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Nikishin’s theorem, Orlicz type and factorization
through Marcinkiewicz spaces

Mieczystaw Mastylo and Enrique A. Sanchez Pérez

Abstract

Consider L°, the F-space of all equivalence classes of measurable functions
on a finite measure space equipped with the topology of convergence in mea-
sure. Inspired by Nikishin’s classical result on the factorization of sublinear
continuous operators from a Banach space to L, we prove a theorem that
characterizes those maps from any quasi-metric space into LY that factor
strongly through Marcinkiewicz weighted spaces. We show applications to
sublinear operators on a certain class of quasi-Banach spaces with generalized
Rademacher type generated by Orlicz sequence spaces.

1 Introduction

Let (Q, A, 1) be a o-finite complete measure space. By L°(2, A, u) (L°(2, u) or
L°(u) for short) we denote the space of all (classes) of scalar valued A-measurable
almost everywhere finite functions on 2 with the topology of convergence on sets
of finite measure. This paper is motivated by Nikishin’s classical theorem on the
factorisation of operators into L°(u). It states that, under certain mild require-
ments, every sublinear operator of a Banach function space on L°(x) can be fac-
tored through a weak L,-space. This result has found many applications in the
theory of Banach spaces, operator theory and harmonic analysis (see, for example,
[6, 7, 13, 15, 16]). Following the current trend of leaving results from Functional
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Analysis on linear operators to the general context of metric spaces, the natu-
ral question is whether one can extend this result to general maps, or at least to
those that satisfy the Lipschitz condition. Thus, the main aim of this paper is to
prove a general variant of Nikishin’s theorem that characterize those operators from
a quasi-metric spaces to L°(u) that satisfy a factorization through a Marcinkiewicz
space. Factorizations through weak L,—spaces are, of course, a particular case
of our results. That is, to establish clearly what requirements are necessary to
impose on the operator and on the metric space involved in order to obtain a fac-
torization through that space, thus focusing on the fundamental question of what
aspects of the linear structure must be preserved for the “Nikishin machinery” to
continue working. Before discussing more precisely the problem and contents of
the paper, we introduce some notation. Let X be a nonempty set. A function
d: X x X — [0,00) is called a quasi-metric on X if d(x,y) = 0 if and only if x = y,
d(xz,y) = d(y,x) and

d(z,y) < k(d(z,z) + d(z,z)), for some k > 1.

If we can choose k = 1 in the inequality above, the quasi-metric d is called a metric.
A pair (X, d) is called a quasi-metric space. If X is a linear space and the quasi-
metric d on X satisfies d(Az,0) = |A|d(x,0) for all scalars A and all z € X, then
|- |l :== d(-,0) is called a quasi-norm on X. If the resulting space (X, d) is complete,
then it is called a quasi-Banach space.

It was proved in [4, Theorem 2.1] that if (X, d) is a quasi-metric space, then for
a certain 0 < p < %log% 2 there is a metric Jp on X such that for all x,y € X, one
has

Jp(x,y) < dP(z,y) < Q(Zp(x,y), r,y € X.

Since the topology of a locally bounded, topological vector space can be given by
a quasi-norm, the above-mentioned result is a generalization the Aoki-Rolewicz
theorem (see [18, p. 95]). Recall that an F-norm is a subadditive function on a
linear space| - |: X — R, such that |[\x| <|z|for |A| < 1and z € X, and |[A\x| — 0
as A — 0. If the function d in the inequalities above defines a quasi-norm, then the
classical Aoki-Rolewicz theorem establishes that Jp can be chosen to be an F-norm.

If 4 is a finite measure, then LY(u) becomes an F-space when endowed with the

|f]
Q 1+|f]

a quasi-Banach function lattice over §2 if for all f,g € L°(u) with |g| < |f| u-a.e.
and f € X, one has g € X and ||lg||x < ||fllx.

If (M,dr) and (N, dy) are metric spaces, then a map T: M — N is said to
be Lipschitz if there exists a constant v > 0 such that

F-norm given by | f] = du. A quasi-Banach space X C L°(y) is said to be

dN(TI,Ty)S’YdM(.T,y>, xvyeM‘

Local versions of such inequality will appear also in this paper.



We consider the set @ of all functions ¢: [0,00) — [0, 00) that are increasing,
continuous, unbounded and such that ¢(0) = 0. A convex function ¢ € @ is called
an Orlicz function. For amap ¢ in ®, we denote by L, ~(1t) the weak Marcinkiewicz
space of all f € L) such that

[ fllo00 :=sup Ap(ps(N)) < oo,
A>0

where (and in what follows) () == p({w € ; |f(w)| > A}) for all A > 0.

It is well-known that if ¢ € ® satisfies that there exists C' > 1 such that ¢(2t) <
Co(t) for all ¢t € (0,u(S2), then (Ly oo, || - |p00) I8 & quasi-Banach lattice over
(A p). If0 < p < oo and ¢(t) = t'/? for all t > 0, then we recover the weak
LP-Marcinkiewcz space denoted by L, .

We recall that Nikishin [15] proved that if a Banach space embeds isomorphically
into L°(u1) (where u is nonatomic probability measure), then it is isomorphic to
a subspace of LP(u) for every p € (0,1). This result was the first progress on
the unsolved problem posed by Kwapieri [9] whether every Banach space which
embeds into L°((0, 1), m) is isomorphic to a subspace of L'(m), where m is Lebesgue
measure on the interval (0,1). In [16] Nikishin proved the following factorization
result, which improved his first one. It states that if X is a Banach space of type
p(1<p<?2)and T: X — L°(p) is any continuous linear operator, then for every
e > 0 there is a set E with p(F) > 1 — € and such that the operator S given by

Sr:=1gTx, ze€X

is bounded from X into L, (), where 15 denotes the indicator function of E.

Following Kalton [7] a continuous linear operator 7" from a Banach space X
into a quasi-Banach function lattice F over a measure space (2,4, i) is said to
be a strong embedding if T is an isomorphism onto its range, and the topology of
E on its range coincides with the L°(u)-topology. Using the above terminology, it
follows in particular from Nikishin’s theorem that every Banach subspace of L°(1)
can be strongly embedded in L; o (p). The mentioned paper [7] gives a valuable
contribution to Kwapien’s problem. In particular it is shown that, for 1 < p < 2,
a Banach space X embeds into L,(0, 1) if and only if £,(X) embeds into L°(m).

2 Nikishin’s factorization theorem

The aim of this section is to prove a new version of Nikishin’s theorem for functions
from quasi-metric spaces into L°(u) involving Marcinkiewicz spaces instead of the
usual weak L,—spaces. Given a quasi-metric space (X, d), a measure space (€2, A, i)
and a function ¢ € ®, we say that a mapping T: X — L°%u) factors strongly



through L, o (p) if there exists a function g € L°(u) such that for all z, y € X one

has
(u(foea [T ) <t

or equivalently, for short, ||(Tz — Ty)/g|ls00c < d(x,y). This is equivalent to the
following factorization diagram

X R LO(p)
L%OO(M)

where M, is the multiplication mapping given by M, (f) := g- f, for all f € L, o (11).
In particular, if X is a Banach space, T: X — L°(u) a sublinear operator and
©(t) := t'/P for all t > 0, then following [19, Definition 4, p. 259] we say that T
factors strongly through L, o (1).

To state and prove the main result, we recall that if (€2, A, 1) is a measure space
and ¢ € @, then we denote by L, () (L, for short) the Orlicz space of all f € L°(p)
such that for some A > 0,

poM) = [ A1) di < .

It is an F-space equipped with the F-norm | f|, := inf{e > 0: p,(f/c) < e} (see
(see [14]).
Throughout the paper we consider only such ¢ € ® for which the functional

| fllo :=inf{e > 0: p(f/e) <1}, felL,

is a quasi-norm on L,. In what follows the set of all such functions ¢ € ® is

denoted by d. Tt is easy to verify that ¢ € ® if there exists C' > 1 such that
o(t/C) < ¢(t)/2, for all t > 0, and furthermore we have

IF +glle < CUIflle +llgle)s  fr9 € Ly

The function || - ||, is a norm on L, if ¢ is an Orlicz function.

In the case when p is the counting measure on N, then the Orlicz space L, is
called an Orlicz sequence space and is denoted by £, so we only consider functions
¢ € ® for which the functional

lelle, ==inf{e>0: D wllgl/e) <1}, €= ()5 € by
j=1
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is a quasi-norm. In what follows the class of all such ¢-functions is denoted by d.
For any ¢ € ® we set {7 to be R" equipped with the (quasi)-norm defined for all
(&)j=1 € R™ by

1 )j=lley = llElles €= (&5, 60,0,0,.).

Recall that a function ¢: [0, 00) — [0, 00) satisfies the Ay-condition (¢ € Ay for
short), if sup,.q ¢(2t)/p(t) < co. For ¢ € Ay, we define the function s,: R, — Ry
by

p(tu)
S,(t) :=su ,
‘P( ) u>18 go(u)
In what follows, if ¢ € ® N A, satisfies s,(t) = 0 as t — 0, then we write ¢ € Dy.
Observe that if ¢ € ® N Ay is an Orlicz function, then for all ¢ € (0, 1] one has
5,(t) <t and so ¢ € Dy.

t>0.

The following result is an extension of Nikishin’s theorem.

Theorem 2.1. Let (X, d) be a quasi-metric space and let T: X — L°(u) be a map-
ping. Let us assume that (Q, A, p) is a probability measure space and p € ®y. Then
the following statements are equivalent:

(i) T factors strongly through L,-1 (1)

(ii) There is a function C: Ry — Ry with C(\) — 0 as A — oo such that, for
each n € N and for all real positive scalars (aj);‘:l and all finite sequences
(xj)?:p (yj)?zl in X, one has

n({we: sup a7 (w) = Tuy)] = Mgy, u))ille ) < OO

1<j<n

(iii) For every ¢ > 0 there exist a constant C. > 0 and a set E. € A with
w(Q2\ E;) < e such that

e (Te —Ty)|_, _ < Cud(z,y), wy€X.

<P7 k)
Proof. (i) = (ii). Suppose that T" admits the following factorization
T0 X 2 Lo so(i) =% LO(p) .
For each n fix any positive sequence (;)7_; and any sequences (7;)7_; and (y;)j-,
in X. Then consider the set

Agi={we Qs sup a;|Ta(w) = Ty;()| = Al dles,y) les |

1<j<n

—{we: g sw a;|Tor;w) - Toy;(@)] = All(ag (s, u) ey }

1<5<



We also have
A, c{weq: gw)] > VA}

U U {w € Q: |Toxj(w) — Toy;(w)| = \;—f H(ajd(xj,yj))Heg} '

Hence,

J

p(A) < (V) + 3 p({w € 1 Thay () = Toyy ()] > ? l(ad(ws, v ey } )

n

R e rerarg

j=1 (aj d(zj,y5) e

gug(\/x)JrSw(l/\/X).Z@(H( a;d(z;, y)) )

a; d(z,y;))illen

Jj=1

Now note that for any scalar sequence £ = (§;)_; # 0, we have

> e(l/lel) < 1.

and so combining with the above estimate of ;1(A,,) yields
HAL) < OOV = 1y (VA) + s, (L/VA)

Since C'(A) — 0 as A — oo, the statement (ii) is proved.

(ii) = (iii). Let C be a function that satisfies condition (ii). For a given ¢ > 0
choose R > 0 such that C(R) < €. Consider a family F of all measurable subsets
F C Q with the following property (P): there exist z, y € X such that

o~ (u(F)) [Te(w) = Ty(w)| > Rd(x,y), w€EF.

If F is empty, then we can take F. = €2 and the uniform constant C. = R for
all ¢ > 0. Indeed, for every fixed z,y € X and A > 0 define F,, ) by

Foyr={weQ: |Tz(w) - Ty(w)| > A}.
Since Fj 4, does not satisfy property (P), there exists w € F,, 5 such that

Ao (1 Foya)) < @7 (1(Foya)) ITo(w) — Ty(w)| < Rd(,y).



Thus Ao~ (u(Fyyn)) < Rd(z,y), that is,
Tz — Tyl p-100 < Rd(z,y) .

If the family F is nonempty, then by a standard argument there is a maximal
collection (Fj) of pairwise disjoint measurable sets satisfying property (P) with the
corresponding pairs (z;,y;) € X x X, that is, for each j

o~ (u(F))) ITaj(w) = Ty (w)] > Rd(x;,y;)- (%)
Clearly, for (a;); given by a; := ¢~ (u(F}))/d(x;, y;) one has
(e d(zj, y;))ille < 1.
Thus if we set F':= ; Fj, then using inequality (%) yields

sup o |Ta;(w) — Ty;(w)| = R, weF.
j

Combining these remarks with condition (ii), we obtain

w(F) =p({weF: supozj|ij(w) — Ty;(w)| > R})

,u({w c: supozj|TiUg( ) — Tyj(w)| > R||((e d(xj’yj))jnfw})
<C(R) <

We claim that £ := Q\ F satisfies condition (iii) for C. = R. Otherwise there are
x,y € X and A > 0 such that the set

A={weE: |Tx(w)—Tyw)| > A}
satisfies A = (u(A)) > Rd(z,y). Then

9071<N(A>>’Tl’(w) — Ty(w)| > M

and so A satisfies property (P). Since A C F is disjoint to F, this is a contradiction
by the maximality of the family that constitutes F'. This proves (ii) = (iii).

= Rd(z,y), weA,

(iii) = (i). For each n € N set ¢, := 1/n, and write £, for the measurable
set and C,, > 0 for the constant which satisfy the requirements in (iii) for &,.
Fix a sequence of positive real numbers (o,)22; such that Y > s,(C, /) < 1.
Consider the disjoint partition (/)52 of Q given by Iy = Ey and F,, = E,\U;_, ! E;
for n > 1. Define g € L°(u) by

g = Z aann .
n=1



Observe that for all z, y € X and all A > 0 one has

(foen: 2109 o

g(w

{weF,: |Tz(w) — Ty(w)| > a,A})

{we E,: |Tz(w) — Ty(w)| > a,A})

:iM
Siu(

<o 10) 5 (&) < o(252)

This yields the required estimate
H(T'r_Ty)/gHipfl,oo Sd(l‘,y)7 ‘T?yeX?

which completes the proof. ]

3 Factorization of sublinear continuous operators
and quasi-Banach spaces of type ¢

In this section we show how Theorem 2.1 provides a characterization of the strong
factorization through weak Marcinkiewicz spaces for a special class of non-linear
maps. Together with a well-known extension of the central notion of (Rademacher)
type p involving functions ¢ € &, for quasi-Banach spaces, our result provides
a broad theoretical context in which the circle of ideas of Nikishin’s theorem works
optimally. Specifically, we prove that under the assumption of being of type ¢ a con-
tinuous sublinear operator from X into L%(u) factors strongly through a weighted
Marcinkiewicz space.

Recall that if X is a quasi-Banach space, then an operator T: X — L%(u) is
called sublinear if for all z, ¥y € X and scalars A,

(a) [T(z+y)| < |Tz[+[Tyl,
(b) [T(Az)| = A [Tl

Note that if T: X — L°(u) is sublinear, then |T| given by |T|(z) := |Tz| for all
x € X satisfies ||T|(z) —|T|(y)| < |T|(x—y) for all z, y € X. Since |T| is positively
homogeneous, the following corollary is an immediate consequence of Theorem 2.1.



Corollary 3.1. Let X be a quasi-Banach space and let T: X — L°(u) be a sub-
linear operator. Let us assume that p is a probability measure and ¢ € ®y. Then
the following statements are equivalent:

(a) |T| factors strongly through L,-1 oo (1t).

(b) There is a function C: Ry — Ry with C(\) — 0 as A — oo such that, for
any finite sequence (x;); in X, one has

,u({w € 0 sup|T;(w)| 2 M| (11;]1x) }|€w}) <O,

The proof of the following lemma is straightforward (see [19, Proposition 2] for
the case of Banach spaces).

Lemma 3.2. Let T be a sublinear operator from a quasi-Banach space into L°(u),
with p a finite measure. Then T is continuous if and only if there exists a function
C: Ry — R, such that

p({w € Qs [Ta@)] = Aol }) < €OV,
where C'(A) — 0 as A — o0.

Let us introduce now the second component for the factorization through Marcinkiewicz
spaces. Let ¢ € ®. The following definition extends the well-known notion of
Rademacher type p (type p for short) with 0 < p < 2.

It is said that a quasi-Banach space X is of type ¢ for if there is a constant C'
such that for any finite sequence (z;); in X, we have

(/01 ZTj(t)%‘

where (7;); is the sequence of the Rademacher functions. The least constant C' is
denoted by T,,(X).

The classical Khintchine inequalities immediately imply that if X has type ¢,
then the Orlicz space £, is continuously included in ¢2, that is, for some v > 0 and
all t € (0,1) one has vt* < (t). Note that we can change the exponent 2 in the
definition of type ¢ without altering the definition. This follows from a result due
to Kalton [8] who extended a well-known result of Kahane [5] for Banach spaces,
and proved that if X is a quasi-Banach space, then for any 0 < p < ¢ < oo there

) 1/2
Xﬁ) < [ (lslx), .




is a constant K = K (p, ¢) such that for any finite sequence (z;); in X it holds

(/01 sz:fj(t)xj idt)l/p = (/o1 HZ].:Tj(t)xj idt)l/q
§K<41§:m@@idowé

In this context, let us apply the notion of type ¢ to get an estimate of the
distribution p({sup;|Tz;| > A}, where T: X — L%(u) is a sublinear operator
continuous at zero and (x;) is any sequence in X. The following result shows
our distributional estimate. Its proof is based on the proof of Theorem 6 in [19,
p. 261]. We include it with some minor modifications of the arguments for the aim
of completeness. From now on we assume that (€2, .4, 1) is a probability measure
space.

Proposition 3.3. Let X is a quasi-Banach space of type ¢ with ¢ € ®y and let
T: X — L%u) be a sublinear operator that is continuous at zero. Then there exists
a function C: Ry — Ry such that C(A\) — 0 as A — oo and

,u({ sgp Tz, > /\}> <2TL(X)A T +2C(VA), A>0,

for all finite sequences (x;); in X satisfying 3, o([|z;llx) <1

Proof. Given a finite sequence (z;); in X with 3 o(||lz;|x) < 1. As in the proof
of [19, Theorem 6, p. 231], we define for every ¢ € [0,1] and each k € {1,...,n}
the functions g; and gF by g; := >_;ri(t)z; and gr = >_;€jri(t)x;, where g, =1
and €; = —1 for each j # k. Then by sublinearity of T" we have

2|Tai| = T (g0 + g7)| < |Tge| + |Tgr|, te€[0,1].

It is easy to see that for p-almost all w € Q the functions ¢t — |T'g;(w)| and
t — |TgF(w)| have the same distribution. Since

{tel0.1]: [Taw)|+|Tg (W) > 2|Tw(w)l}
c {telo,1]: [Tgw) > [Tzx(w)|}
U{tel0,1]: |Tgf(w)l > [Tan(w)l}

it follows that |{t € [0,1] : |Tgs(w)| > |TgF(w)|}| > 1/2, where |A| denotes the
Lebesgue measure of a set A. In consequence, it follows by the fact that Tz (w)
does not depend on ¢ € [0, 1], that for p-almost all w € €,

{t€[0,1] : |Tge(w)| > Sl;p|Tl‘k(w)|}| >1/2.
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Hence, for every A > 0 one has for the set Ay := {w € Q: sup, |[Tzr(w)| > A},
1
A< [ e 01 Mo = s [T} d
< [ Heew.n: ol = Mdn< [ [(te 0.1 lalx = VA dy
+ [t e 0.0): Lo = VATl du=[{t € 0.1): e = V3|
Q
1
+ [ ulfw e 2 [Talw)] = VAlals)) de.
0

where we have used Fubini’s Theorem for the last equality.

Since X has type ¢ and > _; o(||lz;[x) < 1 implies | (llzsllx) ||, <1, we get

I,
{tel0.1): llgllx = VA < TL(x)P A

Now observe that by Lemma 3.2, it follows that there exists a function C': Ry — R
such that C'(A) — 0 as A — oo and satisfies the estimate given there. Combining
all together the above estimates, we obtain

1(Ay) < 2T,(X)° AL +20(VA), A>0.
This completes the proof. ]
An immediate consequence of Proposition 3.3 and Corollary 3.1 is the following.

Corollary 3.4. Let X be a quasi-Banach space of type o with @ € ®g. Then every
sublinear continuous operator T: X — L°(u) factors strongly through L,-1 o (1).

When X is a quasi-Banach space of type 0 < p < 2 and T': X — L is a contin-
uous linear operator, this variant of the Nikishin’s theorem was proved by Kalton in
[6]. In this remarkable article, he studied operators from the spaces L, = L,(0,1)
for 0 < p < 1 on other spaces of measurable functions. It is worth noting here
that one of the main results of this paper is Theorem 7.2 in [6], a consequence of
Nikishin’s theorem which states that if 0 < p < 1 and T: L, — L° is a continu-
ous linear operator, then if p < r < 2, there exists a subspace V' of L, which is
isomorphic to L, and such that 7" is an isomorphism on V.

The requirement on the quasi-Banach space X that is needed to obtain our
factorization of a sublinear operator that it be of type ¢. Since this notion is
not so usual, we end this section by showing some examples of spaces (which are
even Banach) that satisfy this condition. Let us introduce some new concepts and
notations. We can define the notion of cotype ¢ in the same way that we do for

11



type. For an Orlicz function ¢, a Banach space X is said to be of cotype ¢ if there
exists a constant C' > 0 such that for every finite sequence (z;); in X,

Il < © (/01 >_ i, 1dt) "

Recall that if ¢ is an Orlicz function, then the map ¢, : [0, 00) — [0, 00| defined by

@«(t) = sup{st —p(s) : s 20}, >0,

is called the Young’s conjugate function of . It takes finite values if lim;_,, ¢(t)/t =
00, that is, if ¢, is an Orlicz function. In this case, ¢ is called Young’s function.

We refer to [2, p. 259] for the definition of the important concept of K-convexity
of Banach spaces introduced by Pisier. He shown in [17] that in fact K-convexity
and B-convexity are equivalent properties for a Banach space, and they are also
equivalent of being of non-trivial Rademacher type.

Using the well-known Kéthe duality formula (4,)" = ¢,, up to equivalence of
norms, we can prove the following statement in a similar way to how it is proved
for the Rademacher cotype ¢ (2 < ¢ < 00) in [2, Theorem 13.17].

Proposition 3.5. Let X be a K-conver Banach space and ¢ a conver Young
function such that X is of cotype p. Then the Banach dual space X* has type ¢,

To show how to apply this statement let us recall some definitions from the ge-
ometry of Banach spaces. The modulus of convexity dx: [0,2] — [0, 1] of a Banach
space X is defined by

ox(e) =inf {1 —[l(z+y)/2ll: [z =yl =1, le —yll > e}, e€[0,2];

its modulus of smoothness dx is given by

1
px(t) = sup{§<ux+tyu llz =ty =1 el =yl =1}, t>o0.

X is said to be uniformly convex if dx(¢) > 0 for all € € (0,2], and uniformly
smooth if limy_,¢ px(t)/t = 0.

The moduli of convexity and smoothness of a Banach space X and its dual X*
are related by the following duality formulae due to Lindenstrauss [10],

te

px(t) = sup{g —Ox«(e): e € (0,2]}, t>0,

and y
px-(t) > sup{E6 —ox(e): g€ (0,2]}, t>0.

12



Note that the modulus of smoothness px of a Banach space is a continuous non-
decreasing convex function satisfying the As-condition at zero, and px(t)/t* is
equivalent to a decreasing function, that is, there exists C' > 0 such that px(t)/t* <
C < px(s)/s*forall 0 < s < t (see [10]). In particular this implies that if a Banach
space X is uniformly smooth and ¢ := px, then the Orlicz sequence space £, is
a Banach space and /,, is continuously included in ¢;. Note also that if a Banach
space X with dim X > 2 is uniformly convex, then its modulus of convexity dx is
equivalent (on (0,2]) to a canonic Orlicz function dx (see [11, pp. 59]).

Using the introduced notation we may state the following result essentially due
to Figiel and Pisier [3]. It provides an extensive source of examples of spaces with

type ¢ and cotype ¢.

Lemma 3.6. If X is uniformly smooth (resp., uniformly conver) Banach space
with modulus of uniform smoothness (resp., modulus of uniform convexity), then
X is of px-type (resp., X is cotype dx).

This result can be applied to all classical Banach function lattices. For example,
for estimates of the moduli of convexity of Lorentz sequence spaces and Orlicz
sequence spaces, we refer to [1] and [12], respectively.

4 Maximal estimates of sublinear operators into
Orlicz spaces

Let us finish the paper by showing a maximal estimate for operators on Orlicz
spaces, which is obtained by adapting the arguments of the circle of ideas of our
general version of Nikishin’s theorem.

Theorem 4.1. Let X be a quasi-Banach space of type 1 with ¥ € ®, and let p € O
be such that s,(t) < vyt for somey >0 and 0 < r < 0o, and for allt > 0. Suppose
T: X — Ly(n) is a continuous sublinear operator. Then there exists a constant C
such that

Isup|Tailllz.g0 < Ol (l2sllx)
for all finite sequences (xy)x in X.

Proof. Fix a finite sequence (xy); in X. By the homogeneity of T, we may assume
without loss of generality that ||(||zx|/x)xlle, < 1. We apply the following well
known formula which holds for all f € L°(u)

[t [ uttis = apan.
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Using the estimate obtained in the proof of Proposition 3.3, which is based on the
auxiliary functions g, and g, we obtain by means of Fubini’s theorem

/Qs0<sgp !Txk|> dp = /Ooou<{ sup [ Txy| > w‘l(A)D dA

2 [T [ e 0 170 2 o0} an) ix
[ (/Olm{w € Q: ¢(|Tgw)]) = A}) dt) 2
2/01 (/Ooom{w € Q: ¢(|Tg(w)]) = A}) dA) dt

2/01 (/Qso(ngtwl)dﬂ) dt .

Now it follows from the Kahane-Khintchine inequality that there is a constant
C, > 0 such that

(/1 zk:rk(t)ka;dt)i <o(f ‘zk:w)m(\idt)%

< G Ty | (lasllx) |, < G T().

IN

Since T': X — Ly(p) is continuous, (| T'g¢||z, ) < [|T|| [|g¢l/x for all ¢ € [0, 1], and
thus [, o(|Tg(w)|/|T|| lg¢llx) de < 1. Combining all together these estimates
with our hypothesis @(ut) < v @(u)t" for all u,t > 0 gives

1
[ o(suwlTanl)du <2l [ ol de < 171 7o)
Q 0

and so || supy, | Tzx||| £, < C with C =~ ||T|| T,(X). This completes proof. [
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