Document downloaded from:

http://hdl.handle.net/10251/184212
This paper must be cited as:

Meng, H.; Ballester-Bolinches, A.; Esteban Romero, R.; Fuster-Corral, N. (2021). On finite
involutive Yang-Baxter groups. Proceedings of the American Mathematical Society.
149(2):793-804. https://doi.org/10.1090/proc/15283

The final publication is available at

https://doi.org/10.1090/proc/15283

Copyright  American Mathematical Society

Additional Information



PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 00, Number 0, Pages 000-000

S 0002-9939(XX)0000-0

ON FINITE INVOLUTIVE YANG-BAXTER GROUPS

H. MENG, A. BALLESTER-BOLINCHES, R. ESTEBAN-ROMERO,
AND N. FUSTER-CORRAL

(Communicated by Martin Liebeck)

ABSTRACT. A group G is said to be an involutive Yang-Baxter group, or
simply an I'YB-group, if it is isomorphic to the permutation group of an invol-
utive, non-degenerate set-theoretic solution of the Yang-Baxter equation. We
give new sufficient conditions for a group that can be factorised as a product
of two I'YB-groups to be an I'YB-group. Some earlier results are direct con-
sequences of our main theorem.

1. INTRODUCTION

Following Drinfeld [5], we say that a set-theoretic solution of the Yang-Baxter
equation is a pair (X,r), where X is a non-empty set and r: X x X — X x X is
a map such that

12723712 = 723712723,

with the maps 712, 193: X X X X X — X X X X X defined as r12 = r X idy,
ro3 = idx xr. For all z, y € X, we define two maps f;: X — X and g,: X — X
by setting r(z,y) = (fz(v), gy(x)). We say that the solution (X,r) is involutive if
r? = idxxx, and that (X,r) is non-degenerate if f,, g, are bijective maps for all
z, y € X. By a solution of the Yang-Baxter equation, or simply a solution of the
YBE, we will understand an involutive, non-degenerate set-theoretic solution of the
Yang-Baxter equation.

Let (X,r) be a solution of the YBE. The permutation group of (X,r) is the
subgroup G(X,r) of Sym(X) generated by the bijections f, for all z € X, that is,

G(X,r) = (fa | x € X) < Sym(X).

Following [3], a finite group G is called an involutive Yang-Baater group, or simply
an [YB-group, if there exists an involutive non-degenerate solution of the Yang-
Baxter equation (X, r) such that G = G(X,r).

On the other hand, Rump [7] introduced a new algebraic structure as a general-
isation of radical rings that turns out to be an important tool to study the solutions
of the YBE. This structure is called left brace and it is defined as a set B with two
binary operations, + and -, such that (B,+) is an abelian group, (B,-) is a group
and

a-(b+c)=a-b+a-c—a,
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for all a, b, ¢ € B. A right brace is defined similarly and a two-sided brace is a left
and right brace (with the same operations).

The starting point of the results of this paper is the following characterisation
of finite IYB-groups (see [3, Theorem 2.1]).

Theorem 1.1. The following statements about a finite group G are pairwise equi-
valent:

(1) G is an IYB-group.

(2) G is isomorphic to the multiplicative group of a left brace.

(8) There exists a (left) G-module V and a bijective 1-cocycle m: G — V.

As in [6], we call the pair (V,7) an IYB-structure on the group G.
Recall that a 1-cocycle or derivation of a G-module V' is a map 7: G — V such
that w(gh) = 7(g) + gn(h) for every g, h € G.

Let G be a group with an I'YB-structure (V, 7). Then every Hall subgroup W of
V is G-invariant, H = 7~}(W) is a subgroup of G and (W, 7g), where 7y is the
restriction of 7 to H, is an IYB-structure on H (see [3| Corollary 3.1]). Therefore
every I'YB-group is soluble and is a product of two IYB-groups.

Unfortunately the converse is not true. Bachiller [2] shows that there exist a
prime p and a p-group G of order p'® and nilpotency class 9 that is not a IYB-group.
Then G has a subgroup H which is not an IYB-group but all its proper subgroups
are [YB-groups. Since every abelian group is an I'YB-group, it follows that H is a
product of two maximal subgroups which are IYB-groups. As a consequence, the
following question is of interest.

Question 1.2. Let G = HK be a finite group which is the product of the subgroups
N and H. Assume that N and H are IYB-groups and N is normal in G. Under
which conditions can we ensure that G is an IYB-group?

In this context, Cedd, Jespers, and del Rio proved the following interesting the-
orem.

Theorem 1.3 (|3l Theorem 3.3]). Let G be a finite group such that G = AH,
where A is an abelian normal subgroup of G and H is an IYB-subgroup of G with
associated IYB-structure (B, ) such that HN A acts trivially on B. Then G is an
IYB-group. In particular, every semidirect product A x H of a finite abelian group
A by an IYB-group H is an IYB-group.

The notion of equivariant IYB-structure introduced by Eisele in [6] is quite useful
to study IYB-groups.

Suppose that a group A acts on a IYB-group G with an IYB-structure (V, 7). If
a A and g € G, we denote with *g € G the result of the action of a € A on g € G.

We call the IYB-structure (V,7) A-equivariant if there exists a group action of
A on V, for which we denote with av the result of the action of ¢« € A on v € V,
such that 7(*g) = an(g) for all a € A, g € G. In fact, since 7 is bijective, such
action of A on V is uniquely determined by the action of A on G by means of
av = w(“n~1(v)) for every a € A, v € V.

It is not difficult to see that (V, ) is an A-equivariant IYB-structure on G if and
only if it is an A/K-equivariant I'YB-structure on G, where K = Ker(AonG) is
the kernel of the action of A on G.



ON FINITE INVOLUTIVE YANG-BAXTER GROUPS 3

An TYB-structure (V,7) an a group G is called fully equivariant if (V,7) is
Aut(G)-equivariant (under the natural action of Aut(G) on G), which implies that
(V,m) is A-equivariant for every action of a group A on G.

The following proposition shows that a semidirect product of an I'YB-group H
with a group N having an H-equivariant structure is an IYB-group.

Theorem 1.4 (6l Proposition 2.2]). Let G = N x H be a finite group. If H is an
IYB-group and N has an H-equivariant 1Y B-structure, then G is an [YB-group.

Our main result in this paper significantly improves Theorem [I.3] and [I.4] by
removing the abelianity condition on NV and the requirement for the group G to be
a semidirect product.

Theorem A. Suppose that the group A acts on the group G = NH, where N
and H are A-invariant subgroups of G and N < G. Suppose that N and H are
IYB-groups with A-equivariant IYB-structures (U,nn) and (V,7g), respectively,
satisfying the following conditions:
(C1) NN H CKer(Z(N)onU)NKer(HonV).
(C2) (U,nwn) is also an H-equivariant IYB-structure on N with respect to the
action by conjugation of H on N: "n =hnh~" forn € N, h€ H,

Then G has an A-equivariant IYB-structure (W, ) such that
Ker(N onU) Cker(mon vy (V) € Ker(GonW).

The proof of Theorem [A] appears in Section [} We use some previous results
needed that will be collected in Section[2] We present in Section[d]some applications
of Theorem [A] to obtain new families of IYB-groups. Finally, we construct in
Section [5] a family of IYB-groups that appear as a consequence of our results, but
cannot appear as a consequence of the results of [3] or [0].

In the sequel, all groups considered will be finite.

2. PRELIMINARY RESULTS

Lemma 2.1. Let (G,-) be an IYB-group with IYB-structure (V,7) and let A <
Aut(@). Note that (G,+,-) is a left brace with an addition defined by means of the
following law:

g+h2a Y n(g)+m(h)) forallg, heQG.

Then (V,7) is A-equivariant if and only if A is a group of automorphisms of the
left brace G.

Proof. Suppose that (V,7) is A-equivariant. Then there exists an action of A on
V', whose result is denoted by av for a € A, v € V, such that

w(“g) =ar(g) foralla€ A, g€ G.
Given g, h € G and a € A,
m("(g+h) = ar(g + h) = a(n(g) + n(h)) = an(g) + an(h)
=m(%g) + w(*h) = w(*g + *h).

This implies that “(g + h) = %g + “h. Hence the action of A on G preserves the
addition, as desired.
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Conversely, suppose that A is a group of automorphisms of the left brace G. Let
a€ A, veV. Since
("7 () + 7 (w)) = w (" (0) + 7 (w)
w("n () + ("7 (w)

we have that the assignment av = 7(“7~!(v)), a € A, v € V, defines a group action
of A on V. Moreover, given a € A, g € G, as w(g) € V, we have that

an(g) = n("n ! (n(9))) = 7(*g),

which implies that (V, ) is A-equivariant. O

Example 2.2. Suppose that G is an abelian group. Let V = G considered as
a trivial G-module and 7 = idg. Obviously (V,7) is fully equivariant and G =
Ker(GonV).

Example 2.3 ([6, Remark 2.7]). Suppose that (G, -) is an odd order nilpotent group
of class two. Then for every element g € G there exists a unique element h = /g
such that h? = g. We define an addition + on G by means of g1 +g2 2 g192+/[92, 91]-
It is easy to check that (G, +) is an abelian group. We give V = (G, +) a structure
of G-module by means of the law
v gutgt
and set m = idg. Then (V, ) is fully equivariant and Z(G) = Ker(Gon V).
The following example is a special case of [I].

Example 2.4. Suppose that (G, -) is a nilpotent group of class two. Set Z = Z(G)
and write G/Z = (a1Z) X -+ x {(apZ). Thus every element of G can be written in
the form al' - --alrz, where z € Z. We can define an addition on G' by means of

t

1 t S1 S 1 ti+s:
a; ---az4al a2 = ay :

tn+s /
ayt MR

It is not difficult to check that (G, +, ) is a two-side brace. We give V = (G, +) a
structure of G-module by means of the following law:

A . t;S;
wEgo—g=v ][] laa]",
1<j<i<n

where g = ' ---alnz € Gand v = af' -+ a2’ € V. Set m = ide. We have that
g 1 n 1 n

(V,7) is an IYB-structure on G.

Recall that an automorphism « of a group G is called central if “gg~* € Z(G)
for all g € G, where *g denotes the image of g by a. The set Aut.(G) of all central
automorphisms of G is a normal subgroup of Aut(G) (for example, see [§]).

Proposition 2.5. Let (G,-) be a nilpotent group of class two. There exists an
IYB-structure (V,m) on G such that (V,m) is Aut.(G)-equivariant and Z(G) C
Ker(GonV).

Proof. Write A = Aut.(G) and choose the IYB-structure (V,7) on G as defined
in Example It is not difficult to see that Z(G) C Ker(GonV). We only must
show that (V,7) is A-equivariant. By Lemma it suffices to show that every
central automorphism preserves the addition on G defined in Example 2.4] Let
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g=al"--alrz, h = al'---aSr2 € G, where 2,2/ € Z(G) and a € A. As « is
central, we may assume that “a; = a;z;, where z; € Z(G), i =1,..., n
g+ h) = (@l alpeez)
= (aal)t1+81 - (aan)tn+sn (az)(azl)

= (a121)75 (@ 2n) T (Y2) (M)

gl gt il ...Z;n(az))(zfl ez (%)
_ 31 alp (k) aft a5 ()
= (alzl) ! (anzn) (az) (a1z1) ' -(anZn)sn (az/)
_ (aal)tl . (a ) ( )_|_( ) .. (O‘a,n)sn(azl)
= ag —+ “h.
as desired. i

Lemma 2.6. Let w be a 1-cocycle of the G-module V. Suppose that x € Ker(GonV)
and g € G. Then

(1) m(zg) = () + 7(g);
(2) m(grg™") = gn(x).

Proof. As x acts trivially on V, it is easy to see that w(zg) = w(z) + z7w(g) =
m(x) + 7(g) and Statement [1| follows. Now we prove Statement

m(grg™') = 7(g) + gr(xg™")
=7(g) + g(m(x) +7(g™"))
=m(g) +gr(g~") + gm(x)
=7(g99™") + gm(x) = gm(x),
as desired. O

Lemma 2.7. Suppose that the group A acts on a group G with A-equivariant IYB-
structure (V, ), which determines the unique action of A on V. Then for every
a€A, geGandv eV,

(“g)v = alg(a™'v)).

Proof. Since a='v € V and 7 is bijective, we may assume that 7(z) = a~ v for
some x € G. Note that gn(z) = 7(gz) — 7(g). Hence we have

a(g(r(x))) = an(gr) — am(g)
=n("(g2)) — 7 ("x)
=7(("9)("x)) = =("g)
= ("g)n(*z) = (“g)(am(x)).

Note that an(z) = v. It implies that (“g)v = a(g(a='v)), as desired. O

3. PROOF OF THE MAIN THEOREM

Proof of Theorem[4] Note that there exist actions of A on U and V such that
7y (*n) = ary(n) and 7y (“h) = arg(h) for all a € A,n € N and h € H. Thus we
can view U @ V as an A-module via the law:

a(u,v) = (au,av),a € A, (u,v) e U G V.
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Let X = {(nn(z7Y),75(2)) e UV : 2 € HN N}. By hypothesis (C1), NN H
acts trivially on U and V, and N N H C Z(N). For every z, y € N N H, it follows

from Lemma that
(mn (e, mm(2) + (an (Y™ ) 7 (y)) = (an (" y ™), ma (2y))
= (nn((zy) ™), mr(2y)) € X,

-1

a(ry(z71), mx(2)) = (ann(271),arp (7)) = (ay((*2) ™), 71 ("2)) € X.

It implies that X is an A-submodule of U & V.

Consider the quotient A-module W = (U & V)/X. By hypothesis (C2), there
exists a unique action of H on U such that 7y ("n) = hrg(n) for every h € H,
n € N, where hu denotes the result of the action of h € H on u € U. Now we
consider the assignment G x W — W given by

(9, (u,v) + X) = g((u,v) + X) = (n(hu), ) + X,

where g = nh, n € N, h € H and (u,v) € U ® V. We first prove that this is a
map and it is indeed an action of G on W. Let ¢ = nh = n’h’ and suppose that
(u,v) + X = (v/,v')+ X, where n’ € N, b/ € H, («/,v") € U@ V. It suffices to
show that

(n(hu), hv) + X = (n'(R'u'),h'v") + X.
Write t = n='n/ = h(h')™' € NN H and so t acts trivially on U and V. Thus
Wu' = (t7'h)u' = t7 (k') = hu/ and B'v' = t7!(Ww') = hv'. Furthermore,
n'(W'u') = n(t(hu')) = n(hu'). Hence it is enough to show that

(n(h(u—u")), (v —2")) € X.
Recall that (u — u/,v —v’) € X. Then we may assume that u — v’ = 7y (z~!) and
v—v' = 7y () for some x € NNH. By hypothesis (C2), hry(271) = nx(ha~th1).
Note that hz~'h~! and z act trivially on U and V. It follows from Lemma
that nmy(hz=th™t) = ry(nhx=th=n=1) and hry(z) = mg(hah™1).
As haxh~1 € Z(N), we can conclude that
(n(h(u — ")), h(v = ")) = (n(han (z ™)), hrp (x))
= (rn((hah™")™1), my (hah ™)) € X,
so this assignment is a map from G x W to W. Now let gy = nihy and go = noho
with n; € N and h; € H, and (u,v) + X € W. It follows that
(9192)((u, v) + X) = (nahanzhy ' hiho)((u,v) + X)

= ((nihanahy V) ((hiho)u), (hiho)v) + X

= (n1 (hl(ng(hgu))), hl(hzv)) + X (by Lemma

= g1((n2(hau), hov) + X)

= g1(92((u, v) + X)).
Hence this map is an action of G on W and it is easy to see that N N H C

Ker(GonW).
Consider the assignment 7: G — W given by

m(g) = (mn(n), mu(h))X,
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where ¢ = nh, n € N, h € H. Note that if ¢ = nh = n'h/ with n, n’ € N
and h,h’ € H, we have that z = n='n’ = h((h/)"') € NN H. As z € Z(N),
L =n"In=n'(n")"In(n')~1 = n(n')~1. Since HN N acts trivially on U and V,
it implies that

and by a similar calculation, we have that 7y (z) = wg(h) — 7wy (h'). It follows that
the assignment 7 is a map between G and W. Given (u,v)+X € W, as my and 7y
are bijective, we can take g = mx' (u)7;' (v) and clearly 7(g) = (u,v) + X. Hence
7 is surjective. Furthermore, as
_ INiE| _ v
IN N H| | X|
we conclude that 7 is bijective.
Now we prove that 7 is a 1-cocycle of the G-module W. Let g1 = n1hy; and
g2 = noho, with n; € N and h; € H. Then

G =W,

7(g192) = T(n1hinohs) = T(n1hinohy ' hyhs)
= (nn(nihanahy ), ma(hiho)) + X
= ((mn(n1),mr(ha)) + X) + (i (hinehy '), hamw (he)) + X)
7(g1) + (n1(hamy (n2)), e (ha)) + X)
=m(g1) + g1((7n (n2), 7 (h2)) + X)
=m(g1) + g17(g2).

Hence (W,n) is an IYB-structure on G. The last part is to show that (W, ) is
A-equivariant. Let g = nh € G with n € N,h € H and a € A. Recall the action of
A on W above. It follows that

as desired. Hence the theorem is proved. (I

4. SOME APPLICATIONS

Our first corollary shows that the direct product case follows directly from The-

orem [Al

Corollary 4.1. Let a group A act on a group G = N x H which is the direct product
of two A-invariant subgroups N and H. Suppose that N, and H are IYB-groups
with A-equivariant IYB-structures (U, nn) and (V,7g), respectively. Then G has
an A-equivariant IYB-structures (W, mg) such that

Ker(NonU)Ker(HonV) C Ker(GonW).
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The next result appears as a consequence of Corollary

Corollary 4.2. Let G be a nilpotent group of class two with an abelian Sylow 2-
subgroup. Then G has a fully equivariant IYB-structure (W, ng) such that Z(G) C
Ker(GonW).

The following corollary is an extension of Theorem [I-3].

Corollary 4.3. Let a group G = NH such that N is a nilpotent normal subgroup
of class two and H is an IYB-group with IYB-structure (V, 7). Assume that the
following conditions hold:

(1) NNH CZ(N);

(2) [H,02(N)] € Z(N);

(3) HNN acts trivially on V.
Then G is an IYB-group.

Proof. Let N7 = O2(N) and Ny = Oo/(N). Note that N = N; x Na. Con-
sider the action H on N via conjugate. Then Nj, Ns are both H-invariant. As
N, is nilpotent of class two with odd order, by Example 23] there exists a fully
equivariant (of course, H-equivariant) I'YB-structure (Us,mn,) on Nz such that
Z(N3) C Ker(NaonUs). Note that [H,Na] C Z(N) N Ny = Z(N3), which means
that every element of H acts on Ny as an central automorphism. By Example
and Proposition there exists an H-equivariant I'YB-structure (Uy, 7y, ) on Ny
such that Z(N;) C Ker(NyonU;). Applying Corollary we obtain that N has
an H-equivariant TYB-structure, (U, 7y) say, such that Z(N) = Z(Ny)Z(N3) C
Ker(NonU).

Since NN H is contained in Z(N) and acts trivially on V', we have that NN H C
Ker(Z(N)onU) NKer(H onV). Applying Theorem [A|for A = 1, we conclude that
G is an I'YB-group. O

Note that 3, Corollary 3.10] is a special case of the following result.

Corollary 4.4. Let a group G = NH such that N, H are two nilpotent subgroup of
class two and N is normal in G. If NN H C Z(G) and [H,O2(N)] C Z(N), then
G is an IYB-group.

Proof. As H is a nilpotent group of class two, it follows from Example [2.4] and
Proposition that there exist an IYB-structure (V,7y) on H such that Z(H) C
Ker(HonV). Since NN H C Z(G), we have that N N H is contained in Z(N) and
Z(H), which acts trivially on V. By Corollary G is an IYB-group. d

Corollary 4.5. Let a group G = N1Ns - -- N the product of subgroups N1, ..., N.
Suppose that
(1) N; is a nilpotent group of class two with an abelian Sylow 2-subgroup, i =
1,...,8;
(2) N; is normalised by N;, for all1 <i<j<s;
(3) Nl"'NimNi+1 :Z(G),’L:].,, s—1.
Then G is an IYB-group.

Proof. Write X; = Ny ---N; and H; = N;y1--- N; for all ¢, where Hy = Ng4q = 1.
In order to show that G is an IYB-group, we use induction on i to prove the
following result: X; has an H;-equivariant I1YB-structure (U;, m;) such that Z(G) C
Ker(X; onU;).
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For i = 1, it is a consequence of Corollary [£.2] Hence we assume it is true
for case i — 1, i.e., X;—1 has an H;_j-equivariant I'YB-structure (U;_1,m;—1) such
that Z(G) Q Ker(Xi,l onUi,l). As Hz S Hifl, we have that (Uifl,ﬂ'i,l) is Hi—
equivariant. Note that H; acts on the group X; = X; 1N;, where X; 1 < X;
and X;_1,N; are H;-invariant. By Corollary N; has a fully equivariant IYB-
structure (V;, ¢;) such that Z(N;) C Ker(N; onV;). Since

Xi—l N Nz = Z(G) g Ker(Z(Xi_l) on Ui—l) N Ker(Ni on ‘/1),

it follows from Theorem [A| that X; has an H;-equivariant IYB-structure (U;, ;)
such that Z(G) C Ker(Z(X;—1)onU;_1) C Ker(X; onU;), as desired. O

5. AN EXAMPLE

The following example shows that Theorem [A] improves Theorem [I.3] and The-
orem [[4

Example 5.1. Let p > 3 be a prime, let m > 2 be a natural number and let G be
the group with the following presentation

m m m m—1 m—1
G={abc|la? =" =1, =a?" | a® =a't"" |

a® =aa"Pb7P, b° = ba).

Then G is a group of order p>™ and nilpotency class 2m with derived subgroup
G’ = (b?,a) and Frattini subgroup ®(G) = (¢P,bP,a). Let N = (a,b) and let
H = (¢). Then G = NH, N is a normal subgroup of G, N is nilpotent of class
two (in fact, a minimal non-abelian group) and N N H = (¢*™) C Z(G). By
Corollary [£.4] G is an IYB-group.

Claim 1. The group G cannot be expressed as the product of an abelian normal
subgroup of G and a proper supplement.

It will be enough to show that every abelian normal subgroup of G is contained
in ®(G). Let T be an abelian normal subgroup of G. Since T is abelian, for every
g € G we have that the map t — [t,g] = t7'9, t € T, is an endomorphism of
T. Note that [a,b] = a?" [a,c] = a”Pb7P, [b,c] = a, and that aP, VP € Z(N).
Every element of G has the form c*bla” for suitable integers k, [, . Suppose that
cfvta” € T\ ®(G). Then ptkor pifl.

Suppose first that p { k. Then [cFbla™,c] = [b,c]![a,c]” = al(a™PbP)" =
al=Prh=P" € T. Since ged(l — pr,p™) = 1, there exist A, p € Z such that \(I —
pr) + up™ = 1. Therefore (al*p’”b*pr))\ =ab~*" € T. Since T is abelian,

L= [ehvla” @b = fe,ab™) b, ab =] a, ab=
= ([a, bi}‘pr] [a, C])k[b7 ar — afpkbfpkafrpm—l

—pk—rp™m—1,; _
e

It follows that a—P*—™""" = p=Pk = 1. Therefore p™ | pk, in particular, p | k,
against our hypothesis on k.
Suppose now that pt!. Then

m—1

[k, 8 0", b = [e,b]*[b,b]'[a, b]" = a~Fa?" T =g e T
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Since ged(—k + rp™ =1, p™) = 1, we conclude that a € T. Therefore

1= [ckblar’a] = [c, a]k[b, a}l[a,a]r — PRkt

m—1

— Pkl ek,

m—1 m—1

It follows that a?*~'*""" = pPk = 1. Consequently p™ | pk and p™ | pk — Ip™ !,
which implies that p™ | [p™~! and so p | [, against our hypothesis on I.

We conclude that all abelian normal subgroups of G are contained in ®(G) and
so the fact that G is an IYB-group cannot be obtained as a consequence of the
results of [3].

Claim 2. The group G cannot be expressed as a non-trivial semidirect product of
a normal subgroup and a complement.

Suppose that the result is false. Then there exists a normal subgroup N with a
complement. In particular, N is not contained in ®(G) = (c¢?, b, a).

Step 2.1. Let us prove that (a,bP?) < N.

Suppose that cib/a® € N\ ®(G). Assume first that p {i. By taking a suitable
power, we can assume that ¢ = 1. Therefore

[cbPa® b = a *b e ekl b = a7 Fb T 0o b o

om—1 m—1 Sy om—1
— q kg 19" Rtk — g~ 1 +(k=d)p e N.

This element is a generator of (a), consequently a € N. We conclude that [a,c] =
a"Pb~P € N, and since a € N, we obtain that b» € N. In particular, {(a,d?) < N.
Suppose now that ptj. Then

[ba* o) = [VaF, ] = a *b e Wake
=a*b I (ba) aFaPFHPF = a kpIp i I T2k —pk =Dk

— @I HiG=1p" T 2=pky—pk o N

and p does not divide the exponent of a. Hence we can assume that N possesses
an element of the form ¢'b' with p{ 1. Consequently [c‘b!, ] = a!T(I=DP" "' /2 ¢ N
and so a € N. As above, since [a,¢] = a Pb™P € N and a € N, we have that b € N
and again (a,b?) < N.

Step 2.2. Let us prove that N has no elements of the form cbia.

Since G’ = (a, b?) has order p?™~! and N £ ®(G), we conclude that |G/N| < p™.
Suppose that cb/a® € N, then N (b) = G and so N has a cyclic complement of order
p. Suppose that c¢’bla” is a generator of this complement. We can check by induction
that, for u € N,

pe" = puso (=D (ML) g E o (-1 (5u)p”

Now we have that

(5.1) 1= (c'bla")P = cP(blam) - (ba”) (BlaT).

We obtain that ¢ € (c) N (a,b) = (apm71> and so p™~! | 4, that is, i = tp™~! for
an integer . Since c'ba” cannot be in ®(G) = (cP,b", a), we conclude that p does
not divide I. The exponent s of b in the right hand side of Equation (5.1]) satisfies
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that

p—1 tpm71
s=1 p—Z( ) )p (mod p?)

t=0
p—1 m m—1
t t 1
=1 p— p (p2 ) (mode)
t=0
=lp (mod p?),

but s = 0 (mod p?), and so p | [, against the previous remark. Hence no element
of the form cb’a* belongs to N.

Step 2.83. Final contradiction

Take C' = (c"b%a’) a complement to N in G. Since ¢ € NC, we have a power
of ¢"b%a’ in which the exponent of ¢ is equal to 1. In other words, we can assume
that 7 = 1 and cb®a’ € C. Note that (cbsat)pk € (cpk,bpk,apk> for k natural, and
so (cb*a)P" = " = a?""' € CN N with " # 1. This contradicts that C' is a
complement to N in G.

Therefore, the fact that G is an IYB-group cannot be obtained from the results
of [6].

Since these groups have nilpotency class at least 4, they cannot be obtained as
a consequence of the results of [4].
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