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Plaza Cardenal Cisneros, 3, 28040-Madrid, Spain

Abstract

In this paper we present a novel formulation for phenomenological anisotropic

finite visco-hyperelasticity. The formulation is based on a multiplicative decomposi-

tion of the equilibrated deformation gradient into nonequilibrated elastic and viscous

contributions. The proposal in this paper is a decomposition reversed respect to that

from Sidoroff allowing for anisotropic viscous contributions. Independent anisotropic

stored energies are employed for equilibrated and non-equilibrated parts. The for-

mulation uses logarithmic strain measures in order to be teamed with spline-based

hyperelasticity. Some examples compare the results with formulations that use the

Sidoroff decomposition and also show the enhanced capabilities of the present model.
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1. Introduction1

Rubberlike materials and biological tissues are capable of sustaining large strains2

and are frequently considered quasi-incompressible and hyperelastic in finite element3

analyses, see for example [1, 2, 3, 4, 5, 6, 7]. In the observed behavior of these mate-4

rials, specially in biological tissues, there is frequently a relevant viscous component5

[3, 4]. Hence, visco-hyperelastic models are very important in both the engineering6

and biomechanics fields.7

Among the many types of formulations proposed for isochoric viscoelasticity, two8

approaches stand out in finite element simulations. The first one was advocated by9

Simo [6, 8] and successfully used by other researchers, see [3, 9, 10, 11, 12], among10

others. This formulation is based on stress-like internal variables and allows for11

anisotropic stored energies. However, this formulation is not adequate for large devi-12

ations from thermodynamical equilibrium [13, 14] (i.e. finite linear viscoelasticity).13

Furthermore, the instantaneous and relaxed stored energies are usually proportional14

[6, 8].15

The second approach has been proposed by Reese and Govindjee [13] and used16

also in References [15] and [16] among others. In this approach the Sidoroff multi-17

plicative decomposition [17] is employed and the stored energy is separated into equi-18

librated and nonequilibrated parts following the framework introduced by Lubliner19

[18]. The main advantage of this formulation is that it is valid for deformations20

away from thermodynamical equilibrium and that distinct instantaneous and re-21

laxed stored energies may be considered. As a drawback, the phenomenological22

formulation is only valid for isotropy, although anisotropic formulations are possible23

following these ideas and modelling the microstructure [19].24

Recently we have developed a formulation following the ideas from Reese and25
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Govindjee which is valid for anisotropic hyperelasticity and for deformations arbi-26

trarily away from thermodynamic equilibrium (i.e. finite nonlinear viscoelasticity)27

[20]. This formulation uses the Sidoroff multiplicative decomposition of the total28

(equilibrated) deformation gradient into non-equilibrated elastic and viscous parts.29

The equilibrated and non-equilibrated stored energies are formulated in terms of30

logarithmic strains. These strain measures are intuitive [21, 22, 23] and allow for31

simple formulations in large strain elasto-plasticity [26, 24, 25]. Furthermore, they32

are employed in spline-based hyperelasticity [27, 28, 29]. Spline-based hyperelasti-33

city introduced by Sussman and Bathe permits the exact (in practice) replication34

of experimental data and also facilitates the interpretation of the material behavior35

[20] in visco-hyperelasticity. Furthermore, it may be formulated as to preserve both36

theoretical and numerical material symmetries consistency [30]. However, the incon-37

venience of the formulation of Reference [20] based on Sidoroff’s decomposition is38

that whereas the stored energies may be anisotropic, the viscous component should39

arguably be isotropic. This is due to the intermediate configuration imposed by40

the Sidoroff multiplicative decomposition. Hence, only one relaxation time can be41

considered as an independent parameter (i.e. obtained from an experiment). The42

relaxation times for the remaining components are given by the prescribed stored43

energies [20].44

The purpose of this paper is to present a formulation for anisotropic visco-45

hyperelasticity in which both the stored energies and the viscous contribution are46

anisotropic. Therefore, in orthotropy up to six independent relaxation times may be47

independently prescribed, i.e. obtained from six different experiments as for the case48

of isochoric spline-based orthotropic equilibrated and nonequilibrated stored ener-49

gies [29]. The procedure employs a reversed multiplicative decomposition from that50

used by Sidoroff. The intermediate configuration from this decomposition allows for51
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the formulation of the stored energies using the same structural tensors and, hence,52

facilitates the use of anisotropic viscosity tensors. The algorithm is introduced using53

a special co-rotational formulation in order to facilitate a parallelism with the formu-54

lation introduced in Reference [20]. As an inconvenience of the present formulation55

when compared to the one presented in [20], the resulting non-equilibrated consistent56

tangent moduli tensor is slightly non-symmetric for off-axis nonproportional loading.57

However, for the numerical nonproportional examples presented in this paper typi-58

cally only one additional iteration is employed when using a symmetrized tensor. For59

the case of nonproportional off-axes loading, the observed behavior is also slightly60

different due to the also different multiplicative decomposition employed. Therefore,61

if the viscosity is considered isotropic, the formulation given in [20] may be pre-62

ferred, but for more general anisotropic viscosities, the present formulation must be63

employed.64

In this paper we focus mainly on the large strain formulation using the reversed65

decomposition. For a detailed small strains motivation and for some concepts used in66

the kinematics of the multiplicative decomposition, the reader can refer to Reference67

[20].68

2. Sidoroff’s and Reverse multiplicative decompositions69

Unidimensional viscoelasticity is motivated by the standard solid rheological70

model [6], see Figure 1, where the small elongations of the springs and the viscous71

dashpot per unit device-length (i.e. infinitesimal strains) are related through72

ε = εe + εv (1)
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Within the context of three-dimensional large deformations, a generalization of this73

additive decomposition in terms of some finite deformation measure is needed as74

point of departure in order to formulate strain-based constitutive viscoelastic models.75

One possibility was proposed by Sidoroff [17], who considered a multiplicative de-76

composition of the deformation gradient motivated on the similar Lee multiplicative77

decomposition in elastoplasticity [31, 32] —note that this tensor is usually written78

as F , but we adopt the notation given in Ref. [1]79

X = XeXv (2)

where Xv includes the viscous contribution to the total deformation from the ref-80

erence state to time t and Xe accounts for the remaining elastic (nonequilibrated)81

contribution, see Figure 1. Motivated on the standard solid of Figure 1, the in-82

termediate state may be interpreted as the internal, non-equilibrated “stress-free”83

configuration obtained by the virtual elastic unloading of the equivalent Maxwell84

element from the current configuration by means of X−1
e [33]. The hypothetically85

relaxed total gradient is X
∗ = X

−1
e X = Xv. However, as a clear difference with86

finite elastoplasticity, note that this internal unloading is only fictitious even under87

homogeneous deformations (i.e. the intermediate configuration is not strictly speak-88

ing a “stress-free” configuration). The presence of an elastic deformation gradient89

makes the system to be internally unbalanced, so the system is continuously evolv-90

ing in order to reach thermodynamic equilibrium in the sense that Xe → I and91

Xv → X , for a given (fixed) total gradient X. Hence, the intermediate configura-92

tion is truly relaxed only when internal static equilibrium is attained. In that case,93

note that the intermediate configuration has relaxed to (is coincident to) the actual94

configuration, i.e. X = IXv at t→∞.95
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Figure 1: Sidoroff’s multiplicative decomposition of the deformation gradient X = XeXv. Left:
Equivalent standard linear solid. Right: Sidoroff multiplicative decomposition

Consider now the standard solid of Figure 2. Of course, due to the additive96

decomposition used in infinitesimal viscoelasticity, the mechanical devices of Figures97

1 and 2 may be considered equivalent from a quantitative standpoint. That is, the98

same model for the small strains unidimensional case [20] is obtained in both cases.99

However, they admit different physical interpretations even for the small strains100

case. Furthermore, they lead to different formulations in the large strains setting.101

The extension of the rheological model shown in Figure 2 to the finite deformation102

context is given by the reversed multiplicative decomposition of the deformation103

gradient104

X = XvXe (3)

whereXe includes the elastic contribution to the total deformation from the reference105

state to time t and Xv accounts for the remaining viscous contribution. An apparent106

difference with the multiplicative decomposition of Figure 1 is that in this second107

case, the virtual elastic unloading of the equivalent Maxwell element is performed108

from the intermediate configuration to the reference configuration by means of X−1
e .109
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Figure 2: Reverse multiplicative decomposition of the deformation gradient X = XvXe. Left:
Equivalent standard linear solid. Right: Reverse multiplicative decomposition

The same hypothetically relaxed total gradient is obtained X
∗ = (XvX

−1
e X

−1
v )X =110

Xv in this case (we emphasize that these situations are only fictitious). However,111

for a fixed total gradient X the intermediate configuration will have “relaxed” to112

(will be coincident to) the reference configuration, i.e. X = XvI at t → ∞, which113

become the main difference between both multiplicative decompositions.114

Viscoelasticity formulations based on strain-like internal variables are built on115

the hypothesis of the existence of a strain energy density containing an equilibrated116

contribution and a non-equilibrated one [18, 13]. Given a multiplicative decomposi-117

tion of the deformation gradient X into an elastic part Xe and a viscous one Xv,118

the total stored energy function Ψ is therefore written as119

Ψ = Ψeq (A) + Ψneq (Ae) (4)

where A andAe are the Green-Lagrange strain tensors obtained from the total defor-120

mation gradient X and the internal elastic gradient Xe, respectively. Of course, Ψeq121

and Ψneq may be expressed in terms of other Lagrangian strain measures. However,122
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we employ for now quadratic strain measures because they facilitate the analytical123

derivation of the material formulation, as we show in the following section.124

There exists a crucial difference in the non-equilibrated part of the constitutive125

hypothesis given in Eq.(4) when one uses either the Sidoroff or the reverse multiplica-126

tive decomposition of the deformation gradient X. On the one hand, if X = XeXv,127

the non-equilibrated Green-Lagrange strains Ae and the strain energy function Ψneq128

are both defined in the intermediate configuration. Hence, the second Piola-Kirchhoff129

stresses that directly derive from Ψneq (i.e. S
|e
neq = dΨneq/dAe, using the notation130

introduced in Ref. [20]) also operates in that configuration. On the other hand, if131

X = XvXe, both Ae and Ψneq are defined in the reference configuration and S
|e
neq132

operates in the reference configuration as well. This consideration will show relevant133

when deriving the constitutive equation for the viscous flow in Section 5.1.134

3. Finite strain viscoelasticity based on the reversed decomposition135

In Ref. [20] we derived a computational model for finite fully non-linear anisotro-136

pic visco-hyperelasticity based on the Sidoroff’s multiplicative decomposition of the137

deformation gradient given in Eq. (2). Departing from this kinematical hypothesis,138

we show that the material formulation of the finite theory can be derived following139

analogous steps to those followed in the infinitesimal case. This is possible due to140

the fact that the second-order tensor on which depends Ψneq in Eq. (4), i.e. the141

non-equilibrated elastic strain tensor Ae, can be expressed as an explicit function of142

A and Xv, which may both be taken as the independent variables of the continuum143

formulation144

Ae (A,Xv) = X
−T
v (A−Av)X

−1
v = X

−T
v ⊙X

−T
v : (A−Av) (5)
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The symbol ⊙ in the preceding expression denotes the mixed dyadic product between145

second-order tensors (Y ⊙Z)ijkl = YikZjl.146

The setting is different for the reversed decomposition given in Eq. (3) because147

an explicit expression of Ae in terms of A and Xv is not found, so the material148

formulation cannot be, a priori, derived as made with the original multiplicative149

decomposition. However, we show next that the material formulation for the reversed150

decomposition (and analogously, for the Sidoroff’s one) can be alternatively derived151

departing from the spatial formulation. Subsequently, we will be able to develop a152

model for finite anisotropic visco-hyperelasticity based on the reverse multiplicative153

decomposition and logarithmic strains following similar conceptual steps to those154

explained in Ref. [20].155

3.1. Spatial description156

From the reverse multiplicative decomposition of the deformation gradient X =157

XvXe, the expression of the spatial velocity gradient l = ẊX
−1

in terms of the158

viscous velocity gradient lv = ẊvX
−1
v and the elastic velocity gradient le = ẊeX

−1
e159

reads160

l = lv +XvleX
−1
v (6)

where l and lv operate in the current configuration and le does in the intermediate161

configuration. As made in Ref. [20], we are interested herein in obtaining the elastic162

deformation rate tensor de = sym(le) as a function of both the deformation rate163

tensor d = sym(l) and the viscous velocity gradient lv (or some quantity related to164

the latter one). From Eq. (6) we obtain in the intermediate configuration165

de (d, l
◦
v) = sym

(
X

−1
v dXv

)
− sym

(
X

−1
v l

◦
vXv

)
(7)
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where l
◦
v stands for the co-rotational viscous velocity gradient166

l
◦
v := lv − skew(l) = lv −w =

(

Ẋv −wXv

)

X
−1
v =: X̊vX

−1
v (8)

and X̊v for the co-rotational rate of the viscous gradient. Since the co-rotational167

total velocity gradient is given by l
◦ := l − w = d, note that the two independent168

variables in rate form in Eq. (7) may be seen as co-rotational (Jaumann-Zaremba)169

rates, i.e. de (d, l
◦
v) = de (l

◦, l◦v). Equation (7) may be rewritten as170

de (d, l
◦
v) = M

de
d

∣
∣
l
◦

v=0
: d+ M

de
l◦v

∣
∣
∣
d=0

: l◦v (9)

where, for further use, we just identify the fourth-order mapping tensor —we omit171

(minor) symmetrization issues for the matter of notation simplicity172

M
de
d

∣
∣
l
◦

v=0
=

1

2

(
X

−1
v ⊙X

T
v +X

T
v ⊙X

−1
v

)
=: X−1

v

s
⊙X

T
v (10)

This purely geometrical tensor lacks major symmetry in general and is responsible173

for the lack of symmetry of the global tangent as it will be seen below. Equations174

(7) or (9) may also be interpreted as175

de = de (d, 0) + de (0, l
◦
v) = de|l◦v=0

+ de|d=0
(11)

This interpretation will be useful in the two-step predictor-corrector integration176

scheme used below. Note that with the consideration of the co-rotational rate of177

the viscous gradient instead of its total rate, we arrive at a formulation which is178

conceptually analogous to the spatial formulation based on the Sidoroff’s decompo-179

sition of Ref. [20]. In this case the virtual state for which l
◦
v = 0, representing the180
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state in which the viscous velocity gradient relative to a reference frame with spin181

w vanishes, naturally emerges from the (reversed) kinematic decomposition given in182

Eq. (7). This state will define the internal kinematic constraint for no dissipation,183

as we see below.184

The material rate of Eq. (4) yields —we use d(·)/d(∗) to denote total differenti-

ation of (·) with respect to the tensorial variable (∗)

Ψ̇ = Ψ̇eq (A) + Ψ̇neq (Ae)

=
dΨeq

dA
: Ȧ+

dΨneq

dAe

: Ȧe

= Seq : Ȧ+ S
|e
neq : Ȧe (12)

where the superscript in expressions of the type (•)|e indicates that the variable (•)185

has been obtained through differentiation with respect to the internal elastic strains186

(Ae in this case). This distinction will show relevant below. Since Ȧe is the pull-back187

of de from the intermediate configuration to the reference configuration by means of188

Ȧe = X
T
e deXe = X

T
e ⊙X

T
e : de =: MȦe

de
: de (13)

and Ȧ is the pull-back of d from the actual configuration to the reference configura-189

tion190

Ȧ = X
T
dX = X

T ⊙X
T : d =: MȦ

d : d (14)

the respective push-forward operations of the terms in the right-hand side of Eq.
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(12) become

Ψ̇ = Seq : X
T
dX + S

|e
neq : X

T
e deXe

= XSeqX
T : d+XeS

|e
neqX

T
e : de

= τ eq : d+ τ
|e
neq : de (15)

In Eq. (15) we have defined the symmetric Kirchhoff stress tensors τ eq (operating in

the actual configuration) and τ
|e
neq (operating in the intermediate configuration) as

τ eq := XSeqX
T = Seq : X

T ⊙X
T = Seq : M

Ȧ
d (16)

τ
|e
neq := XeS

|e
neqX

T
e = S

|e
neq : X

T
e ⊙X

T
e = S

|e
neq : M

Ȧe

de
(17)

The insertion of Eq. (9) into Eq. (15) gives191

Ψ̇ =
(

τ eq + τ
|e
neq : M

de
d

∣
∣
l
◦

v=0

)

: d
︸ ︷︷ ︸

Ψ̇
∣
∣
∣
l
◦

v=0

+ τ
|e
neq : M

de
l◦v

∣
∣
∣
d=0

: l◦v
︸ ︷︷ ︸

Ψ̇
∣
∣
∣
d=0

(18)

where the mapping tensors M
de
d

∣
∣
l
◦

v=0
and M

de
l◦v

∣
∣
∣
d=0

perform the adequate transforma-192

tions to the spatial configuration for work-conjugacy.193

The dissipation inequality in spatial description194

τ : d− Ψ̇ =
(

τ − τ eq − τ
|e
neq : M

de
d

∣
∣
l
◦

v=0

)

: d− τ
|e
neq : M

de
l◦v

∣
∣
∣
d=0

: l◦v ≥ 0 (19)

is fulfilled in any case if, first (l◦v = 0 implies no dissipation, so the equality must195

hold)196

τ = τ eq + τ
|e
neq : M

de
d

∣
∣
l
◦

v=0
= τ eq + τ neq (20)
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and, second, the Kirchhoff stresses τ
|e
neq dissipate power with the pull-back of l◦v from197

the current configuration to the intermediate one198

−τ |e
neq : M

de
l◦v

∣
∣
∣
d=0

: l◦v = τ
|e
neq : X

−1
v l

◦
vXv ≥ 0 (21)

where Eq. (7) and the symmetry of τ
|e
neq have been used. Equation (20) shows

that the existing geometrical mapping between the non-equilibrated Kirchhoff stress

tensors τ neq, operating in the actual configuration, and τ
|e
neq, defined in the interme-

diate configuration, is given by the same mapping tensor that relates d to de when

l
◦
v = 0, i.e that of Eq. (10) —compare to the original Sidoroff’s decomposition where

τ neq = τ
|e
neq

τ neq = τ
|e
neq : M

de
d

∣
∣
l
◦

v=0
= τ

|e
neq : X

−1
v

s
⊙X

T
v

=
1

2

(
X

−T
v τ

|e
neqX

T
v +Xvτ

|e
neqX

−1
v

)
(22)

From the definition of τ neq in terms of τ
|e
neq, we notice the equivalence between the199

following non-dissipative mechanical powers200

τ neq : d = τ
|e
neq : de|l◦v=0

= Ψ̇neq

∣
∣
∣
l
◦

v=0

(23)

Finally, the dissipated power due to viscous effects given in Eq. (21) can be rewritten201

using Eq. (11) as202

−τ |e
neq : M

de
l◦v

∣
∣
∣
d=0

: l◦v = −τ
|e
neq : de|d=0

≥ 0 (24)

which can be read as203

Ψ̇neq

∣
∣
∣
d=0

≤ 0 (25)
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The dissipation inequality in spatial description given in Eq. (24) will let us define204

a general anisotropic constitutive equation for the viscous flow based on material205

elastic logarithmic strains in the next sections.206

3.2. Material description207

From Eqs. (9)–(11) we obtain208

de|l◦v=0
= M

de
d

∣
∣
l
◦

v=0
: d (26)

Using Eqs. (13) and (14), the Lagrangian counterpart of Eq. (26) is —note that we209

can equivalently use the subscripts l
◦
v = 0 or X̊v = 0 in order to refer to the same210

non-dissipative state211

Ȧe

∣
∣
∣
X̊v=0

= M
Ȧe

de
: Mde

d

∣
∣
l
◦

v=0
: Md

Ȧ
: Ȧ =

δAe

δA

∣
∣
∣
∣
X̊v=0

: Ȧ (27)

where we define the modified partial gradient

δAe

δA

∣
∣
∣
∣
X̊v=0

:= M
Ȧe

de
: Mde

d

∣
∣
l
◦

v=0
: Md

Ȧ

= X
T
e ⊙X

T
e : X−1

v

s
⊙X

T
v : X−T ⊙X

−T

= CeC
−1

s
⊙ I (28)

as the fourth-order tensor that maps the strain rate Ȧ to the strain rate Ȧe when212

there is no dissipation. The same result given in Eq. (28) is obtained taking the213

time derivative of the elastic right Cauchy-Green deformation tensor Ce (given in214

terms of the deformation gradient X and the left Cauchy-Green deformation tensor215

B
−1
v = X

−T
v X

−1
v as Ce = X

T
B

−1
v X) and then specializing the result to the internal216

state for which lv = w. In contrast to the formulation presented in Ref. [20], the217

14



viscous gradient Xv does not remain completely constant when the mapping tensor218

given in Eq. (28) is calculated (recall that X̊v = 0 implies Ẋv = wXv). As a219

result, that mapping tensor does not correspond in general to the partial gradient220

of Ae with respect to A from a mathematical point of view. This fact will be221

relevant below. Interestingly, a clear parallelism between the formulations based on222

the reversed multiplicative decomposition and the Sidoroff’s one may be established223

if we use the symbol δ (instead of ∂) to represent the partial variation of a non-224

equilibrated variable constrained by X̊v = 0 (instead of Ẋv = 0). Hereafter we225

adopt that notation.226

Using Eq. (27) we obtain the following equivalent material descriptions of the227

non-dissipative stress power per unit reference volume —compare to Eq. (23)228

S
|e
neq : Ȧe

∣
∣
∣
X̊v=0

= Sneq : Ȧ = Ψ̇neq

∣
∣
∣
X̊v=0

(29)

This interpretation gives the existing mapping between the non-equilibrated Second229

Piola-Kirchhoff stress tensors Sneq and S
|e
neq230

Sneq = S
|e
neq :

δAe

δA

∣
∣
∣
∣
X̊v=0

=
dΨneq (Ae)

dAe
:
δAe

δA

∣
∣
∣
∣
X̊v=0

=
δΨneq

δA

∣
∣
∣
∣
X̊v=0

(30)

Both stress tensors Sneq and S
|e
neq operate in the reference configuration but they are231

associated to different deformations, represented by A and Ae respectively. Further-232

more, Identity (30)3 provides the way in which the non-equilibrated stresses Sneq are233

obtained from Ψneq in this case, i.e. by means of the partial variation of Ψneq with234

respect to A along the non-dissipative, corotational path X̊v = 0.235
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4. Finite strain viscoelasticity based on logarithmic strain measures236

In the preceding section we have obtained all the required tensors needed to prop-237

erly formulate a finite fully nonlinear visco-hyperelastic model based on the reversed238

decomposition defined in terms of Green-Lagrange measures. This continuum for-239

mulation is valid for anisotropic compressible materials. However, we are mostly240

interested in formulating a model for nearly-incompressible materials using logarith-241

mic strains because of both their special properties [21] and the possibility of using242

spline-based stored energy functions [27, 28, 29].243

In order to achieve our objective, it is convenient to decompose first the total244

deformation gradient using the Flory’s decomposition245

X = (J1/3
I)Xd (31)

where det(Xd) = 1, and, subsequently, decompose the distortional part of the defor-246

mation gradient by means of the reversed decomposition247

X
d = X

d
vX

d
e ≡XvXe (32)

That way, the isochoric nature of the non-equilibrium part is exactly preserved by248

construction.249

As it is usual when modelling the mechanical behavior of (nearly-)incompressible250

materials with application in finite element procedures, Eq. (4) is divided into un-251

coupled deviatoric and volumetric parts. In terms of the material logarithmic strain252

measures associated the preceding multiplicative decompositions, it reads253

Ψ =W + U =Weq(E
d) +Wneq(E

d
e) + Ueq (J) (33)
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where both E and E
d
e ≡ Ee are defined in the reference configuration as254

E = 1
2
ln (C) = 1

2
ln
(
X

T
X
)
and Ee =

1
2
ln (Ce) =

1
2
ln
(
X

T
e Xe

)
(34)

with255

E
d = E − 1

3
tr (E) with tr (E) := ln J := ln (det (X)) (35)

In Eq. (33), W = Weq +Wneq (both Weq and Wneq to be determined from experi-256

mental data) depends on deviatoric, true, behaviors only and U = Ueq will be used257

to introduce the required volumetric penalty constraint to the deformation (J ≈ 1)258

in the numerical calculations.259

In the next sections we derive the expressions of the second Piola-Kirchhoff stress260

tensor t+∆t
S and the corresponding tangent moduli t+∆t

C when the multiplicative261

decomposition t
0X = t

0J
1/3 t

0Xv
t
0Xe is known at t and only the deformation gradient262

t+∆t
0X is known at t + ∆t —for the incremental formulation we use the notation263

given in Ref. [1]. We first address how to compute the non-equilibrated contribution264

and then we address the simpler equilibrated one. Finally, the total stresses and265

tangent moduli are obtained through t+∆tS = t+∆tSeq +
t+∆tSneq and t+∆tC =266

t+∆tCeq +
t+∆tCneq.267

5. Non-equilibrated contribution268

5.1. Constitutive equation for the viscous flow269

In order to enforce the physical restriction given in Eq. (24)2 in the logarithmic270

strain space, we rewrite it attending to the purely kinematic power-conjugacy equiv-271

alence between the stress power given by the elastic deformation rate tensor de and272

17



the stress power given by the material rate of the elastic logarithmic strains Ėe273

− Ẇneq

∣
∣
∣
d=0

= −τ |e
neq : de|d=0

= −T |e
neq : Ėe

∣
∣
∣
Ė=0

= − Ẇneq

∣
∣
∣
Ė=0

≥ 0 (36)

where we define the non-equilibrated purely deviatoric generalized Kirchhoff stresses274

as275

T
|e
neq :=

dWneq

dEe
=

dWneq

dEd
e

:
dEd

e

dEe
=

dWneq

dEd
e

: PS (37)

with PS = IS− 1
3
I⊗I being the fourth-order symmetric deviatoric projection tensor,276

with components in any given basis277

(
P
S
)

ijkl
=

1

2
(δikδjl + δilδjk)−

1

3
δijδkl (38)

The stress tensor T |e
neq relates to the Kirchhoff stress tensor τ

|e
neq through278

T
|e
neq = τ

|e
neq : M

de
Ėe

(39)

where the mapping tensor Mde
Ėe

(not needed herein) may be easily obtained in spectral279

form [20]. Equation (36) is automatically satisfied if we choose the following flow280

rule281

−
dEe

dt

∣
∣
∣
∣
Ė=0

= V
−1 : T |e

neq (40)

for a given fourth-order positive-definite viscosity tensor V−1, whereupon282

T
|e
neq : V

−1 : T |e
neq ≥ 0 (41)

As an important difference with respect to the models based on the Sidoroff decom-283

position, note that all the entities present in Eqs. (40) and (41) are defined in the284
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reference configuration.285

5.2. Integration of the evolution equation286

The non-linear viscous flow rule given in Eq. (40) can be integrated by means287

of a two-step, elastic predictor/viscous corrector incremental scheme. Within the288

elastic predictor substep there is no viscous dissipation, so Eq. (24)1 yields289

tr
l
◦
v = 0 ⇒ tr

lv =
t+∆t

w ⇒ tr
Ẋv =

t+∆t
w

tr
Xv (42)

which may be integrated, employing the usual exponential mapping290

tr
Xv = exp

(
t+∆t

w∆t
)

t
0Xv (43)

The tensor exp( t+∆t
w∆t) can be identified after the integration of the equation291

Ẋ = lX, i.e.292

t+∆t
0X = exp

(
t+∆t

l∆t
)

t
0X ≈ exp

(
t+∆t

d∆t
)
exp

(
t+∆t

w∆t
)

t
0X (44)

and then comparing this approximation to the incremental multiplicative decompo-293

sition294

t+∆t
0X = t+∆t

tX
t
0X = t+∆t

tV
t+∆t

tR
t
0X (45)

where t+∆t
tV and t+∆t

tR are the stretch and rotation tensors from the left polar295

decomposition of the incremental deformation gradient t+∆t
tX relating the configu-296

rations at t and t + ∆t. Note that, in general, t+∆t
0V 6=

t+∆t
tV

t
0V and t+∆t

0R 6=297

t+∆t
tR

t
0R, see discussion in Ref. [25]. However, t+∆t

0J = t+∆t
tJ

t
0J . Hence, we can298
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approximate the incremental distortional deformation by means of299

exp
(
t+∆t

d
d∆t
)
= t+∆t

tV
d and exp

(
t+∆t

w∆t
)
= t+∆t

tR (46)

Equations (43) and (46)2 provide the definition of the isochoric trial state at time

t+∆t as —the right arrow decoration means “rotated by t+∆t
tR”

tr
Xv =

t+∆t
tR

t
0Xv =: t

0Xv−→
(47)

tr
Xe =

tr
X

−1
v

t+∆t
0X

d = ( t
0X

−1
v−−→

t+∆t
tV

d t
0Xv−→

) t
0Xe =

t+∆t
tΥ

d t
0Xe (48)

where all the quantities needed for the calculation of trXv and
trXe are known. Note300

that trial states are defined in base of Eq. (43) and have different form from usual301

set-ups based on the Sidoroff decomposition [17, 13, 20] or the Lee decomposition302

in plasticity [31, 26, 24]. Hence, in this case, we may interpret that the increment303

of isochoric deformation t+∆t
tV

d is completely applied to the elastic deformation304

gradient t
0Xe within the trial substep by means of the pull-back of t+∆t

tV
d to the305

intermediate configuration through, see Figure 3.a306

t+∆t
tΥ

d := t
0X

−1
v−−→

t+∆t
tV

d t
0Xv−→

(49)

A more intuitive interpretation is obtained if we previously rotate the actual

configuration at t+∆t with t+∆t
tR

T (i.e. if we remove the rotation t+∆t
tR from the

two-point total and viscous deformation gradient tensors) as shown in Figure 3.b. In
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Figure 3: Multiplicative decomposition of the (isochoric) trial state at t + ∆t. Two equivalent
interpretations.

that case we have —the left arrow decoration means “rotated by t+∆t
tR

T”

t+∆t
0X

d

←− := t+∆t
tR

T t+∆t
0X

d = t+∆t
tU

d t
0X

d (50)

tr
Xv←−

:= t+∆t
tR

T tr
Xv =

t
0Xv (51)

tr
Xe =

tr
X

−1
v←−−

t+∆t
0X

d

←− = ( t
0X

−1
v

t+∆t
tU

d t
0Xv)

t
0Xe =

t+∆t
tΥ

d t
0Xe (52)

where t+∆t
tU

d ≈ exp( t+∆td
d

←−∆t) is the distortional stretch tensor from the right307

polar decomposition of t+∆t
tX

d. Thus we observe that, equivalently, the increment308

of isochoric deformation t+∆t
tU

d is completely applied to the elastic deformation309

gradient t
0Xe within the trial substep by means of the pull-back of t+∆t

tU
d to the310

intermediate configuration through —c.f. Eq.(49)311

t+∆t
tΥ

d = t
0X

−1
v

t+∆t
tU

d t
0Xv (53)
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In any case, the trial logarithmic strain tensor is312

tr
Ee =

1

2
ln( tr

Ce) =
1

2
ln( tr

X
T
e

tr
Xe) (54)

with trXe =
t
0X

−1
v−−→

t+∆t
0X

d or trXe =
t
0X

−1
v

t+∆t
0X

d

←−.313

Trial states associated to the models based on either the Sidoroff’s decomposition314

or the reversed one are different in general. The respective trial states, and hence315

the respective integration algorithms, are coincident for the very special cases of316

axial loadings in isotropic materials or in orthotropic materials along the preferred317

material directions.318

Subsequently, during the viscous corrector substep the total deformation rate319

d = 0. We exactly proceed as in Ref. [20]320

Ė = 0 ⇒ Ėe = Ėe

∣
∣
∣
Ė=0

(55)

i.e. using a backward-Euler integration in Eq. (40)321

t+∆t
0Ee −

tr
Ee ≈ −∆t

(

V
−1 : T |e

neq

)

t+∆t
(56)

which provides a non-linear viscous correction for t+∆t
0Ee in terms of trEe through322

t+∆t
0Ee +∆t

(

V
−1 :

dWneq

dEe

)

t+∆t

= tr
Ee (57)

The same non-linear evolution equation is obtained for the model based on the Sido-323

roff’s decomposition that we derived in Ref. [20]. In both frameworks, once V−1 and324

Wneq are known, we can compute t+∆t
0Ee for a given time step ∆t performing local325

iterations at the integration point level and then proceed to obtain the deviatoric326
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non-equilibrated stresses and tangent moduli at t+∆t. However, two differences of327

distinct nature have to be emphasized regarding the update of Eq. (57) associated to328

either the Sidoroff or to the reverse decompositions. On the one hand, we have just329

seen that the numerical calculation of the trial state is different for both decompo-330

sitions and that the respective trial states are only coincident in very specific cases.331

On the other hand, upon the acceptance of the reversed kinematic decomposition, we332

have seen that Eq. (57) is completely defined in the reference configuration. Hence,333

no further hypothesis regarding the evolution of the preferred directions are required334

in this case because the non-equilibrated strain energy functionWneq is defined in the335

reference configuration and the corresponding Lagrangian non-equilibrated stresses336

are properly derived in that configuration, whatever the material symmetries are.337

The tensor V−1 may also be defined with the same material symmetries of Wneq.338

For practical purposes but without loss of generality of the present formulation,339

we will assume herein that V−1 is a purely deviatoric orthotropic tensor given in340

terms of six scalar viscosity parameters ηdij = ηdji through341

V
−1 = P

S :

(
3∑

i=1

3∑

j=1

1

2ηdij
L

S
ij ⊗L

S
ij

)

︸ ︷︷ ︸

V̄−1

: PS (58)

where LS
ij = 1/2(ai⊗aj +aj ⊗ ei) stand for the structural tensors associated to the342

material preferred basis Xpr = {a1,a2,a3}. The evolution equation in rate form Eq.343

(40) and its solution in terms of incremental elastic strains Eq. (57) become purely344

deviatoric. It is apparent that, in general, t+∆t
0Ee and trEe in Eq. (57) will not345

have the same Lagrangian principal basis. In Section 7 we show how to obtain the346

values of the material parameters ηdij from experimental testing. Once the viscosity347

23



parameters ηdij are known, the non-linear Equations (40) and (57) are to be used. In348

those equations we will further assume that the viscosity parameters are deformation349

independent.350

The value of the material parameters ηdij in Eq. (58) may be related to a set of351

six independent relaxation times τij = τji for the orthotropic case. Note that we use352

the same symbol for the relaxation times as for the Kirchhoff stresses but by context353

confusion is hardly possible.354

In order to obtain the existing relations between ηdij and τij we must linearize the355

response of the non-equilibrated orthotropic strain energy function Wneq in the flow356

rule of Eq. (40) to obtain357

−
dEe

dt

∣
∣
∣
∣
Ė=0

= P
S :

(

V̄
−1 : PS :

d2Wneq

dEd
edE

d
e

∣
∣
∣
∣
lin

)

︸ ︷︷ ︸

T̄
−1
lin

: PS : Ee = T
−1
d

∣
∣
lin

: Ee (59)

where358

Wneq(E
d
e)
∣
∣
lin

=
3∑

i=1

3∑

j=1

µneq
ij (ai ·E

d
eaj)

2 =
3∑

i=1

3∑

j=1

µneq
ij (Ed

eij)
2 (60)

is expressed in terms of the orthotropic reference shear moduli µneq
ij and the com-359

ponents of Ed
e in the material orthotropy basis Xpr = {a1,a2,a3}. The subscript360

lin implies a linearized constitutive law (usually at the origin), i.e. quadratic strain361

energy with constant coefficients. The linearized fourth-order deviatoric relaxation362

tensor T
−1
d

∣
∣
lin

present in Eq. (59) is given in terms of the tensor T̄−1
lin, whose matrix363
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(Voigt) representation in the preferred axes Xpr is364

[
T̄
−1
lin

]

Xpr
=






















2

3

1

τ11
−
1

3

ρ21
τ22

−
1

3

ρ31
τ33

0 0 0

−
1

3

ρ12
τ11

2

3

1

τ22
−
1

3

ρ32
τ33

0 0 0

−
1

3

ρ13
τ11

−
1

3

ρ23
τ22

2

3

1

τ33
0 0 0

0 0 0
1

τ12
0 0

0 0 0 0
1

τ23
0

0 0 0 0 0
1

τ31






















(61)

The relaxation times τij and the coupling coefficients ρij are given by

τij :=
ηdij
µneq
ij

, i, j = {1, 2, 3} (62)

ρij :=
ηdii
ηdjj

, i 6= j = {1, 2, 3} (63)

The tensor T̄−1
lin, as given in Eq. (61), is non-symmetric in general. We remark that,365

as a main difference with the isotropic viscosity/orthotropic elasticity formulation366

presented in Ref. [20], the six relaxation times given in Eq. (62) are completely367

independent, hence leading to a more general anisotropic visco-hyperelasticity for-368

mulation. We show the high (enhanced) versatility of the present model in the369

examples below. If the viscosity tensor is regarded as isotropic in Eq. (58), then we370

can write V−1 = 1/(2ηd)IS and the update formula Eq. (57) adopts the same form371

as in Ref. [20], even though it is formulated herein in the reference configuration.372

Equation (61) reduces in this case to T̄
−1
lin = PS : T−1

lin, with T
−1
lin resulting in a tensor373

with diagonal matrix representation, which was for simplicity the shape chosen in374
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Reference [20] for isotropic viscous behavior.375

Finally, once a converged solution t+∆t
0Ee has been obtained from Eq. (57), the376

following (internal volume-preserving) update may be performed377

t+∆t
0Xe =

tr
Re

t+∆t
0U e =

tr
Re exp

(
t+∆t

0Ee

)
(64)

or378

t+∆t
0Xv =

t+∆t
0X

d t+∆t
0X

−1
e = tr

Xv

(
tr
V e

t+∆t
0V

−1
e

)
(65)

5.3. Local Newton iterations for the non-equilibrated part379

Once the trial elastic logarithmic strains trEe have been obtained using Eq.380

(54), we proceed to solve Eq. (57) in residual form for the most general case when381

hyperelasticity is non-linear in logarithmic strains. We can proceed as in Ref. [20]382

but considering the residual equation383

R
(k)
E

= E
(k)
e +∆t

(

V
−1 :

dWneq

dEe

∣
∣
∣
∣
(k)

)

− tr
Ee (66)

and employing the non-symmetric gradient384

dRE

dEe
= I

S +∆t

(

V
−1 :

d2Wneq

dEedEe

)

= I
S + P

S : ∆t

(

V̄
−1 : PS :

d2Wneq

dEd
edE

d
e

)

: PS (67)

The resulting iterative procedure for Ee is volume-preserving due to the fact that385

the term between parenthesis in Eq. (66) is purely deviatoric.386

5.4. Non-equilibrated contribution to S and C387

Once the elastic strains Ee are known at t +∆t we can proceed to compute the388

deviatoric non-equilibrated contribution to the stress and global tangent tensors. As389
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we did in Ref. [20], it is convenient to take derivatives with respect to trial quanti-390

ties in order to obtain the non-equilibrated stresses and tangent moduli consistent391

with the predictor/corrector integration algorithm employed and then perform the392

corresponding mappings.393

First of all, the consideration of the Flory’s decomposition of Eq. (31) in Eq.394

(30)3 gives395

Sneq =
δWneq

δA

∣
∣
∣
∣
X̊v=0

=
δWneq

δAd

∣
∣
∣
∣
X̊v=0

:
dAd

dA
:= S

|d
neq :

dAd

dA
(68)

where S|d
neq is a modified second Piola–Kirchhoff stress tensor defined in the reference396

configuration and dAd/dA represents the fourth-order deviatoric projection tensor397

in the space of quadratic strains, see below.398

The trial state is defined by trl
◦
v = 0. Then the distortional counterpart of Eqs.399

(7), (9) and (10) particularized to the trial state read —note that subscripts of the400

type trl
◦
v = 0 or trX̊v = 0 would be redundant for the trial state, hence they are401

not indicated in the corresponding mapping tensors402

tr
de = sym

(
tr
X

−1
v d

d tr
Xv

)
= tr

X
−1
v

s
⊙ tr

X
T
v : dd = M

trde
dd

: dd (69)

As done in Section 3.2, the Lagrangian description of Eq. (69) is obtained as403

tr
Ȧe =

tr
CeC

d−1
s
⊙ I : Ȧ

d
=

δ trAe

δAd
: Ȧ

d
(70)

which gives the mapping associated to the change of the independent variable A
d

404

by the independent variable trAe. We define now the non-equilibrated second Piola-405

Kirchhoff stress tensor S |tr
neq associated to the trial state, which operates in the ref-406
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erence configuration as well, such that —recall also Eq. (29)407

S
|tr
neq :

tr
Ȧe = S

|d
neq : Ȧ

d
= Sneq : Ȧ = Ẇneq

∣
∣
∣
X̊v=0

(71)

which gives the following relation between the non-equilibrated stress tensors S
|d
neq408

and S
|tr
neq409

S
|d
neq = S

|tr
neq :

tr
CeC

d−1
s
⊙ I = S

|tr
neq :

δ trAe

δAd
(72)

One important difference between this algorithmic formulation and the one pre-410

sented in Ref. [20] is that in this case the trial intermediate configuration does not411

remain constant during the finite-element global iterations at time t + ∆t because412

this configuration is given by the trial elastic internal gradient, see Eqs. (48) or413

(52). Hence, the fourth-order mapping tensor δ trAe/δA
d present in Eq. (72) has414

also to be differentiated in order to obtain the existing relation between the consis-415

tent tangent moduli C
|d
neq = dS|d

neq/dA
d and C

|tr
neq = dS|tr

neq/d
trAe, which are to be416

obtained taking the total derivatives of S|d
neq and S

|tr
neq with respect to A

d and trAe417

respectively, see discussion in Ref. [20]. In this case we have —note that δ tr
Ae/δA

d
418

has only minor symmetries and that the second addend in the right-hand side of the419

following equation vanishes in the model based on the Sidoroff decomposition420

dS|d
neq

dt
=

dS|tr
neq

dt
:
δ trAe

δAd
+ S

|tr
neq :

d

dt

(
δ trAe

δAd

)

(73)

Expressing the preceding equation in terms of Ȧ
d
and tr

Ȧe, using Eq. (70) and421

identifying terms422

dS|d
neq

dAd
=

(
δ trAe

δAd

)T

:
dS |tr

neq

d trAe
:
δ trAe

δAd
+ S

|tr
neq :

d

dAd

(
δ trAe

δAd

)

(74)
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which, after some lengthy algebra, results in

C
|d
neq =

(
δ trAe

δAd

)T

: C|tr
neq :

δ trAe

δAd

+C
d−1 tr

CeC
d−1

s
⊙ S

|tr
neq −C

d−1
s
⊙ S

|tr
neq

tr
CeC

d−1 (75)

The first and second addends in the right-hand side of Eq. (75) have major symme-423

tries, the former due to the major symmetry of C
|tr
neq (see below) and the latter due424

to the symmetry of the second order tensors Cd−1 trCeC
d−1 and S

|tr
neq. However, the425

third addend in the right-hand side of Eq. (75) lacks major symmetry, in general.426

As a result, the tangent moduli tensor C
|d
neq may be slightly non-symmetric, as we427

show in the examples. The lack of major symmetry in general situations emerges428

from the fact that the fourth-order tensor δ trAe/δA
d present in Eq. (74) does not429

exactly correspond to the gradient of tr
Ae with respect to A

d, as we have equiva-430

lently explained in Section 3.2 using the strain tensors Ae and A and the constraint431

X̊v = 0, recall also Eq. (10). In other words, note that an explicit expression that432

gives trAe as a function of Ad does not exist for this formulation in general. How-433

ever, we want to emphasize that the non-equilibrated strain energy function Wneq434

only represents a deviation from the thermodynamical equilibrium, hence the possi-435

ble nonsymmetry of C
|d
neq becomes less relevant if the symmetry of the total tangent436

moduli C = Ceq + Cneq is assessed. It can be shown that the total tangent moduli437

C results to be numerically symmetric for the special case of isotropic materials un-438

dergoing large shear deformations (first example below) and exactly symmetric for439

the special case of orthotropic materials undergoing finite deformations along the440

preferred material directions (second example below). Furthermore, for orthotropic441

materials undergoing large off-axis deformations and large perturbations away from442
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thermodynamical equilibrium, a very good convergence rate is still attained during443

the global finite element iterations using the symmetric part of Eq. (75) and a sym-444

metric solver (third example below). In order to symmetrize the tensor C
|d
neq of Eq.445

(75), just substitute S
|tr
neq

trCeC
d−1 by its symmetric part, i.e. S|d

neq, see Eq. (72).446

The trial tensors S|tr
neq and C

|tr
neq, present in Eqs. (72) and (75), may be obtained447

from our model, based on logarithmic strains, through448

S
|tr
neq =

δWneq

δ trAe

∣
∣
∣
∣
X̊v=0

=
δWneq

δ trEe

∣
∣
∣
∣
X̊v=0

:
d trEe

d trAe
=: T |tr

neq :
d trEe

d trAe
(76)

and —note that d trEe/d
trAe has major and minor symmetries and that it represents449

a formal (total) gradient450

C
|tr
neq =

dS|tr
neq

d trAe
=

d trEe

d trAe
:
dT |tr

neq

d trEe
:
d trEe

d trAe
+ T

|tr
neq :

d2 trEe

d trAed trAe
(77)

The trial generalized Kirchhoff stress tensor T
|tr
neq has to be previously related to451

the updated generalized Kirchhoff stress tensor T
|e
neq, which is the resulting stress452

tensor at each global iteration obtained from Wneq

(
E

d
e

)
using Eq. (37). We have453

—compare to Eq. (30) and consider the change of variable E by tr
Ee454

T
|tr
neq =

δWneq

δ trEe

∣
∣
∣
∣
X̊v=0

=
dWneq

dEe
:

δEe

δ trEe

∣
∣
∣
∣
X̊v=0

= T
|e
neq :

δEe

δ trEe

∣
∣
∣
∣
X̊v=0

(78)

Hereafter, analogously as we did in Ref. [20], we approximate455

δEe

δ trEe

∣
∣
∣
∣
X̊v=0

≈ I
S ⇒ T

|tr
neq ≈ T

|e
neq (79)

which is an approximation valid for ∆t/τ ≪ 1 in the most general case (as for the456

model based on the Sidoroff decomposition, note that T
|tr
neq = T

|e
neq for the special457
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cases of isotropic materials under arbitrary loadings or orthotropic materials under-458

going finite deformations along the preferred material directions). If we do not wish459

to take this approximation, we should compute the analytical mapping tensor present460

in Eq. (78) and its derivatives in the numerical algorithm, cf. Ref. [20], Appendix461

2. The modified second Piola–Kirchhoff stresses S |d
neq are obtained combining, first,462

Eqs. (76), (78) and (79)1463

S
|tr
neq =

dWneq

dEe

∣
∣
∣
∣
t+∆t

:
d trEe

d trAe
(80)

and then performing the mapping from the internal (trial) to the external (isochoric)464

configurations using Eq. (72).465

In order to obtain the consistent tangent moduli dT |tr
neq/d

trEe, needed in Eq.466

(77), we have to take into consideration that the trial logarithmic strains trEe and467

the updated logarithmic strains t+∆t
0Ee are related in the algorithm through Eq.468

(57). Hence469

dT |tr
neq

d trEe
=

dT |e
neq

d trEe
=

dT |e
neq

dEe
:
d t+∆t

0Ee

d trEe
(81)

with the tensor d t+∆t
0Ee/d

trEe providing the consistent linearization of the algo-470

rithmic formulation during the viscous correction substep. Taking derivatives in Eq.471

(57), we identify472

dT |tr
neq

d trEe
=

d2Wneq

dEedEe

∣
∣
∣
∣
t+∆t

:
dRE

dEe

∣
∣
∣
∣

−1

t+∆t

(82)

where the algorithmic gradient d t+∆t
0Ee/d

tr
Ee is given by the inverse of Eq. (67)

evaluated at the updated strains t+∆t
0Ee, see Section 5.3. Note that only the devi-

atoric part of this tensor is relevant in Eq. (82). Interestingly, although the algo-

rithmic gradient d t+∆t
0Ee/d

trEe is, in general, non-symmetric in this case, the trial

consistent tangent tensor dT |tr
neq/d

trEe, as given in Eqs. (81) or (82), has major and
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minor symmetries. This is thanks to the fact that the viscosity tensor V
−1 in Eq.

(40) is fully symmetric [13, 20]. The modified consistent (non-symmetric, in general)

tangent moduli C
|d
neq for the non-equilibrated part is obtained combining, first, Eqs.

(77), (79)2 and (82) —note that C
|tr
neq preserves major and minor symmetries

C
|tr
neq =

d trEe

d trAe

:
d2Wneq

dEedEe

∣
∣
∣
∣
t+∆t

:
d t+∆t

0Ee

d trEe

:
d trEe

d trAe

+
dWneq

dEe

∣
∣
∣
∣
t+∆t

:
d2 trEe

d trAed trAe
(83)

and then mapping the result from the internal to the external configurations using473

Eq. (75). Mapping tensors relating material logarithmic strains to Green–Lagrange474

strains are given in spectral form in, for example, Ref. [29], Section 2.5.475

Finally, the isochoric non-equilibrated stresses Sneq and consistent tangent moduli476

Cneq = dSneq/dA are obtained from S
|d
neq and C

|d
neq = dS|d

neq/dA
d using the deviatoric477

projection tensor dAd/dA (recall Eq. (68)) and its derivatives through —see Ref.478

[20], Appendix 1479

Sneq = J−2/3
S

|d
neq (84)

and480

Cneq = J−4/3
C

|d
neq (85)

In the derivation of Eq. (85) we have used the fact that the second and third addends481

in the right-hand side of Eq. (75) cancel to each other when the two-index contraction482

operations Cd : C
|d
neq and C

|d
neq : Cd are performed, which allows us to consider the483

symmetry relation C
d : C

|d
neq = C

|d
neq : C

d.484
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5.5. Linearized case: Finite linear viscoelasticity485

The constitutive equation for the viscous flow Eq. (40) may be simplified when486

either linear finite logarithmic or linear small stress-strain relations are derived from487

the non-equilibrated contribution Wneq. In both cases, the same linear/linearized488

solution for the evolution equation is obtained, i.e. the so-called Finite Linear Vis-489

coelasticity. The (linear) viscous flow rule for the fully orthotropic model using the490

reverse multiplicative decomposition represents a generalization of the expression491

derived for the Sidoroff’s decomposition —c.f. Ref. [20]492

−
dEe

dt

∣
∣
∣
∣
Ė=0

= P
S :

(

V̄
−1 : PS :

d2Wneq

dEd
edE

d
e

)

: PS : Ee = T
−1
d : Ee (86)

where Ee is used in this section to represent either the internal elastic logarithmic493

strain tensor or the internal elastic infinitesimal strains tensor εe. The simplification494

in this case emerges from the fact that the integration of Eq. (86) during the viscous495

corrector substep gives an explicit update for t+∆t
0Ee in terms of trEe, i.e. —compare496

to Eq. (57) for the fully non-linear case497

(
I
S +∆tT−1

d

)
: t+∆t

0Ee =
tr
Ee ⇒ t+∆t

0Ee =
(
I
S +∆tT−1

d

)−1
: tr

Ee (87)

so no local Newton iterations are needed.498

6. Equilibrated contribution499

If the total gradient t+∆t
0X is known at time step t + ∆t, then the equilibrated500

contributions t+∆tSeq and
t+∆tCeq are just obtained from Ψeq(E) =Weq(E

d)+Ueq(J)501

as usual uncoupled deviatoric-volumetric hyperelastic calculations, i.e.502

Seq =
dΨeq

dA
=

dΨeq

dE
:
dE

dA
= T eq :

dE

dA
(88)
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Ceq =
dSeq

dA
=

dE

dA
:
dT eq

dE
:
dE

dA
+ T eq :

d2E

dAdA
(89)

For detailed formulae to compute these contributions for an incompressible orthotropic503

material, we refer to Ref. [29], Section 2.5.504

7. Determination of the viscosity parameters of the orthotropic model505

Consider a small strains uniaxial relaxation test performed about the preferred506

material direction e1 of an incompressible material. Equation (59) represented in507

preferred material axes and specialized at t = 0+ (just after the total deformation in508

direction e1 is applied and retained) reads —note that shear terms are not needed509

and that ε0e = εe(t = 0+) = ε(t = 0+) = ε0 are isochoric (traceless)510

−









ε̇0e11

ε̇0e22

ε̇0e33









ε̇=0

=
ε011
9












2
Eneq

11

ηd11
+

Hneq
12

ηd22
+

Hneq
13

ηd33

−
Eneq

11

ηd11
− 2

Hneq
12

ηd22
+

Hneq
13

ηd33

−
Eneq

11

ηd11
+

Hneq
12

ηd22
− 2

Hneq
13

ηd33












(90)

where we have defined511

Eneq
11 := 2µneq

11 + µneq
22 ν0

12 + µneq
33 ν0

13

Hneq
12 := µneq

11 + 2µneq
22 ν0

12 − µneq
33 ν0

13

Hneq
13 := µneq

11 − µneq
22 ν0

12 + 2µneq
33 ν0

13

(91)

and the initial Poisson ratios ν0
12 := −ε022/ε

0
11 and ν0

13 := −ε033/ε
0
11 are expressed in

terms of the equilibrated and non-equilibrated reference shear moduli through —c.f.
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Ref. [20]

ν0
12 =

µ0
33

µ0
22 + µ0

33

=
µeq
33 + µneq

33

µeq
22 + µneq

22 + µeq
33 + µneq

33

(92)

ν0
13 =

µ0
22

µ0
22 + µ0

33

=
µeq
22 + µneq

22

µeq
22 + µneq

22 + µeq
33 + µneq

33

(93)

The uniaxial stress at t = 0+ is found to be512

σ0
11 =

(
2µ0

11 + µ0
22ν

0
12 + µ0

33ν
0
13

)
ε011 =: E0

11ε
0
11 (94)

where E0
11 represents the instantaneous Young’s modulus in direction e1. Upon the513

split514

σ0
11 = Eeq

11ε
0
11 + Eneq

11 ε0e11 (95)

with515

Eeq
11 := 2µeq

11 + µeq
22ν

0
12 + µeq

33ν
0
13 (96)

the consideration of the first component in Eq. (90) and the subsequent comparison516

of Eq. (94) to the expression of its time derivative σ̇0
11 we readily arrive to517







2
Eneq

11

µneq
11

1

τ11
+

Hneq
12

µneq
22

1

τ22
+

Hneq
13

µneq
33

1

τ33
=

9

t011

(

1 +
Eeq

11

Eneq
11

)

Hneq
21

µneq
11

1

τ11
+ 2

Eneq
22

µneq
22

1

τ22
+

Hneq
23

µneq
33

1

τ33
=

9

t022

(

1 +
Eeq

22

Eneq
22

)

Hneq
31

µneq
11

1

τ11
+

Hneq
32

µneq
22

1

τ22
+ 2

Eneq
33

µneq
33

1

τ33
=

9

t033

(

1 +
Eeq

33

Eneq
33

)

(97)

where the experimental value t011 := −σ
0
11/σ̇

0
11 may be measured tracing the tangent518

to the relaxation curve σ11(t) at t = 0+. In Equations (97) the values of Hij and Eneq
ii519
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are defined as in Eq. (91) for their respective direction. Equations (97) are linear520

in the three independent (inverse) relaxation times 1/τ11, 1/τ22 and 1/τ33. Hence,521

they constitute a linear system from which we can determine the relaxation times522

τ11, τ22 and τ33 once the experimental factors t011, t
0
22 and t033 are known (measured).523

The three viscosities ηd11, η
d
22 and ηd33 are then obtained from Eq. (62). If the three524

“axial” viscosities are equal, i.e. µneq
11 τ11 = µneq

22 τ22 = µneq
33 τ33 = ηd, then Eq. (97)1 is525

uncoupled from the other preferred directions and provides the same result obtained526

in Ref. [20]527

ηd

µneq
11

= τ11 = t011
Eneq

11 /(3µneq
11 )

1 + Eeq
11/E

neq
11

(98)

For the present orthotropic case, three additional small strain shear tests are528

needed in order to completely characterize the present model. Since the shear com-529

ponents in Eq. (59) are fully uncoupled in the preferred material basis, we obtain530

from a simple shear relaxation test in the plane {e1, e2} under a plane stress condition531

ηd12
µneq
12

= τ12 = t012
1

1 + µeq
12/µ

neq
12

(99)

where t012 := −σ0
12/σ̇

0
12 is determined from the experimental shear stress relaxation532

curve σ12(t). Two homologous expressions for τ23 and τ31 are derived from the respec-533

tive simple shear tests performed in the other preferred planes {e2, e3} and {e3, e1}.534

8. Examples535

The following examples are designed to compare the obtained behavior against536

models based on the Sidoroff decomposition [13, 20] and to highlight the enhanced537

capabilities of the present anisotropic visco-hyperelasticity formulation based on the538

reverse multiplicative decomposition.539
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Figure 4: Uniaxial stresses derived from the equilibrated and non-equilibrated Ogden-type strain
energy functions [13] and predictions using the spline-based isotropic model [27].

8.1. Isotropic material540

In Ref. [20] we showed that the anisotropic model derived therein in full material541

description gives exactly the same results than the isotropic model of Reese and542

Govindjee [13] formulated in spatial principal directions when an isotropic (spline-543

based, Ogden-type or whatever) strain energy function is considered. Both models544

are based on the Sidoroff’s multiplicative decomposition. The same simple shear545

cyclic test simulation of the first example in Ref. [20] is performed herein, the546

only difference between them being the multiplicative decomposition employed in547

the formulation. That is, the same equilibrated and non-equilibrated deviatoric548

strain energy functions Weq and Wneq (using the spline-based model, see Figure 4),549

volumetric penalty function Ueq, relaxation time τ = ηd/µneq = 17.5 s and (mixed)550

finite element formulation are employed. We only compare the results obtained with551

the respective Finite (Non-Linear) Viscoelasticity formulations.552
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In Figure 5, the obtained Cauchy shear stresses σ12(t) are plotted against the553

engineering shear strains γ12(t) for three different amplitudes in the simple shear554

test.555

Both models predict the same behavior within the context of small strains. How-556

ever, the predictions given by the models separate when large shear strains are con-557

sidered (note that for purely axial loadings, both models would exactly predict the558

same viscoelastic behavior).559

Representative convergence rates for the unbalanced force and energy using a560

symmetric solver and an unsymmetric solver are shown in Table 1 for the case labeled561

(c′) in Figure 5. The symmetrization of the third addend in Eq. (75) and the562

subsequent use of a symmetric solver in the global finite element iterations are clearly563

justified in this case.564

Step 465
Iteration

Load norm
(Symmetric)

Load norm
(Unsymmetric)

Energy norm
(Symmetric)

Energy norm
(Unsymmetric)

1 1.412E+05 1.412E+05 1.771E+04 1.771E+04
2 7.923E+00 5.307E+00 5.455E-05 1.862E-06
3 3.334E-03 1.692E-04 6.050E-11 9.427E-12

Table 1: Comparison of convergence rates using the reverse decomposition and either a symmetric
solver or an unsymmetric solver. Case labeled (c′) in Figure 5

8.2. Orthotropic material with linear logarithmic stress-strain relations565

In this example from Reference [20] uniaxial in-axis orthotropic relaxation testing566

is performed along different material directions. Consider the following strain energy567

functions568

Weq(E
d) = µeq

11(E
d
11)

2 + µeq
22(E

d
22)

2 + µeq
33(E

d
33)

2 (100)
569

Wneq(E
d
e) = µneq

11 (Ed
e11)

2 + µneq
22 (Ed

e22)
2 + µneq

33 (Ed
e33)

2 (101)
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Figure 5: Cauchy shear stresses σ12(t) versus engineering shear strains γ12(t) = u(t)/h = u0/h ×
sin(0.3t) for the amplitudes: a) a’) u0/h = 0.01, b) b’) u0/h = 1, c) c’) u0/h = 2. Curves a, b and
c obtained using the model based on the Sidoroff decomposition as given in Ref. [20] (see also [13]).
Curves a’, b’ and c’ are obtained using the present formulation based on the reversed decomposition.
All the simulations are performed using the respective finite fully non-linear formulations (FV) (100
time steps per cycle).
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where only the axial components in principal material directions are needed in order570

to simulate the different uniaxial relaxation tests about the preferred material axes.571

We take the same values for the shear moduli in Eqs. (100) and (101) used in the572

second example in Ref. [20]573

µeq
11 = 4MPa , µeq

22 = 2MPa , µeq
33 = 1MPa (102)

574

µneq
11 = 5MPa , µneq

22 = 3MPa , µneq
33 = 2MPa (103)

In the example of Ref. [20], a single relaxation time τ11 = 20 s was needed in order575

to complete the definition of the model. The (non-independent) relaxation times576

τ22 = τ11 × µneq
11 /µneq

22 = 33.3 s and τ33 = τ11 × µneq
11 /µneq

33 = 50 s were then obtained577

by the model because of the isotropy assumption in the viscous component. In the578

present anisotropic case we need to prescribe three independent relaxation times (the579

three other relaxation times for shear behavior are not needed in this example). The580

initially undeformed block of 100 × 100 × 100 is deformed (quasi) instantaneously581

along material direction 1 up to a dimension of 300, whereas the other directions,582

due to material behavior, result in 66.2 for material direction 2 and 50.4 for material583

direction 3; see Ref. [20].584

In the first simulation within this example we prescribe the relaxation times that585

give as a result the same isotropic viscosity tensor used in Ref. [20] —see Eq. (62)586

τ11 = 20 s , τ22 = 33.3 s , τ33 = 50 s ⇒ ηd11 = ηd22 = ηd33 (104)

in order to show that the same results are obtained using the model based on the587

Sidoroff multiplicative decomposition and the present model based on the reversed588

one, both with the same isotropic viscous behavior. The same results are expected to589
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be obtained because the loads are applied over the preferred directions of the material590

and no rotations are present. Hence both decompositions are indistinguishable from591

a numerical standpoint, i.e. U = U eU v = U vU e. Furthermore, in this case the592

condition for the co-rotational rate X̊v = 0 is coincident to the condition Ẋv = 0,593

whereupon the non-equilibrated tangent moduli Cneq given in Eq. (75) preserves594

all the symmetries and no distinction between using a symmetric or a unsymmetric595

solver is needed in this example. In Figure 6 we can verify that identical stress596

relaxation curves (dashed lines) to those shown in Ref. [20] are obtained for the597

three (separate) uniaxial tests performed over the three preferred directions using598

the present model.599

As a second case within this example we prescribe independent relaxation times600

in order to show the enhanced capabilities of the present model when it is used with601

an orthotropic viscosity tensor. The following independently user-prescribed values602

for the axial relaxation times have been chosen603

τ11 = 80 s , τ22 = 100 s , τ33 = 25 s ⇒ ηd11 6= ηd22 6= ηd33 6= ηd11 (105)

In Eq. (104) the relations τ11 < τ22 < τ33 hold because µneq
11 > µneq

22 > µneq
33 , i.e. the604

stiffer non-equilibrated behavior in a given direction, the faster relaxation process605

associated to that direction. However, these restrictions do not necessarily hold in606

the present model, see Eq. (105). Indeed, we can observe in Figure 6 (solid lines)607

that in this case the material relaxes faster in direction 3 than in the other two608

directions. Since the same strain energy functions are used in all the simulations,609

the same instantaneous and relaxed states are obtained for each test, independently610

of the relaxation times being prescribed.611

Finally, introducing the material parameters given in Eqs. (102), (103) and (105)612
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Figure 6: Dashed curves: Stress relaxation curves σ11(t), σ22(t) and σ33(t) obtained from three
uniaxial relaxation tests performed about the preferred material directions 1, 2 and 3, respectively,
using the model based on the reverse multiplicative decomposition and the same isotropic viscosity
tensor used in the second example of Ref. [20]. Solid curves: idem using an orthotropic viscosity
tensor.

into Eqs. (97) we obtain the following values for the experimental parameters613

t011 = 75.5 s , t022 = 91.3 s and t033 = 43.8 s (106)

We can see in Figure 6 that the values t011, t
0
22 and t033 obtained from the computa-614

tional relaxation curves are in very good agreement with the preceding values. This615

fact proves the applicability of the material characterization procedure explained in616

Section 7 to the present computational model.617

8.3. Orthotropic material618

In this example we perform the analysis of an orthotropic visco-hyperelastic plate619

with a hole, see Figure 7. The plate is loaded about the x–axis, i.e. 30 away the620

principal material 1–axis. This example is the same as that given in Ref. [20]. In621
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Figure 7: Rectangular plate with a concentric hole: reference configuration, initial orientation
(α = 30o) of the preferred material directions and finite element mesh. Dimensions of the plate:
l0 × h0 = 32× 16mm2. Radius of the hole: r0 = 4mm.

this case we used (bidimensional) 9/3, u/p mixed finite elements, see [1]. We have622

employed in the simulations the same time increments and time sequences as in Ref.623

[20].624

The deviatoric responses of the equilibrated and non-equilibrated parts of our625

model are described by orthotropic spline-based strain energy functions of the type626

—c.f. Ref. [29]627

Weq(E
d) =

3∑

i=1

3∑

j=1

ωeq
ij (E

d
ij) (107)

628

Wneq(E
d
e) =

3∑

i=1

3∑

j=1

ωneq
ij (Ed

eij) (108)

whose first derivative functions are shown in Figure 8.629

The preceding equilibrated and non-equilibrated stored energy functions were630

used in the second simulation addressed within Example 3 in Ref. [20]. Therein,631

the prescribed value τ11 = 10 s implied τ22 = 10.23 s, τ33 = 23.86 s, τ12 = 3.78 s,632

τ23 = 17.82 s and τ31 = 21.63 s, thereby ηdij = ηd. Even though the formulation633
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Figure 8: (a) and (b): First derivative functions of the components of the strain energy function
Weq. (c) and (d): First derivative functions of the components of the strain energy function
Wneq. Note that the only difference between Weq and Weq is the component ω12. The symmetries
ω′

ij(−Eij) = −ω
′

ij(Eij) are considered for all the functions shown in this figure.
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employed in this case (based on the reversed decomposition) is different from the634

formulation used in Ref. [20] (based on the Sidoroff decomposition) we can see that635

very similar results are obtained in both cases; compare Figure 9 with Figure 13 of636

[20].637

In the second simulation addressed in the present example we modify the relax-638

ation time τ12 in order to show that with the present model we have control over639

the relaxation process associated to the change of the overall angular distortion from640

γ0
xy > 0 to γ∞

xy < 0. The values of the remaining relaxation times are preserved.641

The relaxation time τ12 is increased up to τ12 = 10 s. As a result, note that the642

numerical calculations show a shear relaxation process that is slower in Figure 10643

than in Figure 9. Furthermore, we observe that a complete relaxation has almost644

been achieved in Figure 9 at t = 155 s, while the plate in Figure 10 is still relaxing at645

that instant. Obviously, the other relaxation times could have been modified to give646

other very different relaxation processes, always preserving the same instantaneous647

and relaxed states. As a main consequence even though the present formulation is648

more complex, it is apparent that a wider spectrum of material behaviors may be649

captured with the present model than with that of Ref. [20].650

Convergence rates at representative steps using a symmetric and an unsymmetric651

solver are shown in Table 2. It can be seen that the use of a symmetric solver results652

in only about one additional iteration per step.653

9. Conclusions654

In this paper we present a phenomenological formulation and numerical algo-655

rithm for anisotropic visco-hyperelasticity. The formulation is based on a reverse656

multiplicative decomposition and on a split of the stored energy into distinct aniso-657

tropic equilibrated and nonequilibrated addends. The formulation is valid for large658
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Figure 9: Relaxation process of the plate using the model based on the reverse decomposition with
an isotropic viscosity tensor. Specifically, τ12 = 3.78 s. Deformed configurations and distributions
of
∥
∥σd

∥
∥ (MPa) at instants t = 0+ s, t = 5 s, t = 80 s and t = 155 s. Unaveraged results at nodes.
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Figure 10: Relaxation process of the plate using the model based on the reversed decomposition with
an anisotropic viscosity tensor. Specifically, τ12 = 10 s. Deformed configurations and distributions
of
∥
∥σd

∥
∥ (MPa) at instants t = 0+ s, t = 5 s, t = 80 s and t = 155 s. Unaveraged results at nodes.
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Time
(∆t)

Step
(Iteration)

Load norm
(Symmetric)

Load norm
(Unsymmetric)

Energy norm
(Symmetric)

Energy norm
(Unsymmetric)

2.5 s 20(1) 1.974E-01 1.974E-01 5.467E-03 5.466E-03
(0.125 s) 20(2) 1.261E-02 1.281E-02 5.877E-07 2.872E-07

20(3) 2.689E-05 8.682E-07 8.239E-11 1.975E-15
20(4) 5.823E-07 3.830E-14

20 s 50(1) 7.004E-01 7.004E-01 1.339E-01 1.339E-01
(1.5 s) 50(2) 2.286E-01 2.331E-01 1.535E-04 1.460E-04

50(3) 3.587E-04 2.225E-04 8.429E-09 1.223E-10
50(4) 1.054E-05 4.378E-08 7.515E-12 3.893E-17
50(5) 4.420E-07 1.249E-14

Table 2: Comparison of convergence rates using the reverse decomposition and either a symmetric
solver or an unsymmetric solver. Example of Figure 10.

deviations from thermodynamic equilibrium. The procedure may employ anisotropic659

stored energies and anisotropic viscosities. For the orthotropic case, six relaxation660

experiments completely define the viscosities. The procedure to obtain material661

parameters from experiments is also detailed. The algorithm is formulated using662

logarithmic stress and strain measures in order to facilitate the use of spline-based663

stored energies. The resulting algorithmic tangent may be slightly nonsymmetric.664

However, in the analyzed examples, the computational cost of using a symmetric665

tangent in terms of iterations is small.666
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