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Abstract: Let X be a compact metric space and a continuous map f : X → X which defines a discrete
dynamical system (X, f ). The map f induces two natural maps, namely f : K(X)→ K(X) on the hy-
perspace K(X) of non-empty compact subspaces of X and the Zadeh’s extension f̂ : F (X)→ F (X)

on the space F (X) of normal fuzzy set. In this work, we analyze the interaction of some orbit tracing
dynamical properties, namely the specification and shadowing properties of the discrete dynamical
system (X, f ) and its induced discrete dynamical systems (K(X), f ) and (F (X), f̂ ). Adding an
algebraic structure yields stronger conclusions, and we obtain a full characterization of the specifi-
cation property in the hyperspace, in the fuzzy space, and in the phase space X if we assume that
the later is a convex compact subset of a (metrizable and complete) locally convex space and f is a
linear operator.

Keywords: specification property; shadowing property; hyperspaces; fuzzy sets

1. Introduction and Preliminaries

One of the strongest versions of chaos for discrete dynamical systems is the speci-
fication property, in which we consider the strong periodic specification property. In a
few words, the specification property (SP) means that, for any finite family of points, it
is possible to approximate arbitrary long pieces of orbits by a single periodic orbit by
allowing a certain “shift” time that only depends on the precision of the approximation.
This property was introduced by Bowen [1] in the context of Axiom A diffeomorphisms,
and it was used by Bauer and Sigmund in their early work [2]. Since then, this notion and
its generalizations have been developed by many researchers and is now a well-established
property in the theory of dynamical systems.

Another important property in discrete dynamical systems is the shadowing property.
For a continuous map f : X → X on a metric space X, a (finite) δ-pseudo orbit is a (finite)
sequence of points (xi)i such that the distance between f (xi) and xi+1 is, for every i, less
than δ, and a pseudo-orbit is said to be ε-shadowed if we can find a point x ∈ X, such
that its orbit approximates the pseudo orbit within a distance ε. The map f has the (finite)
shadowing property if, for any ε > 0, there is δ > 0 such that any (finite) δ-pseudo orbit is
ε-shadowed.

The relationship between the action of a single continuous map on its phase space
and the (hyperspace) action of the corresponding induced map on compact subsets of the
phase space has a natural generalization to the space of normal fuzzy sets (that is, upper
semicontinuous functions with compact support defined on the phase space with values
in [0, 1]).

For a continuous map f : X → X on a metric space X, one of the most important
associated dynamics is that of the induced map f on the hyperspace of all non-empty
compact subsets with the Hausdorff distance. Actually, the interest on this interplay goes
back to Bauer and Sigmund [3] in 1975. Since then, the studies of hyperspace dynamics
experienced great development (see, e.g., [4–9] and references therein).
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A refinement of this kind of collective dynamics consists of the system (F (X), f̂ ), where
the space F (X) consists on all upper semicontinuous functions from X to [0, 1] with
compact support. The induced map f̂ : F (X) → F (X) is called the fuzzyfication or
Zadeh’s extension of f . Jardón, Sánchez and Sanchís studied, in [10], the interplay of
the topological transitivity between the systems (X, f ) and (F (X), f̂ ). This work was
extended in [11] by studying different chaotic properties, such as Devaney chaos [12], A-
transitivity for a Furstenberg family A, Li-Yorke chaos [13,14] and distributional chaos [15]
(see, e.g., [16] for a survey on chaotic properties), also extending results in [7] concerning
Devaney chaos for linear operators on complete locally convex spaces; see also [17–20]
for the study of dynamical properties of the Zadeh’s extension on the space of fuzzy sets.
Moreover, some applications in the computer science of fuzzy sets can be found in [21] and
the references therein.

In [10], the authors analyze the dynamics of the fuzzy spaceF (X) with the sendograph
and endograph metrics, apart from the most usual ones, which are the supremum and
Skorokhod’s metrics. Despite these metrics having interesting applications in fuzzy theory,
we did not consider these cases. Here, we are concerned with the connection between
the dynamics of (X, f ), (K(X), f ) and (F (X), f̂ ). Thus, the space (F (X) is endowed with
the supremum metric d∞ and Skorokhod’s metric d0, respectively, which represents the
behavior in fuzzy dynamical systems. We recall that the topologies associated with the
endograph and the sendograph metrics are coarser than the topology induced by d∞.
Therefore, many dynamical results can be extended as a consequence of this fact.

Our results are organized as follows: For a compact metric space X and a continuous
map f : X → X, we show in Section 2 the equivalence of the specification property, either
for the induced hyperspace dynamical system f : K(X) → K(X), or for the induced
fuzzyfied dynamics f̂ : F (X) → F (X) (Theorem 2). By adding certain structure to the
compact set and to the map, namely convexity and linearity, we obtain a characterization of
the specification property that includes the original system (X, f ) (Theorem 3). In Section 3,
we obtain a characterization of finite shadowing, on the space, hyperspace or fuzzy space,
in Theorem 5.

We want to set the context of our study. For a metric space X, we consider the
hyperspace K(X) of all non-empty compact subsets of X with Hausdorff metric

dH(K1, K2) := max
{

max
x1∈K1

d(x1, K2), max
x2∈K2

d(x2, K1)

}
,

where d is the metric of X. This metric turns K(X) into a compact space and, therefore, all
non-empty closed subsets are compact. We also recall the corresponding Vietoris topology
with a basis of open sets of the form

V(U1, · · · , Ur) :=

{
K ∈ K(X) : K ⊂

r⋃
i=1

Ui and K ∩Ui 6= ∅ for all i = 1, · · · , r

}
,

for r ≥ 1 and arbitrary non-empty open sets U1, · · · , Ur of X. A continuous map f : X → X
induces f : K(X)→ K(X) defined as

f (K) := f (K) = { f (x) : x ∈ K}, K ∈ K(X).

The induced map f is continuous, too. A thorough study of hyperspaces can be found
in [22].

The framework for fuzzy sets is the following: A normal fuzzy set u on X is an upper
semicontinuous function u : X → [0, 1] with compact support. Given a normal fuzzy set u,
we set (uα) as the compact set defined by

uα = {x ∈ X : u(x) ≥ α}, α ∈]0, 1], and u0 = ∪{uα : α ∈]0, 1]}.
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We set F (X) as the family of all normal fuzzy sets on X. We define on it the metric

d∞(u, v) = sup
α∈[0,1]

{dH(uα, vα)}.

For simplicity, we denote by F∞(X) the space (F (X), d∞).
A second natural metric is also introduced on F (X): given a strictly increasing home-

omorphism ξ : [0, 1]→ [0, 1], we set

d0(u, v) = inf{ε : d∞(u, ξv) ≤ ε and sup
α∈[0,1]

|ξ(α)− α| ≤ ε}

which is a metric on F (X), called Skorokhod’s metric. We have that d0 ≤ d∞, which
implies that the topology induced in F (X) by d0 is coarser than the one induced by d∞.
For simplicity, we denote by F0(X) the space (F (X), d0).

A continuous map f : X → X naturally induces f̂ : F (X) → F (X), which is the
fuzzyfication or Zadeh’s extension of f , defined by

f̂ (u)(x) =
{

sup{u(z) : z ∈ f−1(x)} if f−1(x) 6= ∅
0 if f−1(x) = ∅

We also need some basic properties of fuzzy sets, which can be found in [10,23,24].

Remark 1. If f : (X, d) → (X, d) is a continuous map on a metric space X, then the following
properties hold:

1. For each u ∈ F (X), and any α ∈ [0, 1], we have
[

f̂ (u)
]

α
= f (uα).

2. ( f̂ )n = f̂ n for every n ∈ N.
3. f̂ (χK) = χ f (K) for each characteristic function χK, where K ∈ K(X).
4. For each u ∈ F (X), and any K ∈ K(X), we have d0(u, χK) = d∞(u, χK).

Moreover, some basic facts about the Hausdorff metric are very useful for the follow-
ing section.

Remark 2. For any compact sets A, B, C, D ⊂ X, we have that

dH(A ∪ B, C ∪ D) ≤ max{dH(A, C) , dH(B, D)} , (1)

dH(A, B) ≤ dH(A, C) + dH(C, B)} , (2)

A ⊆ B ⊆ C implies that dH(A, B) ≤ dH(A, C) and dH(B, C) ≤ dH(A, C) . (3)

The following useful lemma is presented with the formulation of [10].

Lemma 1. Let (X, d) be a metric space. For any finite family (ui)n
i=0 ⊂ F (X), n ∈ N, and ε > 0,

there exist numbers 0 = α0 < α1 < α2 < . . . < αm = 1 such that, for each 0 ≤ i ≤ n

dH(ui
α, ui

α1
) < ε for α ∈ [α0, α1]

dH(ui
α, ui

αj+1
) < ε for α ∈]αj, αj+1], j = 1, 2, . . . , m− 1.

(4)

2. Specification Property

The specification property (SP) is a strong property of approximation of arbitrary
pieces of orbits by parts of a single periodic orbit. A nice review on shadowing and
specification-like properties is provided in [25]. Bowen defined the specification property
for systems with shadowing, but subsequent generalizations were defined mostly for
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systems without the shadowing property. There are several versions of the specification
property, and here we use one of the strongest, namely, the periodic one.

Definition 1. Given a continuous map f : X → X on a compact metric space (X, d), we say that
it has the specification property (SP) if, for any δ > 0, we can find Nδ ∈ N such that, for any integer
s ≥ 2, any points {y1, . . . , ys} ⊂ X, and any integers 0 = i1 ≤ j1 < i2 ≤ j2 < · · · < is ≤ js
with ir+1 − jr ≥ Nδ for r = 1, · · · , s− 1, there exists a point x ∈ X such that the following two
conditions hold:

d( f i(x), f i(yr)) < δ, if ir ≤ i ≤ jr, for any r ≤ s, and

f Nδ+js(x) = x (periodicity condition).

There are some previous results connecting the specification in the case of individual
dynamics (X, f ) with the collective dynamical system (K(X), f ). The early work of Bauer
and Sigmund [3] is worth mentioning. Let us recall a result from it:

Theorem 1 (Proposition 4, [3]). Given a continuous function f : X → X on a compact metric
space X, if f has the specification property, then f has the specification property on K(X).

However, the converse is not true. In [6], the authors construct an example of dynami-
cal system ( f , X) such that the induced map f has the specification property on K(X), and
the continuous map f does not exhibit the SP.

Now, we study the interplay of the SP between the dynamical systems (K(X), f ) and
(F (X), f̂ ), which is the main purpose of this section.

Theorem 2. Given a continuous map f : X → X on a metric space X, the following assertions
are equivalent:

(i) (K(X), f ) has the specification property.
(ii) (F∞(X), f̂ ) has the specification property.
(iii) (F0(X), f̂ ) has the specification property.

Proof. (i)⇒ (ii): By hypothesis, the map f satisfies the SP, therefore, for each δ > 0, there
is Nδ ∈ N such that for any integer s ≥ 2, any finite family of compact sets {K1, . . . , Ks} ⊂
K(X), and any integers 0 = i1 ≤ j1 < i2 ≤ j2 < · · · < is ≤ js with ir+1 − jr ≥ Nδ for
r = 1, · · · , s − 1, there exists a compact set K ∈ K(X) such that the following condi-
tions hold:

dH( f
i
(K), f

i
(Kr)) < δ, if ir ≤ i ≤ jr, for any r ≤ s and f

Nδ+js(K) = K.

We must check that the map f̂ also exhibits the SP. Fix δ > 0 and take N̂δ = Nδ/2. Let
us consider an integer s ≥ 2, a family of fuzzy sets {u1, . . . , us} ⊂ F∞(X), and integers
0 = i1 ≤ j1 < i2 ≤ j2 < · · · < is ≤ js with ir+1 − jr ≥ N̂δ = Nδ/2 for r = 1, · · · , s− 1.

By Lemma 1, there exists a partition of the interval [0, 1], 0 = α0 < α1 < α2 < · · · <
αm = 1 such that, for every i = 1, 2, . . . , s,

dH(ui
α, ui

αj+1
) < δ/2 for each α ∈ [αj, αj+1], j = 0, . . . , m− 1, (5)

where ui
α = {x ∈ X : ui(x) ≥ α} for each α ∈]0, 1], and ui

0 = ∪{ui
α : α ∈]0, 1]}. We can

apply the specification property for δ/2 to the families {u1
αj

, u2
αj

, . . . , us
αj
} ⊂ K(X), for each

j = 1, 2, . . . , m. Then, there are compact sets K1, K2, . . . , Km in K(X) such that the following
assertions hold for each j = 1, 2, . . . , m:

dH( f
i
(Kj), f

i
(ur

αj
)) < δ/2, if ir ≤ i ≤ jr, for any r ≤ s and f

Nδ/2+js(Kj) = Kj .



Axioms 2022, 11, 733 5 of 11

We define the compact sets:

ωαj :=
⋃
p≥j

Kp ∈ K(X) , j = 1, 2, . . . , m .

They satisfy that ωαj+1 ⊆ ωαj , then, for each ir ≤ i ≤ jr with r ≤ s and every j = 1, 2, . . . , m,
we have that

dH( f
i
(ωαj), f

i
(ur

αj
)) = dH( f

i
(
⋃
p≥j

Kp) , f
i
(
⋃
p≥j

ur
αp)) ≤ max

p≥j
{dH( f

i
(Kp), f

i
(ur

αp))} < δ/2. (6)

Consider the family (ωα)α∈[0,1] ∈ K(X) defined by

ωα =

{
ωα1 , 0 ≤ α ≤ α1
ωαj+1 , αj < α ≤ αj+1 , 1 ≤ j ≤ m− 1 (7)

By using the triangular inequality for dH , the definition of ωα in each subinterval and
Equations (5) and (6), it is easy to check that the elements ωα satisfy for every α ∈ [αj, αj+1],
j = 0, 1, 2, . . . , m− 1 and ir ≤ i ≤ jr with r ≤ s,

dH( f
i
(ωα), f

i
(ur

α)) ≤ dH( f
i
(ωαj), f

i
(ur

αj
)) + dH( f

i
(ur

αj
), f

i
(ur

α)) <
δ

2
+

δ

2
< δ. (8)

The inequality is also fulfilled for α = 0.
Moreover, the decreasing family (ωα)α∈[0,1] fulfills the hypothesis of Proposition 4.9

in [24]. Thus, we can find ω ∈ F∞(X) such that ωα = ωα for any α ∈ [0, 1].
Let us check that ω is a fuzzy set satisfying the conditions of the definition of the

specification property. By using (8), for each ir ≤ i ≤ jr with r ≤ s, we obtain

d∞( f̂ i(ω), f̂ i(ur)) = sup
α∈[0,1]

{dH([ f̂ i(ω)]α, [ f̂ i(ur)]α)} = sup
α∈[0,1]

{dH( f
i
(ωα), f

i
(ur

α))} < δ .

Finally, we need to show that ω is periodic for f̂ . Given any α ∈ [0, 1], such that α = 0 or
α ∈ [αj, αj+1], j = 0, . . . , m− 1, we obtain[

f̂ N̂δ+js(ω)
]

α
= f

Nδ/2+js(ωα) = f
Nδ/2+js(ωαj) =

⋃
p≥j

f
Nδ/2+js(Kp) =

⋃
p≥j

Kp = ωαj = ωα .

Hence, f̂ N̂δ+js(ω) = ω and, therefore, the map f̂ on F∞(X) has the SP.
(ii)⇒ (iii) This implication is a consequence of the fact that d0 ≤ d∞ in F (X).
(iii) ⇒ (i): By hypothesis (F0(X), f̂ ) has the specification property. Then, for any

δ > 0, there exists N̂δ such that for any integer s ≥ 2, any finite family of fuzzy sets
{u1, . . . , us} ⊂ F0(X), and any integers 0 = i1 ≤ j1 < i2 ≤ j2 < · · · < is ≤ js with
ir+1 − jr ≥ N̂δ for r = 1, · · · , s− 1, we can find v ∈ F0(X) such that

d0( f̂ i(v), f̂ i(ur)) < δ, if ir ≤ i ≤ jr, for any r ≤ s and f̂ N̂δ+js(v) = v. (9)

We show that this implies the specification property of (K(X), f ). Given δ > 0, set
Nδ = N̂δ > 0 and consider an integer s ≥ 2, a set of non-empty compact sets {K1, . . . , Ks} ⊂
K(X) and integers 0 = i1 ≤ j1 < i2 ≤ j2 < · · · < is ≤ js satisfying ir+1 − jr ≥ Nδ = N̂δ for
r = 1, · · · , s− 1.

Consider the characteristic functions ui := χKi , i = 1, . . . , s, which satisfy that ui
α = Ki

for every α ∈ [0, 1]. Applying the specification property to the set {u1, . . . , us} for the
intervals above, there exists v ∈ F0(X) satisfying (9).

We construct a compact set K ∈ K(X) such that the conditions of the specification
property are fulfilled. To perform this, fix α̃ ∈ [0, 1] and define K := vα̃ ∈ K(X). By using
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Remark 1 (property 4) and Equation (9), we check that this compact set K satisfies for each
ir ≤ i ≤ jr with r ≤ s

dH( f
i
(K), f

i
(Kr)) = dH( f

i
(vα̃), f

i
(ur

α̃)) = dH([ f̂ i(v)]α̃, [ f̂ i(ur)]α̃)

≤ d∞( f̂ i(v), f̂ i(ur)) = d0( f̂ i(v), f̂ i(ur)) < δ ,

and, finally,

f
Nδ+js(K) = f

Nδ+js(vα̃) =
[

f̂ N̂δ+js(v)
]

α̃
= vα̃ = K .

The following corollary is a direct consequence of the last theorem and Theorem 1 of
Bauer and Sigmund:

Corollary 1. Let X be a compact metric space and let f : X → X be a continuous function. If f
has the specification property, then the dynamical systems (F∞(X), f̂ ) and (F0(X), f̂ ) have the
specification property.

Certainly, the ideal situation is the one in which the specification property is equiv-
alent to happen in the original space X or in the hyperspace, or the space of fuzzy sets.
Unfortunately, this ideal situation cannot be achieved since, by [6], there are dynamical
systems (X, f ) without the specification property such that the induced map f has the
specification property on K(X).

Assuming some algebraic structure on the compact set, and on the map, we can obtain
the desired equivalence. Actually, we were inspired by the result of [7] for Devaney chaos
in order to obtain it.

If E is a complete and metrizable locally convex space (in short, a Fréchet space), then
it is convenient to consider the hyperspace C(E) of convex compact subsets of E. Within this
framework, the closed convex envelope co(K) is compact if K ⊂ E is compact (see, e.g.,
Theorem 3.20(c) in [26]). Thus, the map

S : K(E)→ C(E), K 7→ co(K),

is well-defined. Moreover, if f = T ∈ L(E), a continuous and linear operator, then
S(T(K)) = T(S(K)) for any K ⊂ E compact (see ([7], Lemma 2.1)), a fact that is key in the
last result of this section.

Moreover, another property is very useful is that, under the same assumptions on E
and T, if K ⊂ E is a compact and T-invariant (T(K) ⊂ K), then the specification property of
(K, T|K) implies the one of (co(K), T|co(K)) (see ([27], Proposition 10 ii)).

Now, we are in conditions to obtain the final equivalence of the specification property
in this section.

Theorem 3. Let T be a continuous and linear operator on a Fréchet space E, and let X ⊂ E be a
convex T-invariant compact set. We set f = T|X , and the following assertions are equivalent:

(i) (K(X), f ) has the specification property.
(ii) (F∞(X), f̂ ) has the specification property.
(iii) (F0(X), f̂ ) has the specification property.
(iv) (X, f ) has the specification property.

Proof. By Theorems 1 and 2, we just need to prove that (i) implies (iv). Given δ > 0 there
is Nδ ∈ N such that, for any integer s ≥ 2, any collection {K1, . . . , Ks} ⊂ K(X), and any
integers 0 = i1 ≤ j1 < i2 ≤ j2 < · · · < is ≤ js with ir+1 − jr ≥ Nδ for r = 1, · · · , s− 1, there
exists K ∈ K(X) such that
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dH( f i(K), f i(Kr)) < δ, if ir ≤ i ≤ jr, for any r ≤ s, and

f Nδ+js(K) = K.

Thus, given any integer s ≥ 2, any finite collection {y1, . . . , ys} ⊂ X and any integers
0 = i1 ≤ j1 < i2 ≤ j2 < · · · < is ≤ js with ir+1 − jr ≥ Nδ for r = 1, · · · , s − 1, we
set Ki = {yi}, i = 1, . . . , s. We obtain K ∈ K(X), satisfying the above properties. Let
K′ := co(K). Since f m(K′) = S( f m(K)) = K′ for m = Nδ + js, and K′ is a convex compact
set, by the Schauder–Tychonoff fixed point theorem (Theorem 5.28 in [26]) there exists
x ∈ K′ such that f m(x) = x. By the above properties, we obtain

d( f i(x), f i(yr)) < δ, with ir ≤ i ≤ jr, for every r ≤ s, and

f Nδ+js(x) = x,

and we conclude the specification property for (X, f ).

Example 1. To illustrate the previous result, let us consider the weighted `p-space, 1 ≤ p < ∞,
defined by

`p(v) = {x = (xi)i ∈ RN / ‖x‖ :=

(
∞

∑
i=1
|xi|pvi

)1/p

< ∞},

where v = (vi)i is a sequence of strictly positive weights so that ∑∞
i=1 vi < ∞. We know (see ([27],

Theorem 5)) that, for the backward shift T = B : `p(v) → `p(v), B(x1, x2, . . . ) = (x2, x3, . . . ),
the following convex compact set is T-invariant

X := {x = (xi)i ∈ RN / |xi| ≤ 1 ∀i ∈ N},

and T|X has the specification property. This is a very natural example in which Theorem 3 applies
to obtain the specification property on the hyperspace and on the fuzzy spaces.

3. Shadowing

Shadowing is an important dynamical property which was motivated by questions
such as if an approximate trajectory can be fitted by a real trajectory, and it was originated
in the works of Anosov, Bowen, and others.

Definition 2. Let f : X → X be a continuous map on a compact metric space (X, d). Given δ > 0,
a sequence (xi)

n
i=0 (n ∈ N+ or n = ∞) is a δ-pseudo orbit if it satisfies

d( f (xi), xi+1) < δ , i = 0, 1, . . . , n− 1 .

Definition 3. We say that (X, f ) has the shadowing property if, for any ε > 0, there exists δ > 0
such that, for every δ-pseudo orbit (xi)

n
i=0 (n ∈ N+ or n = ∞), there exists a point x ∈ X with

d(xi, f i(x)) < ε for all 0 ≤ i ≤ n .

In other words, the dynamical system has shadowing if for each ε > 0 there exists
δ > 0 such that any δ-pseudo orbit can be ε-shadowed by a real orbit. If only finite pseudo-
orbits are shadowed, we say that (X, f ) has the finite shadowing property. However, if X is
compact, then f has the full shadowing property if and only if f has the finite shadowing
property (see, e.g., [28], Remark 1).

There are some previous results connecting shadowing in the case of individual
dynamics (X, f ) with the collective dynamical system (K(X), f ).



Axioms 2022, 11, 733 8 of 11

Theorem 4 (Theorem 3.4, [29]). Given a compact metric space X and a continuous map f : X →
X, then f has the shadowing property if and only if f has the shadowing property on K(X).

We refer to [30] for an extension of the above result.

Example 2. A typical example of a continuous map with the shadowing property is the tent map
T : [0, 1]→ [0, 1], T(x) = 2x for x ∈ [0, 1/2] and T(x) = 2− 2x for x ∈ [1/2, 1].

By using a similar construction to the Theorem 2, it is possible to obtain an analogous
result for shadowing on the induced dynamical systems.

Theorem 5. Given a continuous map f : X → X on a compact metric space X, the following
assertions are equivalent:

(i) (X, f ) has the (finite) shadowing property.
(ii) (K(X), f ) has the (finite) shadowing property.
(iii) (F∞(X), f̂ ) has the finite shadowing property.
(iv) (F0(X), f̂ ) has the finite shadowing property.

Proof. (i)⇔ (ii): By Theorem 4, since X is a compact metric space, the hyperspace K(X)
of all non-empty compact subsets is identical to the hyperspace 2X of all non-empty
closed subsets.

(ii)⇒ (iii): By hypothesis, the dynamical system (K(X), f ) has the shadowing property,
which means that for each ε > 0, there exists δε > 0 such that for every δε-pseudo-orbit
(Ki)

n
i=0 (n ∈ N+ or n = ∞) one can find K ∈ K(X) with

dH(Ki, f
i
(K)) < ε for all 0 ≤ i ≤ n .

Fixed ε > 0, take δ = δε/2 > 0 and a finite δ-pseudo-orbit of the map f̂ , (ui)n
i=1, n ∈ N+,

ui : X → [0, 1], such that

d∞(ui+1, f̂ (ui)) < δ , i = 1, 2, . . . , n− 1 .

We have to show if there is a ω ∈ F∞(X) such that d∞(ui, f̂ i(ω)) < ε , i = 1, 2, . . . , n.
Consider the families of compact sets (ui

α)α∈[0,1], i = 1, 2, . . . , n, in K(X). For each
α ∈ [0, 1], they satisfy

dH(ui+1
α , f (ui

α)) ≤ dH(ui+1
α , [ f̂ (ui)]α) ≤ d∞(ui+1, f̂ (ui)) < δ , i = 1, 2, . . . , n− 1 .

Hence, for each α ∈ [0, 1], (ui
α)

n
i=1 ⊂ K(X) is a finite δ-pseudo-orbit of the map f .

By Lemma 1, we can find a partition of [0, 1], 0 = α0 < α1 < α2 < . . . < αm = 1,
such that

dH(ui
α, ui

αj+1
) < ε/2 , α ∈]αj, αj+1] , j = 0, 1, 2, . . . , m− 1 , i = 1, 2, . . . , n . (10)

For each j = 1, 2, . . . , m, the set {u1
αj

, u2
αj

, . . . , un
αj
} is a finite δ-pseudo-orbit of the map

f . By hypothesis, the dynamical system (K(X), f ) has the finite shadowing property, there
exist m compact sets K1, K2, . . . , Km in K(X) such that (δ = δε/2 > 0)

dH(ui
αj

, f
i
(Kj)) < ε/2 , j = 1, 2, . . . , m , i = 1, 2, . . . , n . (11)

We define the collection of compact sets

ωαj :=
⋃
r≥j

Kr ∈ K(X) , j = 1, 2, . . . , m ,
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and we have, for each i = 1, 2, . . . , n,

dH(ui
αj

, f
i
(ωαj)) = dH(

⋃
s≥j

ui
αs , f

i
(
⋃
s≥j

Ks)) ≤ dH(
⋃
s≥j

ui
αs ,

⋃
s≥j

f
i
(Ks))

≤ max
s≥j
{dH(ui

αs , f
i
(Ks))} .

Hence,
dH(ui

αj
, f

i
(ωαj)) < ε/2 , j = 1, 2, . . . , m , i = 1, 2, . . . , n . (12)

The family ωα for each α ∈ [0, 1], defined analogously to the proof of Proposition (2)
(Equation (7)), defines a unique ω ∈ F∞(X) such that ωα = ωα for each α ∈ [0, 1]. We show
that the orbit of ω ε-traces the δ-pseudo-orbit in F∞(X).

By using the triangular inequality for dH , relations (10) and (12) and the definition of
ωα in each subinterval,

dH(ui
α, f

i
(ωα)) < dH(ui

α, ui
αj
) + dH(ui

αj
, f

i
(ωαj)) <

ε

2
+

ε

2
< ε ,

for α ∈]αj, αj+1], 0 ≤ j ≤ m− 1 and i = 1, 2, . . . , n. Since α0 = 0 and ui
0+ = ui

0, i = 1, 2, . . . , n,
the last expression is also fulfilled for α = 0.

Finally, the orbit of ω ε-traces the pseudo-orbit (ui)n
i=1,

d∞(ui, f̂ i(ω)) = sup
α∈[0,1]

{dH(ui
α, [ f̂ i(ω)]α)} = sup

α∈[0,1]
{dH(ui

α, f
i
(ωα))} < ε , i = 1, 2, . . . , n .

(iii)⇒ (iv): It is a consequence of the fact that in F (X), we have d0 ≤ d∞.
(iv)⇒ (ii): Given ε > 0, take δ > 0 such that every finite δ-pseudo-orbit in (F0(X), f̂ )

can be ε-shadowed by a true orbit. We consider a finite δ-pseudo-orbit given by the compact
sets (Ki)

n
i=1 ⊂ K(X). They satisfy

dH(Ki+1, f (Ki)) < δ , i = 1, . . . , n .

Let us consider the characteristic function of each (Ki)

ui := χKi ∈ F0(X) , i = 1, . . . , n .

Notice that, for i = 1, . . . , n, and for every α ∈ [0, 1], we have that ui
α = Ki.

It is easy to check that the finite sequence (ui)n
i=1 is a δ-pseudo orbit:

d0(ui+1, f̂ i(ui)) = d∞(ui+1, f̂ (ui)) = sup
α∈[0,1]

{dH(ui+1
α , f (ui

α))} = dH(Ki+1, f (Ki)) < δ ,

for i = 1, . . . , n, by hypothesis, there exists v ∈ F0(X) such that

d0(ui, f̂ i(v)) < ε , i = 1, . . . , n .

By Remark 1, d0(u, v) = d∞(u, v) = supα∈[0,1]{dH(uα, vα)}, which implies

dH(ui
α, [ f̂ i(v)]α) < ε for each α ∈ [0, 1] , i = 1, . . . , n . (13)

We now fix α̃ ∈ [0, 1] and set K = vα̃ ∈ K(X). By using (13), we have that the orbit of
K ε-traces the δ-pseudo-orbit (Ki)

n
i=1,

dH(Ki, f
i
(K)) = dH(ui

α̃, f
i
(vα̃)) = dH(ui

α̃, [ f̂ i(v)]α̃) < ε .



Axioms 2022, 11, 733 10 of 11

4. Conclusions

Summarizing our results, for a compact metric space X and a continuous map
f : X → X, we were able to prove in Section 2 the equivalence of the specification property,
either for the induced hyperspace dynamical system f : K(X)→ K(X) or for the induced
fuzzyfied dynamics f̂ : F (X)→ F (X) (Theorem 2).

Moreover, we saw that it was necessary to add a certain structure to the compact
set and to the map, namely convexity and linearity, in order to obtain a characteriza-
tion of the specification property that includes the original system (X, f ) (Theorem 3).
The notion of convexity can be generalized to topological groups X by defining K ⊂ X
convex if K + K = 2K. In principle, it sounds reasonable that, under some general con-
ditions, Theorem 3 can be extended to topological groups if we can apply a generalized
Schauder–Tychonoff fixed point theorem (see, e.g., [31]). It would be interesting to know
which conditions on the topological group ensure such generalization.

Finally, in Section 3, we obtained the full characterization of finite shadowing, on the
space, hyperspace or fuzzy space, in Theorem 5. As for the shadowing, the fuzzy spaces
are not compact, and we do not know if we can inherit the full shadowing on the fuzzy
spaces when we have shadowing for (X, f ), X being a compact metric space. This is also
an interesting future direction of work.
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