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Abstract

In this paper we present a novel formulation for phenomenological anisotropic
finite visco-hyperelasticity. The formulation is based on a multiplicative decomposi-
tion of the equilibrated deformation gradient into nonequilibrated elastic and viscous
contributions. The proposal in this paper is a decomposition reversed respect to that
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1. Introduction

Rubberlike materials and biological tissues are capable of sustaining large strains
and are frequently considered quasi-incompressible and hyperelastic in finite element
analyses, see for example [1, 2, 3, 4, 5, 6, 7]. In the observed behavior of these mate-
rials, specially in biological tissues, there is frequently a relevant viscous component
[3, 4]. Hence, visco-hyperelastic models are very important in both the engineering
and biomechanics fields.

Among the many types of formulations proposed for isochoric viscoelasticity, two
approaches stand out in finite element simulations. The first one was advocated by
Simo [6, 8] and successfully used by other researchers, see [3, 9, 10, 11, 12|, among
others. This formulation is based on stress-like internal variables and allows for
anisotropic stored energies. However, this formulation is not adequate for large devi-
ations from thermodynamical equilibrium [13, 14] (i.e. finite linear viscoelasticity).
Furthermore, the instantaneous and relaxed stored energies are usually proportional
6, 8].

The second approach has been proposed by Reese and Govindjee [13] and used
also in References [15] and [16] among others. In this approach the Sidoroff multi-
plicative decomposition [17] is employed and the stored energy is separated into equi-
librated and nonequilibrated parts following the framework introduced by Lubliner
[18]. The main advantage of this formulation is that it is valid for deformations
away from thermodynamical equilibrium and that distinct instantaneous and re-
laxed stored energies may be considered. As a drawback, the phenomenological
formulation is only valid for isotropy, although anisotropic formulations are possible
following these ideas and modelling the microstructure [19].

Recently we have developed a formulation following the ideas from Reese and
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Govindjee which is valid for anisotropic hyperelasticity and for deformations arbi-
trarily away from thermodynamic equilibrium (i.e. finite nonlinear viscoelasticity)
[20]. This formulation uses the Sidoroff multiplicative decomposition of the total
(equilibrated) deformation gradient into non-equilibrated elastic and viscous parts.
The equilibrated and non-equilibrated stored energies are formulated in terms of
logarithmic strains. These strain measures are intuitive [21, 22, 23] and allow for
simple formulations in large strain elasto-plasticity [26, 24, 25]. Furthermore, they
are employed in spline-based hyperelasticity [27, 28, 29]. Spline-based hyperelasti-
city introduced by Sussman and Bathe permits the exact (in practice) replication
of experimental data and also facilitates the interpretation of the material behavior
[20] in visco-hyperelasticity. Furthermore, it may be formulated as to preserve both
theoretical and numerical material symmetries consistency [30]. However, the incon-
venience of the formulation of Reference [20] based on Sidoroff’s decomposition is
that whereas the stored energies may be anisotropic, the viscous component should
arguably be isotropic. This is due to the intermediate configuration imposed by
the Sidoroff multiplicative decomposition. Hence, only one relaxation time can be
considered as an independent parameter (i.e. obtained from an experiment). The
relaxation times for the remaining components are given by the prescribed stored
energies [20].

The purpose of this paper is to present a formulation for anisotropic visco-
hyperelasticity in which both the stored energies and the viscous contribution are
anisotropic. Therefore, in orthotropy up to six independent relaxation times may be
independently prescribed, i.e. obtained from six different experiments as for the case
of isochoric spline-based orthotropic equilibrated and nonequilibrated stored ener-
gies [29]. The procedure employs a reversed multiplicative decomposition from that

used by Sidoroff. The intermediate configuration from this decomposition allows for
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the formulation of the stored energies using the same structural tensors and, hence,
facilitates the use of anisotropic viscosity tensors. The algorithm is introduced using
a special co-rotational formulation in order to facilitate a parallelism with the formu-
lation introduced in Reference [20]. As an inconvenience of the present formulation
when compared to the one presented in [20], the resulting non-equilibrated consistent
tangent moduli tensor is slightly non-symmetric for off-axis nonproportional loading.
However, for the numerical nonproportional examples presented in this paper typi-
cally only one additional iteration is employed when using a symmetrized tensor. For
the case of nonproportional off-axes loading, the observed behavior is also slightly
different due to the also different multiplicative decomposition employed. Therefore,
if the viscosity is considered isotropic, the formulation given in [20] may be pre-
ferred, but for more general anisotropic viscosities, the present formulation must be
employed.

In this paper we focus mainly on the large strain formulation using the reversed
decomposition. For a detailed small strains motivation and for some concepts used in
the kinematics of the multiplicative decomposition, the reader can refer to Reference

120].

2. Sidoroff’s and Reverse multiplicative decompositions

Unidimensional viscoelasticity is motivated by the standard solid rheological
model [6], see Figure 1, where the small elongations of the springs and the viscous

dashpot per unit device-length (i.e. infinitesimal strains) are related through

E=¢Ec+ &y (1)
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Within the context of three-dimensional large deformations, a generalization of this
additive decomposition in terms of some finite deformation measure is needed as
point of departure in order to formulate strain-based constitutive viscoelastic models.
One possibility was proposed by Sidoroff [17], who considered a multiplicative de-
composition of the deformation gradient motivated on the similar Lee multiplicative
decomposition in elastoplasticity [31, 32] —note that this tensor is usually written

as F', but we adopt the notation given in Ref. [1]
X = X.X, 2)

where X, includes the viscous contribution to the total deformation from the ref-
erence state to time ¢ and X, accounts for the remaining elastic (nonequilibrated)
contribution, see Figure 1. Motivated on the standard solid of Figure 1, the in-
termediate state may be interpreted as the internal, non-equilibrated “stress-free”
configuration obtained by the virtual elastic unloading of the equivalent Maxwell
element from the current configuration by means of X ! [33]. The hypothetically
relaxed total gradient is X* = X_'X = X,. However, as a clear difference with
finite elastoplasticity, note that this internal unloading is only fictitious even under
homogeneous deformations (i.e. the intermediate configuration is not strictly speak-
ing a “stress-free” configuration). The presence of an elastic deformation gradient
makes the system to be internally unbalanced, so the system is continuously evolv-
ing in order to reach thermodynamic equilibrium in the sense that X, — I and
X, — X, for a given (fixed) total gradient X. Hence, the intermediate configura-
tion is truly relaxed only when internal static equilibrium is attained. In that case,
note that the intermediate configuration has relaxed to (is coincident to) the actual

configuration, i.e. X = IX, at t — oo.
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Figure 1: Sidoroff’s multiplicative decomposition of the deformation gradient X = X .X,. Left:
Equivalent standard linear solid. Right: Sidoroff multiplicative decomposition

Consider now the standard solid of Figure 2. Of course, due to the additive
decomposition used in infinitesimal viscoelasticity, the mechanical devices of Figures
1 and 2 may be considered equivalent from a quantitative standpoint. That is, the
same model for the small strains unidimensional case [20] is obtained in both cases.
However, they admit different physical interpretations even for the small strains
case. Furthermore, they lead to different formulations in the large strains setting.
The extension of the rheological model shown in Figure 2 to the finite deformation
context is given by the reversed multiplicative decomposition of the deformation
gradient

X = X, X, (3)

where X, includes the elastic contribution to the total deformation from the reference
state to time ¢ and X, accounts for the remaining viscous contribution. An apparent
difference with the multiplicative decomposition of Figure 1 is that in this second
case, the virtual elastic unloading of the equivalent Maxwell element is performed

from the intermediate configuration to the reference configuration by means of X .
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Figure 2: Reverse multiplicative decomposition of the deformation gradient X = X ,X.. Left:
Equivalent standard linear solid. Right: Reverse multiplicative decomposition

The same hypothetically relaxed total gradient is obtained X* = (X, X_'X X =
X, in this case (we emphasize that these situations are only fictitious). However,
for a fixed total gradient X the intermediate configuration will have “relaxed” to
(will be coincident to) the reference configuration, i.e. X = X ,I at ¢ — oo, which
become the main difference between both multiplicative decompositions.
Viscoelasticity formulations based on strain-like internal variables are built on
the hypothesis of the existence of a strain energy density containing an equilibrated
contribution and a non-equilibrated one [18, 13]. Given a multiplicative decomposi-
tion of the deformation gradient X into an elastic part X, and a viscous one X,

the total stored energy function W is therefore written as
U=, (A)+ U,y (A) (1)

where A and A, are the Green-Lagrange strain tensors obtained from the total defor-
mation gradient X and the internal elastic gradient X, respectively. Of course, ¥,

and V¥,., may be expressed in terms of other Lagrangian strain measures. However,
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we employ for now quadratic strain measures because they facilitate the analytical
derivation of the material formulation, as we show in the following section.

There exists a crucial difference in the non-equilibrated part of the constitutive
hypothesis given in Eq.(4) when one uses either the Sidoroff or the reverse multiplica-
tive decomposition of the deformation gradient X. On the one hand, if X = X X,
the non-equilibrated Green-Lagrange strains A, and the strain energy function ¥,,,
are both defined in the intermediate configuration. Hence, the second Piola-Kirchhoff
stresses that directly derive from W,,, (i.e. S‘neeq = dV,,,/dA,, using the notation
introduced in Ref. [20]) also operates in that configuration. On the other hand, if
X = X,X,, both A, and V¥,,, are defined in the reference configuration and Slfeq

operates in the reference configuration as well. This consideration will show relevant

when deriving the constitutive equation for the viscous flow in Section 5.1.

3. Finite strain viscoelasticity based on the reversed decomposition

In Ref. [20] we derived a computational model for finite fully non-linear anisotro-
pic visco-hyperelasticity based on the Sidoroff’s multiplicative decomposition of the
deformation gradient given in Eq. (2). Departing from this kinematical hypothesis,
we show that the material formulation of the finite theory can be derived following
analogous steps to those followed in the infinitesimal case. This is possible due to
the fact that the second-order tensor on which depends V,., in Eq. (4), i.e. the
non-equilibrated elastic strain tensor A., can be expressed as an explicit function of
A and X ,, which may both be taken as the independent variables of the continuum

formulation

A (AX)=X,TA-A)X'=XToXxT:(A-A) (5)
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The symbol ® in the preceding expression denotes the mixed dyadic product between
second-order tensors (Y ® Z)ijkl =Y Zj.

The setting is different for the reversed decomposition given in Eq. (3) because
an explicit expression of A, in terms of A and X, is not found, so the material
formulation cannot be, a priori, derived as made with the original multiplicative
decomposition. However, we show next that the material formulation for the reversed
decomposition (and analogously, for the Sidoroft’s one) can be alternatively derived
departing from the spatial formulation. Subsequently, we will be able to develop a
model for finite anisotropic visco-hyperelasticity based on the reverse multiplicative
decomposition and logarithmic strains following similar conceptual steps to those

explained in Ref. [20].

3.1. Spatial description

From the reverse multiplicative decomposition of the deformation gradient X =
X, X, the expression of the spatial velocity gradient I = XX in terms of the
viscous velocity gradient [, = X, X ~! and the elastic velocity gradient I, = X.X ot
reads

l=1,+X,1.X,! (6)

where [ and I, operate in the current configuration and I, does in the intermediate
configuration. As made in Ref. [20], we are interested herein in obtaining the elastic
deformation rate tensor d. = sym(l.) as a function of both the deformation rate
tensor d = sym(l) and the viscous velocity gradient I, (or some quantity related to

the latter one). From Eq. (6) we obtain in the intermediate configuration

d. (d,1) = sym (X, 'dX,) — sym (X, '1;X,) (7)
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where [, stands for the co-rotational viscous velocity gradient
1° =1, — skew(l) = 1, —w = <X - va> X7 = X, X! (8)

and X, for the co-rotational rate of the viscous gradient. Since the co-rotational
total velocity gradient is given by I° := I — w = d, note that the two independent
variables in rate form in Eq. (7) may be seen as co-rotational (Jaumann-Zaremba)

rates, i.e. d. (d,l;) =d. (I°,1;). Equation (7) may be rewritten as

de (d,12) = M|, d+ M| 1 (9)

vid=o "

1°=0

where, for further use, we just identify the fourth-order mapping tensor —we omit

(minor) symmetrization issues for the matter of notation simplicity

S

(X, oXxT+XToXx,)=X,"oXT (10)

v v

1
de _

M, 15=0 " 9

This purely geometrical tensor lacks major symmetry in general and is responsible

for the lack of symmetry of the global tangent as it will be seen below. Equations

(7) or (9) may also be interpreted as
de =d.(d,0) + d (0,1]) = dcfpo_o + dey_ (11)

This interpretation will be useful in the two-step predictor-corrector integration
scheme used below. Note that with the consideration of the co-rotational rate of
the viscous gradient instead of its total rate, we arrive at a formulation which is
conceptually analogous to the spatial formulation based on the Sidoroft’s decompo-

sition of Ref. [20]. In this case the virtual state for which I; = 0, representing the

10



181

182

183

184

185

186

187

188

189

state in which the viscous velocity gradient relative to a reference frame with spin
w vanishes, naturally emerges from the (reversed) kinematic decomposition given in
Eq. (7). This state will define the internal kinematic constraint for no dissipation,
as we see below.

The material rate of Eq. (4) yields —we use d(-)/d(x) to denote total differenti-

ation of (-) with respect to the tensorial variable (x)

W=y (A) + ey (Ac)
ATy 4 AT

. A
dA dA, ‘
=S, A+ S‘Tfeq - A, (12)

where the superscript in expressions of the type ()¢ indicates that the variable (e)
has been obtained through differentiation with respect to the internal elastic strains
(A, in this case). This distinction will show relevant below. Since A, is the pull-back

of d. from the intermediate configuration to the reference configuration by means of
A =X"d.X,=X"oXT:d = M :d, (13)

and A is the pull-back of d from the actual configuration to the reference configura-
tion

A=X"dX =X"o0X":d=M!:d (14)

the respective push-forward operations of the terms in the right-hand side of Eq.

11
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(12) become

=8, X"dx +S° :x"d X,

neq *

= XS, X":d+X.8° X":d,

neq

o d Tl d, (15)

neq

In Eq. (15) we have defined the symmetric Kirchhoff stress tensors 7., (operating in

the actual configuration) and ‘rlneeq (operating in the intermediate configuration) as

Teq = XSeqXT:Seq:XTQXT:Seq:MIj (16)
e T e T T e Ae
neq =X S‘neqX S‘neq X © X S‘neq Mde (17)

The insertion of Eq. (9) into Eq. (15) gives

T e . de e de . J°
= (7ot T, M| y) d o+ 7, | (18)
15=0 d=0

where the mapping tensors Mge and Mld: perform the adequate transforma-
v ld=0

19=0

tions to the spatial configuration for work-conjugacy.

The dissipation inequality in spatial description

T:d—\i/:<7'—7'eq ‘neeq.l\\/JIde ) d— Tl Mff ;>0 (19)

neq ° d=0

is fulfilled in any case if, first (I;, = O implies no dissipation, so the equality must
hold)
T = Teqg + T, Mée = Teq+ Theq (20)

neq ° 15=0

12
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and, second, the Kirchhoff stresses ‘rlneeq dissipate power with the pull-back of I from
the current configuration to the intermediate one

_ e . opde
Theq - I\\/JIl3

=7l XX, >0 21
d=0 v Tneq v v - ( )

le

where Eq. (7) and the symmetry of 75, have been used. Equation (20) shows
that the existing geometrical mapping between the non-equilibrated Kirchhoff stress
tensors 7,4, operating in the actual configuration, and T'rfeq, defined in the interme-
diate configuration, is given by the same mapping tensor that relates d to d, when
l; = 0, i.e that of Eq. (10) —compare to the original Sidoroff’s decomposition where

le
Tneq = Tnegq

— e X o XT

19=0 neq

1
=5 (X X0+ Xomi X (22)

_ e . d
Tneq = Theq - M

neq neq<* v

From the definition of 7, in terms of T'feq, we notice the equivalence between the

following non-dissipative mechanical powers

Theq: d = Tle . deljoo = \i/neq (23)

neq 1°=0
o=

Finally, the dissipated power due to viscous effects given in Eq. (21) can be rewritten

using Eq. (11) as

—T‘Tfeq : Mldge o = —’Tlfeq D dely_g >0 (24)

which can be read as
. <0 25
|, < (25)
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The dissipation inequality in spatial description given in Eq. (24) will let us define
a general anisotropic constitutive equation for the viscous flow based on material

elastic logarithmic strains in the next sections.
3.2. Material description

From Egs. (9)—(11) we obtain

delpo_g = M

15=0 1°=0 . d (26)

Using Egs. (13) and (14), the Lagrangian counterpart of Eq. (26) is —note that we
can equivalently use the subscripts I, = 0 or X, = 0 in order to refer to the same
non-dissipative state

M A= 0A.

A 4 0A

p— Ae . de
= M : M

. o _ - .
X,=0 t,=0 X,—0

where we define the modified partial gradient

0A.

d
0A M

A

Pp— Ae . de .
=M M
X,=0

=XToxT. x'oxl . xTox T

—C,C o1 (28)

as the fourth-order tensor that maps the strain rate A to the strain rate A, when
there is no dissipation. The same result given in Eq. (28) is obtained taking the
time derivative of the elastic right Cauchy-Green deformation tensor C. (given in
terms of the deformation gradient X and the left Cauchy-Green deformation tensor
B;'=X_"X"as C, = X" B, ' X) and then specializing the result to the internal

state for which I, = w. In contrast to the formulation presented in Ref. [20], the

14



218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

viscous gradient X, does not remain completely constant when the mapping tensor
given in Eq. (28) is calculated (recall that X, = 0 implies X, = wX,). As a
result, that mapping tensor does not correspond in general to the partial gradient
of A, with respect to A from a mathematical point of view. This fact will be
relevant below. Interestingly, a clear parallelism between the formulations based on
the reversed multiplicative decomposition and the Sidoroff’s one may be established
if we use the symbol ¢ (instead of J) to represent the partial variation of a non-
equilibrated variable constrained by X, = 0 (instead of X, = 0). Hereafter we
adopt that notation.
Using Eq. (27) we obtain the following equivalent material descriptions of the
non-dissipative stress power per unit reference volume —compare to Eq. (23)
Slfeq : Ae %o = Seq A= \i/neq e (29)
This interpretation gives the existing mapping between the non-equilibrated Second

Piola-Kirchhoff stress tensors S, and Slfeq
AV (A.) A,
- dA. " A

X,=0

o 5\Ilneq
A

X,=0

Sneq = Sle . 0A.

neq ° 5A (30)

X,=0

le

Both stress tensors S, and Sy,

operate in the reference configuration but they are
associated to different deformations, represented by A and A, respectively. Further-
more, Identity (30); provides the way in which the non-equilibrated stresses S, are
obtained from W¥,,, in this case, i.e. by means of the partial variation of W,., with

respect to A along the non-dissipative, corotational path X, =0.

15
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4. Finite strain viscoelasticity based on logarithmic strain measures

In the preceding section we have obtained all the required tensors needed to prop-
erly formulate a finite fully nonlinear visco-hyperelastic model based on the reversed
decomposition defined in terms of Green-Lagrange measures. This continuum for-
mulation is valid for anisotropic compressible materials. However, we are mostly
interested in formulating a model for nearly-incompressible materials using logarith-
mic strains because of both their special properties [21] and the possibility of using
spline-based stored energy functions [27, 28, 29].

In order to achieve our objective, it is convenient to decompose first the total

deformation gradient using the Flory’s decomposition
X = (Jr)x (31)

where det(X d) = 1, and, subsequently, decompose the distortional part of the defor-

mation gradient by means of the reversed decomposition
X'=XiX9=X,X, (32)

That way, the isochoric nature of the non-equilibrium part is exactly preserved by
construction.

As it is usual when modelling the mechanical behavior of (nearly-)incompressible
materials with application in finite element procedures, Eq. (4) is divided into un-
coupled deviatoric and volumetric parts. In terms of the material logarithmic strain

measures associated the preceding multiplicative decompositions, it reads
V=W+U= Weq(Ed) + Wneq(Eg) + Ueq (J) (33)

16
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where both E and EY = E, are defined in the reference configuration as

E=1ln(C)=1n(X"X) and E. = 1In(C,) =1 (XTX,)  (34)

1
2
with

E'=E - Lr(E) with tr(E):=InJ:=In(det (X)) (35)

In Eq. (33), W = W,y + Wiy (both W,, and W, to be determined from experi-
mental data) depends on deviatoric, true, behaviors only and U = U,, will be used
to introduce the required volumetric penalty constraint to the deformation (J ~ 1)
in the numerical calculations.

In the next sections we derive the expressions of the second Piola-Kirchhoff stress
tensor TAYS and the corresponding tangent moduli **2/C when the multiplicative
decomposition § X = §JY35 X, X is known at ¢ and only the deformation gradient
HABX is known at t + At —for the incremental formulation we use the notation
given in Ref. [1]. We first address how to compute the non-equilibrated contribution

and then we address the simpler equilibrated one. Finally, the total stresses and
tangent moduli are obtained through +4{§ = HAlG 4 HALG  and FAIC =

t+At(Ceq + t+At(Cneq .

5. Non-equilibrated contribution

5.1. Constitutive equation for the viscous flow

In order to enforce the physical restriction given in Eq. (24)s in the logarithmic
strain space, we rewrite it attending to the purely kinematic power-conjugacy equiv-

alence between the stress power given by the elastic deformation rate tensor d. and

17
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the stress power given by the material rate of the elastic logarithmic strains E,

- Wneq d—o = _T‘neeq : de|d:0 = _T‘neeq : E€ B0 == Wneq B0 >0 (36)

where we define the non-equilibrated purely deviatoric generalized Kirchhoff stresses

as
T\e — deeq _ deeq ) dEg _ deeq
neq ° dE, dEg : iE. dEg

. Pd (37)

with P9 = I — 2T ® I being the fourth-order symmetric deviatoric projection tensor,

with components in any given basis

1 1
(]P)S)ijkl — 5 (6i/<:6jl + 5il5jk) — gél-jékl (38)

The stress tensor T'Tfeq relates to the Kirchhoff stress tensor ‘T‘Tfeq through

neq — ' neq

Tey = Theq - M (39)

where the mapping tensor M%e (not needed herein) may be easily obtained in spectral
form [20]. Equation (36) is automatically satisfied if we choose the following flow

rule

_4Be) iy (40)

dt |p_o ned

for a given fourth-order positive-definite viscosity tensor V—!, whereupon

T V1Tl >0 (41)

neq neq —

As an important difference with respect to the models based on the Sidoroff decom-

position, note that all the entities present in Eqs. (40) and (41) are defined in the

18
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reference configuration.

5.2. Integration of the evolution equation

The non-linear viscous flow rule given in Eq. (40) can be integrated by means
of a two-step, elastic predictor/viscous corrector incremental scheme. Within the

elastic predictor substep there is no viscous dissipation, so Eq. (24); yields
TP —Q = = Ay o trx, = Hityytr x| (42)
which may be integrated, employing the usual exponential mapping
"X, =exp ("MwAt) 1 X, (43)

The tensor exp(‘*2'wAt) can be identified after the integration of the equation

X =1lX,ie.
HALX = exp ("THIAL) DX ~exp (TTATdAL) exp (M wAL) EX (44)

and then comparing this approximation to the incremental multiplicative decompo-
sition
A A A A
HAIX = MAIX X = T VI REX (45)
where T2V and "A'R are the stretch and rotation tensors from the left polar
decomposition of the incremental deformation gradient 2! X relating the configu-

rations at ¢ and ¢ + At. Note that, in general, T3V #£ AV LV and "TAR #

HARER, see discussion in Ref. [25]. However, 2t J = 217t ] Hence, we can
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approximate the incremental distortional deformation by means of
exp (TAdIAL) = ATV and exp (TMwAt) = TR (46)

Equations (43) and (46)y provide the definition of the isochoric trial state at time
t + At as —the right arrow decoration means “rotated by T2 R?

rX,="MRIX, = (47)

t X

0Ly

tr __tr —1 t+At d __ (t —1t+Atx dt
Xe - Xv OX - (OX tV 0

v

X)X, = CATX, (18)
where all the quantities needed for the calculation of " X, and " X, are known. Note
that trial states are defined in base of Eq. (43) and have different form from usual
set-ups based on the Sidoroff decomposition [17, 13, 20] or the Lee decomposition
in plasticity [31, 26, 24]. Hence, in this case, we may interpret that the increment
of isochoric deformation t+A§Vd is completely applied to the elastic deformation
gradient X, within the trial substep by means of the pull-back of Aty t6 the
intermediate configuration through, see Figure 3.a
t—l—At‘rd — tXfl t—l—Atvth 49
t 0<% v t 04 ( )
A more intuitive interpretation is obtained if we previously rotate the actual

configuration at ¢ + At with "I R” (i.e. if we remove the rotation ™! R from the

two-point total and viscous deformation gradient tensors) as shown in Figure 3.b. In
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Figure 3: Multiplicative decomposition of the (isochoric) trial state at t + At. Two equivalent
interpretations.

that case we have —the left arrow decoration means “rotated by F2!R™”

t-‘,—Aé d = t+A§RT t+A6Xd — t+A€Ud é.Xd (50)
tr& — t+A£RT tTXv — BX’U (51)

trXe — tTX' 1 t+At£ X,;l tJrA;‘/Ud SXU) 6Xe — t+A§Td I(E)Xe (52)

w7 where TAIUY exp(HAtngt) is the distortional stretch tensor from the right

xs polar decomposition of 2! X? Thus we observe that, equivalently, the increment

w0 of isochoric deformation “FAIU?

is completely applied to the elastic deformation
20 gradient X, within the trial substep by means of the pull-back of "™ U? to the

su  intermediate configuration through —c.f. Eq.(49)

AT = XA X, (53)
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In any case, the trial logarithmic strain tensor is

1 1
g, = 3 In("C.,) = 3 In("xXTrx,) (54)

with 7" X, = g)g HAXTor X, = b X TR XY

Trial states associated to the models based on either the Sidoroff’s decomposition
or the reversed one are different in general. The respective trial states, and hence
the respective integration algorithms, are coincident for the very special cases of
axial loadings in isotropic materials or in orthotropic materials along the preferred
material directions.

Subsequently, during the viscous corrector substep the total deformation rate

d = 0. We exactly proceed as in Ref. [20]

E=0 = E.=E.|. (55)
E=0
i.e. using a backward-Euler integration in Eq. (40)
HAE, - "B~ -At (VT (56)
t+At

which provides a non-linear viscous correction for t+A6Ee in terms of " E, through

d ne:
vaig, o (v D) _ g, (57)
dEe t+At

The same non-linear evolution equation is obtained for the model based on the Sido-
roff’s decomposition that we derived in Ref. [20]. In both frameworks, once V~! and
Wheq are known, we can compute t+A6Ee for a given time step At performing local

iterations at the integration point level and then proceed to obtain the deviatoric
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342
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non-equilibrated stresses and tangent moduli at ¢ + At. However, two differences of
distinct nature have to be emphasized regarding the update of Eq. (57) associated to
either the Sidoroff or to the reverse decompositions. On the one hand, we have just
seen that the numerical calculation of the trial state is different for both decompo-
sitions and that the respective trial states are only coincident in very specific cases.
On the other hand, upon the acceptance of the reversed kinematic decomposition, we
have seen that Eq. (57) is completely defined in the reference configuration. Hence,
no further hypothesis regarding the evolution of the preferred directions are required
in this case because the non-equilibrated strain energy function W, is defined in the
reference configuration and the corresponding Lagrangian non-equilibrated stresses
are properly derived in that configuration, whatever the material symmetries are.
The tensor V~! may also be defined with the same material symmetries of Weq-
For practical purposes but without loss of generality of the present formulation,
we will assume herein that V! is a purely deviatoric orthotropic tensor given in

terms of six scalar viscosity parameters 77% = 77% through

3 3
1
-1 _ oS . s S| .mps
Vo=F: (ZZWLij‘X’LU) P (58)
i=1j=1""143
V-1

where ij =1/2(a; ® a;+ a; ® e;) stand for the structural tensors associated to the
material preferred basis X, = {a1, a2, as}. The evolution equation in rate form Eq.
(40) and its solution in terms of incremental elastic strains Eq. (57) become purely
deviatoric. It is apparent that, in general, "™ E, and " E, in Eq. (57) will not
have the same Lagrangian principal basis. In Section 7 we show how to obtain the

values of the material parameters nldj from experimental testing. Once the viscosity
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parameters 7; are known, the non-linear Equations (40) and (57) are to be used. In
those equations we will further assume that the viscosity parameters are deformation
independent.

The value of the material parameters nldj in Eq. (58) may be related to a set of
six independent relaxation times 7;; = 7;; for the orthotropic case. Note that we use
the same symbol for the relaxation times as for the Kirchhoff stresses but by context
confusion is hardly possible.

In order to obtain the existing relations between 77% and 7;; we must linearize the
response of the non-equilibrated orthotropic strain energy function W,,, in the flow

rule of Eq. (40) to obtain

dE, _ W,
=P V*:PS'% 'IPS:Ee:'IFf. :E.  (59)
dt EZO dE dEe lin lin
Tﬁn
where s
Wiaeo (B2, = ZZW (a;- Bla,)? = 35 (B2 (60)
i=1j=1 i=1j=1

% and the com-

is expressed in terms of the orthotropic reference shear moduli ,u"e
ponents of Ez in the material orthotropy basis X,, = {a1,as,as}. The subscript
lin implies a linearized constitutive law (usually at the origin), i.e. quadratic strain
energy with constant coefficients. The linearized fourth-order deviatoric relaxation

tensor ']I‘;1 1in, PrEsent in Eq. (59) is given in terms of the tensor Tl_irlw whose matrix
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s« (Voigt) representation in the preferred axes X, is

365

366

367

368

369

370

371

372

3

X

3

374

r 21
37’11
1 p12

3 T11
1 pis

[Tﬁi}xpr - 3111

1 P21

RS
21
37

1 pas

37’22

_Llps
3 733
1 p32

3 733

21

373
0

0

0

(61)

0
1

T31

The relaxation times 7;; and the coupling coefficients p;; are given by

d
Mij
neq

Tij =

Pij -

d
_ M
- .d
Mjj

i, j={1,2,3}

) i;éj:{l,Q,?)}

The tensor Tgﬁ, as given in Eq. (61), is non-symmetric in general. We remark that,

as a main difference with the isotropic viscosity /orthotropic elasticity formulation

presented in Ref. [20], the six relaxation times given in Eq. (62) are completely

independent, hence leading to a more general anisotropic visco-hyperelasticity for-

mulation. We show the high (enhanced) versatility of the present model in the

examples below. If the viscosity tensor is regarded as isotropic in Eq. (58), then we

can write V™1 = 1/(2n?)I° and the update formula Eq. (57) adopts the same form

as in Ref. [20], even though it is formulated herein in the reference configuration.

Equation (61) reduces in this case to T;;! = P¥: T, ! with T}

lin

lin>»

lin

resulting in a tensor

with diagonal matrix representation, which was for simplicity the shape chosen in
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Reference [20] for isotropic viscous behavior.
Finally, once a converged solution 2! E, has been obtained from Eq. (57), the

following (internal volume-preserving) update may be performed
t+A6X6 — tTRe t+A6Ue — trRe exp (t—l—A(t)Ee) (64)

or

t+A(t)XU — t+Aéxd t+A6Xg1 — trXU (trve t+A(t)V;1) (65)

5.8. Local Newton iterations for the non-equilibrated part

Once the trial elastic logarithmic strains " E, have been obtained using Eq.
(54), we proceed to solve Eq. (57) in residual form for the most general case when
hyperelasticity is non-linear in logarithmic strains. We can proceed as in Ref. [20]

but considering the residual equation

AWheq

RY® — E®) L A VL
g~ Hel T JE.,

) — "R, (66)
()

and employing the non-symmetric gradient

dREg
dE.

d*W,e — A*We
:I[S+At (Vl : ﬁ) :HS+PS . At (Vl :PS . Wd-Eqd) :PS (67)

The resulting iterative procedure for E. is volume-preserving due to the fact that

the term between parenthesis in Eq. (66) is purely deviatoric.

5.4. Non-equilibrated contribution to S and C

Once the elastic strains F, are known at t + At we can proceed to compute the

deviatoric non-equilibrated contribution to the stress and global tangent tensors. As
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we did in Ref. [20], it is convenient to take derivatives with respect to trial quanti-
ties in order to obtain the non-equilibrated stresses and tangent moduli consistent
with the predictor/corrector integration algorithm employed and then perform the
corresponding mappings.

First of all, the consideration of the Flory’s decomposition of Eq. (31) in Eq.
(30)3 gives

OWheq
0A

Wi
X,=0 5A

Sheq = — =g (68)

X,=0

where S lfeq is a modified second Piola—Kirchhoff stress tensor defined in the reference
configuration and dA%/dA represents the fourth-order deviatoric projection tensor
in the space of quadratic strains, see below.

The trial state is defined by “I; = 0. Then the distortional counterpart of Egs.
(7), (9) and (10) particularized to the trial state read —note that subscripts of the
type "1, = 0 or tr X » = 0 would be redundant for the trial state, hence they are

not indicated in the corresponding mapping tensors
trde = sym (tngldd trXU) _ trX;1 é trXZ . dd _ M;;de . dd (69)
As done in Section 3.2, the Lagrangian description of Eq. (69) is obtained as

. s . drA .
TAo=rC.o oI A= A (70)

which gives the mapping associated to the change of the independent variable A%
by the independent variable " A.. We define now the non-equilibrated second Piola-

Kirchhoff stress tensor Slfgq associated to the trial state, which operates in the ref-
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419
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422

erence configuration as well, such that —recall also Eq. (29)

. 2 d A A
S\tr . t?‘Ae — S|d A = Sneq A= Wneq . (71)

neq * neq * %.—o
=

which gives the following relation between the non-equilibrated stress tensors S4

neq
|tr
and S0,

sl gl oo gl LA

neq neq neq * 5Ad (72)

One important difference between this algorithmic formulation and the one pre-
sented in Ref. [20] is that in this case the trial intermediate configuration does not
remain constant during the finite-element global iterations at time ¢ + At because
this configuration is given by the trial elastic internal gradient, see Eqs. (48) or
(52). Hence, the fourth-order mapping tensor 6 " A,/ A? present in Eq. (72) has
also to be differentiated in order to obtain the existing relation between the consis-

tent tangent moduli C‘,?eq = dS!? /dAd and C‘,fzq = dSlr /d' A., which are to be

neq neq
obtained taking the total derivatives of SI% and S’ with respect to A? and " A,

neq neq

respectively, see discussion in Ref. [20]. In this case we have —note that 6" A,/ A*
has only minor symmetries and that the second addend in the right-hand side of the

following equation vanishes in the model based on the Sidoroff decomposition

|d [tr T T
ASke, _ Sk, 6" A. o d (5t Ae) 73

dt dt SA? ned g\ §A¢

.d .
Expressing the preceding equation in terms of A* and " A,, using Eq. (70) and

identifying terms

dsld tr T oogsltr tr tr
(AN A g (1A)

dA®  \ 5A¢ "dirA, T §AY " gAY\ sAY
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which, after some lengthy algebra, results in

cld — (MAe)T:C'“" 0" A
ned SA? neat 5 A4

+ Cd—l trCeCd—l é S\tr . Cd—l 6 S|tr trcecd—l (75)

neq neq

The first and second addends in the right-hand side of Eq. (75) have major symme-
tries, the former due to the major symmetry of le;’q (see below) and the latter due
to the symmetry of the second order tensors C? 1 C,C% ! and Slfgq. However, the
third addend in the right-hand side of Eq. (75) lacks major symmetry, in general.
As a result, the tangent moduli tensor C‘ﬁjeq may be slightly non-symmetric, as we
show in the examples. The lack of major symmetry in general situations emerges
from the fact that the fourth-order tensor 6% A./§ A? present in Eq. (74) does not
exactly correspond to the gradient of A, with respect to A%, as we have equiva-
lently explained in Section 3.2 using the strain tensors A, and A and the constraint
X, = 0, recall also Eq. (10). In other words, note that an explicit expression that
gives " A, as a function of A? does not exist for this formulation in general. How-
ever, we want to emphasize that the non-equilibrated strain energy function W,
only represents a deviation from the thermodynamical equilibrium, hence the possi-
ble nonsymmetry of leleq becomes less relevant if the symmetry of the total tangent
moduli C = C,, + C,,, is assessed. It can be shown that the total tangent moduli
C results to be numerically symmetric for the special case of isotropic materials un-
dergoing large shear deformations (first example below) and exactly symmetric for
the special case of orthotropic materials undergoing finite deformations along the

preferred material directions (second example below). Furthermore, for orthotropic

materials undergoing large off-axis deformations and large perturbations away from
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thermodynamical equilibrium, a very good convergence rate is still attained during
the global finite element iterations using the symmetric part of Eq. (75) and a sym-
metric solver (third example below). In order to symmetrize the tensor C‘ﬁjeq of Eq.

(75), just substitute SI C.C*! by its symmetric part, i.e. 8!%_ see Eq. (72).

neq neq’

The trial tensors S/ and Cli7,, present in Eqs. (72) and (75), may be obtained

neq

from our model, based on logarithmic strains, through

gltr 5Wneq

5Wneq
neq Str Ae -

tr tr
AUBe e d7E,
XUZO 5tTEe

. t o tr T meq gty
<o d7A, A A,

(76)

and —note that d"" E./d" A, has major and minor symmetries and that it represents

a formal (total) gradient

tr r tr r .
R L

neq dtrAe o dtrAe : dtrEe : dtrAe neq ° dtrAedtrAe

(77)

The trial generalized Kirchhoff stress tensor Tlfgq has to be previously related to

the updated generalized Kirchhofl stress tensor T'Tfeq, which is the resulting stress

tensor at each global iteration obtained from W, (Ez) using Eq. (37). We have
——compare to Eq. (30) and consider the change of variable E by " E,

Tltr Wieq _ AWheq : 0E, _ e . 0E, (78)
T O"E. % dE. 0"FE.|x _g OB % o
Hereafter, analogously as we did in Ref. [20], we approximate
oE
— ~I° = T ~Tk 79
5 trEe %o neq neq ( )

which is an approximation valid for A¢/7 < 1 in the most general case (as for the

le
neq

model based on the Sidoroft decomposition, note that Tlfgq = T, for the special
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cases of isotropic materials under arbitrary loadings or orthotropic materials under-
going finite deformations along the preferred material directions). If we do not wish
to take this approximation, we should compute the analytical mapping tensor present
in Eq. (78) and its derivatives in the numerical algorithm, cf. Ref. [20], Appendix
2. The modified second Piola-Kirchhoff stresses S!? are obtained combining, first,

Egs. (76), (78) and (79),

W,ey|  dVE,

ltr
S " d7 A,

med dE,

(80)
t+At

and then performing the mapping from the internal (trial) to the external (isochoric)
configurations using Eq. (72).

In order to obtain the consistent tangent moduli dT‘,fgq /d"E., needed in Eq.
(77), we have to take into consideration that the trial logarithmic strains " E. and
the updated logarithmic strains t+A6Ee are related in the algorithm through Eq.
(57). Hence

arly ATl AT, d7AUE,

neq neq neq

dv"E, dvE. dE. dVE,

(81)

with the tensor dHAéEe /d" E. providing the consistent linearization of the algo-
rithmic formulation during the viscous correction substep. Taking derivatives in Eq.

(57), we identify
~1

dTllr P We,
dv"E. dE.dE,

dRg
' dE,

(82)

t+AL t+A

where the algorithmic gradient d ™} E./d" E, is given by the inverse of Eq. (67)
evaluated at the updated strains t+A6Ee, see Section 5.3. Note that only the devi-
atoric part of this tensor is relevant in Eq. (82). Interestingly, although the algo-

rithmic gradient d'""2{E,/d" E, is, in general, non-symmetric in this case, the trial

consistent tangent tensor dT" /d*" E,, as given in Eqs. (81) or (82), has major and

neq
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minor symmetries. This is thanks to the fact that the viscosity tensor V71 in Eq.
(40) is fully symmetric [13, 20]. The modified consistent (non-symmetric, in general)
tangent moduli (Clyfleq for the non-equilibrated part is obtained combining, first, Egs.

(77), (79)2 and (82) —note that le;fq preserves major and minor symmetries

d"E.  dWe, A" E. d"E,

[tr _
Cres = 4w A, dE.dE. war ATE. TdTA,
AWe P7E,
4 I L (83)
dE, |, 5, d"Ad"A,

and then mapping the result from the internal to the external configurations using
Eq. (75). Mapping tensors relating material logarithmic strains to Green—Lagrange
strains are given in spectral form in, for example, Ref. [29], Section 2.5.

Finally, the isochoric non-equilibrated stresses S, and consistent tangent moduli
Cheq = dS1eq/dA are obtained from S‘:eq and ClL, = dS lfeq /dA® using the deviatoric

projection tensor dA%/dA (recall Eq. (68)) and its derivatives through —see Ref.
[20], Appendix 1

Sneq = ‘]_2/35‘7?6(1 (84)
and
(Cneq = ‘]_4/3(:‘7?6(1 (85)

In the derivation of Eq. (85) we have used the fact that the second and third addends
in the right-hand side of Eq. (75) cancel to each other when the two-index contraction
operations ce. C‘,?eq and (CLdeq . C? are performed, which allows us to consider the

symmetry relation C : (C‘Tfleq = (C‘Tfleq . C.
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5.5. Linearized case: Finite linear viscoelasticity

The constitutive equation for the viscous flow Eq. (40) may be simplified when
either linear finite logarithmic or linear small stress-strain relations are derived from
the non-equilibrated contribution W,.,. In both cases, the same linear/linearized
solution for the evolution equation is obtained, i.e. the so-called Finite Linear Vis-
coelasticity. The (linear) viscous flow rule for the fully orthotropic model using the
reverse multiplicative decomposition represents a generalization of the expression

derived for the Sidoroft’s decomposition —c.f. Ref. [20]

_dE,
dt

=P (V‘l (PS5 7d2Wneq
i=o dEdE;

>:IPS:Ee:'IF;1:Ee (86)
where E. is used in this section to represent either the internal elastic logarithmic
strain tensor or the internal elastic infinitesimal strains tensor €.. The simplification
in this case emerges from the fact that the integration of Eq. (86) during the viscous

corrector substep gives an explicit update for HABEG in terms of " E,, i.e. —compare

to Eq. (57) for the fully non-linear case
(15 + AIT,Y) - *NE. = "B, = "NE. = (I°+AT;) " "E,  (87)
so no local Newton iterations are needed.

6. Equilibrated contribution

If the total gradient HASX is known at time step t + At, then the equilibrated
contributions “At8,, and *A'C,, are just obtained from W ,(E) = Wy (E®)+U,4(J)
as usual uncoupled deviatoric-volumetric hyperelastic calculations, i.e.

d¥ey _ AV dE _ ;.  dE
dA dE “dA T dA

Seq = (88)
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S, dE dT., dE _ &E

_ _ b e
Co="a ~da aE da T Jada

(89)

For detailed formulae to compute these contributions for an incompressible orthotropic

material, we refer to Ref. [29], Section 2.5.

7. Determination of the viscosity parameters of the orthotropic model

Consider a small strains uniaxial relaxation test performed about the preferred
material direction e; of an incompressible material. Equation (59) represented in
preferred material axes and specialized at t = 0% (just after the total deformation in
direction e; is applied and retained) reads —mnote that shear terms are not needed

and that €’ = e.(t =0%) = e(t = 07) = €° are isochoric (traceless)

neq neq neq ]
2E11 Hy, Hys
20 R d
ell Uin 22 7133
0 neq neq neq
-0 _fn By Hi, Hiy
T | e 9 g T2t (90)
Uin! 7122 7133
. neq neq neq
%%, By Hy, 2H13
€=0 T d d d
Uiv 7122 7133
where we have defined
neq neq neq
BT o= 2007 + pgs"vis + s vty
neq neq neq. 0 neq. 0
Hiy" = pyy + 24195 11y — fizg Vi (91)
neq . neq
Hi5" = 7" — oy Vo + 2113511
Lo : . 0 .. _ .0 /.0 0 .. __0 /0 :
and the initial Poisson ratios v}, := —e5,/e}; and v}y := —e35/e}; are expressed in

terms of the equilibrated and non-equilibrated reference shear moduli through —c.f.
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Ref. [20]

0 neq
v s + 33
V?2 = 0 - 0 = Teq 7?3 neq (92)
Mg + [33 M22+M2 + ps3 + g
0 neq
M oy + 1
V?3 = 0 22 0 = r?ezq neq (93)
Hag T+ [3s psh st + fh33 + pzs
The uniaxial stress at t = 07 is found to be
‘711 = (2,“11 + ,U22V12 + N33V13) € = E11511 (94)

where EY, represents the instantaneous Young’s modulus in direction e;. Upon the
split
on = Effel + Eff'ed, (95)
with
BTl = 2u] + v, + NggV?g (96)
the consideration of the first component in Eq. (90) and the subsequent comparison

of Eq. (94) to the expression of its time derivative ¢{; we readily arrive to

2

En"1  Hp'l  Hy' :g<1 Efi’)
1

neq _ neq _ neq _ 0 neq
Hi1 T11 oo™ T22 M3z~ T33 131 Ey

Hy' 1 Ep' 1 Hy'l 9 <1+ ESS)

M T s T p Tss 13 Ep" (97)
HquL ngi Ep'1 _ 9 (1 E§§)
pin T Hagt Ta2 past Tsz o UG Eg3"
\
sis where the experimental value 9, := —o¥, /6, may be measured tracing the tangent

si9 to the relaxation curve oy (¢) at t = 07. In Equations (97) the values of H;; and E;;*
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are defined as in Eq. (91) for their respective direction. Equations (97) are linear
in the three independent (inverse) relaxation times 1/7y7, 1/79 and 1/733. Hence,
they constitute a linear system from which we can determine the relaxation times
T11, T2o and 733 once the experimental factors 9, t3, and t3; are known (measured).
The three viscosities nf,, nd, and nd; are then obtained from Eq. (62). If the three
“axial” viscosities are equal, i.e. piyiT11 = s T = s 733 = 1, then Eq. (97); is
uncoupled from the other preferred directions and provides the same result obtained

in Ref. [20] d neq neq
n — to M
i ML BB

(98)
For the present orthotropic case, three additional small strain shear tests are
needed in order to completely characterize the present model. Since the shear com-

ponents in Eq. (59) are fully uncoupled in the preferred material basis, we obtain

from a simple shear relaxation test in the plane {e;, e} under a plane stress condition

iy 1
M;L;q 12 = 121 + ,U /Iuneq ( )
where 9, := —a¥,/6%, is determined from the experimental shear stress relaxation

curve o13(t). Two homologous expressions for 793 and 73; are derived from the respec-

tive simple shear tests performed in the other preferred planes {es, es} and {es, e;}.

8. Examples

The following examples are designed to compare the obtained behavior against
models based on the Sidoroff decomposition [13, 20] and to highlight the enhanced
capabilities of the present anisotropic visco-hyperelasticity formulation based on the

reverse multiplicative decomposition.
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Figure 4: Uniaxial stresses derived from the equilibrated and non-equilibrated Ogden-type strain
energy functions [13] and predictions using the spline-based isotropic model [27].

8.1. Isotropic material

In Ref. [20] we showed that the anisotropic model derived therein in full material
description gives exactly the same results than the isotropic model of Reese and
Govindjee [13] formulated in spatial principal directions when an isotropic (spline-
based, Ogden-type or whatever) strain energy function is considered. Both models
are based on the Sidoroff’s multiplicative decomposition. The same simple shear
cyclic test simulation of the first example in Ref. [20] is performed herein, the
only difference between them being the multiplicative decomposition employed in
the formulation. That is, the same equilibrated and non-equilibrated deviatoric
strain energy functions W,, and W,,, (using the spline-based model, see Figure 4),
volumetric penalty function U,,, relaxation time 7 = n?/u™¢ = 17.5s and (mixed)
finite element formulation are employed. We only compare the results obtained with

the respective Finite (Non-Linear) Viscoelasticity formulations.
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In Figure 5, the obtained Cauchy shear stresses o1(t) are plotted against the
engineering shear strains 72(f) for three different amplitudes in the simple shear
test.

Both models predict the same behavior within the context of small strains. How-
ever, the predictions given by the models separate when large shear strains are con-
sidered (note that for purely axial loadings, both models would exactly predict the
same viscoelastic behavior).

Representative convergence rates for the unbalanced force and energy using a
symmetric solver and an unsymmetric solver are shown in Table 1 for the case labeled
() in Figure 5. The symmetrization of the third addend in Eq. (75) and the
subsequent use of a symmetric solver in the global finite element iterations are clearly

justified in this case.

Step 465  Load norm Load norm Energy norm  Energy norm
[teration  (Symmetric)  (Unsymmetric)  (Symmetric)  (Unsymmetric)
1 1.412E+05 1.412E+05 1.771E4-04 1.771E4-04
2 7.923E4-00 5.307E+00 5.455E-05 1.862E-06
3 3.334E-03 1.692E-04 6.050E-11 9.427E-12

Table 1: Comparison of convergence rates using the reverse decomposition and either a symmetric
solver or an unsymmetric solver. Case labeled (¢) in Figure 5

8.2. Orthotropic material with linear logarithmic stress-strain relations

In this example from Reference [20] uniaxial in-axis orthotropic relaxation testing
is performed along different material directions. Consider the following strain energy
functions

Weq(E?) = i1 (B))* + 135 (E5p)* + w3 (Eg)? (100)

Wneq(Ez) = /ffleq(Egn)Q + Nggq(Egm)Q + Nggq(Eg%)Q (101)
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Figure 5: Cauchy shear stresses o12(t) versus engineering shear strains vi2(t) = u(t)/h = uo/h x
sin(0.3t) for the amplitudes: a) a’) ug/h = 0.01, b) b’) uo/h =1, ¢) ¢’) ug/h = 2. Curves a, b and
c obtained using the model based on the Sidoroff decomposition as given in Ref. [20] (see also [13]).
Curves a’, b’ and ¢’ are obtained using the present formulation based on the reversed decomposition.
All the simulations are performed using the respective finite fully non-linear formulations (FV) (100
time steps per cycle).
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where only the axial components in principal material directions are needed in order
to simulate the different uniaxial relaxation tests about the preferred material axes.
We take the same values for the shear moduli in Eqgs. (100) and (101) used in the

second example in Ref. [20]
pii = 4MPa, pusi = 2MPa, psi = 1 MPa (102)

pit =5MPa, pss? = 3MPa, pys? = 2MPa (103)

In the example of Ref. [20], a single relaxation time 7, = 20s was needed in order
to complete the definition of the model. The (non-independent) relaxation times
Tog = Ti1 X P10/ pgs? = 33.3s and 733 = 71 X py1? /st = 50s were then obtained
by the model because of the isotropy assumption in the viscous component. In the
present anisotropic case we need to prescribe three independent relaxation times (the
three other relaxation times for shear behavior are not needed in this example). The
initially undeformed block of 100 x 100 x 100 is deformed (quasi) instantaneously
along material direction 1 up to a dimension of 300, whereas the other directions,
due to material behavior, result in 66.2 for material direction 2 and 50.4 for material
direction 3; see Ref. [20].

In the first simulation within this example we prescribe the relaxation times that

give as a result the same isotropic viscosity tensor used in Ref. [20] —see Eq. (62)
1 =208 , Tp=2333s, m3=050s = nf=n=n (104)

in order to show that the same results are obtained using the model based on the
Sidoroff multiplicative decomposition and the present model based on the reversed

one, both with the same isotropic viscous behavior. The same results are expected to
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be obtained because the loads are applied over the preferred directions of the material
and no rotations are present. Hence both decompositions are indistinguishable from
a numerical standpoint, i.e. U = U.U, = U,U,.. Furthermore, in this case the
condition for the co-rotational rate X » = 0 is coincident to the condition X » =0,
whereupon the non-equilibrated tangent moduli C,., given in Eq. (75) preserves
all the symmetries and no distinction between using a symmetric or a unsymmetric
solver is needed in this example. In Figure 6 we can verify that identical stress
relaxation curves (dashed lines) to those shown in Ref. [20] are obtained for the
three (separate) uniaxial tests performed over the three preferred directions using
the present model.

As a second case within this example we prescribe independent relaxation times
in order to show the enhanced capabilities of the present model when it is used with
an orthotropic viscosity tensor. The following independently user-prescribed values

for the azial relaxation times have been chosen

11 =808 , Ty =100s , T3 =25s = nY #nl #nk #nG (105)

In Eq. (104) the relations 717 < g9 < 733 hold because py1? > pns? > uss?, ie. the
stiffer non-equilibrated behavior in a given direction, the faster relaxation process
associated to that direction. However, these restrictions do not necessarily hold in
the present model, see Eq. (105). Indeed, we can observe in Figure 6 (solid lines)
that in this case the material relaxes faster in direction 3 than in the other two
directions. Since the same strain energy functions are used in all the simulations,
the same instantaneous and relaxed states are obtained for each test, independently
of the relaxation times being prescribed.

Finally, introducing the material parameters given in Egs. (102), (103) and (105)
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Figure 6: Dashed curves: Stress relaxation curves o11(t), o22(t) and o33(t) obtained from three
uniaxial relaxation tests performed about the preferred material directions 1, 2 and 3, respectively,
using the model based on the reverse multiplicative decomposition and the same isotropic viscosity
tensor used in the second example of Ref. [20]. Solid curves: idem using an orthotropic viscosity
tensor.

into Egs. (97) we obtain the following values for the experimental parameters
t), =755s, t9, =91.3s and t3; =43.8s (106)

We can see in Figure 6 that the values 9, t3, and tJ; obtained from the computa-
tional relaxation curves are in very good agreement with the preceding values. This
fact proves the applicability of the material characterization procedure explained in

Section 7 to the present computational model.

8.3. Orthotropic material

In this example we perform the analysis of an orthotropic visco-hyperelastic plate
with a hole, see Figure 7. The plate is loaded about the x—axis, i.e. 30 away the

principal material 1-axis. This example is the same as that given in Ref. [20]. In
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Figure 7: Rectangular plate with a concentric hole: reference configuration, initial orientation
(o = 30°) of the preferred material directions and finite element mesh. Dimensions of the plate:
lo X ho = 32 x 16 mm?2. Radius of the hole: 7y = 4 mm.

this case we used (bidimensional) 9/3, u/p mixed finite elements, see [1]. We have
employed in the simulations the same time increments and time sequences as in Ref.
[20].

The deviatoric responses of the equilibrated and non-equilibrated parts of our
model are described by orthotropic spline-based strain energy functions of the type

—c.f. Ref. [29]

3 3
Weg(BY) =Y wil(E]) (107)
i=1 j=1
3 3
Wneq(Ecel) = Zzw?jeq(Egij) (108)
i=1 j=1

whose first derivative functions are shown in Figure 8.

The preceding equilibrated and non-equilibrated stored energy functions were
used in the second simulation addressed within Example 3 in Ref. [20]. Therein,
the prescribed value 77 = 10s implied 79 = 10.23s, 133 = 23.868, 719 = 3.78s,
To3 = 17.82s and 737 = 21.63s, thereby ngj = n?. Even though the formulation
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Wheq. Note that the only difference between W,, and W, is the component wi>. The symmetries
wi;(=Eij) = —wi;(E;;) are considered for all the functions shown in this figure.
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employed in this case (based on the reversed decomposition) is different from the
formulation used in Ref. [20] (based on the Sidoroff decomposition) we can see that
very similar results are obtained in both cases; compare Figure 9 with Figure 13 of
[20].

In the second simulation addressed in the present example we modify the relax-
ation time 75 in order to show that with the present model we have control over
the relaxation process associated to the change of the overall angular distortion from
”ygy > 0 to 75, < 0. The values of the remaining relaxation times are preserved.
The relaxation time 715 is increased up to 75 = 10s. As a result, note that the
numerical calculations show a shear relaxation process that is slower in Figure 10
than in Figure 9. Furthermore, we observe that a complete relaxation has almost
been achieved in Figure 9 at ¢ = 155 s, while the plate in Figure 10 is still relaxing at
that instant. Obviously, the other relaxation times could have been modified to give
other very different relaxation processes, always preserving the same instantaneous
and relaxed states. As a main consequence even though the present formulation is
more complex, it is apparent that a wider spectrum of material behaviors may be
captured with the present model than with that of Ref. [20].

Convergence rates at representative steps using a symmetric and an unsymmetric
solver are shown in Table 2. It can be seen that the use of a symmetric solver results

in only about one additional iteration per step.

9. Conclusions

In this paper we present a phenomenological formulation and numerical algo-
rithm for anisotropic visco-hyperelasticity. The formulation is based on a reverse
multiplicative decomposition and on a split of the stored energy into distinct aniso-

tropic equilibrated and nonequilibrated addends. The formulation is valid for large

45



10
+ 14
t=0s
12
5 :
: 10
5 8
6
-5 = 4
2
-10
10
t=3s 5
5 I
4
0 3
- SESSS 2
-5 e F
A 1
-10
15
1
3 05
14
.
0.6
02
0

46

Figure 9: Relaxation process of the plate using the model based on the reverse decomposition with
an isotropic viscosity tensor. Specifically, 72 = 3.78s. Deformed configurations and distributions
of ||0'd|| (MPa) at instants t = 0"s, t = 5s, t = 80s and ¢t = 155s. Unaveraged results at nodes.
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Figure 10: Relaxation process of the plate using the model based on the reversed decomposition with
an anisotropic viscosity tensor. Specifically, 72 = 10s. Deformed configurations and distributions
of HO’dH (MPa) at instants t =0"s, t = 5s, t = 80s and ¢ = 155s. Unaveraged results at nodes.
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Time Step Load norm Load norm Energy norm  Energy norm

(At) (Iteration)  (Symmetric)  (Unsymmetric)  (Symmetric) (Unsymmetric)

2.5s 20(1) 1.974E-01 1.974E-01 5.467E-03 5.466E-03

(0.125s) 20(2) 1.261E-02 1.281E-02 5.877TE-07 2.872E-07
20(3) 2.689E-05 8.682E-07 8.239E-11 1.975E-15
20(4) 5.823E-07 3.830E-14

20s 50(1) 7.004E-01 7.004E-01 1.339E-01 1.339E-01

(1.55s) 50(2) 2.286E-01 2.331E-01 1.535E-04 1.460E-04
50(3) 3.587E-04 2.225E-04 8.429E-09 1.223E-10
50(4) 1.054E-05 4.378E-08 7.515E-12 3.893E-17
50(5) 4.420E-07 1.249E-14

Table 2: Comparison of convergence rates using the reverse decomposition and either a symmetric
solver or an unsymmetric solver. Example of Figure 10.

deviations from thermodynamic equilibrium. The procedure may employ anisotropic
stored energies and anisotropic viscosities. For the orthotropic case, six relaxation
experiments completely define the viscosities. The procedure to obtain material
parameters from experiments is also detailed. The algorithm is formulated using
logarithmic stress and strain measures in order to facilitate the use of spline-based
stored energies. The resulting algorithmic tangent may be slightly nonsymmetric.

However, in the analyzed examples, the computational cost of using a symmetric

tangent in terms of iterations is small.
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