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ABSTRACT

Using the Ornstein-Zernike integral fluid equation for multi-component plasma, the dielectric properties and thermodynamical stability
of dusty plasmas are studied. For the most non-ideal dust plasma subsystem, a transition to the one-component approximation is carried
out. It is shown that the effective pseudopotential for determining the correlation functions in the selected subsystem should not include
the contribution of this subsystem to the screening constant but also take into account the condition of total plasma quasineutrality. It
is demonstrated that when the coupling parameter of the dust subsystem is smaller than unity, oo < 1, the interaction potential between
the charged plasma particles is fairly well described by the Debye potential with a full screening constant. For I'pg > 1, the static dielectric
function in the long wavelength domain becomes negative, and this domain expands when Ty increases. This leads to the appearance of
attraction of particles with charges of the same sign and repulsion of particles with charges of the opposite sign. In this case, both the total
pressure and the isothermal compressibility in the entire studied range of the coupling parameter I'yg < 250 remain positive, but the isothermal
compressibility of the dust subsystem becomes negative at I'po ~ 2 within the studied range of variation of the plasma parameters. The sign
of the derivative of the chemical potential with respect to the total number of dust particles, the positiveness of which is the third condition
for the thermodynamic stability, is shown to coincide with the sign of the isothermal compressibility of the dust subsystem. Therefore, it is
concluded that the equilibrium dusty plasma at T'oo > 2 is thermodynamically unstable.

© 2020 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5144901

I. INTRODUCTION charged heavy (dust) particles modeled by the pair Yukawa or Debye
interaction potential (see, e.g., Refs. 14-20) or with some additional

Plasmas, which contain the so-called condensed disperse phase interaction potential with the inverse squared interparticle distance

or dusty plasmas, are widely spread in nature and used in technol-
ogy, and therefore, research of such complex systems is of consid-
erable interest both for fundamental physics' * and for a number of
applications, for example, in the nanoparticle industry.” The theo-
retical study of the charged particle interactions in such systems is
still one of the most important issues.” '~ Numerical studies of dusty
plasmas by, for example, the molecular and Brownian dynamics
methods are traditionally carried out with the interaction between

asymptotic form at large distances (see, e.g., Ref. 21). This model
potential is applicable if the Debye-Hiickel approximation” is appli-
cable, and its validity at higher values of the coupling parameter of
the dust subsystem raises questions.

The present work, unlike the above papers, is dedicated to
the description of electrostatic properties of dusty plasmas with the
Coulomb pair interaction potential between charged plasma parti-
cles based on the multicomponent Ornstein-Zernike equation.””'
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It was shown in Refs. 25 and 26 that the Ornstein-Zernike (OZ)
equation in the hypernetted chain (HNC) approximation describes
the thermodynamic properties of dusty plasmas quite well even up
to the coupling parameter values of the order of 100. Therefore, it
is exactly the HNC approximation, which is employed to close the
system of OZ equations in this paper.

The Ornstein-Zernike equation is often employed to study
multicomponent plasmas (mainly two-, rarely three-component
plasmas, see, for example, Refs. 27-35 and references therein). In the
present paper, the transition to a one-component description of the
strongly coupled subsystem and the thermodynamic stability (TDS)
of the multicomponent dusty plasma are described in detail and, as
far as we know, for the first time. Within the well-established method
of integral equations, the appearance of negative values of the static
dielectric function (SDF) and the attraction of particles with charges
of the same sign are demonstrated. In Sec. II, the solution of the
Ornstein-Zernike equations in the hypernetted chain approxima-
tion is presented for a three-component Coulomb plasma, where the
energies of electron-dust, ion—dust, electron—electron, electron-ion,
and ion-ion interactions remain much smaller than their thermal
energy. It is shown how the effective dust-dust Debye potential is
formed. Furthermore, the conditions are determined for the dusty
plasma static dielectric function to take negative values in the long
wavelength domain, and the dust subsystem thermodynamic stabil-
ity is studied. The preliminary short version of the present work was
published in Ref. 36.

Il. ORNSTEIN-ZERNIKE EQUATIONS FOR
A MULTICOMPONENT PLASMA

We consider a three-component plasma with the interaction
between charged particles described by the Coulomb potential,

2
e zvzy

Vi ([ry — 1) = 6]

|r1,—1‘,4|'

Here, the Greek indices v and y take the value 0 for dust particles,
1 for electrons, and 2 for ions, z, is the charge number of v-species
particles, z; = -1, and r, and r, are the radius vectors to the posi-
tions of particles of v and u-species, respectively. Effective potentials
are commonly introduced to eliminate problems with the electron-
ion interaction and the interaction of dust particles with plasma
particles with the charge of the opposite sign, to take into account
quantum effects in the electron-electron interaction” "’ (see also
Refs. 32 and 33 and references therein) and to explicitly take into
account the dust particle size.”"*>** At densities of the charged par-
ticles considered in this work, the plasma is far from degeneracy, and
the interaction at small distances produces a negligible contribution,
and therefore, the form of the potential at these distances and under
these conditions is not significant.

The Ornstein-Zernike equation for a homogeneous multicom-
ponent fluid has the form™

ha(r) = cw(r)+§Ajmfcﬂ(|r_rf|)hw(rf)dr,’

v=0,1,2,4=0,1,2,

2
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where hy, = gy, — 1 and Cy,, are the partial and direct pair correlation
functions, respectively; n, is the averaged number density of the A-
species particles,

m=N/V,

where N, is their total number in the system of the volume V.
Therefore, the total quasineutrality condition takes the following
form:

2
Z zZyhy = 0. (3)
v=0

Given the symmetry of the correlation functions, that is, since
hy = hy and Cy = Cpy, system (2) in the case of a three-
component dusty plasma determines six correlation functions. The
three-dimensional Fourier transformation converts this system of
integral equations into the system of algebraic equations,

(k) = Cou(k) + S mCoa (k) (k). (4)
A

Here and below, the Fourier transforms are marked with a tilde. _

From the equations for ho; and hq,, their relationship with fgo
can be found (note that Ref. 31 contains explicit expressions for
similar correlation functions with some misprints),

Co1(1=mCx) +nC2Cra
D(k) ’

= ~ \Co(1-mC CoiC
h02:(1+n0h00) 02( ”1D1(113)+n1 2 12,

hoi = (1 + nozoo)
(5)

where

D(k) = (1 - ”1611)(1 - nz@z) - nlnzafz.

Then, by substituting (5) into the equation for Eoo in (4), the dust
correlation function can be obtained,””’

Too (k) = Cogp (k) + noCopy (k) hoo (k) (6)
which involves the effective direct correlation function,
- ~ 1 - -
Cepr (k) = Coo + %[nlcél(l - mCy)
+ ﬂz’é(z)z(l - n]éll) + 2"1"2601602612]- (7)

One can see that Eq. (6) has the form of the OZ equation for a one-
component liquid.

In this paper, conditions are considered when coupling is
relevant only in the dust subsystem, ie., only the interaction
energy between dust particles can be much larger than their ther-
mal energy. In addition, the energies of electron-dust, ion-dust,
electron-electron, electron-ion, and ion-ion interactions remain
much smaller than their thermal energy,

1/3 1/3
8220110/ 62Z2Z()n0/
r01 = <1, 1"02 =1,
T() TO
2. 1/3
en
Iy = 1 <1, (8)
Ty
1/3 1/3
ezzznz/ ezzgnz/
'y = <1, Tpn= <1,
Tz T2
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where T and T, are electron and ion temperatures in energy units,
respectively. In what follows, an isothermal plasma is considered
with To = T; = T, = T, but the results, with some restrictions, can
also be used to describe nonisothermal and nonequilibrium systems
(see Ref. 45 and the literature cited therein).

Under conditions (8), it is possible to approximate the direct
correlation functions by the following expressions™ (v = 0, 1, 2; u
=1,2):

2
ez,z,
Cou(r) = =pViu(r) = ——”ﬁ, )
with the Fourier transforms
~ 47e* 2,2,
cw(k):—T", v=0,1,2 4 =1,2. (10)

Here, 8 is the inverse temperature: § = 1/T. Using (10), from Eq. (5),
one finds that
1+ 1’10’};0() (k)
R +k
1+ noﬂoo(k)
k2 + K

il})l (k) = 4718220[;

11
’Eoz (k) = —47T€22022ﬂ >

where kg,- = kf + k%, with the electron, ki, and ion, k., screening
constants defined by relations

ki = 4ne*mi B, ki = dne*zimyp. (12)

Note that Eo]éoz = Eozéo] and 21’};02 = Zzﬁ(n. Similarly, from Eq. (7),
4me* 7 BKL

Co (k) = Coo(k) + ——2—,
700 k)

(13)
and after the inverse Fourier transform, it follows from Eq. (13) that

2,2
Co(r) = Coo(r) + #;(1 — ), (14)

Furthermore, Eq. (2) is closed by the relation
ho(r) = ¢ PV (Dt =Cou() 4By (r) _ (15)

where By,(r) is the bridge functional.”* Finally, the expression for hgo
can be written explicitly as

228,
o) = exp| ~ 2 4 hin(r) — Cop(r) + Buo(r)| < 1. (16

This result implies that the solution for hgo will not change if the
effective Debye potential

2 2

Ve (1) = € 20 phar (17)

is introduced. It is important that the screening constant in this case

is determined only by electrons and ions whose number densities

are related to that of the dust particles by the total quasineutrality

condition (3). Therefore, when the charge or number density of dust

particles varies, the screening constant k.; also changes.
In the HNC approximation, the bridge functional is assumed to
be zero: By,(r) = 0 and for the closure of the OZ Eq. (6), the equation

r

hoo(r) = e*ﬁVeff(f)Jrhuu(l‘)*Ceff(f) 1 (18)

scitation.org/journal/adv

can be employed. From the last three equations of system (4),
one can determine the Fourier transforms of the remaining pair
correlation functions,

-~ Cu +noCrohor =+ Ci2 + noCirohoa

"CTThw MR
Ty = Caz + noCaohon
22 —D(k)

We emphasize here that the effective potential Vy is intro-
duced only to separate from the system of OZ Eq. (4) an OZ equation
for hgo, which can be solved by standard numerical methods if direct
correlation functions C, for v=0, 1, 2 and y = 1, 2 are known. The
pair interaction potential of charged particles in the plasma remains
the Coulomb one. In general, V is defined by the expression

1 1 = _
V, =Voo - —+ | —=|mCu(l-mC
(1) = Voo 2m2Br ([ D(k) [”1 01( ny zz)

+ nZESZ (1 - nlal ) + 2111 nzaolaozalz]k sin(kr)dk.
(20)
Under conditions (8) for the direct correlation functions, one can
use Egs. (9) and (20), which lead to the Debye potential (17). Equa-
tion (20) can be employed to solve the system of OZ equations
for a multicomponent system by the iteration method, in which
the OZ equation for the subsystem with the strongest interaction is

solved separately from the other five equations. In this case, direct
correlation functions (9) can be used as initial solutions.

lll. STATIC DIELECTRIC FUNCTION OF
A MULTICOMPONENT DUSTY PLASMA

In a classical system, the static dielectric function (SDF) is
determined by the charge response function yzz, which itself is
connected to the structure factor by the fluctuation-dissipation
theorem,l‘,*l(w,hﬁ

xdk) = ¥ 3 2zunlk) = ~PnSzAk). 1)
vou
Here, xv, is the partial response function directly related to the

partial structure factor,”

You(k) = =pnSy(k), (22)

where 7 is the total number density of plasma charged particles: n
= Yvhy; Szz (k) is the charge—charge structure factor,

SzAk) = D> 2z Syl k), (23)
v u

where Sy, (k) are the partial structure factors,”
1y ~
Suk) = 22 [+ ma(K) |, (24)

where 6y, is the Kronecker delta. Therefore, for the inverse SDF, one
has

1 dme? 4me’
% =1+ _k2 XZZ(k) =1- _k2 ﬁi’lSZz(k). (25)
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The charge-charge static structure factor Szz(k) is, by defi-
nition, the average square of the charge fluctuations, then, it is
non-negative.”® Therefore, the following inequality stems from (25),

1

— <1, 26
e(k) (26)
which is valid for all wavenumber values. This inequality allows for
negative values both of the inverse SDF and the SDF itself, which
cannot take values in the range from zero to one: e(k) > 1 or &(k) <
0."19,50

Thus, the expression for the inverse SDF, (25), due to condi-
tions (8) and by virtue of (11) and (19), can be rewritten as

1 ik f(k) k0
—=1- + no
e(k) e e k2 ek, R

22
hoo(k) 2k, ke,

f(k), (27)

where ko is the screening constant of the dust component: k3
= 4me*zgno; kp is the full screening constant,

kb = > K= > anpe’zin,, (28)
v=012  v=0,12
and f (k) is the following auxiliary function:
_ 1+ no’l:l’()o(k)
0 == (29)

IV. INTERACTION POTENTIAL BETWEEN
CHARGED PARTICLES

The potential of a point charge g located at point r¢ in the
coordinate space is determined by the following expression:”

q eik(r—ro) 47
(2n)’ e(k) K

or by placing a charge at the origin of the coordinate system ro = 0,

o(r) =

(30)

29 sin(kr)
p(r) = mr J ke(k) d

(31

Therefore, the interaction potential of two point charges ¢q; and
q2 located at a distance R from each other is determined by the
following expression:

2q1q2 r Sll’l(kR)

U(R) = —— ——dk. 32

(R) nR J ke(k) (32)

Note that Eq. (32) describes the interaction of external test particles,

and the interaction potential of internal charges may differ from this

one, but if the interaction is weak, this difference can be neglected
(see in detail in Ref. 52, p.53).

V. PRESSURE AND INTERNAL ENERGY

The interaction-associated part of the internal energy in a
homogeneous plasma is defined as*’

MU=3 Y T [ Vi(Dgu(r)d, (33)
Vo

scitation.org/journal/adv

and the pressure as”™
OVyu(r)

PeposT T [

Hence, for the Coulomb interaction potential (1), taking into
account the condition of total quasineutrality (3), one finds

Guu(r)dr. (34)

I

v o#

AU =271¢" 3" 3 nymuzzy f o (r)rdr, (35)
0

—% ZTZ n,,zvz,,[hv,,(r)rdr—% % U (36

VI. DEBYE APPROXIMATION

In this section, the case is considered when the dust subsystem
is also ideal, i.e., the Debye approximation is also applicable to the
dust component,

2.2 1/3
e“zZyn
Too = °T° «1, (37)

where a is the average interparticle distance for the dusty subsystem:

a= ngl/s. In this case, it stems from (13) that

~ 4me*Z3p
Cor (k) = - , 38
(k) = —5 2 (38)
and, from (6), one obtains
471 z
Foo(k) = — 2 ,ff - (39)

Furthermore, from (11) and (19), the pair correlation function takes
the following simple form valid for all v and p:

ane*z,z,p

Tk = - 40
I‘( ) k2 + kzD ( )
Then, by performing the inverse Fourier transform, the well-known

result” is recovered,

2
b

gnlr) =1~ (41)

Furthermore, other expected results follow, using (41), from
(25) for the static dielectric function,

L_l kb
ek)  R+K

With the Debye SDF (42), from Eq. (32), one shows that, in the
case of ideality of all subsystems of the dusty plasma, the interac-
tion potential of point charges in such a system will be the Debye
one with the full screening constant,

e(k) =1+ ’2. (42)

2919 [ ksin(kR) gk = 19 koR
7R J K2+ k2 R

UD(T’) = (43)
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Hence, using (41), the well-known relations’’ follow for the
internal energy and pressure from (35) and (36),

AU = —27e* >3 nvn#z?,ziﬁ
o kp

2
€ 2,2

=—— nyz, k
2
k

= _ETD nvzzy (44)

3 3/2
i3 (zna) )

VII. NUMERICAL SIMULATIONS AND DISCUSSION
OF RESULTS

Next, our results of a numerical study of the electrostatic inter-
action in the dusty plasma are presented based on the numeri-
cal solution of the OZ Eq. (6) in the HNC approximation (18)
and on the basis of the molecular dynamics (MD) method with
potential (17). Note that the hypernetted-chain approximation is
applied to the strongly coupled dusty subsystem only. The itera-
tive method for solving the OZ equation in the HNC approximation
is described in detail in Ref. 25. At the zeroth iteration, the struc-
ture factors in the Debye approximation (40) are used. To speed
up the convergence, the procedure proposed in Ref. 53 is applied.
In order to calculate integrals that converge poorly or have remov-
able singularities at small wavenumbers, for example, to calculate
the potential (31), we used the standard procedure of extraction
of the long-range Debye asymptotes or singularities, the integral of
which can be calculated analytically, and numerically integrating the
remainder.

In the calculations, the ion number density was fixed as n
=10® cm ™, their charge number z, = 1, the number density of dust
particles ng = 10° cm™3, and the temperature T = 300 K (T is

scitation.org/journal/adv

the temperature in kelvins: T = T/kg, kg is the Boltzmann con-
stant). The coupling parameter I' (hereinafter, I means o) was
varied by changing the negative charge of dust particles z, and
the electron number density was determined from the condition
of total quasineutrality (3). Therefore, the electron number den-
sity and, accordingly, the electron and electron-ion screening con-
stants decreased with increasing I, and the full screening constant
increased.

Table I shows the characteristic values of the coupling param-
eters and screening constants for a number of dust particle charges
(in elementary charges) at a fixed ion number density 7, = 10 cm ™,
z; = 1, and the room temperature T = 300 K. It can be seen that up
to zo = —10°>, the values of all coupling parameters, except for Ty, are
noticeably smaller than unity.

Our results for the structure factor of the dust component
found from the OZ equation in the HNC approximation for dif-
ferent coupling parameter values are presented in Fig. 1. Here, the
structure factor of the dust component is defined as

S(k) = 1 + nohoo(k), (46)

that is, without the factor no/n in the partial structure factor (24).
One can see how, with increasing T, the values of the structure fac-
tor decrease for small values of wavenumber k, while the number of
peaks and their amplitudes grow.

Figure 2 shows both the inverse and direct static dielectric func-
tions of the dusty plasma obtained according to Eq. (27) from the OZ
equation in the HNC approximation. It can be seen that for T < 1,
the SDF is positive, and for I = 3.2 in the region of small wavenum-
ber values, it is negative. As the value of the coupling parameter
increases, the region of negative values moves further into the region
of large values of k, and the absolute values of the SDF grow. The
possibility of the appearance of negative SDF values was discussed
in Refs. 28, 54, and 55. The data on &(k) presented in Refs. 28 and
55 are similar to the ones shown in Fig. 2, but nevertheless do differ
from them since in those works, as in Ref. 54, the scheme for deter-
mining the SDF was not entirely consistent. For example, in Ref. 55,
the SDF of a one-component plasma (OCP) was determined from

TABLE I. Coupling parameters and screening constants for a series of dust particle charges (in elementary charges) in the
dusty plasma at ng = 10° cm—2,n, =108 em—3, z, =1, and T = 300 K.

Z0 —1 —10 —100 —1000
Hle, 9.99 x 107 9.9 x 107 9.0 x 107 0.0

Too 2.58 x 10+ 2.58 x 102 2.58 2.58 x 10%
To1 258 x 104 258 x 10 ° 2.58 x 1072 258 x 10!
Toz 2.58 x 10 * 258 x 103 2.58 x 1072 2.58 x 107!
T 258 x 1073 257 x 1073 249 x 1073 0.0

T 258 x 103 258 x 103 258 x 10 ° 2.58 x 103
T2 258 x 1073 258 x 103 2.58x10°° 258 x 1073
ko (em™Y) 26 26.4 264.5 2644.5
ki (em™) 83.6 83.2 79.3 0.0

k (em™Y) 83.6 83.6 83.6 83.6

kei (cm™1) 118.2 118.0 115.3 83.6

kp (cm™Y) 1183 120.9 288.5 2645.8
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S(k)
2.5 . —————

2.0

1.5

1.0

0.5

0.0

1 ' "'””10 ' 100

FIG. 1. The structure factor of the dust component found from the OZ equation
in the HNC approximation for different coupling parameter values: curve 1 corre-
sponds to ' = 0.1, and curves 2, 3, 4, 5, 6, 7, and 8 correspond, respectively, to T
=1,2,4,10, 30, 100, and 155.

the expression (in the notation of the present paper)

2
oK) = ¢ K (47)

22K2S(k)’

where S(k) is defined as in (46) but with zoo(k) found for the
Coulomb interaction potential between dust particles with the
charge zy. Notice that Eq. (27) cannot be reduced to a simple expres-

sion (47) containing only ko and Z()(). Moreover, for small values
of the coupling parameter in the Debye approximation (39) (with
kp replaced by ko), Eq. (47) becomes the Debye approximation
expression (42).

Figure 2 also shows ¢! (k) and (k) for T = 1, 5, 10, and 100,
all obtained on the basis of calculations of the structure factor of
dust particles by the method of molecular dynamics (MD) with the
potential (17). For all partial structure factors, except for Sqo, the
Debye approximation was used, and the structure factor of the dust
subsystem was calculated by the MD method using the following
algorithm. First, the radial distribution function goo(r) was calcu-
lated, and the cutoff radius was taken to be equal to rcu = 13a (see
Refs. 25 and 26). The values of the function goo(r) were averaged
over time with 1000 values corresponding to different times taken
into account. In addition, averaging was performed according to the
results of five independent calculations. Then, the structure factor
was calculated by formula (24). Replacing the infinite limit of inte-
gration with a finite one under the Fourier transform inevitably leads
to an error, which becomes especially significant for small k. There-
fore, in this paper, the values of Soo(k) were calculated only for ka
> 1. An increase in the limiting radius to rcy: = 18a did not lead to
a noticeable change in Soo(k) in the selected range of k values. Fig-
ure 2 confirms a very good agreement between the data obtained by
two different methods, and the discrepancy for small k for T = 100

scitation.org/journal/adv

&' (k)

1.0

0.5

1 ' "'””‘IO ' 100

-—
—

-

7}
it ""l_f"""'-'""""

-

- '______--'

g s

(b)

FIG. 2. The dusty plasma inverse (a) and direct SDF (b) for the following coupling
parameter values: 1—I'=0.1,2—'=1,3—=3.2,4—TI=5,5—T=7.9 (a) or 10
(b), 6—T =10 (a) or 32 (b), and 7 and 8—T = 100 (b); (a) solid lines were obtained
by solving the OZ equation in the HNC approximation, and dotted lines represent
our results of simulation by the MD method for ' = 1, 5, and 10; (b) curves 1-7
show solutions of the OZ equation in the HNC approximation, and 8 displays the
results of the MD method simulations.

reflects the noted difficulty in determining the structure factor by the
MD method of the molecular dynamics in this domain.

The dust interaction potential determined from Egs. (32) and
(43) is displayed in Fig. 3. It can be seen that for T < 1, it is described
by the Debye potential quite well. At T =1 at distances larger than the
Debye radius, deviations from the Debye behavior are visible. With
a further increase in the coupling parameter, a region of interparti-
cle distances appears, where attraction is observed between particles
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FIG. 3. The interaction potential of dust particles at low values of the coupling
parameter, curves 1, 2, 3, 4, and 5 correspond to the values of I' = 10~3, 10=2,
10~", 1, and 10, respectively. The solid curves are based on the solution of the 0Z
equation in the HNC approximation, as in Eq. (32); the dotted ones are the Debye
potential (43).

with charges of the same sign, which is well illustrated in Fig. 4.
It is seen that with increasing T, the attraction region expands, the
well depth grows, a barrier appears in the interaction potential from
the side of large distances, and the potential takes on an oscillating
character.

Figure 5 shows the Debye form (43) of the interaction potential
of dust particles, which indicates that for small values of the coupling
parameter T < 107" (with zo < 20), deviation from the Debye theory
is insignificant. With an increase in T, the deviations are more vis-
ible, and already at I ~ 1 an attraction appears between particles of
the same charge sign at large distances among them. Note here that
the approach with a dielectric function responsible for the interac-
tion screening corresponds to the continuous medium picture and
reflects a statistically averaged setting of the interaction. Therefore,
it is applicable only at distances much larger than the average inter-
particle distance: r > a, and at smaller distances, fluctuations in the
position of individual particles must be accounted for. In the neg-
ative interaction potential interval of distances at I' ~ 1, as it can
be seen from Fig. 5, this applicability condition is satisfied, and the
formation of a potential trap and barriers at I' > 2 require further
investigation.

Both left-hand and right-hand boundaries of the above nega-
tive interaction interval (before the first maximum) are displayed in
Fig. 6. It is clearly seen that the left-hand boundary with the growth
of the coupling parameter I' moves further and further to smaller
distances, and the right-hand boundary moves to larger distances.
Note that, for I' < 2, the right-hand boundary was not determined
because of the weakness of the interaction in this region. From Fig. 6,
it can be seen that negative potential values appear already at T
~ 0.5, but this only takes place at distances exceeding 20 D radii, so
it unlikely has any physical value. At T' > 1, the interaction potential
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FIG. 4. Graphs of the dust particle interaction potential vs kpr for I' > 1 with large
(a) and small scales along the ordinate axis (b): 1—I = 2, 2—T = 4, 3—T = 10,
4—T =20, 5—T =40, and 6—T = 100.

changes its sign at distances of several Debye radii and less, which
will play an important role in dusty plasmas, especially in the pro-
cesses of formation of ordered dusty plasma structures and phase
transitions.

Figure 6 also shows the points of the first (from the side of
small distances) minimum and maximum of the interaction poten-
tial between dust particles, and Fig. 7 shows the potential values at
these points. For I’ < 2, the maximum points were not determined for
the same reason as the right-hand boundaries on Fig. 6. From Figs. 6
and 7, it can be concluded that the interparticle distance at which the
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FIG. 5. Interaction potential of dust particles reduced to the Debye one for small
values of the coupling parameter: 1—I' = 10=2, 2—T'=10~",3—1=0.32,4—T =

r

FIG. 7. The values of the interaction potential of dust particles at the point of the

1,5—I'=15,6—T=2and 7—I=3.

first minimum (—Upin, curves 1 and 3) and the first maximum (Unax, curves 2 and

4) obtained from the solution of the OZ equation in the HNC approximation vs the
coupling parameter T. Curves 1 and 2 are for g = 10% em=3, n, = 108 cm=3,

T =300 K, and z < 0; 3:and 4 for ng = 107 cm~=3, n, = 10" cm=2, T = 2000 K,

and zy > 0. Curve 5 corresponds to the room temperature value in energy units: T

interaction between dust particles passes from repulsion to attrac- =0.0259 V.

tion (the point of the potential minimum) decreases with increasing
I' and is about 1.5 D radius at high values of the coupling parame-
ter. In addition, at T > 3, the depth of the well noticeably exceeds the

thermal energy of dust particles.

kDr
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10°F E
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r

FIG. 6. Left-hand (curve 1) and right-hand (2) boundaries of negative values
(before the first maximum), positions of the first minimum (3) and maximum (4)
of the dust particle interaction potential found from the solution of the OZ equation
in the HNC approximation vs the coupling parameter T'. Symbols are for ng = 10°
em=2,np =108 cm=%, T = 300 K, and z, < 0; solid curves are for ny = 107 cm=2,
ny =10 cm=3, T = 2000 K, and zy > 0.

The approach used in the present work deals with plasmas
in thermal equilibrium, although it is possible to use expressions
for direct correlation functions (9) obtained on the basis of the
Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY) hierarchy for
a nonisothermal plasma under conditions (8). This approach with-
out restrictions is applicable for thermal dusty plasma, which was
the case, for example, in Refs. 56-58. Here, we calculated the dielec-
tric properties and the interaction potential in a dusty plasma in
thermal equilibrium and with the following parameters close to
the experimental ones: ™ 5y = 107 cm™3, n, = 10"° cm™>, and
T = 2000 K, and it was assumed that the charge of dust particles
due to the thermal emission of electrons is positive: zo > 0. Notice
that the addition of alkali metal atoms, which are contained in small
amounts in air, can influence the number density of ions and elec-
trons significantly, and the charge of dust particles can be changed by
changing their size or using materials with a different electron-work
function.

Our calculations showed that negative values of SDF and the
attraction of likely charged particles take place in dusty plasmas in
thermal equilibrium at T' 2 1 also. Both left-hand and right-hand
boundaries of the region of negative values, as well as the positions
of the first minimum and maximum of the interaction potential of
dust particles in such a plasma are presented in Fig. 6 as well. It can
be seen that the picture is very similar to the case of a plasma with
negative charges. Figure 7 shows the values of the interaction poten-
tial at the minimum of the potential trap and at the point of the first
maximum in a dusty plasma in thermal equilibrium. It can be seen
that in this case, both the depth of the potential well and the height
of the barrier turn out to be higher than in the plasma with negative
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charges, but otherwise, their dependence on the coupling parameter
is similar. With a decrease in the ion number density to 10° cm ™3,
noticeable changes in the above picture were not observed.

The appearance of negative values of the static dielectric func-
tion*”” indicates the instability of the system and the possibility of
a transition to a new phase. Earlier, in Refs. 59 and 60, for degener-
ate plasmas, a plasma phase transition was predicted at T 2 1. Then,
both in the one-component approximation”*”’ and by extrapolating
the results of the Debye theory, it was shown that the system loses its
stability at I' ~ 3, which is consistent with the results obtained in the
present paper.

Interaction corrections were estimated to the pressure of a
dusty plasma with both negative and positive charges of dust par-
ticles, see Fig. 8. Observe that for I' < 1, the pressure correction is
small and is well described by the Debye theory. As I increases, the
pressure correction increases, but the total pressure remains positive
in the entire range of variation of the coupling parameter studied in
this paper.

It follows from Fig. 8 that with increasing T, the discrepancy
between the data obtained on the basis of the numerical solution
of the OZ equation in the HNC approximation and within the
Debye approximation grows. Furthermore, the results obtained in
the framework of the Debye theory, i.e., in the Debye approxima-
tion for all subsystems, will be referred to as those obtained in the
Debye approximation. Note that in the Debye approximation, the
absolute value of the pressure correction reduced to n/f in the case
of zy < 0 overcomes the unity for I > 160, i.e., then, the total pressure
becomes negative. For zg > 0, in dusty plasmas in thermal equilib-
rium, |[AP/nT| remains smaller than unity up to I' = 290. In other
words, in the range of variation of the coupling parameter of dusty

PAPIn
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FIG. 8. Pressure corrections due to the Coulomb interaction in @ multicomponent
dusty plasma vs the coupling parameter. Curves 1 and 2 are for ng = 10° cm=3,
np =10% cm=3, T = 300 K, and z, < 0; 3 and 4 are for ny = 107 cm~3, n, = 10
em=3, T = 2000 K, and zy > 0. Curves 1 and 3 are the pressure corrections (36)
obtained by the numerical solution of the OZ equation in the HNC approximation,
and curves 2 and 4 are the pressure corrections within the Debye approximation
(45).

ARTICLE scitation.org/journall/adv

plasmas in thermal equilibrium investigated in this work, the total
pressure remains positive in the Debye approximation as well.
Taking into account that for high coupling parameter values,
nozé > nlzf + nzzg , from (45) for the value of the coupling param-
eter I'go,», above which the total pressure becomes negative, we have

an estimate
2/3
3n
Toon = ( ) . (48)

\/El’lo

Hence, for the dust plasma parameters considered here for zy < 0,
since large values of the coupling parameter n » 13, I'oo,» = 142, and
for z > 0, taking into account that for large I', we have n ~ 31, and
Too,n = 295. These values explain the observed pressure behavior in
the Debye approximation.

The partial corrections to the pressure APy, defined as

2me? r
APy, = %nvnﬂzvzpfhw(r)rdr (49)
0

are presented in Fig. 9. Notice that the main contribution to the full
correction comes from the interaction of dust particles with each
other, a smaller contribution corresponds to their interaction with
ions and even smaller to that with electrons. The most interesting
feature is that the corrections due to the electron-electron, electron-
ion, and ion-ion interactions are negative for small I and become
positive with increasing I'. From Fig. 9, it can be seen that these
corrections do not exceed 1% of APyy.

It stems also from Fig. 10 that for small T, the partial corrections
to the pressure coincide with the partial corrections to the pressure
in the Debye approximation,

27'[64 22 ﬁ 62 2,2

AP‘Z = nvn,,zvzﬂg = —%nvzvkﬂ. (50)
ﬂAPWIn
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FIG. 9. Partial corrections to the pressure due to the Coulomb interaction in a
multicomponent dusty plasma vs the coupling parameter for ny = 10° cm=2, n,
=108 cm~3, T = 300 K, and z; < 0, found on the basis of the solution of the OZ
equation in the HNC approximation [separate summands in (45)]. Curves 1, 2, 3,
4, 5, and 6 display, respectively, Poo, 2Po1, 2Pz, P11, 2P12, and Pp;.
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FIG. 10. The partial (curves 1-6, reduced to the partial Debye pressure correction,
see Fig. 9) and the full pressure correction (curve 7) vs the coupling parameter for

np=10%cm=3,n, =108 cm=3, T = 300 K, and z; < 0.

The contribution due to the interaction of dust particles with each
other is the first to deviate from the Debye approximation. More-
over, the full correction coincides well with the Debye correction up
toI' ~ 0.1, and then the deviations grow quickly.

The data presented in Figs. 9 and 10 imply that the full cor-
rection and the correction APy turn out to be negative, as in the
Debye approximation, in the entire studied range of the coupling
parameter. In Refs. 25 and 26, the positive pressure corrections were
obtained while considering a system of dust particles interacting
with a Debye potential. The opposite sign of the corrections is due
to the fact that in these papers, the pressure was calculated with
the Debye potential, and in the present work, it is estimated with
the Coulomb potential. As it is shown above, the introduction of
the Debye potential (with a screening constant taking into account
the contribution of electrons and ions only) is a convenient mathe-
matical method for calculating the pair correlation function of dust
particles hgp in the case when the interactions of dust particles with
electrons and ions, electrons between themselves and ions, the ions
between them are ideal. In this case, the real interaction potential of
charged particles remains the Coulomb one.

VIIl. THERMODYNAMIC STABILITY OF DUSTY
PLASMAS

It was noted above that the appearance of negative SDF values
is associated with the instability of the system and the possibility of
a transition to a new phase state. Therefore, the thermodynamic sta-
bility (TDS) of a dusty plasma is to be studied. Consider the system
as a solution: dust particles are particles of a substance dissolved in
an electron-ion plasma, while electrons and ions are particles of a
solvent. In this case, the following conditions must be satisfied for

scitation.org/journal/adv

the TDS of a dusty plasma:"""'
ou
Cy - (7) >0, (51)
v orT V,No,N1,N>
1{/dP -
Kr=-=|l5 0 .
T V[(dV)T,NO,NpNz] . ( )
poo >0, p11 >0, pooptn — porpio > 0. 5

Here, Cy and K are the isochoric heat capacity and the isothermal
compressibility of the plasma, respectively, and p,) are the deriva-
tives of the v-species chemical potential with respect to the number
of A-species particles,

b = 4 ( O )
vA = U = .
ONy /b, reh

The interaction corrections to the isochoric heat capacity, ACy
=Cv - Cv,ia» Cya = %nkB, divided by ACY [see Eq. (54)] are
shown in Fig. 11. In the Debye approximation, the heat capacity at a
constant volume is determined by the following expression:

3 pek
CV = Cy,a+ ACY = nkB(E + /384”’3 3 nvzf). (54)

One can see from Eq. (54) that in the Debye approximation, ACY is
positive and monotonically increases with growing I and zo, reach-
ing the value of 2.72nkp at T' = 221.3 in the dusty plasma with zp
< 0 and 1.27nkp for I' = 278.6 in the dusty plasma with zop > 0; T
= 221.3 and I' = 278.6 are the maximum values of the coupling
parameter, above which the iterations of the OZ equation did not
converge after 2000 iterations.
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FIG. 11. The interaction correction to the ideal isochoric heat capacity reduced to
the Debye one (54) for a multicomponent dusty plasma vs the coupling parameter.
Curve 1 corresponds to i = 10° cm=2, np = 108 cm=3, T = 300 K, and z < 0;
curve 2 is for ng = 107 cm=2, n, = 10" cm=2, T = 2000 K, and z; > 0.
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From Fig. 11, it can be seen that for small T, ACy and ACY
are close to each other, with increasing T, they begin to differ more
and more, and for T » 0.82 in the dusty plasma with zo < 0 and
for T » 0.20 in the dusty plasma with zo > 0, the correction due to
the interaction, ACy, becomes negative. Furthermore, ACy mono-
tonically increases in absolute value, reaching the values of ACy
= —0.426nkp at T = 221.3 in the dusty plasma with zy < 0 and ACy
= —0.105nkp at T = 278.6 in the dusty plasma with zo > 0. It can
be concluded that, taking into account the ideal component [see
Eq. (54)], the isochoric specific heat of dusty plasma is positive in
the entire investigated range of the coupling parameter values and
that the first TDS condition (51) is fulfilled.

Figure 12 shows the values of the isothermal compressibility of
a dusty plasma,

we3((@)] LG e

obtained by the numerical solution of the OZ equation in the HNC
approximation and in the Debye approximation. From Eq. (45),
for the isothermal compressibility in the Debye approximation, one

finds
Ko\
K?:(l— D) ) (56)

167n

It can be deduced from Fig. 12 that for small values of the cou-
pling parameter, the values of K calculated on the basis of the
solution of the OZ equation in the HNC approximation and in
the Debye approximation practically coincide, but at T > 0.01,
the curves begin to diverge. The isothermal compressibility values

n=KnT-1
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FIG. 12. Isothermal compressibility of a multicomponent dusty plasma as a func-
tion of coupling parameter. Curves 1 and 2 are for ng = 10° cm=2, n, = 108 cm=3,
T = 300 K, and zy < 0; curves 3 and 4 are for no = 107 cm~3 nz =101 cm‘3
T = 2000 K, and z; > 0. Curves 1 and 3 were calculated from the solution of the
0Z equation in the HNC approximation, and curves 2 and 4 were calculated in the
Debye approximation from Eq. (48).
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calculated from the OZ equation in the HNC approximation are
higher than unity and remain finite in the entire studied range of
I. In the Debye approximation, K for the plasma parameters con-
sidered here passes (through infinity) to the region of negative val-
ues for I' ~ 128 for the dusty plasma with zo < 0 and for T ~ 229
for the dusty plasma with zo > 0. Therefore, we can conclude that
the isothermal compressibility of dusty plasma is positive in the
entire studied range of the coupling parameter, and the second TDS
condition (52) is also satisfied.

Consider now TDS conditions (53) with respect to the species
chemical potentials. Since the determination of the chemical poten-
tial in numerical calculations encounters certain difficulties, define
it first in the Debye approximation based on the free energy, which,
in the Debye approximation, is determined by the following expres-
sion:"

3/2

om0 2 (e
(57)

where g, is the degeneracy multiplicity of particles of the component
v and e under the logarithm is the base of the natural logarithm. For
the chemical potential of the component v from Eq. (57), one has

B ( OF )
H ONy /v N

T,TEY

R o BV b

Using Eq. (45) to determine OV/ON,, from (58), it can be found

that
(am) —18 _ez)ztk2
ONy Jprn,... N\ akpT

,l(T7 ze szD)(

2 2
k
¢4 D). (59)

Therefore, the thermodynamic stability of the dusty plasma is deter-
mined by the sign of the dimensionless parameters {,, v = 0, 1,
defined as

2
(o Ny (1-BEBR) m (ofekee)
vt T 4kp | 8n (3PBIn-1)
and by the sign of the dimensionless parameter (o, defined as
2NoN
(01 = %(#00[411 —#01#10)
4
21 k3D ! esz ZV:nVZV
==l1- 1-— - (61)
n 167n AT Y nyz;

Note that the second term on the right-hand side of Eq. (60)
for v = 0 is determined by the ratio ng/n, and therefore, in the sign
change region and in the calculations performed in this paper, this
contribution is three orders of magnitude smaller than unity and can
be omitted in the analysis of (.

Norman and Starostin observed in Ref. 59 that the third con-
dition (53) can be reduced to the requirement of stability of a non-
ideal subsystem without taking into account the ideal subsystems,
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for which the isothermal compressibility must be positive,

Kr0 = —%[( %P“;" )T]fl. (62)

Here, as the pressure of the dust subsystem, the component Py is
used, as it is commonly done in the one-component approximation.

In the Debye approximation, the isothermal compressibility of
the dust subsystem is defined as

2 272\"1
K?OO - E 1- M ) (63)
’ no 4kp

It is the positivity condition of K g that is employed to determine
the thermodynamic stability in the one-component approximation.

A comparison of {o, (o1, and y&p = 1/(K$,00n0T) in the Debye
approximation is performed in Fig. 13. It should be noted that (o
and (o practically coincide. A very good correlation is observed in
the behavior of these quantities as functions of T, and the points of
change of their sign are close to each other. The reason for this is
that the expression in the parentheses in (63) coincides with the first
term in Eq. (60) for v = 0, which, as we noted above, is the domi-
nant term. Figure 13 also shows the dependence of the isothermal
compressibility of the dust subsystem, obtained from the following
expression for pressure [the term with v = 0 in Eq. (45)],

1
PO = noT - gesznoz(z),

while the isothermal compressibility is determined as

1 22kp\ "
KTD,Ozi(pez"D) . (64)
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FIG. 13. Inverse isothermal compressibility y&y = (K210 T)_l, the derivatives
of the chemical potential ¢, (60) and {y1 (61) in the Debye approximation vs the
coupling parameter for ng = 10% cm=2, n, = 108 cm=3, T = 300 K, and zy < 0
with curves 1, 2, 3, 4, 5, and 6 standing for # = Kr oono T, 1 = K1 00T, o, {1, {2,
and (1, respectively.
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As it follows from Fig. 13, the behavior of the latter quantity corre-
lates somewhat worse with that of {. Therefore, below, as the third
condition of the TDS of the dusty plasma, the positivity of Kr g is
used.

The isothermal compressibility of the plasma dust subsystem
found on the basis of the numerical solution of the OZ equation
in the HNC approximation is shown in Fig. 14 as a function of the
coupling parameter. It can be seen that the values of Kt become
negative both in the calculation based on the solution of the OZ
equation in the HNC approximation (at I' » 2) and in the Debye
approximation (at I' ~ 1). The values of K, for both sets of plasma
parameters with negative and positive charges of dust particles con-
sidered here are accidental close to each other. Indeed, it can be
seen from Eq. (63) that the critical value of the non-ideality param-
eter, at which the isothermal compressibility of the dust subsystem
becomes negative, is determined in the Debye approximation by the
expression

rD,cr =1/ kDa/n’. (65)

The dependence of this critical value on the plasma parameters was
confirmed by the numerical solutions of the OZ equation in the
HNC approximation. A detailed study of this issue will be carried
out in a separate work.

It was shown in Ref. 55 that in the one-component approxi-
mation, the isothermal compressibility of dusty plasmas becomes
negative at I' ~ 3 (see Fig. 14 and Ref. 18), which is close enough
to the data obtained in the present work. Filippov et al.” calcu-
lated the isothermal compressibility using the equation of state of
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FIG. 14. Inverse isothermal compressibility of the plasma dust component yo0 =
(Kr00m0T) ™" as a function of the coupling parameter: curves 1 and 2 are for ng
=10% ecm=3, np = 108 cm=3, T = 300 K, and z; < 0; curves 3 and 4 are for ny
=10" ecm=3, n, =10 ecm=3, T = 2000 K, and z; > 0; curves 1 and 3 are from
the solution of the OZ equation in the HNC approximation, curves 2 and 4 are in
the Debye approximation Eq. (63), curve 5 is calculated from Eg. (66), and curve
6 is calculated using the OCP equation of state obtained by numerical simulation
of the OZ equation in the HNC approximation.>®
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a one-component plasma (OCP). It was done by numerical simu-
lation of the OZ equation in the HNC approximation and with the
Coulomb potential used as the interaction potential between dust
particles. For this reason, the results of Ref. 55 differ from the data
obtained in the present paper. It can be seen in Fig. 14 that the
results of that paper are closely described by the Baus and Hansen
formula®

4 1 1
Xoo = 1+ gur + %brl/4 + gc,
(66)

a=-0.89643, b = 0.86185, ¢ = —0.5551,

obtained by the least-square fit to the MD data over the entire fluid
range 1 <T < 160.

Negative values of Ko indicate that the third TDS condition
(53) in dusty plasmas is violated and that they are thermodynam-
ically unstable at high values of the coupling parameter I' 2 2. We
note that the stabilization of the dust subsystem can be achieved,
for example, upon taking into account the finite size of dust par-
ticles. The thermodynamical instability of the dust component can
lead to its stratification with the formation of two regions with
different densities, in one of which the dust particles would form
a close-packed lattice. This is similar to the phase separation of
sodium-ammonia solutions with increasing solution concentration
that results in a very abrupt reduction of the value of the dielectric
constant real part to large (by its module) and negative values.” This
decrease can be interpreted as a metal-to-nonmetal transition asso-
ciated with a very rapid decrease in the mass of negatively charged
carriers as the concentration increases.

As it can be seen from Fig. 15, the pressure of the dust sub-
system as a function of the number density of dust particles passes
through a maximum for all charges considered in this figure: at ng
=7.24 x 10° cm™? and T = 1.93 for curve 1, at np = 1.07 x 10° cm™>

10 ——————r
e
o
c
>
o \.\ \
® . \
o \.3 \
= 5 \\ '
g -5 X \ b
Q \ \
\ \
K \
-10 - \
10* 10° 10°
-3
n, (cm™)

FIG. 15. Equation of state of the dusty component for n, = 108 cm=2, T = 300 K,
and zp < 0: curve 1 is calculated with zg = —62.192, 2 with zy = —87.953, and 3
with zg = —124.38. These charges at ny = 10° cm=2 correspond to the values of
the coupling parameter I = 1, 2, and 4, respectively.
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and T = 2.05 for curve 2, and at np = 2.24 x 10* cm™ and T = 2.43
for curve 3. It is at these points that the isothermal compressibility
becomes infinite and changes sign.

IX. CONCLUSIONS

In the present work, on the basis of the Ornstein-Zernike equa-
tion for a multicomponent plasma, a transition is described to a
one-component plasma approximation with an effective pseudopo-
tential and in order to calculate the dust-dust pair correlation func-
tion. It was established that in the case when all subsystems except
the dust one are ideal, the effective pseudopotential becomes the
Debye potential with the screening constant, which should be deter-
mined without the contribution of the dust subsystem but taking
into account the condition of the total plasma quasineutrality. If
the non-dust components are not ideal, the above effective poten-
tial might deviate from the Debye form. In other words, we do not
initially model the dusty plasma as a Yukawa one-component sys-
tem applicable only when all components are weakly coupled. This
conclusion is also important for the problem of determining the
Coulomb logarithm in dense plasmas, where there is a problem of
choosing the screening constant while calculating the ion correla-
tions (see Ref. 64 and references therein). In light of the present
work, it is concluded that while considering the inter-ion corre-
lations, only the screening by the electrons should be taken into
account.

It is also shown that for I' > 1, the static dielectric function of
the plasma becomes negative for small values of the wavenumber k,
and as I grows, this negativity region expands noticeably. Therefore,
screening in non-ideal plasmas is not described by the Debye theory.
The negativity of the SDF leads to the appearance of a range of dis-
tances, where the attraction of particles with charges of the same sign
and the repulsion of particles with charges of the opposite sign are
observed. In this case, the depth of the well in the interaction poten-
tial increases with the growing coupling parameter, and the barrier
height also grows from the side of large distances.

The separation of the effective dusty subsystem has permitted
us to carry out a detailed study of its thermodynamic properties, and
it has been found that the contribution to pressure due to inter-
actions in the entire investigated range of the coupling parameter
I' < 300 has a negative sign, but both the total pressure and the
isothermal compressibility remain positive.

It has also been shown that the isothermal compressibility of
the dusty non-ideal subsystem becomes negative at I' ~ 2 in the
realm of variation of the plasma parameters considered here both in
dusty plasmas (in thermal equilibrium) with negative and positive
charges. Within the ab initio Coulomb model of the system con-
taining the dust particles, this instability is presumably related to the
appearance of the attractive part of the effective interaction poten-
tial. Certainly, the question of the thermodynamic stability of dusty
plasmas requires further study, taking into account its openness and
nonequilibrium nature. Such a study, as well as a detailed analysis of
alternative results on the thermodynamic properties of dusty plas-
mas, for example, based on the Debye-Hiickel plus hole (DHH)
approximation,l(J will be carried out elsewhere. Note, finally, that
the results obtained in this paper are also applicable in the theory
of electrolytes.
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