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ABSTRACT

We first attempt to determine conditions on a linear relation T' such
that pT becomes a demicompact linear relation for each p € [0,1) (see
Theorems 2.4 and 2.5). Second, we display some results on Fredholm
and upper semi-Fredholm linear relations involving a demicompact one
(see Theorems 3.1 and 3.2). Finally, we provide some results in which
a block matrix of linear relations becomes a demicompact block matrix
of linear relations (see Theorems 4.2 and 4.3).
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1. INTRODUCTION

Throughout this work, X, Y and Z are vector spaces over the field K = R
or C. A mapping T', whose domain is a linear subspace

DT):={zeX: Tz +# 2}

of X, is called a linear relation (or a multivalued linear operator) if for all
x,z € D(T) and non-zero scalars a; we have

Te+Tz=T(xz+z)
oTz = T(ax).

Evidently, the domain of linear relation is a linear subspace.
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In this notation, LR(X,Y") denotes the class of all linear relations on X into
Y, if X =Y simply denotes LR(X,X) := LR(X). If T maps the points of its
domain to singletons, then it is said to be a single valued linear operator (or
simply an operator). The simplest naturally occurring example of a multivalued
linear operator is the inverse 7! of a linear map T from X to Y defined by
the set of solutions

Ty ={zecX:Te=y}
for equation Tx = y. Each linear relation is identified only by its graph, G(T),
which is defined by

GT):={(z,y) e X xY:2€DT) and y € Tx}.

The inverse of T is the linear relation, 7! expressed by

GT Y :={y,x)eY x X : (2,9) € G(T)}.

The subspace
N(T):={z € D(T) such that (z,0) € G(T)}
is called the null space of T', and T is called injective if N'(T') = {0}, that is, if
T~ is a single valued linear operator.
T710) := N(T).

The range of T is the subspace

R(T):={yeY,IJxeDT): (z,y) € GT)}

and T is called surjective if R(T) =Y. If T is injective and surjective, then we
state that T is bijective. The quantities

(T) :=dim (N(T)) and B(T) := codim(R(T)) = dim(Y/r(r))
are called the nullity (or the kernel index) and the deficiency of T, respectively.
We also write 3(T) := codim(R(T)). The index of T is defined by i(T) :=
a(T) — B(T). If a(T) and B(T) are infinite, then T is said to have no index.
Let M be a subspace of X such that M ND(T) # @ and let T € LR(X,Y);
then, the restriction 7]y, is the linear relation indicated by
G(Ty) :={(m,y) e GT):me M} =G(T)N (M xY).
For S, T € LR(X,Y) and R € LR(Y, Z), the sum S + T and the product RS
are the linear relations determined by
GT+S)={(z,y+2) e X xY:(x,y) € G(T) and (z,2) € G(S)}, and

G(RS) :={(z,2) e X x Z : (x,y) € G(5),(y,z) € G(R) for some y € Y},
respectively and if A € K, the AT is computed by
GOAT) :={(z, \y) : (z,y) € G(T)}.
If T € LR(X) and A € K, then the linear relation A — T is identified by
GO =T) = {(r,y — \2) : (2,9) € G(T)}.
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Let T € LR(X,Y). We write Qr for the quotient map from Y into Y/7'(0).
Clearly, Q7T is an operator. For all z € D(T), we define [|[Tz| := ||QrTz|],
and the norm of T is defined by ||T|| := ||QrT||. We note that ||Tz| and ||T||
are not real norms. In fact, a non-zero relation can have a zero norm. T is
said to be closed if its graph G(T) is a closed subspace of X x Y. The closure
of T' denoted by T is defined in terms of its graph G(T) := G(T'). We denote
by CR(X,Y) the class of all the closed linear relations on X into YV, if X =Y
which simply denotes CR(X, X) := CR(X). If T is an extension to T, we say
that T is closable. Let T' € LR(X,Y). We say that T is continuous if for each
neighbourhood V' in R(T), the inverse image T~!(V) is a neighbourhood in
D(T) equivalently if |T|| < oo; open if T~! is continuous, bounded if D(T) = X
and T is continuous, bounded below if it is injective and open and compact if
QrT(Bp(ry) is compact in Y (Bp(ry := {x € D(T) : ||z|| < 1}). We denote by
KR(X,Y) the class of all the compact linear relations on X into YV, if X =Y
simply denotes KR(X, X) := KR(X).

If X is a normed linear space, then X" will denote the dual space of X, i.e.,
the space of all the continuous linear functionals z’ which are defined on X,
with the norm

|'|| = inf{\ : |2'z| < M|z|| for all z € X}.
fFKCcXand LCX /, we shall adopt the following notations:
Kt = {/eX :2/=0 foralzeK},
L" = {z€X:2'=0 forall z' € L}.
Clearly, K+ and L are closed linear subspaces of X "and X, respectively.

Let T € LR(X,Y). The adjoint of T, which is T”, is defined by
GT)=G(-THrcy xx

where <(y, x), (y',x’)> = (x,2') + (y,y’). This means that

(v',2") € G(T") if, and only if, y'y — 2’z = 0 for all (z,y) € G(T).
Similarly, we have y'y = 2’z for all y € Ta, x € D(T). Hence, 2’ € Ty if, and
only if, y/'Tx = 2’z for all x € D(T).

Definition 1.1 ([7, Definition, V.1.1]). (i) A linear relation T' € LR(X,Y) is
said to be upper semi-Fredholm and denoted by T € F, (X,Y), if there exists
a finite codimensional subspace M of X for which 7}y, is injective and open.
(#¢) A linear relation 7' is said to be lower semi-Fredholm and denoted by
T e F_(X,Y), if its conjugate T” is upper semi-Fredholm.

If X =Y, this simply denotes F4(X,Y) and F_(X,Y) by respectively
Fi(X) and F_(X).
For the case, when X and Y are Banach spaces, we extend the class of closed
single valued Fredholm type operators provided earlier to include closed mul-
tivalued operators. Note that the definitions of 4 (X,Y) and F_(X,Y) are,
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respectively, consistent with
D (X,Y):={T e CR(X,Y): R(T) is closed, and a(T) < oo},
O _(X,Y):={T € CR(X,Y): R(T) is closed, and B(T) < cc}.
If X =Y, this simply denotes ®4(X,Y) and ®_(X,Y) by respectively
¢, (X) and P_(X).

Lemma 1.2 ([1, Lemma 2.1]). Let T : D(T) C X — Y be a closed linear
relation. Then,

(1)) T € @ (X,Y) if, and only if, QrT € & (X,Y/T(0)).
(1) T € @_(X,Y) if, and only if, QrT € ®_(X,Y/T(0)).

Definition 1.3 ([9]). Let X be a Banach space. Let D be a bounded subset

of X. We define v(D), the Kuratowski measure of noncompactness of D, to be
inf{d > 0 such that D can be covered by a finite number of sets of a diameter less
than or equal to d }.

The following Proposition displays some properties of the Kuratowski mea-
sure of noncompactness which are frequently used.

Proposition 1.4 ([9]). Let D and D’ be two bounded subsets of X. Then, we
have the following properties:

(1) v(D) = 0 if, and only if, D is relatively compact.
(i) if D C D', then v(D) < ~v(D’).

(iii) 1(D + D) < (D) + (D).

(iv) For every a € C, y(aD) = |aly(D).

The linear relations, which were introduced into a functional analysis by
J. Von Neumann, were motivated by the need to consider adjoints of non-
densely defined linear differential operators. These linear relations were widely
investigated in a large number of papers (see, for example, [2], [3] and [5]).

The notion of demicompactess for linear operators (that is, single valued
operators) was introduced into the functional analysis by W.V Petryshyn [10],
to discuss fixed points. Since this notion has be come a hot area of research
triggering significant scientific concern, several research papers such as [8, 10]
invested it in their investigation. In 2012, W. Chaker, A. Jeribi and B. Krichen
achieved some results on Fredholm and upper semi-Fredholm operators involv-
ing demicompact operators [6].

In what follows, we shall present two definitions set forward by A. Ammar,
H. Daoud and A. Jeribi in 2017 [4], who extended the concept of demicompact
and k-set-contraction of linear operators on multivalued linear operators and
developed some pertinent properties.

Definition 1.5 ([4, Definition 3.1]). A linear relation 7' : D(T) C X — X
is said to be demicompact if for every bounded sequence {z,} in D(T'), such
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that Qr—7(I — T)x, = Qr(I — T)x, — x € X/T(0), there is a convergent
subsequence of Qrx,,.

Definition 1.6 ([4, Definition 4.1]). T : D(T) C X — Y is a linear relation,
while 0; and J, are respectively Kuratowski measures of noncompactness in
X/D and Y, where D is a closed subspace of N(T). Let k > 0, T is said to
be k — D-set-contraction if, for any bounded subset B of D(T), QrT(B) is a
bounded subset of Y/T'(0) and

32(Q7rTB) < k6 (QpB).

If D = {0}, then T is said to be k—{0}-set-contractive linear relation or simply
k-set-contractive.

According to these definitions and referring to certain notations and some ba-
sic concepts of demicompact linear relations, we elaborate the following propo-
sitions.

Proposition 1.7. Let T : D(T) C X — X be a closed single-valued linear
operator.

(1) [6, Theorem 4] If T is demicompact, then I — T is an upper single-valued
linear operator semi-Fredholm.

(1) [6, Theorem 5] If uT' is demicompact for each p € [0,1], then I — T is a
single-valued linear operator Fredholm and i(I —T) = 0.

The basic objective of this paper is to attempt to answer the following ques-
tion ”Under which conditions does the linear relation T for each p € [0,1)
become a demicompact linear relation ?” Subsequently, we shall exhibit some
results on Fredholm linear relations and upper semi-Fredholm demicompact lin-
ear relations. Thereafter, we shall display some results about a demicompact
block matrix of linear relations.

The rest of the current paper is organized as follows. In section 2 which is
entitled ” Auxiliary results on demicompact linear relation”, we provide condi-
tions so that any linear relation becomes a demicompact linear relation and we
present the results deriving from these demicompact relations (see Theorems
2.4 and 2.5). In section 3 which is entitled ”Fredholm and upper semi-Fredholm
linear relations”, we investigate Fredholm linear relations as well as upper semi-
Fredholm demicompact linear relations (see Theorems 3.1 and 3.2). Finally we
exhibit some results in which a block matrix of linear relations becomes a
demicompact block matrix of linear relations (see Theorems 4.2 and 4.3).

2. AUXILIARY RESULTS ON DEMICOMPACT LINEAR RELATIONS

In this Section, we try to answer the following question ”Under which con-
ditions does the linear relation uT" for each p € [0,1) become a demicompact
linear relation ?” We then present some fundamental results about demicom-
pact linear relations.

Lemma 2.1. Let T : D(T) € X — X be a linear relation. If I — Qr is
compact, then T is demicompact if, and only if, Q7T is demicompact.
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Proof. We suppose that T is demicompact. Let {z,,} be a bounded sequence
of D(T) such that z,, — QrTx, — y. We have

(21) Lpn — QTTxn = (I - QT)xn + QTxn - QTTxn
Based upon Eq. (2.1) and considering that I—Qr is compact and {z,,—QrTx,}
is a convergent sequence, {Qrx, — QrTz,} has a convergent subsequence.
When the latter is added to demicompact T, we get {Qrx,}, as a convergent
subsequence. On the other side, we have

Ty = Tp— Qrrn+ QrTn

(I - QT)-TTL + QT‘/I’.TL'

Since I — Q7 is compact and {Q7x,} has a convergent subsequence, {x,} has
a convergent subsequence. Conversely, we suppose that Q77T is demicompact.
Let {x,} be a bounded sequence of D(T) such that Qrz, — QrTx, — y. We
have
(22) Qrz, — QrTz, = _(I - QT)xn +zn — QrTz,.

According to Eq. (2.2), and considering the fact that I — Qr is compact and
{Qrz, — QrTx,} is a convergent sequence, we infer that {z, — QrTxz,} has
a convergent subsequence. Bearing in mind the fact that Q77T is demicom-
pact and {z,, — Q7Tx,} has a convergent subsequence, we obtain {z,} as a
convergent subsequence. On the other side, we have
QTmn = QTxn —Tpt+ Ty, = _(I - QT):E’I’L + xp.

Besides, we have I — Q7 which is compact and {z,} which has a convergent
subsequence. Thus, {Qrz,} has a convergent subsequence. O

Proposition 2.2. Let T : D(T) C X — X be a continuous linear relation.
If T is a k — T(0)-set-contraction, then uT is demicompact for each pk < 1.

Proof. Let {z,} be a bounded sequence of D(T') such that Q,rz,—Q rpTT, —
y. We have
(2'3) QuTxn = QpT(-Tn - MTxn> + QMT,U/Txrr
Suppose that y({Qurzn}) # 0. Therefore, using Eq. (2.3) and Proposition
1.4, we obtain
W @uread) < AUQur(n — wTra)}) +7({QuraTra))
< ko ({Quran})
< 1 Quran}).
However, the result is not accurate. It follows that v({Qurz,}) = 0. Hence,
{Qurzy,} is relatively compact. O

An immediate consequence of Proposition 2.2 is the following Corollary:

Corollary 2.3. Let k > 0 and T : D(T) C X — X be a continuous linear

relation. If T is a k — T(0)-set-contraction, then li—kT 1s demicompact.
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Theorem 2.4. Let T : D(T) C X — X be a linear relation. If m € N*,
(QruT)™ is compact for each p € [0,1) and I — Qur is compact, then uT is
demicompact for each p € [0,1).

Proof. Let {x,} be a bounded sequence of D(T') such that

Yn = Q}LT‘TTL - QMTNTxn — Y.
Let’s consider the various cases for m:
Case 1: For m = 1. Using Lemma 2.1, we notice that, 7" is demicompact for
each p € [0,1).
Case 2: For m € N* \ {1}, we have

m—1

m—1 m—1
(Q;LTMT)kQuTxn = (QMTNT)kyn + Z (QMT’LLT)]CJF:[J:”
k=0 k=0 k=0
m—1 m—1 m—2
Qurey + (QMTNT)kQ#Txn = (Q#TMT)kyn + (QMT/‘T)]Hlxn
k=1 k=0 k=0
(QMT,UT>M
m—2 m—1 m—2
Quren + D (QurpD) ' Quren = Y (QursD)yn + > (QurnT) +a,
k=0 k=0 k=0
+(QurpT)™

Since QrTQr and (QrT)"Qr are single-valued linear operators for all n > 1,

m—2

we get Z (QuruT)* Q7 x,, which is single-valued. Therefore,
k=0

-1

m—2
Quran = Z(Qmﬁ Veyn + Y (QurpT) ™ ™M (I = Qur)zy,
k=0

3

=

( ur )" @
As a matter of fact,

3
i

T({Quren}) T QurtT)* )y({yn}) + 7 (QurnT)™)y({zs})

-2

F(QurpT) ™MF(I — Qur)y({zn})

A
5 I

k=0
0.
We conclude that y({Qurz,}) = 0. Hence, {Qurz,} is relatively compact.
Thus, there is a convergent subsequence of {Q rz,}. O

Theorem 2.5. Let T : D(T) C X — X be a linear relation and k > 0.

(i) If m € N*, (Q7T)™ and I — Qur are compact, then T 1is demicompact.

1+k:
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(1) If (QrpT)™ is compact for each p € [0,1) and m > 0, then uT is demi-
compact for each p € [0,1).

(i13) If m € N*, ¥(QrpT)™) < k and I — Q1 is compact, then uT is demi-
compact for each 0 < p™mk < 1.

() If m e N*, 5(IT™) < k and I — Qp%kT is compact, then
pact.

1JrkT is demicom-

Proof. (i) An immediate consequence of Theorem 2.4 for u = ﬁ

(#i) Likewise, based on the preceding proof of Theorem 2.4, we obtain

m—1 m—2
QuTzn = Z (QHT,UT)kyn + Z (Q;LT,“T)]CJA(I - QuT)xn
k=0 k=0
+(Q#T/LT)mxn
As a matter of fact,
m—1

Y{Qurza}) < Z (QurrD) ")y {yn}) +7(Qur D)™ )y ({zn})

e

We conclude that v({Qurzn}) = 0. Hence, {Qurxz,} is relatively compact.
Thus, there is a convergent subsequence of {Q,rzn}.

(#4i) Let {z,} be a bounded sequence of D(T') such that y, = Qurz, —
QurpTz, — y. Suppose that y({Qurz,}) # 0. We have
1

=

n

Y{Quran}) < T QurtT)* )y({yn}) + 7 (QurnT)™)y({zs})

-1

F(QurnT)* V(I = Qur)y({za})

=1

1" F(QurT)™)y({zn})
F(QTT)")v({zn})
umkv({xn})

Y({zn}).

However, this result is not accurate. It follows that v({Q.rz,}) = 0. Hence,
{Qurzy,} is relatively compact.

A
+3EM

3»

’I’TL

VAR VANR VAR VAN

(iv) An immediate consequence of (i74) for p = 5 +k resides in the fact that, we

have T < 1 for each k > 0. O

1+k)m
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3. FREDHOLM AND UPPER SEMI-FREDHOLM DEMICOMPACT LINEAR
RELATIONS

In this Section, we set forward some results on Fredholm and upper semi-
Fredholm linear relations involving demicompact linear relations. In particular,
in both Theorems stated below, we extend Proposition 1.7, to linear relations:

Theorem 3.1. Let T : D(T) C X — X be a closed linear relation. If T is
demicompact and I — Q1 is compact, then I — T is an upper semi-Fredholm
relation.

Proof. Let T be a demicompact and I —Q7 be a compact linear relation. Using
Lemma 2.1, we infer that Q77T is demicompact. Based on the latter and using
Proposition 1.7 (i), we obtain I — Q7T which is an upper semi-Fredholm single
valued linear operator. On the other side,

Qr-r(I-T) = Qr(I-T)
= Qrl—-QrT+1-1
= ~(I-Qr)[+1-QrT.

Since I — Qr is compact and I — Q7T is an upper single valued linear operator
semi-Fredholm, we notice that Q;_r(I — T) is an upper single valued linear
operator semi-Fredholm. Using Lemma 1.2, we obtain I — T which is an upper
semi-Fredholm relation. ([

Theorem 3.2. Let T : D(T) C X — X be a closed linear relation. If uT
is demicompact and I — Q7 is compact, then I —T is a Fredholm relation and
i(I—T)=0.

Proof. Let T be a demicompact linear relation and I — Q1 be a compact opera-
tor. Applying Lemma 2.1, we get Q7T which is a demicompact linear relation.
Using Proposition 1.7 (i7) and demicompact Qr T, we obtain I — Q7T, which
is a single valued linear operator Fredholm and (I — Q7T) = 0. On the other
side,
Qr-r(I-T) = Qr(I-T)

= Qrl—-QrT+1-1

= —(I-Qn)I+1-QrT.
Moreover, we have I — Qp which is compact and I — Q7T which is a single
valued linear operator Fredholm and ¢(I — QrT) = 0. Therefore, Q;_7(I —T)

is a Fredholm operator of index zero. Using Lemma 1.2, we notice that I — T
is a Fredholm relation and (I —T') = 0. O

Proposition 3.3. Let T : D(T) C X — X be a continuous linear relation. If

T is demicompact, k — T(0) is a set-contraction and I — Qr is compact, then
I —T is a Fredholm relation and i(I —T) = 0.
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Proof. Since T is demicompact, k — T(0) is a set-contraction and I — Qr is

compact, grounded on Corollary 2.3, we deduce that ﬁT is demicompact.
Using Theorem 3.2, we obtain I —7" which is Fredholm relation and ¢(I—T") = 0.
O

4. DEMICOMPACT BLOCK MATRIX OF LINEAR RELATIONS

In this section, a block matrix of linear relations £ is identified. Afterwards,
some results, where this block matrix of linear relations £ becomes a demicom-
pact block matrix of linear relations, are displayed.

In the Banach space X @Y, we consider the linear relation £ provided by the
block matrix of linear relations

(4.1) z—(é g),

where A: D(A)C X — X,B:D(B)CY — X,C:D(C)C X — Y and
D :D(D) CY — Y are linear relations with their natural domain

D(L) = (D(A) N D(C’)) D (D(B) N D(D)).
The graph of L is defined by
G(L) = {((w1,x2),(y1,yz)> : (z1,72) € D(L), y1 € Ax1 + Bxs and y2 € Cx1 +

sz}

Lemma 4.1 ([5, Remark 2.3]). Let £L = ( é g be a block matriz of linear
relations where A: D(A)C X — X, B:DB)CY — X, C:D(C)CX —Y

and D : D(D) CY — Y. If B(0) C A(0) and C(0) C D(0), then

_ [ QaA QuB
QLL_(QDC QDD)'

Theorem 4.2. Let A: D(A) C X — X and D : D(D) CY — Y be two demi-
A

compact linear relations. Then, M = ( 0 D

) is a demicompact linear relation.

Proof. Let {t,} = ( in > be a bounded sequence of D(M) such that Qmt, —
QmMt, is convergent. We have

QA 0 In QAA 0 Zn
_ ( Qaxn — QaAxy, )
QDyn - QDDyn ’

Since {z,} is a bounded sequence of D(A), Qaxn — Qa Az, are convergent and A is a
demicompact linear relation; then {Qaz,} has a convergent subsequence. Similarly,
we get {@Qpyn } which has a convergent subsequence. Hence, {Q a1t } has a convergent
subsequence.
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Theorem 4.3. Let A : D(A) C X — X and D : D(D) C Y — Y be two
demicompact linear relations and let B: D(B)CY — X and C : D(C) C X — Y
be two linear relations.
If Qa(I — B) and Qp(I — C) are compact and B(0) C A(0) and C(0) C D(0),

A

then L = c IB; ) is a demicompact linear relation.

Proof. Let {t,} = ( 5"

n

> be a bounded sequence of D(L) such that Qztn — Qr Lty

is convergent. Using Lemma 4.1, we obtain

(e &) )-(&e &) (o)
Qp Qb Yn QpC QpD Yn
( QAzn + QAyn - QAA:En - QAByn )

Qpxn + QpYn — QpCxn — QpDyn

_ ( Qaxn — QaAxn + Qa(I — B)yn )
B QpYn — QpDyn +Qp(I — Oz, )

Qﬁtn - Qﬁﬁtn

We have {z, } which is a bounded sequence and Q@ (I — B) which is compact. Then,
{Qa(I — B)yn} is bounded. Since {Qazn — QaAz, + Qa(I — B)yxn} is convergent
and {Qa(I — B)y. } is bounded, {Qaxn —QaAz,} is convergent. Subsequently, using
the fact that A is a demicompact linear relation, {Qaz,}, therefore, has a convergent
subsequence. Similarly, we get {Qpyn} which has a convergent subsequence. As a
matter of fact, {Qt.} has a convergent subsequence.

O

An immediate consequence of Theorem 4.3 is the following Corollary:

Corollary 4.4. Let A : D(A) C X — X and D : D(D) CY — Y be two
demicompact linear relations and let B: D(B) CY — X and C : D(C) C X — Y
be two linear relations.

Thus, the block matrix L = A B

C D ) is a demicompact linear relation, if one of

the following conditions holds:
a.: Qa(I—B) and Qc(I — D) are compact and B( (0) and D(0)

0) C A(0
b.: Qs(I—A) and Qp(I —C) are compact and A(0) C B(0) and C(0)
c.: Q(I—A) and Qc(I — D) are compact and A(0) C B(0) and D(0)

C(0).
D(0).
C/(0).
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