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Abstract

Soft biological tissues are frequently modeled as hyperelastic materials. Hyperelastic
behavior is typically ensured by the assumption of a stored energy function with a
pre-determined shape. This function depends on some material parameters which are
obtained through an optimization algorithm in order to fit experimental data from
different tests. For example, when obtaining the material parameters of isotropic,
incompressible models, only the extension part of a uniaxial test is frequently taken
into consideration. In contrast, spline-based models do not require material param-
eters to exactly fit the experimental data, but need the compression branch of the
curve. This is not a disadvantage because as we explain herein, to properly charac-
terize hyperelastic materials, the compression branch of the uniaxial tests (or valid
alternative tests) is also needed, in general. Then, unless we know beforehand the
tendency of the compression branch, a material model should not be characterized
only with tensile tests. For simplicity, here we address isotropic, incompressible ma-
terials which use the Valanis-Landel decomposition. However, the concepts are also
applicable to compressible isotropic materials and are specially relevant to compress-
ible and incompressible anisotropic materials, because in biomechanics, materials are
frequently characterized only by tensile tests.
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1. Introduction

Soft biological tissues have a complex behavior. These materials sustain large
deformations, typically behave in an anisotropic manner, have viscous effects, suffer
damage and may grow or adapt (Humphrey, 2013; Fung, 2013). The basic ingredient
over which formulations to model this behavior are constructed is the hyperelastic
behavior. Hyperelastic behavior is a typical elastic behavior at large strains also
found in rubber-like solids. The experiments of Treloar (1944) are well known to
describe this type of behavior. In hyperelasticity it is assumed that there is a stored
energy function. The first derivative of this stored energy function gives the stresses
and the second derivative gives the tangent moduli (Ogden, 1997; Holzapfel, 2000).

The shape of the stored energy is usually assumed beforehand but some de-
grees of freedom are allowed through material parameters. These material param-
eters are computed in such a way that the predicted stresses fit some experimen-
tal data presented to the model. The computational algorithm for the material
parameters is a global optimization algorithm, typically the Levenberg-Marquardt
algorithm (Twizell and Ogden, 1983). The number and type of experiments pre-
sented to the model vary in the literature. In isotropic materials, sometimes only
the tensile test (the extension part of the curve) is used to characterize the material
and then the result is checked against other experiments (Khajehsaeid et al., 2013;
Lopez-Pamies, 2010; Maeda et al., 2015; Steinmann et al., 2012; Bechir et al., 2006).
In other cases, the authors analyze fittings to the tensile test curve alone on one side
(or to other single curve, as in Kakavas (2000)) and with several types of experimen-
tal data together on the other side (Twizell and Ogden, 1983; Maeda et al., 2015;
Gendy and Saleeb, 2000; Stumpf and Marczak, 2010). Some works use uniaxial ten-
sion curves together with equibiaxial tension curves (Pancheri and Dorfmann, 2014;
Ogden et al., 2004; Palmieri et al., 2009), curves from a uniaxial tension-compression
test (Bradley et al., 2001), curves from biaxial tests (Ogden et al., 2004; Ogden, 2004;
Hariharaputhiran and Saravanan, 2016), curves from uniaxial tests alone and sev-
eral combinations of tests simultaneously in the same work (Mansouri and Darijani,
2014), and so on. Stumpf and Marczak (2010) show that, “even if a model fits
accurately with a single set of experimental data, caution should be taken when us-
ing these parameters to simulate the elastomer behavior under a different, or even
a combined, case of deformation”. This empirical conclusion is given in different
works (Urayama, 2006), and goes back at least to the work of Treloar (1975). How-
ever, the problem has not been properly and definitely addressed because as recently
mentioned in Destrade and Dorfmann (2015), “some codes even perform the curve
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fitting exercise for its users, who are simply required to provide experimental data
from a tensile test performed on a given soft material. As it happens, non-unicity of
the best-fit parameter set can occur when N ≥ 2”(where N is the number of terms
of Ogden’s model). Experimental evidence shows that in some materials there is a
symmetry between the tension and the compression branches, so in these cases it is
possible to reformulate constitutive models as to explicitly take this fact into consid-
eration (Moerman et al., 2016). In Ogden et al. (2004) an analysis of the goodness
of the predictions obtained when using several combinations of tests is performed,
concluding that the combination of both uniaxial and equibiaxial tension tests gives
the best results to this question. However, no clear physical explanation for this
important conclusion is given for the recommendation apart from the numerical ev-
idence based on a particular model. Recently Puglisi and Saccomandi (2016) also
conclude that “this non-uniqueness can represent a limitation of the theory both in
the perspective of a physical interpretation of these parameters and in the numerical
applications. In particular, two distinct sets of parameters giving an equally good
fitting in tension lead to completely different predictions for other deformations, see
Ogden et al. (2004) for an example ”. Again, no clear explanation is given for the
addressed problem; the authors just refer to the numerical evidence. From the fore-
going works, it is obvious that a well-informed researcher, specially since the work
of Ogden et al. (2004), knows that more than a tensile test is needed to characterize
a hyperelastic material and that in isotropy tensile and equibiaxial tests are a good
combination. This is a very important (frequently overlooked) conclusion because
as mentioned in Ogden et al. (2004) “careful mathematical analysis is needed to en-
sure confidence in the resulting numerical solutions”. However, what is lacking in
the literature is precisely a proper explanation and understanding of the underlying
physical reason which clearly states the tests needed to adequately characterize the
material, so the desired confidence in numerical solutions is obtained.

In anisotropic hyperelastic materials, specially in biological tissues, the same
situation is encountered. Because these materials are more complex and experi-
mental curves more difficult to obtain, it is frequent to use only extension data to
characterize or study the material, i.e. to obtain the material parameters, see for
example Holzapfel (2006); Li and Robertson (2009); Shearer (2015); Holzapfel et al.
(2015); Itskov and Aksel (2004); Grytz et al. (2016); Angeli et al. (2015); Chen et al.
(2016); Pierce et al. (2015), among many others. These parameters from tensile tests
have also been used to perform simulations on biaxial experiments and compare
to experimental data (Cooney et al., 2015). Sometimes planar tension tests alone
(Santamaŕıa et al., 2015) or biaxial, equibiaxial or tensile membrane tests alone are
also used, see for example Sacks (2003); Natali et al. (2006); Tricerri et al. (2016);
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Cortes and Elliott (2016); Gasser (2016); Kamenskiy et al. (2015); Lee et al. (2016);
Fehervary et al. (2016), just to name some recent works. Compression tests are
also used to characterize anisotropic materials, see for example Chen et al. (2015);
Van Loocke et al. (2006); Ateshian et al. (1997). In summary, it seems to be un-
clear in the literature which is the number of tests needed to adequately determine
the material behavior because the underlying physical reason was probably not well
understood even in the isotropic model. This problem is specially significative in
biomechanics, where the material parameters of a large number of models are deter-
mined using only one type of test, for example tensile tests in one or two directions.
Then, the material constants determined this way are thereafter used to predict the
behavior in other tests or used in general finite element simulations expecting that
the material behavior is represented in any loading condition that may appear at the
stress integration points.

What-you-prescribe-is-what-you-get (WYPIWYG) hyperelasticity (or spline-based
hyperelasticity) is a different approach. The incompressible isotropic model, which is
based on the Kearsley and Zapas (1980) inversion formula, is due to Sussman and Bathe
(2009) and is currently available in the general-purpose commercial finite element
code ADINA. The transversely-isotropic and orthotropic incompressible versions,
which employ a more general inversion formula, are due to Latorre and Montáns
(2013, 2014). These models present a purely phenomenological and mainly numeri-
cal approximation to the problem. Stored energy shapes are not given beforehand,
but obtained from the experimental data. The stored energy is exactly obtained, up
to machine precision (Latorre et al., 2016; Romero et al., 2017), in as many points
as desired, and then it is interpolated using splines (although other interpolation
functions are possible).

However, the WYPIWYG approach needs both the extension and the compression
part of the uniaxial curves. In this approach it is not possible to obtain the stored
energy without the explicit knowledge of both extension and compression branches.
As in the infinitesimal framework, in general, a correct complete set of tests must be
specified to determine the material behavior in both isotropic and anisotropic WYPI-
WYG procedures (Sussman and Bathe, 2009; Latorre and Montáns, 2013, 2014; Latorre et al.,
2016; Romero et al., 2017). If one is not known, a reasonable assumption must be
made. This could be considered as a disadvantage of WYPIWYG models when
compared to analytical ones determined from optimization procedures. However, we
explain here the reason why both extension and compression parts are always needed
to correctly (and completely) define not only WYPIWYG models, but most models
as well. Then, the goodness of the material parameters to fit the extension part of the
tensile test alone says little, in general, about the goodness of those material param-
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eters to represent the overall material behavior. As with the WYPIWYG models, if
one branch is not known, a reasonable hypothesis should be made before computing
the material parameters over all, experimental and assumed, data. This way the
model will behave as the modeler expects and confidence in numerical solutions is
obtained.

The concepts explained in this paper are general and applicable to any material,
compressible or incompressible, isotropic or anisotropic, and to any stored energy
function. However, they are easily explained for isotropic incompressible materials
employing the Valanis-Landel hypothesis (Valanis and Landel, 1967) because only
one curve (including extension and compression parts) is involved and the exposition
is simpler.

The rest of the manuscript is structured as follows. We first address the usual
form of determining the material parameters in traditional phenomenological mod-
els. Then we address the inversion formula that solves exactly the problem of finding
the stored energy density values from experimental data, and the Sussman-Bathe in-
terpolating procedure to obtain an analytical function. We highlight the need of the
compression branch in applying that formula, and the completeness of the tension
and compression branches to fully determine the material behavior in any loading
condition. Finally we address some examples considered in Ogden et al. (2004) us-
ing Ogden’s model in order to analyze the conclusions raised therein from a new
perspective. We finally show that the stored energy functions obtained following the
proposed procedure may be employed with confidence if the constitutive hypotheses
hold.

2. The usual approach for determining stored energy functions

In order to guarantee the absence of dissipation in hyperelastic material models,
the common approach consists of assuming the existence of a strain energy function
with a specific analytical shape (e.g. exponential, logarithmic, etc.). The initial
function depends on some freely prescribed material parameters which are unknown
beforehand. These material parameters are obtained from a numerical optimiza-
tion algorithm in such a way that the analytical predictions for the experimental
test(s) are as close as possible (in a least squares sense) to the experimental obser-
vations for the given test(s), hence determining the actual, final expression for the
material model at hand. A commonly used optimization algorithm is the Levenberg–
Marquardt algorithm (Twizell and Ogden, 1983). Hereafter, and for the matter of
simplicity along the exposition, we assume that the material being characterized is
isotropic and incompressible.
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An example of error function (objective function) to be employed in the mini-
mization problem is given in Ogden et al. (2004) as

S(β) :=
∥
∥
∥τ (λ̂,β)− τ̂

∥
∥
∥

2

=

N∑

n=1

[τ(λ̂n,β)− τ̂n]
2 (1)

where λ̂ = [λ̂1, λ̂2, ...λ̂N ]
T is the vector of the N experimental stretches associated to

the corresponding N experimental Kirchhoff stresses τ̂ = [τ̂1, τ̂2, ...τ̂N ]
T , τ(λ̂n,β) are

the stresses predicted by the analytical model at the discrete experimental stretch
values λ̂n and β = [β1, .., βM̄ ] are the selected M̄ model parameters (i.e. design
variables of the optimization procedure). The norm ‖·‖ is the standard 2-norm.
Note that the hat accent implies experimental discrete values, whereas the absence
of the accent implies values obtained from the assumed continuum analytical model.
Then, the problem is to find the set of material parameters β that minimizes the
error function, i.e.

β = arg

(

min
β

S(β)

)

(2)

We note that the principal Kirchhoff stresses τ (coincident to Cauchy stresses σ by
incompressibility) may be obtained from the assumed stored energy function W as

τi = λi

∂W

∂λi

+ p with i = 1, 2, 3 (3)

where p is the Lagrange multiplier associated with the incompressibility constraint
and W is a function of the stretches for a given material, but a function also of the
material parameters β when considering different materials (i.e. different fits). The
principal first Piola–Kirchhoff (and nominal) stresses are obtained by

Pi ≡
τi
λi

=
∂W

∂λi

+
p

λi

with i = 1, 2, 3 (4)

It should be obvious from Eqs. (3) and (4) that minimizing the experimental error in
Kirchhoff stresses is not the same as minimizing it in first Piola–Kirchhoff stresses un-
less the error completely vanishes; this last situation being obtained within the spline-
based interpolation procedures (Sussman and Bathe, 2009; Latorre and Montáns,
2013, 2014; Latorre et al., 2016; Romero et al., 2017). However, we address here
only the typical error function given in Ogden et al. (2004).

In particular, Ogden’s model for isochoric isotropic materials, as given in Ogden et al.
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(2004), assumes exponentiated shapes of the form

W =
M∑

m=1

µm

αm

(λαm

1 + λαm

2 + λαm

3 − 3) (5)

where λ1, λ2, λ3 are the principal stretches of the deformation, constrained by λ1λ2λ3 =
1. The model is based on the Valanis–Landel decomposition. For practical purposes
the sum in Eq. (5) must be restricted to a limited number of M̄ = 2M parameters,
typically six (M = 3) to eight (M = 4) (Ogden, 1997; Ogden et al., 2004) —more
terms may be required in some cases (Sussman and Bathe, 2009).

According to the common approach, to fully determine the strain energy function
W, we have to obtain the set of parameters β = [α1, .., αM , µ1, .., µM ] such that
the derived stresses better adjust to experimental data. The relevant issue in the
present paper is to show that some widely used procedures are ill-posed from a
physical standpoint, which clearly explains why the obtained results strongly affect
the predictions under loadings different from those used to determine the strain
energy function.

Ogden et al. (2004) consider several possible procedures in order to determine
the parameter set β. According to Ogden et al. (2004), the experimental stress data
τ̂ used to find the material parameters can be obtained by one of the following
procedures:

• By a uniaxial tension experiment alone

• By an equibiaxial tension experiment alone

• Simultaneously by both uniaxial and equibiaxial tension experiments

In their work Ogden et al. (2004) show that these three different cases lead to dif-
ferent sets of parameters. Moreover, they show that even if a single type of the three
experimental possible procedures to determine the material parameters is considered,
but the optimization fitting process is initialized with different starting values, then
different parameter sets are obtained. From a mathematical standpoint, this implies
that the problem presents several local minima and that there is no guarantee of
reaching a global minimum. This procedure just gives a numerically better fit of the
model to the specific experimental data presented according to the selected objective
function. In summary, for Ogden’s model (the situation is similar in most models),
the minimum of the optimization problem depends on:

• The number of terms considered in Eq. (5)
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• The type of the experimental data used in the problem

• The (arbitrary) initial values given to the model parameters

• The selected objective function to be optimized

• The number of experimentally measured points

Then, the question raised is whether the material model obtained this way (the
obtained material parameters) represents the material behavior in any other loading
situation, and whether it does better than any other possible solution (any other
possible minimum) so the required confidence in numerical solutions is obtained. In
an attempt to solve this issue, the recommendation in Ogden et al. (2004) was to
use more than a set of experimental data, possibly of different test types. However,
the underlying reason for that recommendation is not given, maybe because the
solution to this very delicate question is hidden by the global nature of the parameter
fitting procedure. Following a very different approach we explain below in the large
strain context, both physically and mathematically, the underlying reason for the
multiplicity of solutions reported in Ogden et al. (2004).

3. The generalized inversion formula and the Sussman–Bathe procedure

The procedure in Sussman and Bathe (2009) is essentially different (in both
conceptual and numerical terms) to the typical approach employed in hyperelas-
ticity. Instead of assuming the shape of the stored energy function and perform-
ing a global parameter fitting procedure, spline-based energy functions are used to
achieve a local, exact fit of experimental data. We have extended the method to
transversely isotropic materials (Latorre and Montáns, 2013) and orthotropic ones
(Latorre and Montáns, 2014), in order to use them to model biological tissues as
arterial wall (Latorre et al., 2016) and skin (Romero et al., 2017). The model of
Sussman and Bathe, as many other isotropic models (among them Ogden’s model),
hinges on the Valanis and Landel (1967) decomposition of the deviatoric stored en-
ergy function, which may be written in terms of the principal isochoric logarithmic
strains Ei = ln(λi), i ∈ {1, 2, 3}, as

W(E1, E2, E3) = ω(E1) + ω(E2) + ω(E3) (6)

where ω(E) stands for the same scalar-valued function of each principal logarithmic
strain component Ei. These strains are subjected to the incompressibility condition
which is written as in the infinitesimal case: E1 + E2 + E3 = 0. Then, in order
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to determine the single-variable function ω(E), a tension-compression test data set
σ̂u(Ê1) is needed. In the case of analytical (assumed) models, as for the case of
Ogden’s model, the shape of ω (E) is given beforehand. In clear contrast, in the
procedure promoted by Sussman and Bathe, the solution function ω(E) is exactly
computed at as many points as desired and then the analytical expression is built
through spline interpolations, hence any shape of ω (E) (e.g. exponential, polyno-
mial, etc.) may be captured. In order to do so, Sussman and Bathe (2009) employed
the Kearsley and Zapas (1980) formula, which was compacted and generalized for
anisotropy in Latorre and Montáns (2013).

The Kearsley and Zapas (1980) formula solves the equilibrium equation of the
(tension-compression) uniaxial test for the case of incompressible isotropic hypere-
lasticity. In this case, the governing equation is —we denote by σu ≡ σ1 the stresses
in the uniaxial test direction

σu (E1) = ω′ (E1)− ω′ (E2 (E1)) = ω′ (E1)− ω′
(
−1

2
E1

)
(7)

where the last addend is due to the initially unknown pressure, which in this test
is determined by the stress-free condition in both transverse directions, specifically
σ2 = σ3 = 0. Note that as in the infinitesimal case E2 (E1) = E3 (E1) = −E1/2. We
here remark that Eq. (7) is valid in general (not just for a specific model), as long as
the Valanis-Landel hypothesis is assumed. We also remark that this equation clearly
shows that the stresses in a tensile test depend (also) on the compression branch
of the stored energy. In order to solve Eq. (7)1 for ω′ (E), consider the following
recursive expressions

σu (E1) = ω′(E1)− ω′ (E2 (E1)) (8)

σu (E2 (E1)) = ω′ (E2 (E1))− ω′

(

E
(2)
2 (E1)

)

(9)

...

σu

(

E
(k)
2 (E1)

)

= ω′

(

E
(k)
2 (E1)

)

− ω′

(

E
(k+1)
2 (E1)

)

(10)

...

where we defined
E

(k)
2 (E1) := E2 (E2 (...E2 (E1)))

︸ ︷︷ ︸

k times

(11)

with
E

(0)
2 (E1) := E1 (12)
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Adding all equations we obtain the generalized inversion formula for the uniaxial
test

ω′ (E1) =
∞∑

k=0

σu

(

E
(k)
2 (E1)

)

(13)

where we have used the fact that E
(∞)
2 (E1) = (−1/2)∞E1 = 0 and we take ω′ (0) = 0.

Since σu (0) = 0, this solution series converges to any required precision in a finite
number of terms. For the isotropic case at hand the inversion formula Eq. (13) is the
same as the Kearsley and Zapas formula (in compact form), which may be written
as

ω′(E1) =
K∑

k=0

σu

((

−
1

2

)k

E1

)

(14)

= σu (E1) + σu

(

−
1

2
E1

)

+ ... (15)

We note that for K → ∞ the solution is analytically exact for each value E1, either
positive (tension branch) or negative (compression branch), and for K sufficiently
large (typically 20 to 30) the solution is exact to machine precision. We here re-
mark that Eq. (14) is the general solution of the derivative of the stored energy
function density for incompressible isotropic materials fulfilling the Valanis-Landel
decomposition, not the solution of any particular model.

Then, the solution of Eq. (14) needs the evaluation of a stress-strain curve

σu (E) at different points for each given value Ê1, more precisely at
(
−1

2

)k
Ê1 with

k = 1, ..., K, which do not necessarily coincide with values contained within the
experimental points set Ê1 (where the set σ̂u is known). Therefore, the N experi-
mental data points σ̂u(Ê1) are initially interpolated using piecewise cubic splines in
order to be able to evaluate σu (E) in the right-hand side of Eq. (14) at any arbitrary
argument value E. Then, Eq. (14) is evaluated at a new set of equispaced values Ē1,
say ω̄′

(
Ē1

)
. Note that Ē1 6= Ê1 in general. In order to have an analytical function

that may be employed in any loading situation for both analytical calculations and
finite element analyses, the computed points ω̄′

(
Ē1

)
are finally interpolated to give

as a result the actual spline function ω′ (E), which is a continuous analytical function
with also continuous first (i.e. ω′′ (E)) and second (i.e. ω′′′ (E)) derivatives.

4. The necessity of the compression branch in hyperelastic tension tests

The inversion formula Eq. (14), which solves Eq. (7) up to the desired preci-
sion, clearly shows that in order to obtain a stored energy (first derivative) func-

10



tion value ω̄′ = ω′
(
Ē1

)
for a given strain value Ē1 > 0 of the tension branch, we

need to know not only the stress value σu

(
Ē1

)
> 0, but also the stress values at

E
(k)
2

(
Ē1

)
= (−1/2)k Ē1, which take both tension (positive, i.e. k is even) and com-

pression (negative, i.e. k is odd) values of the curve σu (E). Analogously, we need
both tension and compression branches of σu (E) in order to compute any stored
energy (first derivative) function value ω̄′ = ω′

(
Ē1

)
with Ē1 < 0. Therefore it is

mathematically apparent that in general we need both the tension and the compres-
sion branches of the uniaxial stress-strain curve σu (E) to determine the stored energy
function. Note that if the complete tension-compression curve σu (E) is known from
experiments, then the solution curve ω′(E) is exact and unique, i.e. the solution to
the strain energy determination problem. Because of its uniqueness, this energy will
exactly predict the material behavior in any other deformation state if the constitu-
tive hypotheses (isotropy, Valanis-Landel, etc.) are correct.

This conclusion should also be clear from a physical point of view when consider-
ing the incompressibility constraint in the uniaxial test, which imposes conditions on
the opposite branch of ω (E) through the Lagrange multiplier, note that the second
addend in the right-hand side of Eq. (7) is evaluated at a compression (tension)
strain value for E1 > 0 (E1 < 0).

These arguments explain some of the correct conclusions given in Ogden et al.
(2004), which are raised therein from a purely numerical perspective. In Ogden et al.
(2004) it is shown that when both uniaxial and equibiaxial tension data are used
simultaneously to find the parameters of the Ogden stored energy function, then the
values of the solution parameters remain the same. This holds even when varying
the starting values of the parameters chosen to initialize the optimization fitting
process (see Section 4.4 of Ogden et al. (2004)). However, we want to remark herein
that this result is not a consequence of just considering more tests (not only one)
or more distinct type of tests (not only uniaxial), as it may be inferred from that
Reference. The obtained results are a consequence of considering in this case a proper
set of experimental data needed to determine both the tension and the compression
branches of the Valanis–Landel term ω of the Ogden stored energy function, as
we show next. The use of a tensile test and an equibiaxial test was described in
Ogden et al. (2004) as a good option based on their numerical evidence. However,
since this model fits the experimental measurements in a least squares sense, note
that even in this case there is no guarantee that the solution of the optimization
procedure is unique because in general the objective function is not globally convex in
its arguments. However the solutions obtained this way will yield similar predictions
in any loading situation.

In order to show that the procedure followed in Section 4.4 of Ogden et al. (2004)
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is consistent with the model hypotheses, we just note that, as it is well-known,
the compression branch of a uniaxial test is indirectly given by the tension part
of the corresponding equibiaxial test, see for example Rivlin and Saunders (1951);
Barenblatt and Joseph (2013); Treloar (1975). For Valanis-Landel materials, the
governing equation of the equibiaxial test becomes

σe (E1) = ω′ (E1)− ω′ (−2E1) (16)

where σe is the equibiaxial stress. Comparing the governing equation of the uniax-
ial tension test, Eq. (7), to that of the equibiaxial test, Eq. (16), we obtain the
equivalence relation

σu (−2E) = −σe (E) (17)

which clearly shows that an “experimental” uniaxial compression curve, σu (−2E < 0) <
0, may be obtained from the truly experimental equibiaxial tension curve, σe (E > 0) >
0 (Rivlin and Saunders, 1951). Indeed, it can be easily shown using recursive expres-
sions that the equibiaxial test Eq. (16) may also be solved by the following generalized
inversion formula for the equibiaxial test

ω′ (E1) = −

∞∑

k=0

σe

((

−
1

2

)k+1

E1

)

(18)

which, upon the consideration of Eq. (17) in every term of the series, exactly converts
to the generalized inversion formula for the uniaxial test, Equation (13).

As a summary, a physically well-posed procedure to determine a hyperelastic
isotropic incompressible material model based on the Valanis–Landel hypothesis
needs experimental stress-strain data from, for example:

• A uniaxial test performed under both tension and compression, or

• A uniaxial test performed under tension and an equibiaxial test performed
under tension, or

• An equibiaxial test performed under both tension and compression.

In the first case we would directly obtain the whole experimental curve σu (E),
see Bradley et al. (2001). In the second and third cases, we can apply the equiva-
lence of Eq. (17) to the respective equibiaxial test branches in order to obtain the
equivalent whole curve σu (E). Then, the strain energy function term ω (E) is prop-
erly determined from the equivalent “experimental” curve σu (E), either following
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the parameter fitting, least-squares-based approach or the exact, spline-based pro-
cedure. Note that if we follow the usual approach, the conversion from equibiaxial
data to the corresponding uniaxial data is not strictly necessary. This last case is
the one addressed in Section 4.4 of Ogden et al. (2004), where the Ogden model
is used to simultaneously fit both uniaxial and equibiaxial tension tests, see also
Pancheri and Dorfmann (2014); Palmieri et al. (2009).

Finally, we note that in the foregoing comments we assumed that a relation
between the tension and the compression branches is unknown beforehand. For
example, if symmetry may be assumed (Moerman et al., 2016), then ω(−E) = ω(E)
and one branch is sufficient because the complete tension-compression data can be
obtained from it. Other exception are models which implicitly establish a relation
between the tension and the compression branches, as for example the Gent chain
model analyzed also in Ogden et al. (2004). However, that relation may be valid
only for specific materials and should be verified accordingly for other materials.
Furthermore, in models which do not follow the Valanis-Landel decomposition (as
the mentioned Gent model), the coupling between principal strain components should
be verified with additional tests because the stretch in a second direction changes
the uniaxial tension-compression curve (Marckmann and Verron, 2006).

5. Examples

5.1. Predictions using the Ogden model

In this section we compute the uniaxial tension-compression stress predictions
given by the Ogden model when the set of parameters given in Sections 4.1, 4.3 and
4.4 of Ogden et al. (2004) are employed. The predictions are then compared with
the experimental data reported by Treloar (1944).

In Figure 1.a we represent the equivalent uniaxial tension-compression experi-
mental data of Treloar (1944). The uniaxial tension points σ̂u(Êu > 0) > 0 in Figure
1.a are directly represented from the actual uniaxial tension test. The compression
points σ̂u(Êu < 0) < 0 are obtained from the actual equibiaxial tension test points
σ̂e(Êe > 0) > 0 through the transformations Êu = −2Êe < 0 and σ̂u = −σ̂e < 0,
recall Eq. (17). In the following, we will make use of these experimental data points
in order to explain all the differences encountered among the different possibilities
being addressed.

Consider first the case in which the Ogden model parameters are obtained em-
ploying only the tension experimental data of the uniaxial test in the optimization
procedure, i.e. the material parameters reported in Section 4.1 of Ogden et al. (2004).
We represent in Figure 1.a the uniaxial tension-compression stress predictions given
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by the Ogden model with the parameter sets OT, OSS 1, OSS 2 and OSS 3 of Ta-
ble 1 in Ogden et al. (2004), for which M = 3. It is clearly seen in that Figure
that the stress-strain behavior under tension loading is accurately predicted by the
model in all the presented cases. However, it can also be observed in that Figure
that the compression branch associated to each material parameter set becomes very
different to each other and a consequence of the arbitrary starting set, instead of
being defined from the actual material behavior. A similar issue arises regarding
both transverse strains (Latorre et al., 2016) and material-symmetries congruency
(Latorre and Montáns, 2015) in biological tissues.

In Figure 1.b we represent the first derivative function of the Valanis–Landel–
type term ω (E) for the different solution sets OT, OSS 1, OSS 2 and OSS 3 given
in Table 1 of Ogden et al. (2004). Remarkably, very different solution functions are
obtained in each case within both the tension and the compression domains of ω (E).
The solution is far from being unique and far from having a clear tendency. As
explained, the results in this figure bring another important conclusion, i.e. that
the goodness of the fit of the tension branch says little about the goodness of the
computed stored energy function, in general, so confidence in subsequent numerical
predictions cannot be obtained. Indeed, the parameter sets OSS 1 and OSS 2 give very
low, and similar, relative errors associated to the uniaxial tension test fit (see Figure
2 in Ref. Ogden et al. (2004)), but the respective terms ω (E) are very different,
even for E > 0 (see Figure 1.b).

We represent in Figure 2 the results obtained using the Ogden model with the
parameter sets OT, OSS 1, OSS 2 and OSS 3 given in Table 2 of Ogden et al. (2004),
for which M = 4. Again, the predictions of the compression branch are model-
dependent (consequence of the arbitrary starting values, see Figure 2.a) and the
respective strain energy functions are very different to each other in the whole domain
of deformations (i.e. not only in the compression domain, see Figure 2.b).

Due to the very large differences observed in the functions ω′ (E) in Figures 1.b
and 2.b, the differences in the predictions for a generic multiaxial loading situa-
tion will also be large if we use one set or another of those reported in Sections
4.1 of Ogden et al. (2004). We conclude that uniaxial tension data alone should
never be used to determine an incompressible, isotropic hyperelastic model at fi-
nite strains (cf. Kakavas (2000)), unless the equibiaxial tension predictions (equiv-
alently, uniaxial compression predictions) are verified against experiments subse-
quently (Khajehsaeid et al., 2013; Lopez-Pamies, 2010; Maeda et al., 2015; Steinmann et al.,
2012; Bechir et al., 2006).

Consider now the case in which the Ogden model parameters are obtained em-
ploying only the tension experimental data of the equibiaxial test in the optimiza-
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Figure 1: Left (a): Uniaxial tension-compression Cauchy stress predictions (kg / cm2) computed by
Ogden’s model with M = 3 using parameter sets obtained by fitting uniaxial tension experimental
data. Right (b): First derivative of the Ogden function term ω (E). Different curves correspond to
the different parameter sets reported in Table 1 of Ogden et al. (2004).

tion procedure, i.e. the material parameters reported in Section 4.3 of Reference
Ogden et al. (2004). We represent in Figure 3.a the uniaxial tension-compression
stress predictions given by the Ogden model along with the parameters sets OSS 1,
OSS 2 and OSS 3 of Table 3 in Ogden et al. (2004), for which M = 3. It is seen
that the model reproduces well the equivalent uniaxial compression data points (i.e.
the equibiaxial tension measurements), but the uniaxial tension predictions are ar-
bitrary and extremely poor when compared to Treloar’s data. As mentioned, the
reason for the discrepancies is simply that the stored energy is not correctly deter-
mined because an important part of the information on the material behavior has
been initially disregarded, so the stored energy is physically undetermined, regardless
of the optimization algorithm employed and of the obtained relative errors. How-
ever, once again, the global nature of the parameter fitting procedure allows for the
determination of different mathematical solutions (local minima), see Figure 3.b.

We represent in Figure 4 the results obtained using the Ogden model with the
parameters sets OT, OSS 1, OSS 2 and OSS 3 of Table 4 in Ogden et al. (2004), for
which M = 4. Again, the predictions of the equivalent compression stresses are accu-
rate but the predictions of the tension branch are arbitrary (see Figure 4.a), instead
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Figure 2: Left (a): Uniaxial tension-compression Cauchy stress predictions (kg / cm2) computed by
Ogden’s model with M = 4 using parameter sets obtained by fitting uniaxial tension experimental
data. Right (b): First derivative of the Ogden function term ω (E). Different curves correspond to
the different parameter sets reported in Table 2 of Ogden et al. (2004).

of being determined from the actual material behavior, and the respective strain en-
ergy functions are very different to each other in the whole domain of deformations,
not only in the tension domain, see Figure 4.b. Increasing the number of terms in
Ogden’s function may improve the fitting residuals within the corresponding domain,
but it does not overcome the overall problem (Ogden et al., 2004).

Due to the very large discrepancies observed in the functions ω′ (E) in Figures
3.b and 4.b, it should be evident that equibiaxial tension data only (equivalently,
uniaxial compression data only) should never be used to determine an incompressible
hyperelastic model at finite strains (cf. Kakavas (2000)), unless the uniaxial tension
predictions are verified against experiments subsequently (Steinmann et al., 2012).

Finally, we show in Figure 5.a the uniaxial tension-compression predictions ob-
tained by the Ogden model when the material parameters have been obtained fit-
ting simultaneously both uniaxial and equibiaxial tension experimental data, i.e.
the material parameters reported in Eqs. (32) and (33) (Section 4.4) of Reference
Ogden et al. (2004). In this case, both solutions have been obtained from an experi-
mental data set (the equivalent uniaxial tension-compression curve σu (E)) which is
consistent with the underlying hypotheses of the model (isotropy, incompressibility
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Figure 3: Left (a): Uniaxial tension-compression Cauchy stress predictions (kg / cm2) computed by
Ogden’s model with M = 3 using parameter sets obtained by fitting equibiaxial tension experimen-
tal data. Right (b): First derivative of the Ogden function term ω (E). Different curves correspond
to the different parameter sets reported in Table 3 of Ogden et al. (2004).

and the Valanis–Landel decomposition). The stress predictions in both cases are
accurate and very similar to each other. Furthermore, the solution terms ω′ (E) for
M = 3 (Eq. (32) of Ogden et al. (2004)) and for M = 4 (Eq. (33) of Ogden et al.
(2004)), even being slightly different, have the same tendency and are difficult to
distinguish visually, see Figure 5.b. This explains why in this case the values of
the solution parameters have remained the same for different starting values in the
respective minimization problems. In this case, whether we use the model with
M = 3 or with M = 4, we can ensure that the differences in the predictions in any
generic multiaxial loading situation will be small and the required confidence in the
numerical predictions will be attained even in the case of lack of unicity of material
parameters. In fact, it can be observed in Figures 18 and 19 of Ogden et al. (2004)
that the analytical stresses predicted in another boundary value problem are almost
coincident if the parameters obtained this way are considered (compare both curves
labelled as OSS se in Figures 18 and 19 of Ogden et al. (2004)). Finally, note that
now the conclusions raised in Ogden et al. (2004) regarding the (respective) fitting
residuals associated to the other curves in Figures 18 and 19 of Ogden et al. (2004)
are no longer relevant (recall the arbitrariness of ω′ (E) in Figures 1.b, 2.b, 3.b and
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Figure 4: Left (a): Uniaxial tension-compression Cauchy stress predictions (kg / cm2) computed by
Ogden’s model with M = 4 using parameter sets obtained by fitting equibiaxial tension experimen-
tal data. Right (b): First derivative of the Ogden function term ω (E). Different curves correspond
to the different parameter sets reported in Table 4 of Ogden et al. (2004).

4.b).

5.2. Predictions using the Sussman–Bathe model

In this section we show the prediction capabilities of the Sussman–Bathe spline-
based hyperelastic model. We explain and follow one possible well-posed procedure
that uniquely determines this incompressible, isotropic model from experimental
data. Even though this methodology differs from the usual approach (recall previous
Sections), we bring recommendations of best practices for determining incompress-
ible, isotropic hyperelastic models built on the basis of the Valanis–Landel hypothesis.

In the present incompressible, nonlinear case we need a complete tension-compression
experimental data set, either σu (E) or σe (E), in order to be able to determine the
first derivative function of the strain energy term ω (E) via the corresponding inver-
sion formula solution; recall Eqs. (13) and (18). The inversion formulae are just mak-
ing explicit the experimental data set that we need in order to find the solution to the
problem at hand. If the compression branch of σu (E), for example, is missing, then
one must prescribe it before determining the strain energy function. This way the so-
lution becomes unique and one will get what one has prescribed. This is the essence of
the WYPIWYG philosophy (Sussman and Bathe, 2009; Latorre and Montáns, 2013,
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Figure 5: Left (a): Uniaxial tension-compression Cauchy stress predictions (kg / cm2) computed by
Ogden’s model using parameter sets obtained by fitting simultaneously both uniaxial and equibiaxial
tension experimental data. Right (b): First derivative of the Ogden function term ω (E). Different
curves (almost indistinguishable) correspond to the different parameter sets reported in Eqs. (32)
(M = 3) and (33) (M = 4) of Ogden et al. (2004).

2014; Latorre et al., 2016; Romero et al., 2017; Latorre and Montáns, 2015, 2016).
If the uniaxial compression branch is unknown from experiments, a good option in
some materials is to prescribe a symmetric stored energy function in the space of
logarithmic strains (Moerman et al., 2016).

In Figure 6.a we represent the stress predictions obtained using the Sussman–
Bathe model when two very different “experimental” tension-compression uniaxial
data sets are prescribed. The “experimental” functions are separately obtained from
the Ogden function with the solution set OSS 1 in Table 2 of Ogden et al. (2004)
(computed from uniaxial tension data only) and the solution set OSS 2 in Table 4
of Ogden et al. (2004) (computed from equibiaxial tension data only), respectively.
Note the very different uniaxial stress predictions that these parameter sets provide,
even though both of them have been obtained in an attempt to describe the behavior
of the same rubber-like material. The discrete point distributions in Figure 6.a
represent the stresses predicted by the respective spline-based strain energy functions
shown in Figure 6.b using Eq. (7). It can be seen that each model is capable
of capturing exactly (up to numerical precision) the prescribed material behavior.
In Figure 6.b we can also observe that we exactly retrieve the respective Ogden’s
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function terms ω′ (E) of Figures 2.b (set OSS 1) and 4.b (set OSS 2). Hence, this
procedure provides a unique and meaningful solution for each material addressed,
predicting adequately the behavior of the material in any other loading situation if
the material really satisfies the preliminary assumptions.
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Figure 6: Left (a): Uniaxial tension-compression Cauchy stress predictions (kg / cm2) of Og-
den’s model stresses obtained using the Sussman–Bathe model. Right (b): First derivative of
the Sussman–Bathe function term ω (E). Different curves correspond to the parameter set OSS 1

in Table 2 of Ogden et al. (2004) and the parameter set OSS 2 in Table 4 of Ogden et al. (2004).

As we did in Figures 1.a to 5.a, we represent in Figure 7.a the equivalent uni-
axial tension-compression experimental data of Treloar (1944) (hollow circles). We
compute the spline-based solution function ω′ (E) of Figure 7.b interpolating first the
experimental data points using cubic splines (blue solid line of Figure 7.a), then ap-
plying the inversion formula of Eq. (14) at a new strain data set Ē and subsequently
interpolating the computed solution points ω̄′

(
Ē
)
(not represented in Figure 7.b).

We finally represent in Figure 7.a the stresses predicted by the spline-based function
ω′ (E) of Figure 7.b using Eq. (7). Again, for a given interpolating function σu (E)
(blue solid line of Figure 7.a), the obtained solution for ω′ (E) is unique and exact.
It should not be surprising now that the Ogden model solutions of Figure 5.b (i.e.
those obtained fitting simultaneously both uniaxial and equibiaxial tension tests)
tend to the exact spline-based solution of Figure 7.b. This fact definitely shows that
the Ogden model can be very accurate if it is properly determined, and in such case,
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the lack of unicity is quite irrelevant from a practical point of view.
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Figure 7: Left (a): Uniaxial tension-compression Cauchy stress predictions (kg / cm2) of Treloar’s
experimental data obtained using the Sussman–Bathe model. Right (b): First derivative of the
Sussman–Bathe function term ω (E).

After determining the stored energy with a complete set of tests, we can verify
the consistency of the basic assumptions included in the model by means of the
comparison of the stresses predicted by the model with experimental data obtained in
other tests, such as a pure shear test or biaxial tests. If these additional experimental
data are not accurately predicted, then the only theoretical reason is that at least
one of the hypotheses (incompressibility, isotropy, the Valanis–Landel form, etc.) is
not adequate for the material being characterized. Then, a modification of the model
formulation would be required. This is a relevant additional check for constitutive
models.

We carry out this verification in Figure 8, where the pure shear stress function
σp (E) = ω′ (E) − ω′ (0) = ω′ (E) predicted by the spline-based term of Figure 7.b
is compared to the experimental pure shear stress measurements of Treloar (1944).
We can observe the very good agreement of the model predictions with the exper-
imental data. This good agreement justifies the use of the hyperelastic, deviatoric
model of Eq. (6) to characterize the mechanical behavior of the rubber-like ma-
terial under study and makes feasible the use of the spline-based term of Figure
7.b to predict the material behavior under general loading situations and boundary
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conditions. Of course, the predictions obtained from the properly determined Og-
den stored energies given in Fig. 5.b are almost identical to those shown in Figure
8. Remarkably, this specific model determination and verification procedure is also
followed in Pancheri and Dorfmann (2014), where the authors emphasize “the im-
portance of using multiple independent data sets to determine the magnitude of the
parameters and to ensure a stable response over a wide range of deformations”.
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Figure 8: Pure shear Cauchy stress predictions (kg / cm2) of Treloar’s experiental data computed
using the Sussman–Bathe function ω′ (E) of Figure 7.b.

Finally, we note that many authors (Twizell and Ogden (1983); Maeda et al.
(2015); Gendy and Saleeb (2000) to name a few) determine the assumed Valanis–
Landel–type strain energy function solving optimization problems in which more
than two test data sets are simultaneously fitted, e.g. uniaxial tension, equibiaxial
tension and pure shear simultaneously. It can be deduced from the foregoing ar-
guments that this problem is physically overdetermined. However, similarly to the
underdetermined cases discussed above, this problem may still be solved due to the
inherent nature of the least squares method, which in our opinion somehow hides
the underlying physics again. Remarkably, we cannot proceed this way with the
mathematically-exact, physically-based WYPIWYG method based on the inversion
formula. However, this type of physically overdetermined procedures are better than
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the undetermined ones in the sense that they prevent the computation of arbitrary
solutions, as those shown in Figures 1.b to 4.b, because the material information
needed to determine ω (E) is included in the experimental data set considered. As
explained in the Introduction Section, these facts seem to be not well understood in
the literature, where both physically overdetermined and physically underdetermined
procedures are indistinctly solved within the same work giving no clear justification
for that.

6. Conclusion

In this paper we have theoretically addressed the adequate determination of the
terms of stored energies. In order to present the concepts in a simple context we have
used isotropic, incompressible materials following the Valanis-Landel decomposition.
Even in this simplest case, frequent are the cases in the literature when an insufficient
number of tests, the correct number of them or an excess of them are employed
without a clear theoretical justification.

We have shown that, in general, both the extension and the compression branches
of a uniaxial test are needed to completely characterize the material in order to use
the resulting model in other loading situations with confidence in the results. In gen-
eral, the use of only one branch of the tension-compression curve yields a physically
underdetermined problem, whereas using more than the needed curves results in a
physically overdetermined problem. This becomes apparent in the WYPIWYG ap-
proach because the exact solution is mathematically obtained, which in turn, clearly
explains from a theoretical (physical) standpoint some of the empirical conclusions
encountered in the literature. In our opinion, the use of material constants obtained
only from tensile tests in general finite element simulations could be questioned, de-
pending on how the material is working at the stress integration point. Then, our
recommendations is that if the modeler does not have a complete set of experimental
data defining the material behavior, a reasonable hypothesis based on engineering
experience should be made for the missing parts before performing the determination
of the material constants; or otherwise, the obtained behavior for that tests should
be verified accordingly.
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Latorre, M., Montáns, F.J., 2014. What-You-Prescribe-Is-What-You-Get or-
thotropic hyperelasticity. Computational Mechanics 53, 1279–1298.
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