1€M,,/.ﬁ{e(D):D€Q}D ’

and also there exists iy € {1,2,-- -, p + 2} such that for each finite subset Q of A

sup |l (Dy,) = oo
HeM,Nle(D):DEQ)

for infinite values of n. Let us suppose that i* € {1,2,---,p +2]\{i,, : m = 0,1,---, p}. To finish this proof let
Uy :=vp and Ay := Dj-. Then

1 (e(A)| = i (e(Dir )] > @ and ZI_, [ui(e(B))| = T, |vr(e(B))| < 1

and for each finite subset Q of A

sup lul (A\A}) = o0
neM,nfe(D):DeQ}°

for n = ny, ny,- -+, n, and for an infinity of values of n, because A\A; = A\D;: contains U{Dnif :0<j<pl O
Remark 2.7. Corollary 2.6 works without the finite subset {B; : 1 < i < n} of A. Then we get that |u;(e(A}))| > @ and

that for each finite subset Q of A the set M, N {e(D) : D € Q}° is unbounded in ba(A) for n = ny, ny, - -, n, and for
an infinity of values of n.

Proposition 2.8. Let A be an algebra of subsets of a set Q, A € A and My, n € 1,2, ... a weak*-closed and absolutely
convex subset of ba(A) such that for each finite subset Q of A

sup |ul (A) = o0
HEM,N{e(D):DEQ)?

forn =ny, no,- -+, n, and for an infinity of values of n. For each (p, @) € (N\{0, 1}))XR™* and each subset {B; : 1 < i < n}
of A there exists a partition {A; : Ay € A, 1 <i<p+1}ofAandu; € M,,, 1 <i< p, such that

lie(A] > @, T, uiteB))| < 1, for1<i<p
and for each finite subset Q of A

sup |l (Aps1) = 00
ueM,N{e(D):DeQ)

forn =ny, ny,- -+, n, and for an infinity of values of n.

Proof. Corollary 2.6 provides in A a subset A; € A and u; € M, such that
lui(e(A)) > a and Z_, [ui(e(B))] < 1

and for each finite subset Q of ‘A

sup lul (A\A}) = o0
HEM,N{e(D):DeQ}°

for n = ny, ny,- -+, n, and for an infinity of values of n. If we apply again the Corollary 2.6 to A\A; we get A, € A,
A, C A\Ay, and M2 € an such that

la(e(A)l > @, E_, [ua(e(B))| < 1

117



Lopez-Alfonso, Lopez-Pellicer and Mas / Montes Taurus J. Pure Appl. Math. 3 (3), 112-121, 2021

and for each finite subset Q of A
sup |l (A\(A1 U Ap)) = o0
ueM,n{e(D):DeQ)
for n = ny, ny, - -, n, and for an infinity of values of n.
Following this method, for each 1 <i < p — 1 we get in A the pairwise disjoint subsets A; € A and in ba(A) the
measures u; € M,,, 1 <i < p—1, such that

i@ > . T |uie(B))| < 1
and for each finite subset Q of A

sup lul (AN(Ay VAU -+ UA, 1)) =0
M, N{e(D):DEQ)°

forn = ny, ny, -+, n, and for an infinity of values of n. The Corollary 2.6 applied to A\(A; UA, U---UA,_;) provides
Ap e A Ay CAN(AJ UARU---UA, ), and u, € M, such that

ite(Ap))] > @, T |uite(B)))| < 1
and for each finite subset Q of A

sup Il (A\(A; UA; U+~ UA,_ UA,)) = oo
peM,nfe(D):DeQ}°

for n = ny, ny, -+, n, and for an infinity of values of n. With A,,; := A\(A; UA,U---UA,_ | UA,) the proof is
done. O

Proposition 2.9. Let {B, : n € N} be an increasing covering of a o-algebra X of subsets of a set Q. If B, is not a
Nikodym set for ba(Z) for each n € N then for each (i, j) € N?, such that 1 < i < j, there exists Ajj € T and p;j € ba(X)
such that the sets A;; are pairwise disjoint, for each natural number i the set of measures {u;; : j € N, j > i} is
pointwise bounded in B; and

|,Uij(€(Aij))| > j, Licksm<j |,Uij(€(Akm))| <L

Proof. By Nikodym boundedness theorem X is a Nikodym set for ba(X), hence by Proposition 2.3 there exists p € N
such that for each n > p there exists in ba(A) an absolutely convex and weak*-closed subset M,, that it is pointwise
bounded in B, and for each finite subset Q of A

sup lul (A) = co.
peM, Ne(D):DEQ)?

We may suppose that p = 1, deleting the sets 8B,, n < p — 1 and renumbering the subindex n. The proof will be
obtained by induction on j.

For j = 1, the Corollary 2.6 in the case considered in the Remark 2.7 with A = X, n = n; = 1 and @ = 1 provides
a measure u;; € M,, and A;; € X such that

l11(e(Ar)] > 1

and for each finite subset Q of £ we have that

sup |1l (Q\A[1) = oo,
ueM,N{e(D):DeQ)

for n = n; and for the elements » of an infinity subset N of N\{rn;}. Then let n, = min{n : n € N}.

By Proposition 2.8 with A =X, A = Q\A, n € {n;,n} U (Ni\{m2}), p = @ = 2 and with {B; : 1 <i < n} equal to
{A11} we obtain two measures p;y € M, i = 1, 2, and two disjoints elements of %, A;, and Ay, contained in Q\Aj;
such that

lun(e(An))l > 2, |up(e(An)| <1, forl<i<?2
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and for each finite subset Q of £ we have that

sup 1l (Q\(A11 UAjp UAp) = oo,
ueM,N{e(D):DeQ}°

for n € {ny,no} U N, where N, is an infinite subset of N;\{n,}. Then we define n; = min{n : n € N,}.
Let’s suppose that the step j produces the measures y;; € M,, and the pairwise disjoints elements A;;, 1 < i < j,
contained in Q\(U{Ay, : 1 < k < m < j}) with A;; € X such that

lijeAi)| > jo Tickeme; [pise(Awm))| < 1, for1 <i<j
and for each finite subset Q of £ we have that

sup [l (Q\(UfAgy : 1 <k <m < j})) =00
pEM, N{e(D):DEQ)°

forn = {ny,ny,--- ,n;} UN;, with N; an infinity subset of N;_(\{n;}.
Then we define nj.; = min{n : n € N;} and from Proposition 2.8 with A = X, A = Q\(U{Ay, : 1 £k <m < j}),
n € {n,ny, - njny UWN\Mnjl, p=a=j+1and with {B; : 1 <i < n}equalto{Ay, : 1 <k <m < j} we

obtain the measures y; ;1 € M,, and the pairwise disjoints elements A; j,; of X, 1 <i < j+ 1, such that each A, j,; is
contained in Q\(U{Ay, : 1 <k <m < j},andfor1 <i<j+1

i joi(eAijo)| > j+ 1 Zickemejet i1 (e(Au))| < 1
and for each finite subset Q of £ we have that

p [l @\(UlA 1 Sk Sm < j+ 1)) = oo,
neM,nNle(D):DeQ}°

for n = {ny,ny,--- ,nj,nj41} U Nj, where N,y is an infinity subset N;\{n;,(}. To finish the induction we define
njyo =min{n :n € N} O

Theorem 2.10. Let {B, : n € N} be an increasing covering of a o-algebra X of subsets of a set Q. There exists a
q € N such that B, is a Nikodym set for ba(X) for eachn > q.

Proof. Let’s proceed by contradiction and suppose that every 8, is not a Nikodym set for ba(X). By Proposition 2.9
for each (i, j) € N?, such that 1 < i < j, there exists Ajj € T and y;; € ba(X) such that

|ije(Ai)| > o Zickeme; |mijle(Awm))| < 1,

the sets A;; are pairwise disjoint and the set of measures {g;; : j € N, j > i} is pointwise bounded in B;, for each i € N.
We claim that there exists a sequence (i, j,)nen sSuch that (i,),en is the sequence of the first components of the
sequence obtained when the elements of N? are ordered by the diagonal order, i.e.,

(i1, B2, 83, i, I, U6, 07, -+ ) = (1,1,2,1,2,3, 1, ),

and (j,)qen 1 a strict increasing sequence such that for each n € N

i, | (VA ), :m>n}) < 1.

Let (i1, j1) := (1, 1), suppose that |,u,<hj]| < k; and split the set {j € N : j > 1} in k; infinite subsets Ny, -+, Nig,. At
least one of this subsets, named N, verifies that

i |(UtAs s < je N < 1,

because
ki > |/1i1,j]| = Zi<r<k, |/~li1,j.|(U{Ai,j 11 < j,j€NY).
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° © e j» :=inf{n : n € N;}. Suppose that we have obtained the natural number j, and the infinite subset N,
of N such that h
|:uimj,,| (U{Ai,j i< jjeN,) <1

Then we define j,.; = inf{n : n € N,,} andif |w;,,, ;. | < ky+1 we split the set {j € N, : j > j,4+1) in k4 infinite subsets
Npi1,15 7+ s Nut1 g, - At least one of this subsets, named N, verifies that
Wi jun | (VA i< J,JE Ny ) <11
because
kn+1 > iy 1,jner | = EISrSk,Hl M1 jsn (U{Ai,j 1i < ]s] € Nn+1,r})~

As A = U{A,, j, : m € N} € X there exists r € N such that A € B,. By construction there exists an increasing sequence
(mg : s € N) such that each i,,, = r, s € N. Therefore the set of measures {y;, ;. :s € N} = {u,; :s € N}is
pointwise bounded in B, and, in particular

sup{|ui, j,. (A)] : 5 € N} = sup{|u,.;, (A)] : 5 € N} < o0. (2.8)
But from
|/1i,,,7, jmT(A)l = Wiy jm, [U A jm) > |,UimX my Qi j,,,x)l - Z |,Ui,,,lv s (Akm)l - |,Uz ]|{ U A j] > jm, — 2
meN 1<k<m< i, > fi
we get that lim;_,« |;1,-IWJ-M(A)| = oo, in contradiction with (2.8). O

3. Strong (VHS) property

Theorem 3.1. Let B be a subset of an algebra of sets A. B has the strong (VHS') property if and only if B has the
(VHS) and the strong (N) properties.

Proof. Let {8, : n € N} be an increasing covering of 8 and suppose that 8 has the (VHS) and strong () properties.
It is obvious that A has the (VHS) and then A has property (G). By Proposition 2.1 there exists p € N such that

such that 8, has (N) property and abscofe(A) : A € B,,}L(ﬂ) is a neighborhood of 0 in Ijj\{) Let (u,),. | be a sequence
in ba(A) and p € ba(A) such that lim,_,c, u,(B) = u(B), for each B € B,. Then lim,_ ,(f) = u(f), for each
f € abscole(A) : A € B,}. As B, is a Nikodym set for ba(A) then {u, : n € N} is a bounded subset of ba(A). Then
Claim 1.1 implies that

lim pa(f) = u(f), for each f € abscole(d) : A€ B,] .

So, also lim, e u,(f) = u(f), for each f € L/(% Therefore, as A has property (G) of A it follows that (u,);,
converges weakly to y, that is, lim, . u,(f) = u(f) for each f € (ba(A))*, hence B, has (VHS) property and we get
that B has the strong (VHS) property.

The converse is trivial. O

Corollary 3.2. An algebra of sets ‘A has the strong (VHS) property if and only if A has the (VHS) and the strong
(N) properties.

Therefore, the Valdivia open question that if in an algebra A it is true that (N) property implies (sN) property [18,
Problem 1] is equivalent to the following problem.

Problem 3.3. Let {A, : n € N} be an increasing covering of an algebra A with (VHS) property. We do not know if
there exists a natural number p such that A, has (VHS') property.
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