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Summary

Distributional chaos was introduced by Schweizer and Smital in [SS94] from
the notion of Li-Yorke chaos in order to imply positive topological entropy for
the mappings from the compact interval into itself. Distributional chaos for
linear operators was considered for the first time in [Opr06] and firstly studied
in the infinite-dimensional linear setting in [MGOP09].

The concept of distributional chaos for an operator (semigroup) consists
on the existence of an uncountable subset and a positive real number ¢ such
that for every pair of distinct elements of the uncountable set, both the upper
density of the set of iterations (times) in which the difference of the images by
the corresponding operator is greater than ¢, and the upper density of the set
of iterations (times) in which that difference is as small as we want, are equal
to one.

This thesis is divided into six chapters. In the first one, we do a summary
of the state of the art about chaotic dynamics for Cp-semigroups of linear
operators.

In the second chapter, we show the equivalence between the distribu-
tional chaos of a Cy-semigroup and the distributional chaos of each one of
its non-trivial operators. We also characterize the distributional chaos of a
Co-semigroup in terms of the existence of a distributionally irregular vector.

The notion of hypercyclicity for an operator (semigroup) consists on the
existence of an element with dense orbit by the operator (semigroup). If, in
addition, the set of periodic points is dense, we say that the operator (semi-

group) is Devaney chaotic. One of the most useful tools to check whether an
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operator is hypercyclic is the Hypercyclicity Criterion, first stated by Kitai in
1982. In [BBMGP11], Bermudez, Bonilla, Martinez-Giménez and Peris intro-
duce the Criterion for Distributional Chaos (CDC) for operators. We state
and prove a version of the CDC for semigroups.

In addition, in the semigroup setting, Desch, Schappacher and Webb stud-
ied in [DSW97] hypercyclicity and Devaney chaos for Cp-semigroups, giving
a criterion for Devaney chaos based on the spectrum of the infinitesimal gen-
erator of the Cp-semigroup. In the third chapter, we establish a criterion for
the existence of a dense distributionally irregular manifold (DDIM) in terms
of the spectrum of the infinitesimal generator of the Cy-semigroup.

In Chapter 4, some sufficient conditions for distributional chaos for the
translation Cp-semigroup on weighted LP-spaces are given in terms of the ad-
missible weight function. Moreover, we establish a complete analogy between
the study of distributional chaos for the translation Cpy-semigroup and for
backward shift operators on weighted sequence spaces.

The fifth chapter is devoted to the study of the existence of Cy-semigroups
for which every non-zero vector is a distributionally irregular vector. We also
give an example of such Cy-semigroups that is not hypercyclic.

In Chapter 6, the DDIM criterion is applied to several examples of Cp-
semigroups. Some of them are the solution semigroup of a partial differential
equation, like the hyperbolic heat transfer equation or the von Foerster-Lasota
equation, and others are the solution of an infinite system of ordinary differ-
ential equations used to modelize the dynamics of a population of cells under

simultaneous proliferation and maturation.



Resum

El caos distribucional va ser introduit per Schweizer i Smital en [SS94] a
partir de la nocié de caos de Li-Yorke amb la finalitat d’implicar I’entropia
topologica positiva per a aplicacions de l'interval compacte en ell mateix. El
caos distribucional per a operadors va ser considerat per primera vegada en
[Opr06] i va ser analitzat en el context lineal de dimensié infinita en [MGOP09].

El concepte de caos distribucional per a un operador (semigrup) consisteix
en l'existéncia d’un conjunt no numerable i un nombre real positiu d tal que per
a dos elements distints qualssevol del conjunt no numerable, tant la densitat
superior del conjunt d’iteracions (temps) en les quals la diferéncia entre les
orbites dels elements esmentats és major que 4, com la densitat superior del
conjunt d’iteracions (temps) en les quals dita diferéncia és tan menuda com
es vulga, és igual a u.

Aquesta tesi estd dividida en sis capitols. Al primer, fem un resum de
I’estat actual de la teoria sobre la dinamica caotica per a Cy-semigrups d’opera-
dors lineals.

Al segon capitol, mostrem ’equivaléncia entre el caos distribucional d’un
Co-semigrup i el caos distribucional de cadascun dels seus operadors no triv-
ials. També caracteritzem el caos distribucional d'un Cy-semigrup en termes
de l'existencia d’un vector distribucionalment irregular.

La nocié d’hiperciclicitat d’un operador (semigrup) consisteix en I’existencia
d’un element I’orbita per 'operador (semigrup) del qual siga densa. Si, a més,

el conjunt de punts periodics és dens, direm que 'operador (semigrup) es caotic
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en el sentit de Devaney. Una de les eines més 1tils per comprovar si un oper-
ador és hiperciclic és el Criteri d’Hiperciclicitat, enunciat per primera vegada
per Kitai en 1982. En [BBMGP11], Bermudez, Bonilla, Martinez-Giménez i
Peris presenten el Criteri per a Caos Distribucional (CDC en angles) per a
operadors. Enunciem i provem una versié del CDC per a Cy-semigrups.

En el context de Cp-semigrups, Desch, Schappacher i Webb també estudien
en [DSW97] la hiperciclicitat i el caos de Devaney per a Cp-semigrups, donant
un criteri per a caos de Devaney basat en ’espectre del generador infinitesimal
del Cy-semigrup. Al tercer capitol, establim un criteri d’existéncia d’una va-
rietat distribucionalment irregular densa (DDIM en les seues sigles en angles)
en termes de ’espectre del generador infinitesimal del Cy-semigrup.

Al Capitol 4, es donen algunes condicions suficients per a que el Cp-
semigrup de translacié en espais LP ponderats siga distribucionalment caotic
en funcio de la funcié pes admissible. A més a més, establim una analogia com-
pleta entre I'estudi del caos distribucional per al Cy-semigrup de translacio i
per als operadors de desplacament enrere o “backward shifts” en espais pon-
derats de successions.

El capitol cinque esta dedicat a ’estudi de 'existencia de Cp-semigrups per
als quals tot vector no nul és un vector distribucionalment irregular. També
donem un exemple dels esmentats Cp-semigrups que a més no és hiperciclic.

Al Capitol 6, el criteri DDIM s’aplica a diversos exemples de Cy-semigrups.
Alguns d’aquests sén els semigrups de solucié d’equacions en derivades par-
ciales, com ara l’equacid hiperbolica de transferencia de calor o 'equacié de
von Foerster-Lasota i altres sén la solucié d’un sistema infinit d’equacions
diferencials ordinaries utilitzat per a modelitzar la dinamica d’una poblacié

de cel-lules baix proliferacié i maduracié simultanies.



Resumen

El caos distribucional fue introducido por Schweizer y Smital en [SS94] a
partir de la nocién de caos de Li-Yorke con el fin de implicar la entropia
topolégica positiva para aplicaciones del intervalo compacto en si mismo. Kl
caos distribucional para operadores fue estudiado por primera vez en [Opr06]
y fue analizado en el contexto lineal de dimensién infinita en [MGOPO09].

El concepto de caos distribucional para un operador (semigrupo) consiste
en la existencia de un conjunto no numerable y un numero real positivo &
tal que para dos elementos distintos cualesquiera del conjunto no numerable,
tanto la densidad superior del conjunto de iteraciones (tiempos) en las cuales
la diferencia entre las érbitas de dichos elementos es mayor que §, como la
densidad superior del conjunto de iteraciones (tiempos) en las cuales dicha
diferencia es tan pequena como se quiera, es igual a uno.

Esta tesis estd dividida en seis capitulos. En el primero, hacemos un re-
sumen del estado actual de la teoria de la dindmica cadtica para Cy-semigrupos
de operadores lineales.

En el segundo capitulo, mostramos la equivalencia entre el caos distribu-
cional de un Cyp-semigrupo y el caos distribucional de cada uno de sus op-
eradores no triviales. También caracterizamos el caos distribucional de un
Coh-semigrupo en términos de la existencia de un vector distribucionalmente
irregular.

La nocién de hiperciclicidad de un operador (semigrupo) consiste en la
existencia de un elemento cuya drbita por el operador (semigrupo) sea densa.

Si ademads el conjunto de puntos periédicos es denso, diremos que el operador
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(semigrupo) es cadtico en el sentido de Devaney. Una de las herramientas mas
utiles para comprobar si un operador es hiperciclico es el Criterio de Hiper-
ciclicidad, enunciado por primerza vez por Kitai en 1982. En [BBMGP11],
Bermudez, Bonilla, Martinez-Giménez y Peris presentan el Criterio para Caos
Distribucional (CDC en inglés) para operadores. Enunciamos y probamos una
version del CDC para Cp-semigrupos.

En el contexto de Cp-semigrupos, Desch, Schappacher y Webb también es-
tudiaron en [DSW97] la hiperciclicidad y el caos de Devaney para Cy-semigrupos,
dando un criterio para caos de Devaney basado en el espectro del generador
infinitesimal del Cy-semigrupo. En el tercer capitulo, establecemos un criterio
de existencia de una variedad distribucionalmente irregular densa (DDIM en
sus siglas en inglés) en términos del espectro del generador infinitesimal del
Ch-semigrupo.

En el Capitulo 4, se dan algunas condiciones suficientes para que el Cp-
semigrupo de traslacion en espacios LP ponderados sea distribucionalmente
cadtico en funcién de la funcién peso admisible. Ademads, establecemos una
analogia completa entre el estudio del caos distribucional para el Cp-semigrupo
de traslacién y para los operadores de desplazamiento hacia atras o “backward
shifts” en espacios ponderados de sucesiones.

El capitulo quinto esta dedicado al estudio de la existencia de Cp-semigrupos
para los cuales todo vector no nulo es un vector distribucionalmente irregular.
También damos un ejemplo de uno de dichos Cy-semigrupos que ademés no
es hiperciclico.

En el Capitulo 6, el criterio DDIM se aplica a varios ejemplos de Cp-
semigrupos. Algunos de ellos siendo los semigrupos de solucién de ecuaciones
en derivadas parciales, como la ecuacion hiperbdlica de transferencia de calor o
la ecuacion de von Foerster-Lasota y otros son la solucién de un sistema infinito
de ecuaciones diferenciales ordinarias usado para modelizar la dindmica de una

poblacion de células bajo proliferacion y maduracion simultaneas.
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Chapter 1

Introduction

This thesis is devoted to the study of distributional chaos of Cy-semigroups

defined on infinite-dimensional Banach spaces.

In this section we will present the notions of hypercyclicity, Devaney chaos,
the weakly mixing property, Li-Yorke chaos, and distributional chaos for op-
erators and Cp-semigroups as well as some sufficient criteria that yield some
of these properties.

First of all we recall the definition of a Cy-semigroup and some of its elemen-

tary properties.

1.1 (Cy-semigroups

During last years, several notions have been used in order to describe the
dynamical behavior of linear operators on infinite-dimensional spaces, such
as hypercyclicity, chaos in the sense of Devaney, chaos in the sense of Li-
Yorke, subchaos, mixing and weakly mixing properties, and frequent hyper-
cyclicity, among others. These notions have been extended to the frame of

Cy-semigroups of linear and continuous operators as far as possible.
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Our study will be focused on dynamical systems defined on a separable
infinite-dimensional Banach space X. Within this frame, L(X) denotes the
set of linear and continuous operators from X to X, in the sequel we refer to
them just as operators.

We recall that a one-parameter family T = {T;: X — X ; t € A}, where
A = R(')F or R, is said to be a strongly continuous semigroup of operators
in L(X) (briefly, Cy-semigroup of operators) if the following conditions are
satisfied.

(1) To = 1.
(2) TiTs = Tiys, for all s,t € A.
(3) %gr;Tt:U =Tz, for all z € X and s,t € A.
The third condition can be expressed saying that the map

A — LS(X)

t— 1T}

is continuous for every s € A, where Lg(X) denotes the space L(X) endowed
with the strong operator topology, that is, the topology of the pointwise con-
vergence on the elements of X.

If the space L(X) is endowed with the uniform convergence on the bounded
sets of X, we will say that the semigroup is uniformly continuous. Whenever X
is a normed space, this topology coincides with the topology of the convergence
of operators in the operator norm.

If T is a Cp-semigroup in L(X), then there exist w € R and M > 1 such
that ||Tyz| < Me“!||z|, for all t € A and z € X, and hence it is locally

equicontinuous, that is,
VN >0 3C > 0 such that |[Tyz| < C||z|, Vte[0,N], Vze X.

We refer to [ENOO] and [EN06] as basic references on Cp-semigroups.
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The notion of a Cp-semigroup can be viewed as the continuous time analog
of the discrete time case of iterations of a single operator. One of the main
interests on Cp-semigroups is that they describe the asymptotic behaviour
of solutions to abstract linear Cauchy problems, which include linear partial
differential equations and infinite systems of linear ordinary differential equa-

tions.

1.1.1 Linear dynamics for operators and Cj-semigroups

Two main research lines have been followed in the study of the linear dynamics
of Cp-semigroups: On the one hand, to determine if the corresponding dynam-
ical behavior of a Cy-semigroup was inherited by their non-trivial operators,
since this will let us import known results from the operator case. On the
other hand, to discover examples of Cp-semigroups that present a chaotic be-
havior. The first survey papers in linear dynamics are due to Grosse-Erdmann
[GE99; GE03] and Bonet, Martinez-Giménez and Peris [BMGPO03]. The recent
monograph by Grosse-Erdmann and Peris [GEPM11] is a good reference for
researchers interested in the study of linear dynamics. Moreover, it contains a
chapter dedicated to analyse the dynamics of Cy-semigroups. See also [BM09]
for further topics in the area.

In the sequel, let X be an infinite-dimensional separable Banach space, and
let T={T;; t € AC A} be either a Cy-semigroup or a sequence of operators
(A countable and unbounded) in a semigroup. We will pay special attention
when this sequence is given by the iterates of a fixed operator. In this case we
simply say that this operator verifies the corresponding properties.

Godefroy and Shapiro introduced in [GS91] the notion of chaos in linear
dynamics from the definition of Devaney chaos [Dev89]. We analyze the three
ingredients in the definition of chaos in the sense of Devaney, transitivity,
density of periodic points, and sensitive dependence on initial conditions, in
this frame.

T is transitive if for any pair of non-empty sets U,V C X there is some

t € A such that T3(U) NV # (). Transitivity is equivalent to the existence of
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some element x € X with dense orbit, i.e. m = X, see for instance
[GS91; DSWO7]. This phenomenon is usually known in Operator Theory as
hypercyclicity, and such a vector x is said to be a hypercyclic vector for T.
We denote by HC(T) the set of these vectors. There are plenty of hypercyclic
vectors for a hypercyclic operator: by the Birkhoff transitivity theorem for
operators [Bir22] or its analogous for Cpy-semigroups, it can be seen that the
set of these vectors is a dense G-set.

We recall that a vector z € X is said to be a periodic point for T if there
exists some 0 # t € A such that Tyx = x. The set of periodic points for T is
denoted by Per(T). We point out that the structure of the set of periods for
a Cp-semigroup has been partially analyzed in [BB09; MFSSW12].

Sensitive dependence on initial conditions can be directly obtained from
hypercyclicity, see for instance [BBCDS92]. Therefore, hypercyclicity coincides
here with the notion of chaos in the sense of Auslander and Yorke (existence
of an element with dense orbit and sensitive dependence on initial conditions)
[AY80]. Hence T is said to be chaotic if it is hypercyclic and the set of periodic
points Per(7T) is dense in X.

Furthermore, hypercyclicity is a stronger notion than Li-Yorke chaos. We
recall that T is said to be Li-Yorke chaotic if there exists an uncountable
subset I' C X, called the scrambled set, such that for every pair x,y € I' of

distinct points we have that

liminf | Tw — Ty =0 and lim sup [Ty — Tyyl| > 0.
teA te A

Every hypercyclic operator or Cy-semigroup is Li-Yorke chaotic, since we
have that for a hypercyclic vector x we have that {p(T)z ; p € K[z], p # 0} is
a dense linear manifold of hypercyclic vectors, which is also a dense scrambled
set.

T is called topologically mixing if, for any pair U,V of non-empty open
subsets of X, there exists some tg € A such that T,(U) NV # (), for all ¢ > t.
T is topologically weakly mizing if {I; Ty : X @ X - X X ; t > 0} is

transitive.
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1.2 Criteria for hypercyclicity and Devaney Chaos

The following criterion for hypercyclicity of Cy-semigroups is inspired in the
Hypercyclicity Criterion given by Kitai [Kit82], in particular in its generaliza-
tion given by Bes and Peris [BP99].

Theorem 1.1. Hypercyclicity Criterion for Cy-semigroups [CPO09Y].
Let T be a Cy-semigroup in L(X). If there exist a sequence (t,), C Rt with
lim ¢, = oo, dense subsets Y, Z C X and maps S, : Z — X, n € N such that

n—oo

i. lim T, y=0 forallyey,
n—oo
1. lim Sy, z=0 forall z € Z,
n—oo
wi. lim T3, S,z =z forall z € Z,
n—oo
then T is hypercyclic.

In fact, T verifies this criterion if and only if T is weakly mixing [BP99].

1.2.1 Dynamics of autonomous discretizations

In linear dynamics there exist some results which relate the dynamical proper-
ties of a Cp-semigroup with the corresponding properties of certain sequences

of its operators. For this purpose we introduce the following notion.

Definition 1.2. A discretization of a Cy-semigroup {7} }:>0 is a sequence of

operators (13, ), in the semigroup, where lim ¢, = oo If there is ¢y # 0 such
n—oo

that ¢, = nto for each n € N, then (T3,), = (Tf;)n is called an autonomous

discretization of {T}}+>o.

An easy observation yields that a Cy-semigroup is hypercyclic if and only
if it admits a hypercyclic discretization. In fact all the autonomous discretiza-

tions are hypercyclic. (T}, )n.

Proposition 1.3 ([CP09; GEPM11]). Let {T;}+>0 be a Cy-semigroup on a

separable Banach space X. The following are equivalent:

i. {T;}e>0 is mizing.
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it. Every discretization of {Ti}i>0 is mizing.
iti. Every discretization of {Ti}i>0 is weakly mizing.
iv. Bvery discretization of {T} }1>0 is transitive.
v. There exists a mizing autonomous discretization of {1} }+>0.

Theorem 1.4 ([CP09; GEPM11)). Let {T;}+>0 be a Co-semigroup in L(X).

The following are equivalent:
i. {Ti}e>0 is weakly mizing.
1. All autonomous discretizations are weakly mixing.

In the flavour of the last results, the following ones also refer to the dy-

namics of the autonomous discretizations in a Cp-semigroup.

Theorem 1.5 (Conejero-Miiller-Peris [CMP07]). Let T = {T;}+>0 be a hy-
percyclic Cy-semigroup in L(X), and let v € HC(T). Then x € HC(T},) for
every tg > 0.

This is equivalent to say that the restriction of the orbit of a hypercyclic
vector x for T to the set {Tj,,x ; k € N} is still dense in X for any ¢o > 0.
As a direct consequence, if a Cy-semigroup is weakly mixing, then all its non-
trivial operators are weakly mixing. We recall that every Devaney chaotic
Co-semigroup is also weakly mixing, c.f. [BB09, Rem. 5].

However, we do not have an analogous result in the chaotic case.

Theorem 1.6 (Bayart-Bermudez [BB09]). There ezists a Cy-semigroup {T; }+>0
on a separable Hilbert space H and to # t1 such that Ty, is chaotic and Ty, is

not chaotic.

One of the most striking results in linear dynamics was the example of De
la Rosa and Read of a hypercyclic operator which is not weakly mixing [RR09],
see also [BMO7]. It is still unknown whether each hypercyclic Cp-semigroup

satisfies the hypercyclicity criterion, that is:
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Question 1.7. Are all the non-trivial operators in a hypercyclic Cy-semigroup

weakly mizing?

In fact, it will be enough with finding a single weakly mixing operator in

the Cp-semigroup [CP09, Th. 2.4].

1.2.2 Spectral conditions

Let T be an operator on a complex Banach space X. The spectrum o(T') of

T is defined as
o(T)={X € C; A —T is not invertible}.

The point spectrum o,(T') is the set of eigenvalues of T

The number

r(T) = sup [N
Ao (T)
is called the spectral radius of T'.

For the spectral radius we have that

r(T) = lim ||T™Y™.

n—o0

The infinitesimal generator of a semigroup {7} }:ca is the operator A given

by the following limit:

Ar = lim hiw—z
t—0 t
teA

)

defined wherever that limit exists. It is known that the infinitesimal generator
of a Cp-semigroup {7;}+>0 is a closed and densely defined operator in the
general setting of the Fréchet spaces, see for instance [Yos80, Thm. IX.3.1].
The infinitesimal generator of a Cp-semigroup is important since it allows us
to “reconstruct” the semigroup in several cases.

In a Banach space X, it can be seen that every uniformly continuous

semigroup can be expressed as {1} }t>0 = {etA} >0 Where

[e.e]

tnAn
tA
=3

n=0
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for a certain operator A € L(X), see for instance [EN0O, Thm. 1.3.7].
Sometimes the Hypercyclicity Criterion is hard to be applied. In many
situations we can have the infinitesimal generator of a Cp-semigroup but we
do not have the explicit representation of its operators. This situation is quite
common when we are dealing with the solution Cy-semigroups associated to
certain partial differential equations. Desch, Schappacher, and Webb gave a
criterion which permits us to state Devaney chaos (and hypercyclicity) of a
Co-semigroup in terms of the abundance of eigenvectors of the infinitesimal

generator.

Theorem 1.8. Desch-Schappacher-Webb Criterion [DSW97]. Let X
be a complex separable Banach space, and T be a Cy-semigroup on X with
infinitesimal generator (A, D(A)). Assume that there exists an open connected
subset U C C and a weakly holomorphic function f:U — X, such that:

i. UNiR # 0,
ii. f(N\) € ker(AI — A) for every A € U
iti. for any x* € X*, if (f(N\),z*) =0 for all A € U, then z* = 0.
Then the semigroup T is chaotic.

Remark 1.9. Improvements and comments regarding the Desch-Schappacher-

Webb Criterion can be found in [CM08; CM10] and in [BMO05], where the an-

alyticity of f is dropped out if we replace the third condition by the following

one: for some \g € U dim(ker(A—XoI)) =1, f(Xo) # 0, and U ker(A—Aol)"
n>1

s dense in X.

Kalmes proved that if a Cy-semigroup satisfies the Desch-Schappacher-
Webb Criterion, then all their non-trivial operators are Devaney chaotic [Kal06].
As an example, this holds for Devaney chaotic translation Cy-semigroups on
weighted spaces of continuous and integrable functions [dE01]. However, this
chaotic behavior of a Cy-semigroup is not always inherited by its operators.
Furthermore, there are examples of Devaney chaotic Cp-semigroups whose op-

erators are never Devaney chaotic as we have noted in Theorem 1.6.
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1.3 Operators

In this section we introduce the notions of distributional chaos and distri-
butionally irregular vector for operators. In the paper [SS94], Schweizer and
Smital introduced the notion of distributional chaos (it was called strong chaos
there). The main point was that, in the case of a self-map f on a compact
interval, the existence of a distributionally chaotic pair implies that f has
positive topological entropy. Actually, in [Li93] it is shown that the existence
of distributionally chaotic pairs implies, within this framework, a very strong
behaviour: distributional chaos, positive topological entropy, w-chaos, and the
existence of an infinite invariant subset on which f exhibits chaos in the sense
of Devaney are equivalent properties for interval maps. This concept was gen-
eralized in [BSv05; Sv04]. We also refer to [Ov08; Opr09a; GKLOP09; Opr09b]
for some recent papers dealing with distributional chaos, and to [MGOP09;
BBMGP11] for distributional chaos in the linear infinite-dimensional setting,
which is the object of this dissertation.

We suppose here that the metric space X has a finite diameter. For any
pair (z,y) of points in X and any positive integer n, a distribution function

B )0, +00[— [0,1] is defined by

sy — 0S8 S0 =15 d(fi(a), ') <1}

o p t>0.

Then QS;Z) (t) is a non-decreasing function and GP(xZ) (t) = 1 for t greater than

the diameter of X. Let

Byy(t) = liminf @) (¢), and &}, (t) = limsup &7 (¢).

n—00 n—00

We say that &, is the lower distribution function, and 93, the upper
distribution function of x and y. Clearly, () < @3, (t) for any ¢t > 0. If
Dyy(t) < @3,(t) for all ¢ in an interval, we simply write @, < &3,. We are
interested in the case when there are an uncountable scrambled set S C X

and § > 0 such that, for any pair of different points =,y € .S, we have
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(D1C) @3, =1 and &, (0) = 0.

(D2C) &3, (1) =1 and Pyy < &7,
(DgC) @;y > sty-

Then f is said to exhibit distributional chaos of type 1-3, respectively and
will be denoted by (D1C), (D2C) or (D3C). Obviously, (D1C) implies (D2C)
and (D2C) implies (D3C). However, neither of the converses is true (see for
instance [BSv05; Sv04]).

From now on, to simplify, when we say distributional chaos we mean (D;C).
This notion can be expressed in terms of the abundance of pairs (z,y) whose
orbits are as “close” as we want in certain times and far enough in other
occasions. This concept of distributional chaos can be rephrased in terms of
densities of sets of integers. The upper density dens(X) of a set X C N is
defined by

dens(X) := limsup AL ,n}|’

n—00 n

and the corresponding lower density dens(X) by

Xn{1,...
dens(X) := liminf| nil, ,n}|7

n—o0 n

where |.| denotes the cardinality of a set. Thus, taking into account that
dens(X) + dens(N N XK) =1, f : X — X is distributionally chaotic if there
is an uncountable scrambled set S C X and § > 0 such that, for any pair of

different points x,y € S and for every € > 0, we have

dens{n € N ; d(f"(x), f"(y)) > 6} =1, and
Toms{n € N5 d(f™(x), /"(y)) < e} = 1.

Such a pair (z,y) is called a distributionally chaotic pair for f.

Inspired by the concept of irregular vectors of Beauzamy [Bea88], the au-
thors of [BBMGP11] defined a vector x € X to be distributionally irreqular

for T if there are increasing sequences of integers J = (ng)r and K = (my)x



such that dens(J) = dens(K) = 1, limy, ||T7™z| = 0 and limy | T™*z| = oo,
or, equivalently, by Lemma 2.6, for every § > 0

dens({n e N; ||[T"z| > 0}) =1 and dens({n e N; ||T"z| < 0}) = 1.

The set of all distributionally irregular vectors for T is denoted by DI(T').

A linear manifold Y C X is a distributionally irreqular manifold for T if
every non-zero vector y € Y is a distributionally irregular vector for 7', i.e.,
Y\ {0} Cc DI(T).

If = is a distributionally irregular vector, then S = span{z} is a distribu-
tionally scrambled set for T' (see e.g. [BBMGP11]), hence T is distributionally
chaotic.

In [BBMP12] the authors introduced the following criterion:

Theorem 1.10 (Criterion for Distributional Chaos (CDC)). Suppose that there

exist sequences (Tm)m, (Ym)m C X such that:
a) there exists a subset K C N with dens(K) = 1 such that lim T"zm, = 0

nekK
for all m;

b) ym € span{xy: k € N}, limy,, = 0 and there exist 6 > 0 and a sequence of

positive integers (N, )m increasing to oo with

1
{n < Ny ;5 d(T"ym,0) > 5} > Ny, <1 — m) for all m € N.

The authors have proved, as a matter of fact, that for a T € L(X), to have
a distributionally irregular vector, to satisfy the (CDC) and to be distribu-

tionally irregular are actually equivalent:

Theorem 1.11. ([BBMP12]) Let T : X — X be an operator on a Fréchet

space X. The following statements are equivalent.

(1) T admits a distributionally chaotic pair.
(i

) T has a distributionally irregular vector.
(iii) T is distributionally chaotic.
)

(iv) T satisfies the (CDC).






Chapter 2

Dynamic behaviour of the operators

of a Cy-semigroup

The aim of this chapter is to introduce the notions of distributional chaos
and distributionally irregular vectors in the Cp-semigroup setting, in order
to give a Crriterion for Distributional Chaos for Cy-semigroups and to study
the relation between these properties and the corresponding ones for the non-

trivial operators of the Cy-semigroup.

2.1 Definitions

First we will extend the definition of upper and lower density to Lebesgue

measurable subsets.

Definition 2.1. If A is a Lebesgue measurable subset of Rg , then the upper
density of A is defined as

_ A t
Dens(A) := limsup w,
t—o0 t
and its lower density by
A
Dens(A) := liminf W,

t—o00
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where p denotes the Lebesgue measure on R.

Inspired in the notion of distributional chaos for operators we provide the

definition for Cp-semigroups.

Definition 2.2. A Cj-semigroup of operators T = {1} }+>¢ on X is said to be
distributionally chaotic if there exist an uncountable subset S C X and § > 0
such that, for each pair of distinct points z,y € S and for every ¢ > 0, we

have
Dens({s > 0; ||Tsx — Tsy|| > 0}) =1, and

(2.1)
Dens({s > 0 ; ||Tsz — Tsy|| < e}) = 1.

The set S is said to be a distributionally §—scrambled set for T and the pair
{z,y} a distributionally chaotic pair for T. If the scrambled set S is dense on
X, then we say that T is densely distributionally chaotic; and if S = X, then

we say that T is completely distributionally chaotic.

Inspired by the Criterion for Distributional Chaos (CDC) for operators in-

troduced in [BBMP12], we give the corresponding concept for Cy-semigroups.

Definition 2.3. Let T = {7} };>0 be a Cy—semigroup in L(X). T satisfies the
(CDC) for Cy—semigroups if there exist sequences (;)m, (Ym)m C X such
that:

a) There exists a Lebesgue measurable set A C RT with Dens(A4) = 1 such

that sli_}r(r)lo Tsxm = 0 for every m;
SEA

b) (ym)m C span{zy: k € N}, 1131 Ym = 0 and there exist 6 > 0 and an

increasing sequence of positive real numbers (py,)n, tending to oo with
1
w({s €10, pm]: | Tsymll > 0}) > pm (1 - m) for every m € N.

We can assume without loss of generality that (p.,)m is a sequence of positive

integers.

As we mentioned in the Introduction, the notion of a distributionally ir-
regular vector plays an essential role for distributional chaos in the iterations

of a single operator. We will see that it is also the case for Cy-semigroups.



2.2 Distributionally chaotic dynamics of autonomous discretizations 15

Definition 2.4. A vector x € X is said to be distributionally irreqular for the
Co—semigroup T = {T;}+>¢ if the following holds: for every § > 0

Dens{s > 0 ; [|Tsz|| < d} =1, and (2.2)
Dens{s > 0 ; ||[Tsz| > d} = 1. (2.3)

The set of all distributionally irregular vectors for T is denoted by DI(T).

Remark 2.5. We will prove in Section 2.2 that our definition is equivalent to
the natural extension of the definition of distributionally irregular vector for

an operator.

A linear manifold Y C X is said to be a distributionally irregular manifold
for T if every non-zero vector y € Y is a distributionally irregular vector for
T, ie, Y\ {0} C DIT).

A Cy-semigroup T is completely distributionally irregular if every vector

z € X \ {0} is distributionally irregular.

2.2 Distributionally chaotic dynamics of autonomous

discretizations

Motivated by the results in the Introduction, we are interested in finding
whether the distributional chaos of a Cjy-semigroup implies distributional chaos
for its non-trivial operators or not, and whether there exists a relation between
satisfying the (CDC) and the existence of a distributionally irregular vector.
First we include a Lemma about upper densities for the sake of complete-

ness.

Lemma 2.6. Let (X,d) be a metric space, (zp)nen be a sequence in X and

x € X. Then the following conditions are equivalent:

(i) there exists A C N with dens(A) = 1 such that

lim z, =x (respectively, lim d(z,,z)= 00),
n—oo0,n€A n—o0,n€A
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(ii) dens({n € N; d(zp,x) < 6}) =1 for every 6 >0
(respectively, dens ({n € N ; d(z,,z) > 0}) =1 for every 6 >0).

Let f :RT — X, v € X. Then the following conditions are equivalent:

(a) there exists A C R with Dens(A) = 1 such that

lim  f(s) = x (respectively, lim d(f(s),x) = 00),

s—00,5€ A s§—00,8€A
(b) Dens ({s € R" ; d(f(s),z) <&}) =1 for every § >0
(respectively, Dens ({s € RT ; d(f(s),z) > d}) =1 for every § > 0).

Proof. We will only show the discrete case. Suppose that (i) holds and let
0 > 0. By assumption, there exists v € N such that for every n € A with
n > v we have d(x,,z) < . Then AN [v,00[C {n € N; d(z,,z) < §} and,
since 1 = dens(A) = dens(A N [M, co[), we get the assertion.

Conversely, for every k € N let

1
Ak:{nEN; d(a:n,a:)<k}.

By the assumption, dens(Ax) = 1. We can construct inductively a strictly

increasing sequence (my)ren of natural numbers such that
1
‘Ak N [mk,l,mkﬂ > my (1 — k) , Vk > 2. (2.4)
Let

A= (A N [rge—y, ma]) -
k>2

Observe that dens(A) = 1, since, by (2.4),
1
‘A N [1,mk]] > |Ak N [mk,l,mkﬂ > my <1 — k> , Vk > 2. (2.5)

We can write A as a suitable strictly increasing sequence of positive integers
(nj)jen. We claim that d(x,;,z) tends to 0 as j — co. If we fix any j € N,
there exists k; such that n; € Ag; N [my; 1, my; [, consequently,

1
d(xnj7$) S ]{77]

Therefore, letting j — oo, we obtain the assertion. _
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We want to establish a relation between distributional chaos for a Cj-
semigroup {7}}+>0 and for their operators 7;. To this aim we also need a
lemma that connects some upper densities of subsets of R with upper densities

of suitable subsets of N.

Lemma 2.7. Let T = {T;}+>0 be a Cy-semigroup of operators on a Banach
space X, to > 0, v € X. Let Cyy = supg<i<y, |T¢||. Then for every e,§ > 0
and for all N > 0:

1ou(te0.N]; [Tl > 6) <to|{k e N; k< £ 41, T ) > -}
2 tol{k € N; k< N, [Thell > 6} < u ({1 € [0.Nt] ; T > & }).

5. p({t € 0,N]5 |Tiall <eh) <to|[{k e N5 k< ¥ 41, ITEall < Gy }).
4. to{k e N; k< N: ||[TEa|| < e} < p({t € [0, (N +1)tg] ; | Tiz|| < eCy}).

In consequence,

1. Dens({t = 0; |Tra| > 8}) < dens ({k e N; | Thall > £-1).

2. dens({k € N ; |TFx| > 5}) < Dens ({t >0 |Gl > CL})

3% Dens({t > 0 ; ||Tyz|| < e}) < dens({k € N ; ||TFz|| <eCy}).
47 dens({k € N'; | Tl < e}) < Dens({t > 0; |Tiz| < eC}).
Proof. 1. Let A= {t <N ; ||[Tyz| > 0} and
K={keN; JteAn|(k— 1)to, kto[}.
Then

N 1)
KCkeN; 1<k<—+41, ||T — .
{benitshs 1 ITeomal> 5}

Indeed, if there exists t € [(k — 1)to, kto[ such that ¢ < N and ||T3x| > 0, then
1<k<f+1and

§ < 1Tl = 1T -1yt Te-1yto | < Cro| T ]|
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Therefore

u(A) <37 p([(k = Do, kto]) < to| K|
keK

N 5
EeN: k<— 41, |TF 2| > .
{ ) = tO + ’ H to .'IZ'H Cto }'

<to

2. Let K/ = {k € N; k < N, |Tfz| > 6}. Then, for every
t € [(k — 1)to, kto[, we have that

8 < | Tgz|| = I Thtg—Tez|| < Coo | Tiz].

Hence

U [(k’ — 1)t0,kt0[g {t S [O,Nt()] ; HTtJJ” > C(’S},

keK’ to
thus

1)
tol K'| < p ({t € [0, Nto] ; || Tyz| > }) )
Ct,

3. Let A= {t < N; ||Tiz]| < e} and K = {k € N; FF € AN[(k—1)to, kto[}.
Then
N
Kg{k‘EN, 1§k§?+1, ||Tkt0$”<€ct0}.
0

Certainly, if k € K
[ Thto x| = [ Thty—7 = Trall < Cool[Tpz|| < eCl.
It follows that

u(A) <37 p([(k = o, kto) < to| K|
keK

N
<t {k‘eN; kgt——l-l, HTtIfJ:):H<£CtO}’.
0

4. Let K' = {k € N; k < N, |TFfz| < €}. Then, for every s €
[kto, (k + 1)to[ with k € K, we obtain that

| Tszl| = 1Ts—kto Trto® || < Cio | Theoz|| < Cy-
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Hence

L [kto. (k + Dto[C {t € [0, (N + L)to] 5 [|Tex|l < £Cio )},
keK'’

therefore
tol K'| < pu({t € [0, (N + Dto] ; | Trz| < eCy}) -

1’. By 1., we have that

Dens N5 |1y
Dens({t > 0 : [Tz > 6}) = lim sup LALE 0N ¢ [Tl > 0h)
N—o0 N

. to N k-1 0 H

<limsup = |KkeN; E< —41, ||Ty x| > = ¢| =

< timsup 7§ LT >

o [frewik-r<n e > 4

= lim sup
b—o0 b

= dens <{k eN; HTtlza;H > 0 }) .
Cho

2’. By 2 it follows that

Tona keN; k<N, |Tkz| >0
Jews({k € N ; |TEal| > 8}) limsup SN, | Tyz] > 4]

N—oo N
. tolk €N k < N, || Tkeoz| > 9]
=lim sup
N—soo toN
1)
w({r e o 1al > £-})
< lim sup fo
N—soo Ntg
1)
u({re s imal> 5-1)
<limsu L
S p
b—oo b

1)
=D t>0: ||T} .
n<{ >0 | tx||>ct0})

The other inequalities follow analogously. _

The following lemma will be used several times.

Lemma 2.8. Let A C R" be a measurable subset with Dens(A) =1, a €]0, 1],
and let Ko = {k € N; p(ANk,k+1]) > a}. Then dens(K,) = 1.
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Proof. 1f we suppose that dens(X) < ¢ < 1, then dens(N\X) > 1—c and hence
there exists ng € N such that for every n > ng, [(NNK)N{1,...,n}| > n(l—c).
For each j € N\ X there exists a measurable set B; C [j,j + 1] such that

w(Bj) >1—aand AN Bj = @. Define B = U BjCR+\A. Then for

JENNK
each n > nyg

p(BN[1,n+1]) 2(1_a)](N\ZK)ﬁ{1,...,n}\

- - >(1—-a)(1—¢c)>0.

Thus Dens(B) > 0, that gives
Dens(A) = 1 — Dens(R™ . A4) < 1 — Dens(B) < 1,
which is a contradiction. Consequently, dens(X) = 1.

Now we are ready to offer the interplay between the continuous and the

discrete cases concerning distributional chaos.

Theorem 2.9. Let T := {T;}+>0 be a Co—semigroup in L(X). Then the

following properties are equivalent.
(i) T is distributionally chaotic.
(i1) Ty is distributionally chaotic for all t > 0.
(iii) There exists to > 0 such that Ty, is distributionally chaotic.

Proof. (i) implies (ii). Let S C X be a distributionally §-scrambled set for T.
By definition we know that for every two distinct points f, g € S we have that

Dens({s = 05 |T3(f - g)|l > 8}) = 1.
Then for every tg > 0, by Lemma 2.7

dons ({ ke T8 -l > - ) =1
Cy,

Let € > 0. By assumption

Dens({s>o; |rTs<f—g>u<g’t}) 1,
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hence
dens ({k € N3 |T5(f —g)l <e}) =1,
by Lemma 2.7. Thus S is a §’-scrambled set for T}, where ¢’ = 0/C},.

(ii) implies (iii) is trivial.

(iii) implies (i) is analogous to the first implication by Lemma 2.7.

Remark 2.10. Observe that we have indeed proved that the Cy-semigroup
T = {Ti}+>0 and each operator T; share the scrambled set, and hence the
distributionally chaotic pairs. In particular, T is dense distributionally chaotic
if and only if every (some) operator 7T} is dense distributionally chaotic.

This result can be compared with Theorems 1.5 and 1.6. In this matter,
distributional chaos behaves more similarly to hypercyclicity than to Devaney

chaos.

The next corollary will be useful, specially in Chapter 6, as it will simplify

some proofs.

Corollary 2.11. Two Cy-semigroups T := {T;}1>0 C L(X), 8 := {St}>0 C
L(Y) are conjugate if there exists a homeomorphism ¢ : X — Y such that
¢poTy = Stop for everyt > 0. If ¢ is uniformly continuous, T is distributional

chaotic if and only if 8 is distributionally chaotic.

Proof. If T is distributionally chaotic, by Theorem 2.9, every non-trivial oper-
ator T is distributionally chaotic. Since distributional chaos for operators is
preserved under uniform conjugacy, as it is shown in [MGOPOQ9], then every
operator S; is distributionally chaotic and by Theorem 2.9 § is distributionally

chaotic. 4

By a quasi-conjugacy of a linear operator S : Y — Y to a linear operator
T : X — X we mean the existence of a continuous map ¢ : X — Y with
dense range such that So¢ =¢oT.

Proposition 2.12. [BMGP03; GEPM11] Hypercyclicity, mizing, and weakly

mizing property are preserved under quasi-conjugacy.

The following result is also a connection between continuous and discrete

cases with respect to the Criterion for Distributional Chaos (CDC).
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Proposition 2.13. Let T = {Ti}i>0 be a Co-semigroup in L(X). Then the

following properties are equivalent.
(i) T satisfies the (CDC) for semigroups.
(ii) T satisfies the (CDC) for operators for all t > 0.
(iii) There exists to > 0 such that Ty, satisfies the (CDC) for operators.

Proof. (i) implies (ii): Let A C RT be according to the (CDC) property for
semigroups. For the sake of simplicity, let t = 1 and C = supg<;< ||T||. Let

K={neN;3dse An[n—1,n[}.
Then dens(K) = 1. Then, since for every n € K there exist s € A with
T 2l < 1 Tn-ststmll = [Tn-sTszm| < Ol Tszml,
it is clear that 7}1_%10 Tz, = 0 for every m € N. Also, Lemma 2.7 easily

nekK
implies that, for N, := p,, with m € N,

)7

1
m

J
{1 <n < Nps T yml > C}‘ > Ny (1 —

for each m € N, and T} satisfies the (CDC).

(ii) implies (iii): Trivial.

(iii) implies (i): Assume that T satisfies condition (CDC) for operators
and let (2,)m and (ym)m be sequences in X according to the definition of
(CDQC). Let K C N, with dens(K) = 1 and limy, 00 nex Tn@m = 0. Let us
define

A= U [n,n+1[C RT.
nek
Clearly Dens(A) = 1.
Again, since for every t € A there exists n € K with ¢ —n < 1, then

[Tiwm| = [ Te—nTnwm| < C|TT wml|;

which gives lim || Tz, || = 0, for all m € N, and by Lemma 2.7
t—o0
teA

5 1
< pm s | Teym = > pm|1——
u({t_p Ty ||>C}> P < m)

for py, := Ny, m € N, which concludes the result.
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Proposition 2.14. If the Co—semigroup T = {T}; }+>0 admits a distribution-

ally irregular vector, then T is distributionally chaotic.

Proof. 1t follows immediately from the definition of irregular vector that S :=
span{z} is a distributionally d—scrambled set for every ¢. Indeed, let x €
DI(T). Then properties (2.2) and (2.3) hold for every 6 > 0. Set S := span{z}.
Ify,z € S with y # z, then y —z = ax with a # 0. So, || Tsy—Tsz| = |a||Tsz|]
for all s > 0. By (2.2) and (2.3) we obtain, for each § > 0 and ¢ > 0, that

p({s €04 Iy — Tell < 6}) _ p({s € (0,4 ;5 [|ITsw|| < dlo|™"}) .

t - t
p{s €04 | Ty — Tzl > 6}) _ n({s €[0,4] 5 |Tx] = dla|™'})

t t
Letting t — 400, it follows that

p({s €0t ; |Tey — Tez| < 6})

nd

lim sup =1 and
t——+o00 t
0,t] ; [|Tsy — Tsz|| =6
s A5 €04 1Ty =Tz > 8h) _
t——4o00 t

Hence, S is a distributionally §-scrambled set for T for every § > 0.

|

Actually, the existence of a distributional irregular vector and distribu-
tional chaos for a semigroup are equivalent, as we will prove in a while. We
first prove, in analogy to Theorem 2.9, that there is an equivalence between
the continuous and the discrete case concerning the distributionally irregu-
lar vectors, which should also be compared with [CMP07] about hypercyclic

vectors.

Proposition 2.15. Let T = (T3):>0 be a Co-semigroup of operators on X and

let x be a vector on X. Then the following properties are equivalent:
(i) x is a distributionally irregular vector for 7.
(ii) there exist A, B C Rt with Dens(A) = 1 = Dens(B) such that:

lim [|Tsz|| =0 and lim ||Tsz|| = oo.
s—+o0 §—>+00
s€A seB
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(iii) x is a distributionally irreqular vector for Ty for all t > 0.

(iv) There exists tg > 0 such that = is a distributionally irreqular vector for
Ty

The Proposition can be proved applying Lemma 2.6 for the equivalence of
(i) and (ii) and using the proof of Lemma 2.7 to prove (ii) implies (iii) and (iv)
implies (ii). Alternatively, we provide a constructive proof without reducing
it.
Proof. (i) implies (ii). Assume that x € X is a distributionally irregular vector

for T. Let (¢)r CJ0O,1] be a sequence decreasing to 0 (i.e., e — 0). Define
Ae o= {5 € BT ; | Tyal < i)

Then A C A, and dens(A.,) =1 for all £ € N. Hence, for each k € N

there exists a sequence (my); such that

Ek+1

A, N0 1
WA N[0, mug]) 1 en (2.6)
my !

Taking subsequences if necessary, we have that mo2 > 0 and my, j, < Mp41 k41
for all k& € N. So, the sequence (tx)x defined by

0 ifk=1,
ty =
mir ifk>1
is strictly increasing.
Next, set
A= (A, 0 [t tega]) -
k>1

Observe that Dens(A) = 1, because by (2.6) we have, for all j > 1, that

MAHM@D>MMQHMQD>1 1

t - t J

For every s € A, there exists k such that s € [t, tpr1[ and ||Tsz|| < . If we

make s tend to infinity, then & tends to infinity and ||Tsz|| to zero.
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Now, let (&) be a sequence increasing to co. Define B, := {s € R": ||Tsz| >
0r}. Then Bs, ., C Bs, and Dens(Bs, ) = 1 for all k € N. Moreover, proceeding
as before one shows that there exists a strictly increasing sequence (r); of

positive integers such that the set

B = (Bs, N [re:ras1]) -
k>1

has Dens(B) = 1 and that for every s € B, ||Tsz| — oc.

Therefore, we have obtained that

lim ||Tsz||=0 and lim [|Tsz| = oco.
s—+00 +o0
sEA seB

(i) implies (i). For each § > 0 there exists r € RT such that for every s € A
with s > r, we have that ||Tsz|| < d. It follows that

Dens({s € R* ; ||Tsz|| < 0}) = 1.
Analogously we obtain that
Dens({s € R" ; ||Tsz|| > 0}) =1,

and hence z is a distributionally irregular vector for 7.

(ii) implies (iii). The proof is given only for ¢ = 1 since the other cases are
similar.
Define J = {j e N; 3s € Ast. s € [j—1,j[} and K = {k e N; 3s €
B s.t. s € [k, k+ 1]}, since

pA) < p [ U -140) =171,
jeJ

and there exists (n;);en such that

o AT [0,71)

=00 ny

=1, then llim M =1,

—00 ng

so dens(J) = 1. In the same manner, we can see that dens(K) = 1. For every
j € J we have that ||Tfa:|] = |Tj-sTsz|| < C|Tsz| where C = sup |13,
0<t<1
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which is finite since T is locally equicontinuous and it’s greater than 0 by the

definition of semigroup. Therefore

lim || TVz|| < lim C|Tsz| = 0.
j— 400 S—+00
jedJ s€A

For every k € K we have that ||Tsx|| = || Ts_rTxz| < C||TFz| and hence

lim ||TFz|| > lim C7Y|Tz| = oc.
k—+o0 s§—+00
keK seB
Since J, K C N, we can write J = (ng); and K = (myg)r with (ng)g, (mg)r two
suitable strictly increasing sequences of positive integers with upper density

equal to 1 , with
lim || 77"z| =0 and lim || 77" z| = oo.
k—+o00 k—+o00

(iii) implies (iv). Trivial.

(iv) implies (ii). For the sake of simplicity we suppose that tp = 1. Let
x € X be a distributionally irregular vector for T7. Then there exist two
sequences J = (ng)x, K = (my)r with dens(J) = dens(K) = 1 such that
|T7* || — 0 and |77 x| — +o0 as k — +o0.
Define the sets A={s€R"; JjeJ:se[j,j+1[}and B={seR"; Jk €
K:selk—1,k[}. Since

wA) = p | JUg+10| =11,

jeJ
and there exists (n;);en such that
lim |70 [0, m]]| =1, then lim wAN[0,m+1]) =1
l—o00 ny l—00 n;+1

we obtain that A has upper density 1. A similar argument gives us that
Dens(B) = 1. For every s € A we have that ||Tsz|| = ||Ts—;Tjz| < C||Tfa:|]
and therefore

lim || Tyx| < jggloocuT{xH = 0.

s$—+00
se€A jeJ
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And for every s € B we have that ||TFz| = ||Th_sTsz| < C||Tsx|| and hence

lim |Toz| > lim O Y|TFz| = oo,
s—+00 k—+-00
seEB keK

which concludes the proof. _
Remark 2.16. Note that we have thereby proved that the following are equiv-
alent.

(i) T has a (dense) distributionally irregular manifold.

(ii) T} has a (dense) distributionally irregular manifold for all ¢ > 0.

(iii) There exists tg > 0 such that T3, has a (dense) distributionally irregular

manifold.

We can now state and prove the analogue of Theorem 1.11 for Cy—semigroups.

Theorem 2.17. Let T = {Ti}4>0 be a Cy-semigroup in L(X). Then the

following statements are equivalent.
(i) T has a distributionally irregular vector.
(ii) T is distributionally chaotic.
(iii) T admits a distributionally chaotic pair.

(iv) T satisfies the (CDC) for semigroups.

Proof. (i) implies (ii). Follows by Proposition 2.14.

(ii) implies (iii) is trivial by the definition of distributional chaos.

(iii) implies (iv). Assume that T admits a distributionally chaotic pair.
Then, by Remark 2.10 there exists ¢y > 0 such that T}, admits a distribution-
ally chaotic pair. By Theorem 1.11 this means that T3, satisfies the (CDC)
for operators and hence, by Proposition 2.13, T satisfies the (CDC) for semi-

groups.



28 2. Dynamic behaviour of a Cy-semigroup

(iv) implies (i). Suppose that T satisfies the (CDC) for semigroups. Then,
by Theorem 2.13, there exists ¢y > 0 such that T}, satisfies the (CDC) for
operators. By Theorem 1.11 this means that T3, has a distributionally irregular
vector and hence, by Proposition 2.15, T has also a distributionally irregular

vector.

To summarize, the diagram in Figure 2.1 provides an overview of the re-

sults presented in this chapter.

For the sake of completeness, we will provide here a proof without using
Theorem 1.11, but inspired by the proof from [BBMP12]. First we will need
the following propositions about the abundance of vectors with distributionally

unbounded orbits.

Definition 2.18. Let T = {T};}+>0 be a Cp-semigroup, and take z € X. We
say that x has a distributionally unbounded orbit for T if there exists a subset
B C R with Dens(B) = 1 such that ller% |ITsx|| = oo. The orbit of z is said
to be distributionally unbounded below or away from 0 if there exists a subset
A C R} with Dens(A) = 1 such that llemA | Tsx|| = 0.

This definition is analogous to the definition of a vector with distribution-
ally unbounded (respectively, unbounded below) orbit for an operator from

[BBMP12], replacing A and B for subsets of N with upper density 1.

Remark 2.19. Note that, as a matter of fact, in Proposition 2.15, we have
proved that if x has a distributionally unbounded (respectively, unbounded
below) orbit for T, then x has a distributionally unbounded (resp., unbounded
below) orbit for each operator T; with ¢ > 0 orbit, and if = has a distribu-
tionally unbounded (respectively, unbounded below) orbit for an operator of
T, then z has a distributionally unbounded (respectively, unbounded below)
orbit for 7.



29

2.2 Distributionally chaotic dynamics of autonomous discretizations

For every t > 0.
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Figure 2.1: Overview of the results presented in this chapter
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The following two propositions have been proved for operators in [BBMP12].

Proposition 2.20. Let T = {T;}1>0 be a Cy-semigroup and define C' :=

supg<i<1 [|Tt||. The following statements are equivalent:

(i) for every k € N there exists yr € X with ||yk|| = 1 and ni > k such that

i({s < mis [Tl > OkY) = me (1 k7Y

(ii) there exists x € X with distributionally unbounded orbit for T;

(iii) the set of all x € X with distributionally unbounded orbit for T is residual
mn X.

Proof. (i) implies (iii). If (i) holds, by Lemma 2.7 it follows that
(< e s 1Tyl > B > e (1= K1)

Therefore, by the analogous for operators, the set of all x € X with distribu-
tionally unbounded orbit for 77 is residual in X. By Remark 2.19, we obtain
(iii).

The implications (iii) implies (ii) and (ii) implies (i) are trivial. _
Proposition 2.21. Let T = {T;}+>0 be a Co-semigroup. Suppose that there
exists a dense subset Xog C X such that each x € Xg has an orbit distribution-

ally unbounded below. Then the set of all vectors with orbits distributionally

unbounded below is residual.

Proof. The proof follows directly from the counterpart for operators of this

proposition and Remark 2.19. _

We will also make us of the following remark about the (CDC).

Remark 2.22. The condition b) in the definition of the (CDC) for Cp-

semigroups is equivalent in a Banach space to (ym)m C span{zy: k € N},

lym|| = 1 and there exist an increasing sequence of positive real numbers

(pm)m tending to oo with

1
w({s €0, pm] 5 | Tsymll > m}) > pm (1 — m) for every m € N.
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Proof of the remark. We start by proving that this condition implies condition
b) of the (CDC). Take (ym)m C span{zy: k € N}, satisfying that ||y,| = 1

for every m € N. Define z,, := y—m, for m € N. It is clear that z,, €
m

span{zy: k € N} and lim,, oo ||2m|| = 0 for each m € N. Since
N Tsymll > m_ 1,
m m

it follows that (2, )men satisfies condition b) from the definition of the (CDC)
for 6 = 1.
Conversely, suppose that (ym)m C span{zy: k € N}, li_r}n Ym = 0 and
m o

| Tszml| =

there exist § > 0 and an increasing sequence of positive real numbers (py,)m

tending to oo with

1
w({s €0, pm] 5 | Tsymll > 0}) > pm (1 — m) for every m € N.

mi. Passing to a

Ym

[[ym]l”
obvious that (zm)men C span{zy: k € N} and ||z,]| = 1 for every m € N. By

We can assume that § > 1. Otherwise we would take ), =

. 1
subsequences if necessary, we have ||y, || < —, and define z,, := It is
m

the definition of z,, we get

HTsymH 9

=md>m
||ym|| H Tymll ~

[Tszml =

and therefore there exist an increasing sequence of positive real numbers (pp, )m

tending to oo with

1
p({s €0, pm] ; |Tszml|| > m}) > pm (1 - m) for every m € N,
which is the desired conclusion. _

Proof of Theorem 2.17. (ii) implies (iii) and (iii) implies (i) as before.
(iv) implies (ii): Let

Xo = {CL’ € X; lim ||Tsx| = 0} .
§—00
s€A

Then X is a subspace, T(Xo) C Xo, and T(X) C Xo . Moreover, x,, € X
and v, € Xp for all m € N. By Proposition 2.21, the set of all vectors z € X
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with orbits distributionally unbounded below is residual in X. By Proposition
2.20, the set of all vectors x € Xy with distributionally unbounded orbits is
residual in X. So the set of all distributionally irregular vectors is residual in
Xy, too. In particular, there exists a distributionally irregular vector.
(i) implies (iv): Let f,g € X be a distributionally chaotic pair, i.e., there
exists § > 0 such that

%({3 >0; ||Tsz — Tsy| > 6}) =1, and

Dens({s > 0; ||Tsz — Tyy| < e}) = 1.

for every € > 0. Set u = % Then
Dens({s > 0; ||Tsu| > 1}) =1, and Dens({s >0 ; ||Tsul| <e})=1.

for each £ > 0. So for each k € N there exists a; € N such that

1 1
<a; T O T
M({s_ak’ I SuH<k}>_ak< k)

1 -
Define Ay := {s <a; ||Tsul|l < k} and A := J;—; Ax. Then Dens(A) = 1.

Set x, = Tyyu for each m € N. Clearly limge g |52 || = 0 for each m € N.

1

For each m € N choose s, such that ||Ts,, u| < — and set y,, = sm_ et
m [Tl

nm, € N satisfy n,, > 2ms,, and

1
p({s < np s | Toull > 13) 2 nm (1 - om )

Then

1 1
p({sm < s <np; ||Tsul| >1}) > n, 1—% — Sm = Ny I_E .

If s, < s < ny, and ||Tsul| > 1, then ||Ts—s, u|| > m. Therefore

1

1 ({5 < nn s [Tyl > m) = 1 (1 _ m)

and T satisfies the (CDC).
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Propositions 2.20 and 2.21 and their counterparts for operators are really
strong. Having a residual set of distributionally irregular vectors gives the
curious case we address in the following example. One usual question formuled
in linear dynamics is if certain sets of operators have common hypercyclic,
frequently hypercyclic, irregular vectors, i.e. a vector that is hypercyclic, and

so on for to different operators.

Example 2.23 (Rolewicz’s operators). On the spaces X := P, 1 < p < o0,

or X := cg we consider the multiple
T=MB:X—> X, ($1,$2,$3,...)—> ()\%2,)\1?3,)\1’4,...)

of the backward shift, with A € R. For any ¢ > 1, the set of common distribu-

tionally irregular vectors of family {\B} x>, that is, m DI(AB) is residual
IAI>c

mn X.

Proof. Since the Rolewicz operators satisfy the (Godefroy-Shapiro criterion),

we have that they admit a dense set Xo C X with nli_}n;o()\B)”x = 0, for each

xz € X for every |A| > 1. And

ZHAB al Zw“:l =

Al
Therefore, by [BBMGP11, Corollary 30], AB admits a dense distributionally
irregular manifold. Hence, by the version of Propositions 2.20 and 2.21 for
operators, DI(AB) is residual.
Let the sequence (A;)ien, with |N\;| > 1 be such that Up‘i’)‘”l[ is a

partition of [c,o00[. For any pair A;, Aiy1 the set DJ(/\iB)Z%NDJ()\Z'HB) is
residual. Take z € DI(A\;B) N DI(Ait1B) and Ay €]Ai, Aiy1[. Then there exist
two sequences (ng)ken, (Mmk)geny with upper density 1 such that

lim ||[(Aiq1B)"™z||=0 and lim ||[(\B)™*z| = 0o

k—o0 k—o00
And hence,

A Tk
li A\ B)" x| = i 9 \,.1B
fin OB ] = i | (S rnB) s

ng

S i B) ™) =0

Ait1

:lim’
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and
)\ mp mp
lim [|[(AB)™2z|| = lim H(%B) zl| = lim |2 ||[(\MB)™2x| = co.

Thus we have proved that

(1 DI\ B) =DI(\B)NDI(Aiy1B)
Aje[A,-,/\Hl]

and therefore is residual.
Note that, by (2.7) and (2.8), DI(\,.B) = DI(AsB) if |A\| = |Xs|. Since

we have divided the set in a countable amount of intervals, and the countable

intersection of residual sets is residual, the proof is finished. _



Chapter 3

Sufficient conditions for distributional

chaos

It is not always easy to verify whether a Cy-semigroup is distributionally
chaotic or not, even with the help of the notion of Distributional irregu-
lar vectors and the Criterion for Distributional Chaos. For that reason we
present some computable conditions for distributional chaos for operators and

for semigroups. We recall first the following useful criterion:

Theorem 3.1. ([BBMGP11, Corollary 30]) Let T : X — X be an operator

such that there exist a dense subset Xo C X with lim T"xz = 0, for each
n—oo

x € Xo, and an increasing sequence of integers B = (my) with dens(B) = 1

satisfying

— 1
(i) either ; ] < 00,

1

oo
(ii) or X is a complex Hilbert space and ; W < 00.

Then T has a dense distributionally irreqular manifold.
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In order to prove the analogue of Theorem 3.1, we will need the following

proposition.

Proposition 3.2. Let T = {T}};>0 be a Cy-semigroup in L(X) and let o > 1.

Then the following statements are equivalent.

(i) There exists an increasing sequence of positive integers B = (my)y with
[ee]

- 1
dens(B) =1 such that the series Z AR is convergent.

(ii) There exists a Lebesque measurable set A C [0,00[ with Dens(A) = 1
such that the z'ntegml/ |T:||~“dt is convergent.
A

Proof. Set C' := sup ||T;||. Then C' < oo by the local equicontinuity of T. In
te(0,1]
particular, we observe that if t € [h — 1, h] for some k € N, then we can write

h=t+ (h—t) with h —¢ € [0,1]. Consequently, || 1| = [|Th—:Tt|| < C||T|
and so ||Ty||~! < C|Tx||~t. On the other hand, if t € [h,h + 1] for some
h € N, then we can write t = h + (t — h) with t — h € [0,1]. It follows that
ITil = [T Tl < CIITi )l and so [Tl < CIT;) .

(i) implies (ii). Set A := Jyen[mw — 1, my]. Then Dens(A) = dens(B) = 1

as it is easy to prove. Moreover, using the above inequalities, we have

Jamiea =3 [ qmiea<on S [ g,

keN Y me—l keN Y me—l

= C) T < oo,
keN

i.e., (ii) is satisfied.
(i) implies (i). Set B := {k € N; p(AN[k,k+1]) > 3}. Then dens(B) = 1
by Lemma 2.8, and, using the above inequalities, we obtain

oo>/ HTtH_adt>Z/ T dt

ren ANk k+1]

o« —a ¢ -«
-y Y

kep ” ANk.k+1] keB

i.e., ZkGB HT{CH_Q < 00. U
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We can now state the analogue of Theorem 3.1.

Theorem 3.3. Dense Distributionally Irregular Manifold Criterion

Let T = {T;}1>0 be a Cy-semigroup in L(X) such that there exist a dense

subset Xg C X such that tlim Tix = 0, for each © € Xy, and a Lebesgue
—00

measurable set A C [0,00) with Dens(A) =1 satisfying

1
(i) either/ dt < oo,
A T

1
(ii) or X is a complex Hilbert space and / TIE dt < oo.
A t

Then T has a dense distributionally irreqular manifold.
Proof. The assumptions (i) and (ii) ensure that the operator 77 satisfies condi-
tion (i) in Proposition 3.2. So, we can apply Theorem 3.1 to conclude that T3

has a dense distributionally irregular manifold. Finally, by Proposition 2.15,

T also has a dense distributionally irregular manifold.

We need a technical result on the power growth of an operator based on
the eigenvectors associated to unimodular eigenvalues in the spirit of Ransford

[Ran05].

Proposition 3.4. Let X be a complex separable Banach space and let T €
L(X). Assume that there ezists a Borel probability measure m on T such that

m(TNop(T)) > 0 and a bounded m-measurable function f : T — X satisfying
(i) f(A) € ker(AM —T) for all A € T, and
(i) f(N)#0if xeo,(T)NT.

Then there exist ng € Z, D > 0 such that, for every n € N,

<D

<7
(A

[ reme i)

Proof. The proof is inspired by the proof of Lemma 4.1 in [Ran05]. For every
n € 7 let

xn:/f(ew)e_medm(é?).
T
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Then there exists ng € Z such that x,, # 0. Indeed, if x,, = 0 for all n € Z,
then, given 1) € X'/, we have

Lo (se) e 0amie) ~o.

i.e., the Fourier coefficients of the measure ¢ (f(e?)) dm(6) are all zero. It
follows that 1 (f(A)) = 0 for every A € TNop(T) \ Ay with m(Ay) = 0. As
X is separable, there exists a sequence (¢r)r C X' such that if ¢(x) = 0
for every k € N, then z = 0. Setting A = (J, Ay,, we get that m(A) =0
and ¢, (f(X)) = 0 for every A € TNoy,(T) \ A. Therefore f(A) = 0 for every
AeTnoy(T)\ A, and this contradicts the assumption on f.

Observe now that for every n € Z, by the properties of f, Tx, = x,—1. In

particular, T"(Zp4n,) = @n, for every n € N. Hence

1 Hxn—&-noH 1
1T = [zl Nl

)

/ f(eie)efi(noJrn)Hdm(e)
T

which is the desired conclusion. _

Remark 3.5. Lemma 4.1 in [Ran05] ensures that if X is a separable Banach
space and T € L(X), then there exists a function f : T — X, which is
measurable with respect to every o-finite Borel measure on T, and satisfies

conditions (i) and (ii) of Proposition 3.4.
The following notion was introduced by Bayart and Grivaux [BG05].

Definition 3.6. Let X be a complex separable infinite dimensional Banach
space, m a probability measure on the unit circle T and 7' € L(X). A family
(Ej)jes of m—measurable X—valued function defined on T is said to be a
spanning fields of unimodular eigenvectors of T with respect to m if E;(\) €
ker(A — T') and span{UJGJ{Ej()\) ;s AeT~ Q}} is dense in X for every
m-measurable set  C T with m(Q) = 0.

Proposition 3.7. Let X be a complex separable infinite dimensional Banach
space and T € L(X). If there exists a spanning eigenvector field (Ej)jcy asso-
ciated to unimodular eigenvalues of T with respect to a continuous probability
measure m on T, then there exists a set Xg C X such that Xq is dense in X
and lim,, oo T"x = 0, for all x € Xj.
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Proof. The proof can be found either in [GEPM11], Theorem 9.22 or in [BM09],
Theorem 5.41.

Proposition 3.7 was recently strengthened by Grivaux in [Gril0].

Theorem 3.8. ([Gril0, Theorem 1.4]) Let X be a complex separable infinite
dimensional Banach space and T € L(X) be a bounded operator acting on X.
If there exists a family (E;) ey of spanning fields of unimodular eigenvectors of
T with respect to a continuous probability measure m on T, then T is frequently

hypercyclic.

For the final results of this chapter we need to introduce some extra nota-
tion. We recall that a space X has type p for some p € [1,2] if there exists a

constant M > 0 such that for every choice {z;}}" ; of vector in X

1 n 1/p
/ dt < M (Z ||mi||p> ,
0

i=1
where (r;); are the Rademacher functions. Every Banach space has type 1,

n

Z T (t)l’l

=1

while every Hilbert space has type 2. Moreover, if % + é =1, with 1 <p <2
then the spaces LP and LY have type p.

Corollary 3.9. Let X be a complex separable infinite dimensional Banach
space and T € L(X). Assume that o,(T)NT has positive Lebesgue measure and
that there exists a family (E;)jen of spanning fields of unimodular eigenvectors

of T with respect to the Lebesque measure on T. If
(i) X is a Hilbert space, or

(ii) X has type p for some p > 1 and one of the fields E; is Lipschitz-
continuous with Ej(x) # 0 for every x € op(T)N'T,

then T is frequently hypercyclic and has a dense distributionally irregular man-
ifold.

Proof. We first observe that the assumption that (E}) ey is a family of span-
ning fields of unimodular eigenvectors of 1" implies by Proposition 3.7 the
existence of a dense subspace Xy C X such that lim 7"z = 0 for every

n—oo

x € Xg. And by Theorem 3.8 T is frequently hypercyclic.
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(i): Let X be a Hilbert space. By Proposition 3.4 and Remark 3.5 there
exist a bounded Lebesgue measurable function f: T — X, D > 0 and ng € Z
such that

2

Y

;<D2

2
||Tn||2 < /f(ezﬁ)e—Z(n—i-no)GdeH — D2 “f(n+n0)‘

~

where, for every k € Z, f(k) denotes the k — th Fourier coefficient of f. Since

f € L*(T,X), we have that Z |/ (n)]|?> < oo , so the assertion follows by

neN
Theorem 3.1.

(ii): Let X have type p for some p > 1 and f = E; be the Lipschitz
continuous field. Then f satisfies the assumptions of Proposition 3.4 and by
[K6n91, Theorem 1], (|| f(n)||)nez € €', thereby implying that

> <
2 <
So, again by Corollary 3.1, we get the assertion. J

At this point we can give a sufficient condition for distributional chaos of
a semigroup involving the point spectrum of the generator of the semigroup.
The importance of having this condition at hand is that, usually, one can com-
pute more easily properties on the generator of the semigroup (especially, for
generators associated with abstract Cauchy problems) than on the operators

of the semigroup itself.

Corollary 3.10. Let X be a complex separable infinite dimensional Banach
space and T = {T}i>0 a Co-semigroup in L(X) with infinitesimal generator
A. Assume that there exists a family (f;);jer of locally bounded Lebesgue mea-
surable functions f; : I; — X such that I; is an interval in R, o,(A) Nil;
has positive Lebesque measure, Af;(t) = itf;(t) for everyt € I;, j € I' and
span{f;(t) : jeT, te I} is dense in X. If

(i) X s a Hilbert space, or

(ii) X has type p for some p > 1 and one of the functions f; is Lipschitz-

continuous,
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then T 1is frequently hypercyclic and has a dense distributional irreqular man-

ifold.

Proof. We show that T7 has a dense distributional irregular manifold.

Extend each f; to R by setting f; = 0 in R\ I;. For each § € [0, 27],
j €T, k€Z, set Eji(e?) := f;j(0 + 2kn). It is easy to verify that o,(71) NT
has positive Lebesgue measure and that (Fj)jer is a family of spanning
fields of unimodular eigenvectors of T7 with respect to the Lebesgue measure.
Therefore, by Theorem 3.8, T} is frequently hypercyclic and, by Corollary 3.9,
if X is a Hilbert space, then 77 has a dense distributional irregular manifold.

Assume that X has type p for some p > 1. Let f = f; be the Lipschitz-
continuous function and suppose that [0,27] C I; (otherwise we can rescale).
Let ¢ be a Ci-function such that suppy = [0,27], with ¢(0) = ¢(27) =
0. Define g : T — X by setting g(e?) := f;(6)$(f). Then g is Lipschitz
continuous (since f¢(0) = f¢(27)) and the assertion follows as in Corollary
3.9. 4

The following example shows the applicability of Corollary 3.10.

Example 3.11. Consider the linear perturbation of the one-dimensional

Ornstein-Uhlenbeck operator
Aot = v + bz’ + au,

where a € R, with domain

loc

D(Aa) = {u € L2(R) N W2A(R) ; Aqu € L2(R) } .

In [CM10; MP11], it was proved that if & > b/2 > 0, then the semigroup
generated by A, in L?(R) is chaotic and frequently hypercyclic. Actually,

every operator of the semigroup is densely distributionally chaotic. Indeed,

1

for every pu € C, with Ry < —% + a the functions u,,

and ui, whose Fourier

transforms are

ul () = e /Pl TOTEmIM 2 (€) = e~/

are eigenfunctions of A, (see [CM10; Met01]).
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For every s € R, consider the functions fi(s) = ul, and fo(s) = u’. For
every ¢ € X’ = L*(R) and j = 1,2, by Parseval equality, we have

(6, fi(s /¢ d:v—/gb seR.

It is immediate to verify that (¢, f;(-)) € C(R) by Lebesgue theorem, hence
the f; are (weakly) measurable and locally bounded.

The argument of [CM10] shows that span{fi(s) ; i = 1,2,s € R} is dense
in L?(R). Thus the assertion follows.



Chapter 4

Distributional chaos for translation

Cy-semigroups

For linear discrete dynamical systems the shift operators on sequence spaces
represent one of the most important classes of “test” operators. In the con-
tinuous case this role is played by the translation semigroup.

Firstly, let us introduce the weighted spaces of integrable functions where
we are going to consider the translation Cy-semigroups. These spaces are

denoted as L5 ([0, +o0]), with 1 < p < oo and p an admissible weight function.

Definition 4.1 ([DSW97]). By an admissible weight function on R we mean

a measurable function p : R™ — R satisfying the following conditions:
i) p(r) >0 for all 7 € R,

ii) there exist constants M > 1 and w € R such that p(1) < Me“'p(t + 7)
for all 7 € RJ and all ¢ > 0.

The following is a useful property for admissible weights.

Lemma 4.2 ([DSW97]). Let p be an admissible weight function on Ry . For
each I > 0 there are constants 0 < m; < My (depending on p and | only)
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such that for each o € R{ and each T € [0,0 + 1], we have mip(c) < p(T) <
Mip(o +1).

Let 1 < p < o0, let p be an admissible weight function on Rar and let
M([0, +o0[) denote the space of measurable functions on the interval [0, +oo[ in
the sense of Lebesgue. We consider the separable Banach infinite dimensional
space of p-integrable functions (in the Lebesgue sense) LhH(R™) as

1/p
X :={f e M([0,+oc]) ; [[fllp < oo}, where | f[|,= (/ !f(S)\”p(S)d8> -

0,400

The translation semigroup defined by (T3 f)(x) = f(z +1t), t,x >0, is a
well-defined Cy-semigroup by the definition of admissible weight.

This chapter is divided in three sections. In the first one we review some
known results on the dynamics of the translation Cy-semigroup, later we state
and prove some sufficient conditions for distributional chaos for this semigroup.
Finally, in the third one, we establish a complete analogy between the study of
distributional chaos for the translation Cp-semigroup and the corresponding

one for backward shifts on weighted sequence spaces.

4.1 Existing results on the dynamics of translation

Ch-semigroups

When studying linear dynamics on weighted spaces, the natural question that
arises is the relevance of the weight. We have compiled in this section some
characterizations of hypercyclic, mixing and Devaney chaotic translation Cp-
semigroups in terms of the weight in order to be able to compare them later

with our sufficient condition.

Theorem 4.3 (Desch et al.[DSW97]). On LEH(R") with 1 < p < oo, the

translation semigroup {T;}i>0 is hypercyclic if and only if

hgmf p(t) = 0.

o
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Theorem 4.4 (Desch et al.[DSW97]). On LE(R) with 1 < p < oo, the trans-
lation semigroup {T}}+>0 is hypercyclic if and only if for each 0 € R there exist

a sequence (tj)jen of positive real numbers tending to oo such that
lim p(t; +0) = lim p(—t; +6) = 0.
J—00 J]—00
Theorem 4.5 (Bermudez et al. [BBCPO05]). We consider the translation

Co-semigroup {T}}i>0 on the space X = LB([0,+00]), 1 < p < oo, for an
admissible weight p. Then {T}}i>0 is mizing if and only if

tlglolo p(t) = 0.
Theorem 4.6 (deLaubenfels, Emamirad [dEO01]). Let X = L5([0,4+o0[). The
following are equivalent:
i. The translation Cy-semigroup {T;}+>0 on X is chaotic.
ii. [y° p(s)ds < oo.

X ps

114 sup{uER o €°p(s ds<oo}>0.
w. 11 has a non-trivial periodic point.

v. 11 18 chaotic.

Theorem 4.7 (Matsui et al. [MYTO03]). Let X = LH(R"Y). The translation
Co-semigroup {Ti}i>0 on X is chaotic if, and only if, for every e,0 > 0 there

exists t > 0 such that
x
Z p(0+kt) <e
k=1

4.2 Distributional chaos for translation C)-semigroups

From now on our space X will be Lb(R") with 1 < p < oo, where p is an
admissible weight, and T= {T}};>¢ will be the translation semigroup on X.

And d(z,y) will be the metric induced by the norm of the corresponding space.

The following result provides characterizations of distributional chaos for

the translation semigroup.
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Theorem 4.8. Let T= {T}}1>0 be the translation semigroup on X = LH(R™T).

The following are equivalent:

(1) There exist f € X and 6 > 0 such that

Dens{s € RT ; ||Tsf|l, <} = 0.

(2) There exists f € X such that, for every N >0,

Dens{s € R* ; ||T,f|l, < N} =0.

(8) T is densely distributionally chaotic.

Proof. 1f (1) holds, we can find an increasing sequence (mg)i in N such that

1
p
/[mkrf—oo[ ’f(t” p(t)dt - 28

We define h by the formula

W) = { A+ R)FE), i<t <mi
f(t)a 0<t<myg.

Let mg := 0. Note that h € X, because
ol = [ worswa =3 [ jporsd
R+ i>0 [mg,mit1]
= (L4i) /

>0 [mhmi-&-l}

(1+ k)P
ok "

FOPoOd < [ (fOPd+ Y

[0,mo] E>1

Fix an arbitrary N > 60 and kg € N with kg > N/6. For all ¢t > my,,
\kof(t)] < |h(t)|. Then, since ko||Ts f||p < ||Tshl|p for all s > my,, we have that

Dens ({s € R ; || Th||, < N}) < Dens ({s € RT ; ko|| T fllp < kod}) = 0.
Hence we get that (1)=(2).
If (2) holds, we can find an increasing sequence (ng)gen C N such that, for
every k € N,

p{s <y [|Tsfllp <2N}) < % for every N > 0.
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We can find a sufficiently fast increasing sequence (gx)ren in N such that, for
h defined by the formula

t <t ;
h(t) = f@),  qar—1 <t < qog;
0, otherwise;

on the one hand we have that each k € N admits a j = j(k), with & < j, so
that kgop—1 < nj < gor and that for every N > 0, there exists a kg € N such
that

| Tsh —Tsfll, < N for every s € [q2k—17nj(k)]7

with k > kg. For instance, it suffices to have, for k& > ko,

[ 16 =P < 5

2k

From this, and taking M > 1 and w > 0 satisfying that p(7) < Me“!p(t + 7)
for all 7 € R(J{ and all ¢ > 0, we see that

7.5 - Tl = [ I = o= [T =16 Pelr - )i <

S

<ate [\ = W) Polrdr

<M ( / N = WP + / e h><r>|pp<r)dr)

q2k—1 92k
NP M e“™i(k)
< M e®™i(k)

< Memico <0 + / TN = WP

<N?%,

for every s € [qax—1,m()] With k > ko.
Therefore, for each s € [gax—1,7j(x)] With & big enough, if ||Tsh|, < N,

then we have that
| Tsfllp = ITs f — Tsh + Tshllp < [|Tsf — Tshllp + [|Tshll, < N + N =2N.
Thus we obtain

1 ({s € laze—1,n5] 5 [ Tshlly < NY) < pn({s € [gap—1.m5] 5 (| Tsfllp <2N}).
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Then,

pw({s <nj s [[Tshllp < N}) < qop—1 + 1 ({s € [qor—1,75] 5 | Tshllp < N})

nj
< Q2p—-1+ —.
J
And hence,
s <njgy s |Tshllp < N
M{SERJ“; ||Tsh||p<N} < lim M({ < gy ;5 [[Tshllp }) <
azi-1 + 5 41
o EERE 2 @)
koo Myj(k) ko0 j(k)
=0.

On the other hand, we have introduced in h sufficiently large intervals of
0’s so that Dens{s € R" ; || Tsh||, < e} = 1 for all € > 0. For instance it
suffices that qor4+1 > kqor and that

m for k blg enough.
e

oo
| mors <
92k+1
Then, there exist kg € N such that for every k > kg and for each s € [gok, kqok]

we have that
MMM:A\W+@W@ﬁ:/wwmu@w

<2 [T hPo(rdr

Q2k+1 0
< Mewhee ( / |h(r)[Pp(r)dr + / Ih(r)lpp(r)dr>
92k q2k+1

) M ewkazr

wkqay = p A
< Me (O—i—/ |h(r)|Pp(r)dr | < Vo

q2k+1

< e~ wkaar(k=1)

kdon —
Therefore, since lim B2k — 2k

= 1, we have obtained
k—oo quk

Dens{s € R" ; || Tsh||, <e} =1, for all € > 0.
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We fix a dense sequence (y,)n, in X of functions with compact support,

1 1

neN

and we define

It is clear that S is a dense subset of X. We will show that it is a distribu-
tionally &’-scrambled set for the translation semigroup.

Let z,2' € S with x # 2. W.lLo.g., x = y,, + ah and 2’ = y,, + Sh with
a < B < 1. Since y, and y,, are functions with compact support, we have
that

Dens({s € R ; d(T,x,Tsz') < ¢}) = Dens({s € R" ; (B—a) |Tsh|, <e}) =1.
It only remains to show that
Dens{s € R* ; (8 —a) | Tshl, < &'} =0,

which is an easy consequence of equation (4.1).

For (3)=(1), we just take g,h € S with g # h where S is a scrambled set
for T. By definition of distributional chaos we have that exists § > 0 such
that

Dens{s € R" ; d(Tsg,Tsh) < §} = 0. (4.2)
Define f := g — h, then ||Tsf|| = d(Tsg, Tsh) and therefore
Dens{s € R" ; ||Tsf||, < 6} = 0.

This completes the proof. _

The following result is the continuous version of a result for backward shifts

given in [MGOP09].

Theorem 4.9. The translation semigroup {T;}+>0 is densely distributionally
chaotic on X if we can find a measurable subset A C R™ such that Dens(A) = 1
and [, p(s)ds < co.
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Proof. Define f as follows

() ::{ 1, teA,

0, otherwise.

We know that f € X because || f(t)|[p = [,17p(s)ds < oo. Since p > 0, by
the admissibility of the weight, let 6 > 0 be such that p(t) > 2§ for every
t €10,2]. Define the set X = {k € N; pu(AN[k,k+1]) > i}. By Lemma 2.8,
we know that dens(X) = 1. If we now define the set A’ = [Jcqc [k — 1, k], then
Dens(A’) = dens(X) = 1.

Hence if s € A’, then

T fI15 > / |Tsf(t)|Pp(t)dt > / F()20dt > 26u([s, s+2]NA) > 6.

[0,2]NA [s,s+2]NA

Therefore Dens{s € R* ; ||T,f||, < 6/P} = 0, and by Theorem 4.8 the proof

is finished. |

As a consequence of Theorem 4.9 and the characterization of Devaney
chaos for the translation semigroup given in Theorem 4.6, we obtain the anal-

ogous implication of the discrete version given in [MGOP09].

Corollary 4.10. Let X = LY(R™). If the translation Cy-semigroup {T}}i>0

1s Devaney chaotic on X, then it is distributionally chaotic.

Despite the above result, Devaney chaos is far from being a characteriza-
tion of distributional chaos for the translation Cy-semigroup, as the following

example shows.

Example 4.11. Let (ng)r be a sequence in N with ngy1 > kng, k € N. We
define the admissible weight by p(t) = €™t t € [ng_1,nx[, ¥ € N, where
ng := 0. Let

{ k%’ teng—1,n, keN,

0, otherwise.

The function f € LE(RT) since

. or

e
=Y [ Basy <o
n kEN

keN /1
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Moreover,

Npt1—S ek
Tsfpz/ f(s+0)|Ppt)dt > +—,
Itz [ 1+ 0P > g

for any s € [k,k?), k € N. Therefore, Theorem 4.8 yields that the transla-
tion semigroup is distributionally chaotic. On the other hand, it cannot be

hypercyclic since p(t) > 1 for all t € RT.

4.3 Backward shifts and translation Cj-semigroups

The final part of the chapter will be devoted to the interplay between the dis-
crete case (backward shifts) and the continuous case (translation Cy-semigroup).
We note that Theorem 2.9 was a result of this kind for distributional chaos in
a general framework. During the recent years several results showing equiva-
lences between analogous behaviour in the discrete and continuous cases have
been obtained (see [CMPO7] for hypercyclicity and [BBCPO05] for the mixing
property). In contrast, this equivalence does not necessarily hold neither for
Devaney chaos [BB09], nor for hypercyclicity if we change the index semigroup
[CMPO7].

Proposition 4.12. Let p be an admissible weight. There exists X C N such
that dens(X) = 1 and ), o4 p(k) < 00, if and only if we can find a measurable
A C RY such that Dens(A) =1 and [, p(t)dt < co.

Proof. Suppose that there exists X C N with dens(X) = 1 and ), 4 p(k) <
oo. If we define A := {J, [k — 1,k], then Dens(A) = dens(X) = 1, and by

taking [ = 1 in Lemma 4.2 we have that

/ t)dt = Z/[klk]ptdt<2/ M p(k)dt

keX kex /telk—1K]

= Mpk/ dt =M p(k) < oo
Z ' () telk—1,k] 12

keX

Conversely, if we can find an A C R* such that Dens(A) =1 and [, p(t)dt <
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0o, we define the set X = {k € N; u(AN[k,k+1]) > i} and

00 > /Ap(t)dt > Z/ p(t)dt

e J ANk k+1]

=Y map(kn)dt = Zmlp(k‘)/ dt > % S o(k).
keX

rex J ANlk.k+1] ek ANk, k+1]

Therefore "5 >, g p(k) < 0o and ), 4 p(k) < oc.
By Lemma 2.8 we obtain that dens(X) = 1, which concludes the proof. J

Corollary 4.13. If we can find a subset X C N such that dens(X) = 1 and
Y rex P(k) < oo, then the translation semigroup {Ti}i>0 is densely distribu-

tionally chaotic.

Proof. By the Proposition 4.12 if we have such a X, we can find an A C R
such that Dens(A) = 1 and [, p(t)dt < co. Then we use Theorem 4.9 to finish
the proof. J

We define the weighted sequence space ¢P(v) as follows.

P(v) = {x = (Zn)neny CR; ||z||p := Z | [P, < oo} ,

neN

where the weight sequence (vy,)nen is such that for every n € N, < 00.

Un+1
Theorem 4.14. Let p : [0, +oo[—> RT be an admissible weight function such
that the translation Co-semigroup T= {T;}+>0 is distributionally chaotic on
LE(RT). Then, for every sequence of weights v = (vy)nen such that there exist
0<a<A<oowithap(n—1)<wv, < Ap(n), n €N, the backward shift B is

distributionally chaotic on (P(v).

Proof. Let S’ be a distributionally scrambled set for 7. We pick f # g € S’

1
and we define z,, = (f:“ |f(t) —g(t)|pdt)p. Let x = (z9,21,...). Since p
is an admissible weight function, there exist mq, M; > 0 such that mip(n) <
p(t) < Mip(n+ 1), for every t € [n,n + 1], n > 0. Then,

[e%e) 0 n+1
[zlp = D> lzalPon < |f(t) = g@)[Pdt ) Ap(n)
Seron 3 ([ 10 -store) 4

<A / C15) - gOPpt)dt < 22 d(f. gl < 50
0 mi

m1
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So we have that x € ¢P(v). Since {Ti}+>0 is distributionally chaotic, T} is
distributionally chaotic by Theorem 2.9. Then there exists § > 0 such that
dens{k <n ; d(TFf Tkg) < §} = 0. We also have for each k € N that

d(TF2f, Th+2g) / 4kt 2) - gt + k4 2)Po(t)de
Ml( f; Z (t+k+2)—g(t+k+2)Fp(t)
sa (/ \f(t+k+2)—g(t+k+2)\f’dt> p(n+1)
n=0 n
e n+1
= GZ (/ |[ft+k+1)—g(t+k+ 1)|pdt> p(n)
—1
52( t+k+1)_g(t+k+1)|pdt)vn+1
n=1
e n+k+1
=S ([ 16 - atopas) v,
n=2 n+k
= Z T Pon < || BFz|lb
n=2
So that
ks 1851 < S | < [{ksn2s atr e <o
> ) D Ml < < ; ,
§-al/p
Therefore there exists §' := — > 0, and = # 0 such that
M,

< :Bk’ /
gk <0 B, < )

n—00 n

= 07
and B is distributionally chaotic by [MGOP09, Theorem 5]. |

Remark 4.15. The scrambled set for the operator B in the previous theorem
can be obtained as it is shown in the proof of [MGOPO09, Theorem 5]. First of

all, we can find increasing sequences (mg)ren and (ng)gen in N such that

1/p

o
1 mi 1
D il | <o e S s = lBlly <o} < ?- (4.3)

Jj=my
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Now, let us define z as follows:

o (2+k)x]7 mg S] < mg4+1,
e zj, 0 <7 < my.

Using (4.3) we obtain that z € P(v). Given z, we can find a sufficiently fast

increasing sequence (gx)ren in N such that, for z defined as

7= Zj,  Qok—1 < j < qu, k€N,
. 0, otherwise,

we have that each £ € N admits j = j(k) so that [m;,n;] C [gak—1,¢2x]. These
elements z and z verify that d(B%z, B°z) < g, for all s € [mj,n;].
Therefore the scrambled set S for the backward shift in the previous the-

orem can be chosen as S := {z, := az and a € [0, 1]}.

Theorem 4.16. Let v = (vy,)nen be a sequence of positive weights such that
the backward shift B is distributionally chaotic on ¢P(v). Then for every ad-
missible weight function p for which there are 0 < a < A < oo satisfying
avy, < p(t) < Avpgq for every t € [n,n + 1|, the translation Cy-semigroup is
distributionally chaotic on LH(R™T).

Proof. Let S be the scrambled set for B. For every x = (z9, z1,%2,...) € S we
can associate a function f = > 7, Tn+2X[n,n+1[, Which verifies that 77 acts
on f, as the backward shift does on the sequence z. Clearly, this function f,
is in LH(R™), since

[e’e) 0 n+1 o]
/ FOPp(t)dt <A / (2l vnp1dt < AM Y |an gl vngs < 00,
0 n=0"" n=0

(%)
where

< M < oo for all n € N by the definition of positive weight.
Un+1
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Let z,y € S and fy, f, be the corresponding elements in LH(R*). We have

o0

(B2, B2y = 3 |wniies = YnnralPvn
n=0

o0 n+1
= [ 1 0 gy B
n=0""
1 e n+1
< > [ s - TP
n=0""
= a(rhf, TR

1 oo n+1
= o> [ I R = e+ BPade
n=0""

IN

A 0 n+1
O [T+ ) = R+ DAt v
n=0""

A o0
~ Z | Tnk+2 — Yntrk+2|Uns1
n=0

< éd(BkH:L', BkHy)p.
a

Reasoning as in the proof of Theorem 4.14, we obtain that there exists a § > 0
such that for every f,, fy € {fz ; = € S} with f, # f, we have

dens({k € N; d(Tf fo, TF f,) < 6}) = 0.
Then, since
{k <n+1; d(B*z, B*y) < e}| < |{k <n; d(TFf., TEf,) < AVPe}],

and B is distributionally chaotic with respect to the scrambled set S, we get
that

dens({k e N ; d(T fo, T f,) < e}) = 1.
and therefore we conclude that T} is distributionally chaotic with a scrambled
set {fe; x €S}

Remark 4.17. Obviously there exist weights as the ones in Theorems 4.14
and 4.16. In Theorem 4.14 we can define the weights v, := p(n) for each
n € N. In Theorem 4.16 we can take for instance the polygonal formed by the

sequence v as an admissible weight function.






Chapter 5

Completely distributionally chaotic

Cy-semigroups

In [MGOP12], Martinez-Giménez et al. give an example of a completely dis-
tributionally chaotic operator, consequently proving that there exist cases in
which the space X is a scrambled set. They also provide an example of a non
hypercyclic completely distributionally chaotic operator, as well as sufficient
conditions for the bilateral forward and backward shifts for being completely
distributionally chaotic.

In this chapter, we will broaden the results from [MGOP12], exporting
them to the Cp-semigroup setting, providing a detailed proof. With this mo-
tivation, we begin by looking for the existence of completely distributionally
irregular Cy-semigroups .

Theorem 5.1. Let p : R — R be an admissible weight in the sense of [DSW97]
that satisfies additionally the following conditions:
(1) there are sequences of integers (n;)jez and (mj)jcz withn; < mj; < njt1,
J € Z, such that the supremum of the slope of p outside the interval
[m_g, mg_1] satisfies (for every k € N):

_ p(t)
s=sun{ 8

; tE Im_g + l,mkl]} €]l, +ool,
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(i1) there exists D > 1 such that Dp(m_j;) > p(s) for every s € [m—_j,m;_1]
and that, for every e > 0, we find k € N with p(ny) < ¢ and
min{p(s); m_ < s < my_1}
p(nk) } 7
(iii) for every N € N, we can find k € N such that p(s) > N, fork < s < Nk.

S:(nk_m’k) < min {D,

Then the forward translation semigroup F = (Fy)¢>o on LH(R), which is defined
by (Fif)(x) = f(x —1t), t >0, x € R, is completely distributionally irreqular.
Proof. We first outline the proof. We will show that for every non-zero f &€
LE(R), 6 > 0, and [ € [ny, —m_y, k(ng —m_g)|, with k € N satisfying condition
(i), we obtain || Fjz||” < & (Steps 1 and 2). Later, we will construct the sets of
upper density 1, A and B, that appear in the statement of Proposition 2.15,
thus proving that f is distributionally irregular for (F})¢>o (Step 3).

Let f € LE(R) be an arbitrary non-zero vector. Let M,w € R, with M > 1,
be such that p(t) < Me“Tp(t + 7). Define C' := M max{1,e“}. Given D > 1
satisfying condition (%i), and an arbitrary § > 0, we fix m € N such that

)
L @l < e
min{p(s): |s| < m)

Next we take k € N satisfying condition (i) with e := ¢ ,
20D |11

and such that [—m,m| Clm_x, m_1][.

Step 1. For any [ € [ng — m_g, k(ng — m_x)] NN we have

VR = / £y — DPply)dy = / @) Po(a + Dde

)P :c+l)x
= [ @@ o e

which can be split into the following three integrals:

If(x)\pp(x)p(z(:)l)dw+ / rf<w>|pp<x>p(j(;”dx
ze[g[:k,mk]_l] ¢ [m_j,mp_1]
P plx +1) .
+€[/ Ve
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Step 1.1. We start with the first integral from (5.1),
po o PEFD
Letm v g M@ o) <

z¢[—m,m)]

< L syl @Pp@drmax { P o € frymii]} = )

z¢[—m,m]

It is clear that the second factor from () can be bounded by the following

inequality
plx +1) } max{p(z +1); = € [m_g, mp_1]}
a DT E m_g, my_ < ;
(e el < e
For every x € [m_g, mp_1] we have that
[z+1] .
p(z +1) plz +1) p(i+1)
z+1)=pn =p(n —.
et = o)~y = ) s 11 555
Therefore
cs!
< k p
() = min{p(x); = € [m_, mp_1]} IE[Cg[—k,mk]—ﬂ f@)Fplw)de <
p(ni) 7
p
<c Ae[,g[_kvmk]_ﬂ /(@) Pplw)da

(5.2)
Step 1.2. For the second integral from (5.1) we will decompose the complemen-
tary of [m_g, my_1] as follows:
R\ [m_g, my_1] =
=] —oo,m_g — l[U[m_g — l,mp_1 — l[Umg_1 — I, m_g[U]lmy_1, 0.

For z in the intervals | — oo, m_; — [ and |my_1, 00[, z+1 &|m_j, my_1],
therefore, by condition (i) we obtain

plx +1)
| / [U f@Pple) 2D e <
S s el
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For x in the interval [m_j—1, mg_1—I[, it follows from x+1 € [m_x, my_1][
plz +1)

p(m_y)

that = is at most m_g + mg_1 — ng, so [x] < x < m_i. Consequently,

< D. From the election of [, we have

that condition (i) yields

by condition (1),

—k—
p(m_ k m_j—[z] l
< :
1;[ + — 1) S, <S5

Thus, by the definition of C' we get

mg_1—I T
[ st e -

m_p—1 p(l‘)
M o PUED pmk) pla 1)
‘/mH @) S0y o@D plmr)

mg_1—I
< / ()P plx)CSL D,

m,kfl

We can proceed analogously to bound the integral on the interval [my_1—

I,m_g[. With the following decomposition

ple+1) _ p(x]) pm—i) plz +mi_1 — ([z] + 1)) p(x +1)
p(x) p(x) p([z]) p(m_g) p(x +mg-1 — ([z] + 1))

it is easily seen that

[ et e <

mk,lfl p(x)
Mk m_p—[z l—mp_1+[z]+1
< / F@)Po@)Csy -+ psimet e gy
my_1—1
s l
< / l |f(z)]Pp(x)dx (CDSk) )
mp_1—
In consequence, since by condition (%), S,lC < D and, as D,C > 1, we
have
p p(ﬂf + l) P 2
|f(@)[Pp(x) () dz < |f(x)[Pp(z)dz (CD?).
zé[m_g,mp_1] z¢[m_g,mp_1]

(5.3)
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Step 1.3. To bound the third integral from (5.1), using condition () and by the

definition of e, we get

" ) Polx M r " )P ol(x p(nk)csl’j(nk_mik) X
1/ ICD 0
min{p(s); |s| < m}S : 2

Step 1.4. We combine (5.2) and (5.3), thus bounding the first two integrals from

(5.1). Since R\ [-m,m] = ([m—_g, mp_1] \ [-m,m]) U(R\ [m_g, mg_1]),
and we see that

o P+l o pl@+1)
ﬂegg[_%ﬂ F@)Pp(e) =y de + / o @I o)== do
<C ﬁe[m e |f (@)?p(x)dz + CD? / s [F@F ()

<c /¢[mm )P p(x)de + (D? — 1)C / o @Pps

<cp? [ jf@Pplads < 5
¢[_m1m]

by the selection of m.

So that, with the estimation obtained in Step 1.3, it follows that

O O
|EIP = /R F = DPo(udy < 3+ 3 =5

Step 2. If | € [ng — m_g, k(ng — m—_g)] \ N, then the definition of C, which is

nothing more than local equicontinuity, gives

VEI = /R = DPp(y)dy = /R (@) Pp( + D)z =
—c /R @) Po(e + 1] + 1)d.

As [I] + 1 € [ng, — m—g, k(n — m_x)] NN, we can proceed in the same
manner as Step 1, and so || Fif||) < C0.

Step 3. Now we are going to construct the sets A and B of upper density 1 that
appear in the statement of Proposition 2.15, thus getting that f is a

distributionally irregular vector for JF.
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Step 3.1 Since we have proved that for any arbitrary 6 > 0 we can construct

a sequence decreasing to zero (J;)jen such that ||Fyf||} < d; for every
min{p(s); |s| < m}
20D |1
By condition (i), we obtain a sequence of (k;);en such that p(ng;) < ;.

J € N, and we define the sequence (¢;)jen by €5 := 0;

If necessary, we can consider this sequence to be strictly increasing. We
define the set A C Rg as follows:

A= g = mog, ki(ng, —me,)].
1€N
If we set (t;)ien := (ki(ng, — m—_,))ien, we have that for any ¢ € N

M(A n [Oa kl(nkz — m*’%)]) :U’([nkz Mk k%(nkz - m*kz)])

>
t; o t;
(k=D —mog) _ (k= 1)
ki(ng, —m_g,) ki
Consequently,
hmwz lim ki —1 1
i—00 i k;i—ro0 i

€N ieN
Therefore we have that Dens(A) = 1 and Jim [|F f[|, = 0.
seA
Step 3.2 Now, since f # 0, there are ig € R, 7 € R such that j;i)ﬁT |f(s)[Pds # 0.
By condition (i), given any N € N there is k£ € N such that p(s) > N
for all s € [k, Nk]. Since supcp yg p(8) < 00, without loss of generality
we may assume that k > ig. By the arbitrarity of NV we can construct
sequences (Nj)jen, (kj)jen tending to infinity such that p(s) > N; for
all s € [k, Njkj].
We define the set B = {J;cy[kj — io, kjN; — (io + 7)] C R. Let us see
that Dens(B) = 1: Take the sequence (t;);jen = (k;N; — (io + 7))jen-
For every j € N we have
BB [0,k Ny = o+ 7)) _ pllky = i,k Ny = (io + 7)]
tj Bl tj

T T
k.(N__l) N -
_ J J k’j _ J kj
ijj-(i()"FT)
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and hence
-
N,- L1
i B0 o ks — 1.
jeN t) jEN (io+7)
N; —
k;

Therefore lim ||Fsf|lp = oo and hence f is distributionally irregular for
seB

(Ft)tzo. |
Remark 5.2. We can obtain an analogous result for the translation semigroup
considering the isometry ¢ : Lp(R) — LY (R), where ¢(f(z)) = f(—a).
Note that with ¢, the following diagram commutes:

T

L(R) (5.4)

therefore ¢ conjugates F to T .

Corollary 5.3. Let ¢ : R — R be and admissible weight that satisfies the

following conditions:

(i) There are sequences of integers (uj)jez and (vj)jez with v; < uj <
Vjt1, J € Z, such that the infimum of the slope of p outside the interval
[u_g, ux—1] satisfies (for every k € N):

e+
s := inf {W p tE [u—g, ug—1 — 1]} €]0, 1],

(it) there exists D > 1 such that Dy(uj—1) > (r) for every r € [u_;,u;—1]
and that, for every e > 0, we find k € N with ¥(v_x) < € and

Syw1%n§mm{ammwwx&jSTSUmﬂ}, (5.5)

(iii) for every N € N, we can find k € N such that ¥(r) > N, for —Nk <
r < —k.
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Then the translation semigroup T= {T;}+>0 on LZ(R) is completely distribu-
tionally irreqular.

Proof. Note that p=! = . Take p := (), up = —m_p)—1 and vy = —n_y
for every k € Z. Then nj; < m; < nj41, for j € Z and, since

e+ 1)
1nf{w(t)7t¢[u k> Uk— 1_1}

{wt_}—l Z[— mk_l,—m_k—l]}
mf{w(wr—i_l ; —r & [— mkl,—mk—l}}
mf{w(q/, i r&[m_y+ 1,mk—1]}

= inf { pr & [m_i + 1,mk_1]}
p(r
= p(r) ;r & [mog + 1, mg_q]
p(r—1)
_ 1
sup{p s r & Imog 4+ 1, my— 1]}’

we have that s, = S, ! and if s, €]0, 1], then S* €]1, +o0|.

By assumption there exists D > 1 such that Di(u;—1) > ¢(r) for every
r € [u—j,uj—1). By the definition of p, we have that Dp(—u;_1) > p(—r) for
every —r € [~uj_1, —u_;]. Replacing u; by —m(_;)_; and r by —s, we obtain
that Dp(m_y) > p(s) for every s € [m_;,m;_1].
Obviously, p(ng) = ¥(v_k) and therefore for every e there is a k such that
p(ng) < e. We can repeat the same substitutions in (5.5). First we take
p =), up = —m(_py—1 and vy = —n_y for every k € Z, so from

S:(U E—Uk—1) < min {D, min{w(T% 1;(;]6 S) r < ukfl} } :
—k

we obtain

Shlmetmas) i {D7 min{p(—); _T’;Iznl)f —r < —mk}}'
k
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Then we replace r by —s, thus getting

s;k(nkim*) < min {D, min{p(s); mzk ? § S mk—l}} .
p(ny,

Finally, since s, = S} 1 we conclude that

Slkf(nk—m_k) < min {D, min{p(8)§ m_p <5< mk—l}} .

p(nk)

It suffices to make the following observation. If for every N € N, we can
find £ € N such that ¥(r) > N, for —Nk < r < —k, the definition of p and
taking s = —r yield that p(s) > N for k < s < Nk; which completes the proof

since p satisfies the conditions of Theorem 5.1. _

For the following example, the sequences (n;);jez and (m;);jcz with n; <

m; < njy1, j € Z are such that for every ¢ € R we have:
p(t—1) < p(t) when ny <t <my, and p(t—1) > p(t) when my <t < ngiq.

Example 5.4. We will choose p such that F and T are completely distri-
butionally irreqular on LH(R) but F is not hypercyclic. First, we put some
general conditions which will lead to inductively construct sequences of inte-
gers (my)kez and (ng)kez with the desired properties. We will require that
sequences (mg)rez, (nNk)kez increase fast enough so that they satisfy the fol-
lowing conditions (Fig. 5.1):

a) mo=1, ny =€, p(mg) =e, p(ny) =e 2,

B pln) = 2, plmy) = 1k € N, p(s)/p(s — 1) = p(i)/plt — 1) if
s,t € [ng + 1,myg], or if s,t € [mp_1 +1,ni), k €N,

c) mp —mng > 2(mg—1 — ng—1), Nkr1 —mk > 2(ng —mr_1), k € N, and

d) p(=t)=pt)", teRT, my=-—n_y, k€Z.

We will define our weight function as follows:

(t—ng)(dk+1)
e e mpTnk for t € [ng, mgl;
p(t) = (t=my)(ak+3)

ekl mhei=me o for t € [my, Ny
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Now we have two goals: to check if this weight function satisfies the conditions
in Theorem 5.1 and Corollary 5.3, and to be able of construct the sequences
(m)kez and (ng)kez.

Observe that condition (b) yields that, for every k € Z, p(ny) will be a local
minimum, p(myg) will be a local maximum, and therefore, p(t) will increase

from ny, to my and decrease from my to ngy1. Then (d) gives that

min{p(s); m_k <5< me_1} _ p(n_k+1)
p(nk) p(n)

=€

for every k£ € N.

By condition (c) the slope of p in the interval [ngy1, mg41] is

_ k41
<'0(Tnk+1)) MhALT ML . 4k+5 4k+5 4k+1

Me+17 k41 < g2(mp—ng) < eMik— Nk,
p(nk+1)

that is the slope in the interval [ng,mg]. So the supremum of the slope of
p outside the interval [m_g, my_1] is Sk = p(t)/p(t — 1) for any nj + 1 <
t < myg, k € N. In order to fulfil conditions (i) and (ii) in Theorem 5.1, we
set D = e and Sj, = el/Fm—m—k) = l/2knk | ¢ N. Consequently we get
SpeT™ = p(my)/p(ng) = e** 1, which implies my, = (8k? 4 2k + 1)ny, k € N.
i ; r<s<
min{p(s); m < 5 S mi} _ ) e for every k € N, and
p(n_) p(n—k)
p(t)

the infimum of the slope outside the interval [m_g, mg_1] is s = m =e
for every mp +1 <t < mp41, £ € N. Again to have condition (i) and (ii)
in Corollary 5.3, we set D = e, s, = el/k(n—k=mr) = ¢1/(2kmi) |« N. Thus
sprt T = p(kaJrl)) = ¢ %73 and hence we get nj1 = (8k? 4 6k + 1)my,
k € N. This pallo’évs us to construct inductively the sequences (mg)gez and

Analogously,

(nk)kez. Now it is easy to check that taking M,w = 1, p is an admissible

weight function.

To check condition (iii) in Theorem 5.1, we observe that

_tomy
p(t) = e%HsZ_m’“ = 2 Fle" 2hmy, > o2k if m <t <2kmy.
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Figure 5.1: Example 5.4

To check condition (iii) in Corollary 5.3, we first note that if ¢t € [n_g, m_y],
then p(t) = p(j)~" for —t = j € [k mal, 50

. j—ng (2k—1)nk
p(y) = e_%Si "= g2k < o2k 20y if ng < j < 2kny.

Therefore
p(t) > e2kleap > (2k-1 if 2km_p <t < m_y.

This implies that all the conditions in Theorem 5.1 and Corollary 5.3 are
satisfied and so F and 7 are completely distributionally irregular. Finally,
since p(t) = p(—t~1) for every ¢t € RT, there is no increasing sequence (¢;)jen
tending to oo such that

Jim p(t;) = lim p(—t;) = 0.

Therefore it cannot be hypercyclic, by Theorem 4.4.






Chapter 6

Examples of distributionally chaotic
Cy-semigroups associated to partial

differential equations

6.1 Distributionally chaotic Cy-semigroups

In this section we consider several examples of Cy-semigroups that are already
known to be Devaney chaotic and we will study when they exhibit distribu-

tional chaos. These examples will be considered on the following spaces:

1/p
LI(I,C) = {f e ML, C) 5 [ fllp,p = </I|f(8)pp(8)d8> < OO},

with 1 < p < oo, where [ is an interval on R and p a weight function. If
p(x) = 1, then we will simply denote it as LP(I,C), 1 < p < oo. The hypothesis
on p may be different on each example.

In [Tak05] Takeo considered the following first order abstract Cauchy prob-
lem on LP(1,C), 1 <p < oo:

ou ou
{8t =)y + o, (6.1)
u(0,z) = f(z), =ze€l,
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where ¢ and h are bounded continuous functions defined on I. This partial
differential equation has been used to model the dynamics of a population of
cells under simultaneous proliferation and maturation [LM94]. When ((z) is
constant and equal to 1 and I = ]Rar, the solution Cp-semigroup {7}}i>0 of
(6.1) is defined as

T, f(x) = exp (/Ht h(s)ds) f(z+1), forall z,t >0, f € LP(RF,C). (6.2)

Theorem 6.1. If h(x) is a real function and there is a measurable set B C
Ry such that Dens(B) = 1 and [gexp (—p [y h(s)ds) dz < oo, then the Co-
semigroup {T;}t>o0 defined in (6.2) is distributionally chaotic on LP(R},C),
1<p<oo.

Proof. If we define p(x) = exp(—p [y h(s)ds), then the operators of {T}};>0

can be rewritten as

Tif(2) = (pl(x)/pla + 1))/ f(z + ).

This function p(x) is an admissible weight function in the sense of [DSW97,

Def. 4.1], which ensures that the left translation semigroup {7 };>¢ defined as

nf(z) = fle+1), fora,t>0,f e LL(RY,C),

is a Cop-semigroup on LH(RS, C).
Let us define ¢(f)(z) = (p(z))/?f(x) and consider the following commu-

tative diagram:
Lz(RS_a (C) L> Lﬁ(Ra_v (C)

o) & (6.3)
LP(RY,C) —— LP(R§,C).
The hypothesis on B let us conclude that {7;}+>¢ is distributionally chaotic
on LH(RS, C), see [BP12, Th. 2.3]. Therefore, the conclusion is obtained since

distributional chaos is preserved under uniform conjugacy by Corollary 2.11.

_I

Remark 6.2. The previous result can be compared with the characterizations

of hypercyclicity and Devaney chaos for the translation Cy-semigroup on the
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spaces LH(R{,C), 1 < p < oo : The translation Cyp-semigroup {7 }¢>0 is hyper-
cyclic on LH(R{, C) if, and only if, lim inf,_, p(x) = 0 [DSWI7], and {7 }+>0
is Devaney chaotic on it if, and only if, [;° p(z)dz < oo [dE01; MYT03]. Us-
ing conjugacy, these results can be transferred to the Cp-semigroup {7}}+>0
[GEPMI1, Ex. 7.5.2].

On the one hand, if h(z) is constant and equal to 1, then we have that
{T}}+>0 is Devaney chaotic and distributionally chaotic on LP(RJ,C). On the
other hand, taking

B= ]102"—1, 102”“—2} :

and defining h(z) = 1if 2 € B and h(x) = —1 elsewhere, we have Dens(B) = 1
and [ p(z)dx < oo. Therefore {T}};>0 is distributionally chaotic on LF(R{, C).
It is also hypercyclic since p(102n+1_2) < e_/pg'IOQHH_3 for every 1 < n € N,
which yields that hIH_l) ioréf p(xz) = 0 [Tak05, Th. 2.2]. However, it cannot be
Devaney chaotic since ng p(x)dz = oo.

To sum up, we have an example of a Cy-semigroup that is hypercyclic,
distributionally chaotic, but it is not Devaney chaotic. This example can be
compared with the Example 4.11 of a distributionally chaotic translation Cp-

semigroup that is neither hypercyclic nor Devaney chaotic.

Now, let us consider another example of a Cy-semigroup whose dynamical
behaviour was already discussed in [Tak05]: Let p : [0,1] — R™ be a continuous

function such that there exist constants M > 1,w € R, and v < 0 such that
p(x) < Me“'p(e?tz), forall z € [0,1],¢ > 0. (6.4)

With such a function p, we can consider the spaces L5([0,1],C), for 1 < p < oc.
The family of operators {S;}i>0 with S;f(x) = f(e'z), t > 0 defines a Cp-
semigroup on them [Tak05].

Theorem 6.3. If v < 0, then the Cy-semigroup {Si}i>0 is distributionally
chaotic on L5([0,1],C), 1 < p < co.

Proof. Let us apply Theorem 3.3. Take Xy = {f € €([0,1],C) ; f(0) = 0}.
This set is dense in L£([0, 1], C) and, clearly, lim;_,o S f = 0 for every f € X,
which fulfils condition (i) in Theorem 3.3.
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Let us prove that [ [|S|, pdt is finite: Fix ¢ > 0 and a continuous function
g on [0,1] with ||g||,, = 1, for instance g(z) = 1/p(z)/.
1/p
There is some tg > 0 such that for ¢ > ¢, we have (foew p(:v)d:z:) <
t72/||glloo. For these t > tg, define
gle™tz), if0<x<er,
gt(z) = (6.5)
0, elsewhere.
Since [|gtllp, < t72 and Sigr = g, then ||Si||p, > t* for t > to. So that

ftzo [|S¢ll,, pdt is convergent, which yields the conclusion. _

Remark 6.4. The assumption v < 0 forces w > 0: if not, take any = € [0, 1].

Taking limits when ¢ — oo in the inequality (e SJ ) < Me*! we have pg g <0,

which is a contradiction because p is a positive continuous function.

Remark 6.5. An alternative proof given by one of the referees from [BC12]
is the following: If p : [0,1] — R™ is a continuous weight function which is ad-
missible in the sense of (6.4), then ¢ : Rj — R defined as 9(z) := p(e7*)e?*
is an admissible weight function in the sense of [DSW97, Def. 4.1]. Therefore,
taking ¢ : L%, (R{", C) — L5([0, 1], C) defined as ¢(f)(x) := f (@) we have

the following commutative diagram:
IRy, C) —— LY(RF,C)
o) & (6.6)
Lp([O, 1],C) —2— 15(0,1],C).
If v < 0, then [°t¢(z)dz < co. So that, by uniform conjugacy, {S;}1>0 is

hypercyclic, Devaney chaotic and distributionally chaotic, see Remark 6.2.

We return to the initial value problem stated in (6.1). Consider the case
when I = [0,1], {(z) := vz, v < 0, and h € C([0,1],C). Under these hypothe-
sis, the Cy-semigroup {Tt}tzo defined as

T, f(x) = exp (/Ot h(eW(t_T)m)dr> f(ez) for t >0,z € [0,1], (6.7)

gives the solution Cpy-semigroup to (6.1) on LP(]0,1],C), 1 < p < oo [Tak05,
Th. 3.4]. The particular case when 7 = —1 and h(z) = —1/2 was studied using
the Wiener measure in [LM94].



6.1 Distributionally chaotic Cy-semigroups 73

Theorem 6.6. If v < 0 and min{R(h(x)) ; = € [0,1]} > ~v/p, then the Cy-
semigroup {T;}>o0 defined in (6.7) is distributionally chaotic on LP([0,1],C),
1<p<oo.

Proof. We apply again Theorem 3.3: Condition 3.3.(i) holds in the same way
as in the proof of Theorem 6.3 taking Xy = {f € €(]0,1]),C) ; f(0) =0}.

In order to verify condition 3.3.(ii), let & € R be such that min{R(h(z)) ; = €
[0,1]} > a > «v/p. For every t > 0, we define f; as a function with || f;]|, =1
and supp(f;) C [0,e7*]. Using it, we have the following estimations for HﬁHp:

- N 1 1/p et 1/p
HEMEHﬂﬁMZeMQALMﬁ%W%O —4QWW<A LMwP@>

So that [;° IT3||  dt is finite, which yields the conclusion.

Iy

In addition, Brzezniak and Dawidowicz also studied in [BD09] Devaney
chaos for the case ¥ = —1 and h(xz) = A € R in certain subspaces of Holder
continuous functions on [0,1]. For a €]0,1],0 < r < 1, we define the space

C2([0,1]) of functions f : [0,1] — R such that

[f(x) = f(y)]

ar = Sup == <00,
z,y€[0,1] |l‘ - y|
0<|z—y|<r

/1

For a €]0, 1], let us consider V,, ([0, 1]) the space of functions

{F € CRO1]) 5 Tim || fllar =0 and £(0) =0},

In [BD09] it is shown that V, ([0, 1]) is a separable Banach space endowed with
the norm || f||a,1. Furthermore, following a constructive approach, it is proved
that if y = —1 and h(z) = A > a, then {ft}tzo is Devaney chaotic there and
exponentially stable if A < «. We will prove that in this case {CIN}}QO is also

distributionally chaotic.

Theorem 6.7. If v = —1 and h(z) = X\ > a, then the Co-semigroup {I}}r>0
defined in (6.7) is distributionally chaotic on V,([0,1]), a €]0,1].
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Proof. We will apply Theorem 3.3 again. Since in order to prove that {iﬁt}tzo is
Devaney chaotic, Aroza and Mangino in [AM13] make use of the version of the
Desch-Schappacher-Webb Criterion given by El Mourchid [El 06, Th 2.1], one
can check that there is a dense set Xy C V4 ([0, 1]) such that lim; Tix =0
for all x € X, and the first condition in Theorem 3.3 holds.

In order to verify condition 3.3.(i), take 0 < ¢ < (A — a)/2 such that
a+¢e < 1. Let us define f.(z) = 27, 0 < x < 1. Since |[z*T¢ — yoT¢| <
|(x—y)*T¢| for all 2,y € [0,1], then we can easily see that || fz[lo1 = 1 and f; €
Va([0,1]). We also get that ||} f:|la1 = e?~*~=)* and hence [ dt/||Ty|la1 <
INC U

a1l < 00. 4

6.2 The Desch-Schappacher-Web Criterion implies

distributional chaos

Under the hypothesis of the last theorem, Takeo proved that {Tt}tzo is De-
vaney chaotic by applying the Desch-Schappacher-Webb Criterion [Tak05]. In-
dependently, Brzezniak and Dawidowicz also proved that {Tt}tzo is Devaney
chaotic when v = —1 and h(xz) = A € R with A\ > —1/p, that is known as
the von Foerster-Lasota equation [BD09, Th. 8.3 & 8.4]. Furthermore, they
also showed that for A < —1/p the orbits of all elements tend to 0, which
makes chaos disappear. Therefore, we can affirm that Devaney chaos coin-
cides exactly with distributional chaos for the same values of A\. As we will see
later, this is due to the fact that Devaney chaos can be obtained here from the
Desch-Schappacher-Webb Criterion. This can be easily seen if we reformulate
Theorem 3.3 in terms of the infinitesimal generator of the Cy-semigroup. The

following result is a continuous version of [BBMGP11, Cor. 31].

Theorem 6.8. Let X be a complex Banach space and let T be a Cy-semigroup
in L(X) with infinitesimal generator (A, D(A)). If the following conditions
hold:

(i) there is a dense subset Xo C X with limy_,o Tix = 0, for each x € Xy,

and
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(i1) there is some \ € op(A) with R(X) > 0,

then T has a dense distributionally irregular manifold. In particular, T is

distributionally chaotic.

Proof. Fix t > 0. On the one hand, if condition (i) holds, then we have
limy, o0 TJ'x = 0 for every x € Xp. On the other hand, by the point spectral
mapping theorem for Cy-semigroups, since A € o,(A), then eM € o,(T3).
Therefore 7(T;) > |eM| > 1 and, by [BBMGP11, Cor. 31], T; admits a dense
distributionally irregular manifold. By [ABMP13, Rem. 2 |, this is equivalent
to say that T admits a dense distributionally irregular manifold. Furthermore,
T is distributionally chaotic [ABMP13, Prop. 2]. 4

Remark 6.9. Clearly, the conditions in Theorem 6.8 hold whenever the
Desch-Schappacher-Webb Criterion can be applied. Since this criterion can be
applied in the following examples, we not only obtain Devaney chaos, but also
distributional chaos (and the existence of a dense distributionally irregular

manifold):

o 1) [BLO1, Th. 1]:
In X =/ 1 <p < o0, or ¢y, the Cy-semigroup generated by the system

dfn
% - (Lf)n - _a'rzfn + Bﬂf'ﬂ-ﬁ-h nec NO.

with (fn)nen, € X, when the sequences (ap)nen, and (By)nen, satisfy

the following condition for every n € Ny:

o 0<ay < By,

e o, = a+al, for some a > 0, with li_)rn a,, = 0 and there is ¢ < 1
n [o.¢]
a,

such that < ¢"*!, and

e (3, = Bb,, for some 8 > « and with lim b, = 1.

n—o0

o 2) [DSW97, Ex. 4.12]:
In X = L?([0, 00[,C) the solution Cy-semigroup to the following partial
differential equation
u(z,t) = augy(x,t) + bug(z, t) + cu(x, t),
u(0,t) =0 for t > 0,
u(z,0) = f(x) for > 0 with some f € X,
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when a,b,c > 0 and ¢ < % <1.

o 3) [CM10, Th. 3.1]:
The Cy-semigroup by the perturbation of the one-dimensional Orsntein-
Uhlenbeck operator
Ay =" + bxu' + au

with domain

D(Aa) = {u € L2(R) N W2A(R) ; Aqu € LQ(R)} ,

loc

Whenb>0andg<a€R.

o 4) [CPT10, Th. 2.1]: The solution semigroup to the hyperbolic heat transfer

equation (HHTE) in absence of internal heat sources,

TUgt + Ut = QUgy,
u(0,2) = dn(z), zER,
u(0,2) = ¢ao(x), =z €R;

a0 1
29, =T

as infinitesimal generator. This Cp-semigroup was already known to be

has

Devaney chaotic (by application of the Desch-Schappacher-Webb Crite-
rion) on the space X, ® X, where

Xy = fl@) = 3 Z(pr)"  (an)n € co(No) ¢,

n>0

for some p > 0, endowed with the norm

| fIl :== sup sup p_"eplx‘w(")(:r)].
neNg z€R

Here, (co(Np), || - |loo) is the Banach space of all complex sequences tend-

ing to 0, endowed with the maximum norm.

See also [GEPM11, Ch. 7] for an improved version of the proof of this last

example.
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6.3 Distributional chaos for birth-and-death processes

with proliferations

In [BM11], the authors have analysed the Devaney chaos in the problem of
the exponential decay of the drug resistant population of cells.

Let us denote by f,, n > 1, the number of copies of the drug resistant gene
in a population of cells. The matrix of the process has constant coefficients

and it is obtained from the following infinite system of equations.

f{ = a/fl +df27
fqlz = afn +bfn—1 +dfn+17n > 2.

We consider the so-called sub-critical case when 0 < b < d.

The usual setting will be £;, nevertheless the space ¢! of summable se-
quences with the weights s™, n > 0, will be also considered. By (e, )m we
denote the canonical basis of ¢;.

Let us consider the operator Ly = al + Cs in f1 where Cy is an operator

defined on /1 by

0 d/s
sb 0 dJs
sb 0 d/s

sb 0

Lemma 6.10 (See Lemma 1 in [BM11]). We have

S (0 R ST PR

=0
where f= (f1, fo,...), fi =0 for i <0 and the Newton symbol is also 0 for

negative entries.

We will consider the following restrictions:

0<b<d, (6.9)
la| < 2Vbd. (6.10)
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As in [BK99], we compute the ¢f-norm of C* acting over (fn)n>1 = em

where m > k then,

IChels = f; Eij () (oo )] (4 oussoin.

Since 0p—g+2i,m = 0 for n <m —k or n > m + k, then,

IOt = gk i 16 N I € e

With the change j = k — ¢ we get

ol [ T 0 R

n=m—k |j=0

Changing also n’ = n + k —m, we have

S o () s

n'=0|j=0

If n is odd, 0p/4m—2jm = 0, then we are left with the even terms, getting

o[ R (S [ O

j=0
Since m > k, we only have
k k—i
k S d\" T
> () (5)
=0 M i
k

d\* d
which is (sb—i— > . Therefore, ||C¥|| > (sb—i— > .
s s

?

With these estimations, we can also estimate the norm of e/Cs in L(¢;).

PR

k=0

tC H_
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Since C is a positive operator, for every m > 0 we have

2. (tC,)k tC tC > sb+
Z( k!) > Z ( k!) > — Z ' )
k=0 k=0 k=0 k=0

. d
Therefore, taking supremum on m we get ||efCs|| > €/***%) | and hence

1 < 1
||etLS|| - et(a+sb+%)'

(6.11)

Now we proceed to compute the sign of a + sb + g. On the one hand, if
a > 0, then it is always positive for s > 0. On the other hand, if a < 0 but
|al < 2v/bd, this is always positive for any s > 0. In both cases we have that

T is integrable on R™ with respect to t.
e S

Theorem 6.11. {e'Xs};~q is distributionally chaotic and admits a dense dis-
tributionally irregular manifold provided that a,b,d satisfy (6.9) and (6.10).

Proof. Since a,b,d satisfy (6.9) and (6.10), {e'*s};>¢ is hypercyclic by the
Godefroy-Shapiro Criterion, as it can be seen in the proof of Theorem 4,
[BM11]. By 6.11 we have that

1
< 00. 6.12
/R+ Te=] (6.12)

Therefore, by the Dense Distributionally Irregular Manifold Criterion (Theo-
rem 3.3) the theorem holds. |

This can be compared with the following result.

Theorem 6.12 (See Theorem 4, [BM11]). If 0 < |b| < |d| and |a| < |b+ d|
hold, then {e'ls};>¢ is Devaney chaotic.

6.4 Further research lines

Consider the initial value problem of (6.1) on L'(R{,C) with ((z) = 1 and

h(z) = kf’i . Here, the solution Cp-semigroup {7}}+>0 is defined as

1+ (z+t)*

T f(x) = 1+ 2k

flx+t), =z,t>0. (6.13)
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The Cp-semigroup {7;}+>0 defined in (6.13) is distributionally chaotic on
LY(RJ,C) by Th. 6.1. The hypercyclicity of this Cp-semigroup for k = 2
was obtained by El Mourchid in [El 06] and the Devaney chaos by Grosse-
Erdmann and Peris in [GEPM11, Prop. 7.34]. In this case, the point spectrum
of the infinitesimal generator is the closed left half plane. This inhibits the
Desch-Schappacher-Webb Criterion to be applied in the way it has been for-
mulated. Nevertheless, El Mourchid observed that the hypercyclic behaviour
of this Cy-semigroup is essentially due to the imaginary eigenvalues of its in-
finitesimal generator [El 06], see also [GEPM11, Ex. 7.5.1]. In fact, the Desch-

Schappacher-Webb Criterion can be strengthened and reformulated as follows:

Theorem 6.13. [El 06, Th. 2.1] & [GEPM11, Th. 7.31] Let X be a complex
separable Banach space, and let T be a Cy-semigroup on X with infinitesimal
generator (A, D(A)). If there are a < b and continuous functions f; : [a,b] —
X,j5€J, with

i. fj(s) € ker(isI — A) for every s € [a,b],j € J, and
ii. span{fj(s) : s € [a,b],j € J} is dense in X,
then the semigroup J is Devaney chaotic.

To sum up, we have seen that even when we apply this stronger version of
the Desch-Schappacher-Webb Criterion for the Cy-semigroup in (6.13), asking
only for an abundance of eigenvalues of real part equal to zero, then we can
also prove that there is a dense distributionally irregular manifold. Therefore

we can pose the following problem:

Problem 6.14. Do the hypothesis in Theorem 6.13 imply the existence of
a dense distributionally irregular manifold for T? If not, is there at least a

distributionally irregular vector for T ¢

By the equivalence between a Cpy-semigroup with a distributionally irreg-
ular vector and a distributionally chaotic Cy-semigroup, proved in Theorem

2.17, the former problem can also be presented as follows:
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Problem 6.15. Do the hypothesis in Theorem 6.13 imply that T is distribu-

tionally chaotic?

These questions could have a positive answer, but it is still unknown

whether Devaney chaos implies distributional chaos on Cy-semigroups.

Problem 6.16. Are there ezamples of Devaney chaotic Cy-semigroups which

are not distributionally chaotic?

A Cp-semigroup is said to be frequently hypercyclic if there exists some
x € X such that for every non-empty open set U C X, the set U, := {s >
0 ; Tsxz € U} has positive lower density, that is liminf, o (1/8)u(Uy N [0, t])
is positive. In [MP11] Mangino and Peris observed that with the same argu-
ments used in [DSW97; El 06] one can show that the Desch-Schappacher-Webb
Criterion implies frequent hypercyclicity. They also provide the Frequent Hy-
percyclicity Criterion for Cy-semigroups [MP11, Th. 2.2]. So that, one can

raise the following question:

Problem 6.17. Do the hypothesis of the Frequent Hypercyclicity Criterion

for Co-semigroups imply distributional chaos?

The hypothesis in Theorem 6.13 also yield the mixing property for the Cp-
semigroup T, see [GEPM11]. Clearly, topological mixing implies transitivity
(i.e. hypercyclicity), but it is strictly stronger than it.

On the one hand, Example 4.11 provides an example of a distribution-
ally chaotic Cy-semigroup that it is not topologically mixing. On the other
hand, in [MGOP12], there is an example of a backward shift operator on a
weighted sequence space P(v), 1 < p < oo, that is topologically mixing but
it is not distributionally chaotic. This operator will provide us an analogous

counterexample in the frame of Cy-semigroups.

Example 6.18. Consider the sequence (nyg)i defined as nj, = (k)3 k € N,
and define the function p : RS — RS as p(t) =1 if 0 <t <ny and p(t) = k™!
if ng <t < ngg1,k € N This function is an admissible weight in the sense
of [DSW97, Def. 4.1] and makes the translation semigroup {T¢}t>0 to be a
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Co-semigroup. On the one hand, since lim;_,o p(t) = 0, then the translation
Co-semigroup is topologically mizing. On the other hand, if the translation
Co-semigroup was distributionally chaotic, by [BP12, Th. 2.10], the backward
shift operator, defined as B(x1,x2,...) = (x2,x3,...), would be distributionally
chaotic on the space {1(v) := {(2n)n ; D_jen [25]v; < 00} with (vy)n = (p(R))n,
which is a contradiction as it is indicated in [MGOP12].
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