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Abstract

In this paper, we derive a new version of L1-Predictor—Corrector (L1-PC) method by using
some previously given methods (L1-PC for single delay, PC for non-delay, and decomposition
algorithm) to solve multiple delay-type fractional differential equations. The Caputo fractional
derivative with singular type kernel is used to establish the results. Some important remarks
related to the delay term estimation and error analysis are mentioned. In order to check the
accuracy and correctness of our method, we solve a neural network system with two delay
parameters. A number of graphs are given to justify the role of delays as well as the accuracy
of the algorithm. The given method is fully novel and reliable to solve multiple delay type

fractional order systems in Caputo sense.

Keywords: Neural Networks; Delay-Type Mathematical Model; Caputo Fractional Derivative;
L1-Predictor—Corrector Method; Graphical Simulations.

1. INTRODUCTION

Because of its relevance, non-classical calculus,
an important area of applied mathematical sci-
ence, is thriving in a variety of engineering and
scientific domains™™ Fractional derivatives have
been successfully applied in the study of differ-
ent scientific problems like human and animal epi-
demics 7 plant epidemics® ecological systems,
and psychological cases™ etc. Delay differential
equations (DDEs) are equations in which the func-
tion’s derivative at a particular time relies on the
solution at a prior time. The knowledge of delay
in dynamical models improves its dynamics and
provides a large understanding of real-life difficul-
ties. DDEs have been utilized in traffic simulations,
control systems, lasers, neurobiology, and chemi-
cal kinetics, among other applications. Delay sys-
tems have been used to simulate various infections
and epidemics™ immune responsel¥ and medi-
cation treatment phases and therapies of infec-
tious epidemics 15 Chemostat dynamical stud-

ies 8 tumour development /X7 circadian rhythms,IEI

respiratory systems? and neural networks2? have
been also linked to delays.

For solving different types of fractional order sys-
tems, we need a number of numerical methods.
A big discussion on the finite difference schemes
for solving ordinary fractional differential equa-
tions was proposed in Ref. 21l Recently, different
types of numerical schemes have been proposed by
the researchers. In Ref. 22, authors have proposed
a generalized form of Predictor-Corrector (PC)
method to simulate initial value problems (IVPs)
for fractional order systems. A new and efficient

method in the sense of generalized Caputo frac-
tional derivative has been introduced in Ref. 23]

The methods which can be used to solve frac-
tional IVPs cannot be utilized to simulate frac-
tional DDEs. For solving DDEs, number of specific
methods are available in the literature. Authors in
Ref. [24] proposed an advanced form of the Adams—
Bashforth—Moulton approach for simulating frac-
tional DDEs. They observed some numerical com-
putations to show the method’s utility. In Ref. 25|
a new approach for simulating nonlinear fractional
DDEs with extensive error analysis was introduced.
In Ref.[26] a group of orthonormal polynomials were
used to generate a numerical solution of fractional
DDEs utilizing a novel type of Chelyshkov wavelet
basis. In their work, wavelet bases and their fea-
tures were utilized to enlist their operational matrix
of fractional integration in the Riemann—Liouville
(RL) sense with delay-type operational matrix.
Analysis of convergence for such types of wavelet
mapping were described along with error bound.
In Ref. 27, shifted Jacobi polynomials were used
to solve a fractional DDEs numerically. The shifted
Jacobi polynomial approach was used to determine
the solution outputs by establishing operational
matrices for fractional integral and differentiation
in the Caputo and RL sense, respectively. Recently,
a PC method for solving fractional DDEs includ-
ing multiple lags has been introduced in Ref. A
generalized form of PC method to solve fractional
DDEs in the case of generalized Caputo derivative
by using a non-uniform mess points has been given
in Ref.

In this research work, we generalie the L1-
PC method (Ref. B0) to solve fractional-order
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multiple-delay systems. In Ref.[30, the authors have
introduced the L1-PC method for solving fractional
DDEs. They discussed a detailed error analysis for
the proposed scheme along with solving a number
of examples. Also, they compared the scheme with
other existing methods. According to their con-
clusions, the method was more time efficient and
worked for very small values of fractional orders.
But their method is only applicable for single delay
systems. Then what happens with multiple-delay
cases? Now, we fill this research gap by modifying
their method to solve the multiple-DDEs.

This paper is formulated as follows: In Sec. [2,
we recall some preliminaries. In Sec. B we derive
our main results, where we generalize the previously
given L1-PC method®” into a new version for solving
multiple-DDEs. In Sec.[] we derive the solution of a
neural network to check the efficiency of the method
and correctness of outputs. At the end, we conclude
our findings.

2. PRELIMINARIES
Firstly, we recall the following preliminaries:

Definition 1. A real function f(s), s > 0 belongs
to the space:

(a) Cp,n € R if there exists a real number ¢ > 7,
such that f(s)= s?fi(s), f1 € C[0,00). Clearly,
C, C Cyif y <.

(b) Ct,m e NU{0}if f™ € C,.

Definition 2 (Ref. [2]). The RL fractional inte-
gral of the function f(t) € Cy(n > —1) is given
by

T f(t) = ﬁ /0 (t - 571 f(s)ds,

JOf(t) = f(D).

Definition 3 (Ref. [2]). The Caputo fractional

derivative of f € C°; is given by

d°f(t)
dte

0 p0p) — ¢
th(t) F(Cl_ 9) /0 (t N 19)c—6—1f(c) (ﬁ)dﬂ

ifc—1<60<c¢, ceN.

if 0 =ceN,

(1)

A New Form of L1-Predictor—Corrector Scheme

3. NEW VERSION OF THE L1-PC
METHOD

In this section, we will formulate a new version of
the L1-PC method by using the previously pro-
posed results of L1-PC single delay version® along
with L1 algorithm ¥ multiple delay PC scheme ver-
sion28 and decomposition method 32

We consider the following multiple-delay type
fractional differential equation:

CDEF(t) = K(t, F(t), F(t —m),..., F(t —13))
te[0,T], keN,
F(t)=¢(t), tel[-70]
T =max{T, T2, ..., Tk},
(2)

where F(t) - (flaf?a"'afN)7 (b(t) = (¢17¢27"'7
én), Ne N, T >0,0< 3 <1and7; >0 for all
j=1,...,k denote the delay coefficients.

Also, we assume that K € C([0, T] x RFNTN RN)

and consider a uniform grid {¢; = ih,i =
—-mj,—m; +1,...,—-1,0,1,..., N}, where N" and
m; are integers such that N = [£] and m; = [}]
forj=1,...,k.

Now, we use the L1 algorithm (see Ref. [31]) for
obtaining the numerical derivation of the fractional
operator of order 0 < @ < 1 which is derived as
follows:

€D F (t)]—t,

__ ! P (s)ds
- = | =P
R SR A DN
_F(l—ﬂ);/tn (ti — ) PF'(s)ds

) i1 g, )
%m—ﬁ);/tn (t: =)

« F(tns1) — F(tn)

. ds
i—1
= i 1(F(tas1) = F(tn)), (3)
n=0
where
e 5 . _
bi—n—1 = m[(z )P — (i —n— 1)

(4)
Now, we assume that we have previously calcu-
lated the approximations F'(t,), (¢ = —mj, —m; +
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1,...,—1,0,1,...,i — 1) and want to find the fur-
ther i-th approximation F'(¢;). Thus, we approxi-

mate CDgF(t) by Eq. @) and using Eq. @), we
get

1—1
CDYF ()=, = Z bi—n—1(Fpt1 — F)
n=0

= K(ti,Fl',F(ti —’7’1),...,
X B(ti —75)), (5)

where F,, denotes the approximate solution of
Eq. @) at t = t,,. Further Eq. () can be written as

bi—1(Fy — Fo) + bi—o(Fy — F1) + - -
+bo(F; — Fi—1)

After rewriting the terms, Eq. (@) can be displayed
as follows:

i—2 i—1
boFi =boFi1— Y bpsiFicin+» baFii1y

n=0 n=1
+K(t, i F(ti — 1), F(ti —15). (7)
Using Eq. (@), we get
F=0G""-@i-1)"" R
i—1

+Y 206 -0 = (i —n 1)

n=1
—(i—n—-1DYP|E, + K12 - p)
X K(ti,E,F(ti —7’1),... ,F(ti —Tj)).
Consequently, Eq. (@) can be formulated as
i—1
Fi=a;1Fo+ Z(aifnfl —ain)Fy
n=1
+hP1(2 - B)

X K(tuEaF(tl - 7—1)7"'7F(ti _Tj))7

where a,, :== (n+ 1)1*5 —nlp, Here, given a,, have
the following characteristics:

e a,>0,n=0,1,...,i—1

eay=1>a; > - >a,anda, — 0asn— oco.

® Z;;lo(an —apy1) +ai = (1 —a) +E;;21(an -
an+1) + ai—1 = 1.

We identify that Eq. (§) has the form of Eq. @) of
Ref. B0}, that is, it labels into the structure.

F = g+ N(F) where N(F) is a nonlinear opera-
tor defined on a Banach space B. In our case:
i—1
g =ai1Fp+ Z(aifnfl — ai—n)Fy
n=1
and N(F;) = h°T(2 — B)K(t;, F;, F(t; — 11),- -,
F(t; — 7;)). Then we can apply the DJ schemé3?
(see for instance Refs. B3H30) to find the approx-
imate solution. The DJ scheme gives the approxi-
mate value of F; as follows:
i—1
Fio=9=ai1Fo+ Z(aifnfl = Qi—n)F,
n=1
Fi1 = N(Fip) = h"T(2 - )
X K(ti,E,F(ti —7’1),...

(Fi2 = N(Fio+ Fi1) — N(Fio)-

St —15)),

(8)

The three-term approximation of the function is
F; ~ F,o + F;1 + F;2. The delay term is given
by

F(ty — 75) = F(gh — mjh) = F((q — m;)h)

= F(tg—m;), ¢=0,1,...,N’,

j=1,...k

F(ty) = ¢(ty), q=-mj—m;+1,...,0.
(9)

Equations () and (@) provide a new version of L1-
PCM for solving multiple-delay type fractional dif-
ferential equations:

i—1
}Wlp = al’*lFO + Z(a]ifnfl - a/i*’n)F’l’l’

n=1
% = N(F}) = h’T(2 - 3)
X K(ti, FZ-p,F(ti_ml), . aF(ti—m]-))a
F¢=FF+h°I'(2 - B)

L XK(ti,Flp—l-Zf,F(ti_ml),...,F(ti_mj)),
(10)

where FY, 2! are predictors and FY is the corrector.

Remark 4. The approximation of the delayed
term F'(t, — 7;) @ can be defined as follows. Indeed,
let (mj — 5J)h =Tj with 0 < 5j < 1. When (5]' =0,
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F(ty — 7;) can be given by

Fy o, if g > my,
Flty—m) =4 ™ 2970k
oq if ¢ <m;j,

(1)

When 0 < §; <1, j =1,...,k it cannot be calcu-
lated directly. Assume wgy1 ; is the approximation
of F(tg41 — ;) for the case when (m; —1)h < 7; <
mjh, 7 =1,..., k. When interpolating it by the two
closest points, that is,

wg+1,5 = 0;F4— m+2+(1_5)Fq mj+1 (12)

the last expression implies the implicit of the
numerical equation if m; > 1 which can be directly
calculated. However, when m; = 1 and ¢; # 0, that
is, 7; < h, the first term in the right side of Eq. (I2))
is 0 F,+1. Further predication is needed in this case,
that is,

a1y = 6 FE + (1 - 6)F,. (13)

Remark 5 (Error Analysis). Comparing the
proposed model version of L1-PCM method with
the L1-PCM scheme provided in Ref. [30, we get the
error behaves as (see Theorem 1 in Ref. [30):
< 2
omax  [F(tn) — Ful < O(h%),

where N’ = [£] and F,, defines the approximated
solution at ¢t = ¢, given in[I0 for 0 < # < 1 and
sufficiently small h.

4. EXPERIMENTAL SIMULATIONS

In this section, for checking the correctness and
accuracy of our method, we solve a multiple delay
neural network (MDNN) in the form of Caputo frac-
tional derivative. The fractional MDNN involving
two time delays is considered as follows35:

CDgzl (t) = —n121 (t — 7’1) + w11 tanh(zl (t — 7'1))
=+ w12 tanh(ZQ(t — 7’2)),
CDgZQ(t) = —n222(t — 7'2) + wo1 tanh(zl (t — 7’1))
-+ wao tanh(zz(t — 7'2)).
(14)
Here, z1(t) and 29(t) are the state variables,
ni, ng > 0 are the automatic adjustment of param-
eters for neurons, wyy, Wy, Wy, woy are the connec-
tion weights, and 7y, 79 show the time delays. Func-

tion tanh(-) is taken as an activation function. CDg
is the Caputo derivative operator of order 5 € (0, 1].

A New Form of L1-Predictor—Corrector Scheme

Now by using the above proposed version of L1-
PC method Eq. ([I0), we get the following solution
of the proposed system Eq. (I4]):

( i—1

2y, = ai—121, + Z(ai—n—l — Qj—n)21,,
n=1
i—1

= ai_129, + Z(ai—n—l — Qj—p)Z2,,
n=1

= N(Zi) = hﬁF(Q — ﬂ)[—nlzl (ti—ml) + w11
X tanh(z1 (ti—ml )) + wig tanh(ZQ (ti—m2 ))]7

NS

=

vy, = N(zb,) = hT(2 = B)[-n222(tim,)
+ woy tanh (21 (ti—m, ))
+ wag tanh (22 (ti—m,))],
(15)
and
2, =21, + BT (2 = B) =iz (tiomy) +win

xtanh(zl(tifml + w2 tanh(ZQ( i— Wu))]’

)=
)
=25 + hPT(2 — B)[—na2za(ti—m,) + wa
( ) + wag tanh (22 (ti—m,))];
(16)
where fP 1! are predictors and ff is the corrector.

The values of the terms 21 (t;—,, ) and z9(t;—p,,) are
calculated as explained in Remark @l

N
N

X tanh(z1 ti—m,

Remark 6. Here, we notice from the proposed neu-
ral network system (I4) that there is no separate
involvement of non-delay terms z;(t) and z3(t) in
the right-hand side. In that case, there is no sig-
nificance of the predictor terms I/i_ and z/gi in the
corrector formula (I0). So, we can neglect them.
Therefore, the revised solution of the given system
(I from Eqgs. (I3) and (@) can be written by
i—1
2y, = ai_121, + Z(ai—n—l = Qj—n)21,,
n=1
i—1
Zgi = Qj—1225 + Z(ai—n—l — Qi—n)?2,,
n=1
.= 21, +BT(2 = B)[=niz1(timm,)
+ w11 tanh(zl (ti—ml ))
+ w19 tanh(zz (tifmg))L
5, =25 4+ hPT(2 — B)[—naz2(ti—m,)
+ w921 tanh(zl (ti—ml ))

+ wag tanh (22 (ti—m,))]-

N
=0

(17)

e}
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Fig. 1 Dynamical behavior of the system ([[4]) for delays 71 = 0.35 and 7 = 0.2.
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In order to explore the graphical solutions of the
given system (I4]) by using the algorithm (IT), we
consider the following numerical values of the pro-
posed parameters: ny = no = 1, wi; = 0.2, wo =
1.8, wo; = —1.2,w9o = 0.5. The initial constraints
are fixed as 2z1(0) = 22(0) = 0.2. Now, we per-
form our simulations for the fractional order values
6 =1,0.94,0.84. For simulating the effects of delay
parameters 71 and 7o, we use various cases of delay
values. We use Mathematica software to code the
given algorithm.

In the first case, we take 71 = 0.35 and 75 = 0.2.
For better accuracy in the outputs, we choose the
step size h = 0.025. Then, m; =[] = [2£35] = 14
and my = [2] = [;%3] = 8. The graphical outputs
for this case are given in the company of Figs. [Th—
[[f. From Figs. Ik and [b, we notice that at frac-
tional order 8 = 1, the oscillations are constant
after some time but not converging to any fixed
value, but when we decrease the fractional order
then after 5 = 0.94, the oscillations converge to
the origin which justifies the correctness of our out-
puts compared to the case of § = 0.94 given in
Ref. [36. Three-dimensional (3D) trajectories of the
given system at = 1 and § = 0.94 are plotted in
Figs. [k and [d, simultaneously. Plots of Figs. [k
and [IIf define the 2D and 3D graphs of the given
classes z1 and zy at all given fractional order values
0, respectively.

In the second case, we take 74 = 0.45 and
79 = 0.2. Again, we consider the same step size
h = 0.025. Then, m; = [}] = [52] = 18 and
mo = [%] = [g%sz] = 8. The graphical outputs

for this case are given in the group of Figs. Zh-2I.
From Figs. Zh and Zb, we notice that at both frac-
tional orders f = 1 and 8 = 0.94, the oscillations
are constant after some time but not converging to
any fixed value, but when we decrease the fractional
order then after 3 = 0.84, the oscillations converge
to the origin which again shows the correctness of
our outputs comparing with the outputs of Ref. [36.
3D trajectories of the given system at 8§ = 1 and

£ = 0.94 are plotted in Figs. 2k and Bd, simulta-
neously. Plots of Figs. 2k and Bff show the 2D and
3D graphs of the given classes z; and 25 at all given
fractional order values of (3, respectively.

In our next case, we take 71 = 0.40 and 7 = 0.2
with the same step size h = 0.025. Then, m; =
7] = [&9] = 16 and my = [3] = [%&] = 8
The graphical outputs for this case are given in the
group of Fig. B] (Figs. Ba-BI). From Figs. Bh and Bb,
we notice that at fractional order § = 0.94, the
oscillations start to converge but less slowly as com-
pared to the first case (Figs.[Ih and [Ib). 3D trajec-
tories of the given system at § = 1 and § = 0.94
are plotted in graphics Figs. Bk and [Bd, respectively.
Plots Figs. Bk and Bf show the 2D and 3D graphs
of the given classes z1 and zy at all given fractional
order values (3, respectively.

In our last case, we fix m; = 0.56 and » = 0.4
with the same step size h = 0.025. Then, m; =
(2] = [235] = 22 and ms = [B] = [[&&] = 16.
The graphical outputs for this case are given in
the group of Figs. @h-{@f. From Figs. @h and (@b,
we notice that at all considered fractional orders
6 = 1,0.94,0.84, the oscillations do not converge
to any particular value which was also mentioned
in Ref. 3D trajectories of the given system at
B =1and 8 = 0.94 are plotted in Figs. Bc and @4,
simultaneously. Plots of Figs. @k and @f show the 2D
and 3D graphs of the given classes z; and 2o at all
given fractional order values [, respectively.

From the above given graphical observations, we
can say that the proposed method works well and
it is suitable for simulating the given neural net-
work system. The asymptotic steadiness and the
volatility of the origin of the given system (I4)),
which were previously studied in Ref. 36, can be
investigated much clearly considering the proposed
method.

To justify the correctness of the proposed
method, we compare our outputs with the outputs
obtained from the PC method given in Ref. 28. In
this regard, the comparison of numerical solutions

Table 1 Numerical Results for z1(¢t) at 71 = 0.35 and 72 = 0.2.

t B =0.84 B =0.84 B =0.94 B =0.94 =1 =1
Ref. DJ Scheme  Ref. DJ Scheme  Ref. DJ Scheme
1 0.135509 0.115926 0.178629 0.155844 0.201393 0.182729
10 0.028441 0.013452 —0.204470 —0.076149 —0.290946 —0.274684
50 0.001154 0.001149 0.042533 —0.001452 —0.487985 —0.413402
100  0.000644 0.000644 0.056202 0.000153 0.149454 0.405077
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Table 2 Numerical Results for z2(t) at 71 = 0.35 and 72 = 0.2.
t B = 0.84 B =0.84 B =0.94 B =0.94 =1 =1
Ref. DJ Scheme  Ref. DJ Scheme  Ref. DJ Scheme
1 —0.127472 —0.122511 —0.121820 —0.121740 —0.116033 —0.120500
10 0.017759 0.002526 0.009148 0.024957 —0.331580 —0.177418
50 —0.000231 —0.000230 —0.066069 —0.000291 —0.231437 —0.104650
100 —0.000122 —0.000122 —0.003579 —0.000033 —0.494628 —0.021466
Table 3 Numerical Results for z1(t) at 71 = 0.45 and 72 = 0.2.
t B =0.84 B =0.84 B =0.94 B =0.94 =1 =1
Ref. DJ Scheme  Ref. DJ Scheme  Ref. DJ Scheme
1 0.144854 0.123629 0.187299 0.164025 0.209369 0.190825
10 0.029705 0.047832 —0.473395 —0.307563 —0.055475 —0.297652
50 0.023563 0.001378 0.690455 0.389423 1.023091 0.273100
100 0.004446 0.000644 0.698661 0.330610 —1.030329 —0.594233
Table 4 Numerical Results for z2(t) at 71 = 0.45 and 72 = 0.2.
t B=08 [B=084 B=094 [=0.94 =1 =1
Ref. DJ Scheme  Ref. DJ Scheme  Ref. DJ Scheme
1 —0.122945 —0.121958 —0.114695 —0.117323 —0.108409 —0.114204
10 0.109780 0.043989 —0.260330 —0.048859 —0.602581 —0.501341
50 0.016010 0.000026 0.215599 0.082937 0.252413 0.634137
100 —0.001242 —0.000121 —0.094733 —0.078154 0.152623 0.310413

Table 5 CPU Time in Seconds for zi(t)
at 71 = 0.35 and ™ = 0.2.

t B=084 [B=0.94 B=1

1 0.015625 0.015625 0.015622
10 0.484375 0.453125 0.031280
50 11.218750  11.312500 0.062513
100 45500000  46.484375 0.109379

Table 6 CPU Time in Seconds for z2(t)
at 1 = 0.35 and 7 = 0.2.

t B=084 [B=0.94 B=1

1 0.031250 0.015625 0.015591
10 0.468750 0.468750 0.031270
50 11.296875  11.218750 0.062514
100 45.906250  47.234375 0.093723
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Table 7 CPU Time in Seconds for z1(t)
at 71 = 0.45 and 7 = 0.2.

t B=084 [B=0.94 B=1

1 0.078087 0.015648 0.015644
10 0.453047 0.484240 0.031271
50 11.138056  11.169268 0.078141
100 44.989515  45.520625 0.140595

Table 8 CPU Time in Seconds for z2(t)
at 71 = 0.45 and 75 = 0.2.

t B =0.84 B =0.94 Bg=1

1 0.015626 0.015648 0.015622
10 0.484294 0.499912 0.031257
50 11.263027 11.153678 0.078092
100 46.801602 46.628350 0.125000
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of z; and z9 at various delay and fractional-order
values by using PC method (Ref. 28) and proposed
scheme (DJ scheme) is given in Tables [[HAl Here,
we see that both outputs are similar.

The CPU processing times for the numerical solu-
tions of z; and zy at various delay and fractional-
order values are given in Tables BHRl

5. CONCLUSION

In this work, we have derived a new form of
the L1-PC method by using some previously pro-
posed methods to solve multiple delay-type frac-
tional differential equations. We have considered the
Caputo fractional derivative with singular type ker-
nel to establish the results. Some important remarks
related to the delay term estimation and error anal-
ysis have been given. For justifying the accuracy
and correctness of our method, we have given the
solution of a neural network system with two delay
parameters. A number of graphs are plotted to jus-
tify the role of delays as well as the accuracy of
the algorithm. Overall, we conclude that the pro-
posed method is fully reliable and accurate to solve
multiple delay type fractional order systems. The
Mathematica software was used to code the given
algorithm. In future, some novel attempts to prove
the stability and convergence of the proposed new
scheme can be given to increase the popularity and
strength of the scheme. Also, in future research the
proposed method can be formulated in the sense
of non-singular kernels by using Caputo—Fabrizio,
Atangana—Baleanu or any other type of fractional
derivatives.
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