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ABSOLUTELY CONTINUOUS MULTILINEAR OPERATORS

E. DAHIA, D. ACHOUR AND E. A. SANCHEZ PEREZ*

ABSTRACT. We introduce the new class of the absolutely (p;pi, ..., pm;0)-continuous
multilinear operators, that is defined using a summability property that provides the
multilinear version of the absolutely (p, o)-continuous operators. We give an analogue of
Pietsch’s Domination Theorem and a multilinear version of the associated Factorization
Theorem that holds for absolutely (p,o)-continuous operators, obtaining in this way a
rich factorization theory. We present also a tensor norm which represents this multi-
ideal by trace duality. As an application, we show that absolutely (p;p1,...,Pm;0)-
continuous multilinear operators are compact under some requirements. Applications to
factorization of linear maps on Banach function spaces through interpolation spaces are
also given.

1. INTRODUCTION AND NOTATION

In 1987 Matter defined the ideal of absolutely (p, o)-continuous linear operators in order
to analyze super-reflexive Banach spaces, establishing many of his fundamental properties
in [16]. In the nineties, Lépez Molina and Sanchez Pérez studied the factorization prop-
erties and the trace duality for these operators in a series of papers, introducing the class
of tensor norms that represent these operator ideals (see [13, 14, 25]). Roughly speaking,
the class of absolutely (p, o)-continuous operators can be considered as an “interpolated”
ideal between the p-summing operators and the continuous operators, preserving some of
the characteristic properties of the first class. Let 1 < p < oo and 0 < o < 1. A linear
operator T' between Banach spaces X and Y is absolutely (p,o)-continuous if there is a
positive constant C' such that for all n € N, (x;)" C X, we have

l—0o 1-0o
p P

Sira)e ) < s (3 (ol i) )
=1

€Bx+ \io;

The smallest constant C' such that the inequality (1) holds is called the absolutely (p,o)-
continuous norm of 7', and is denoted by 7, ,(7"). It is in fact a norm on the space Pp
of all absolutely (p, o)-continuous linear operators from X into Y, that becomes a Banach
space. In particular, we have that Py (X,Y") coincides with II, (X,Y), the well known
operator ideal of absolutely p-summing operators introduced by Pietsch in [19] (see also
[9, 20]).

The aim of this paper is to study the multilinear version of this class of operators
and its tensor product representation, and to provide some applications in the setting of
the factorization theory of bilinear maps. Regarding compactness, we show that as in
the case of the p-summing operators the absolutely (p, o)-continuous operators are always
completely continuous, allowing some direct applications for giving sufficient conditions for
compactness of multilinear maps on reflexive Banach spaces under weaker summability re-
quirements. Other application is given by proving that absolutely (p; p1, p2; 0)-continuous
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2 E. DAHIA, D. ACHOUR AND E. A. SANCHEZ PEREZ

bilinear maps defined on products of Banach function spaces satisfy also a concavity type
property. This allows to prove a factorization theorem for operators between Banach
function spaces through interpolation spaces.

The paper is divided in five sections. After the introductory one, in Section 2 we extend
to multilinear mappings the concept of absolutely (p,o)-continuous linear operators, for

which the resulting vector space L7 (D31 ) of the absolutely (p; p1, ..., Pm; 0)-continuous

multilinear operators is a normed (Banach) multi-ideal. In the third section we establish
a domination theorem for such operators and we give the Factorization Theorem for the
absolutely (p, o)-continuous linear operators and its multilinear version.

In Section 4, we present a reasonable crossnorm 3, , on X1 ®... X, ®Y that satisfies
that the topological dual of the corresponding normed tensor product is isometric to the
space of Y*-valued absolutely (p;p1, ..., pm; 0)-continuous multilinear operators on X X ...
X X, . We generalize in this way the result for the linear case that can be found in [13].

Finally, Section 5 is devoted to show some applications. Under adequate requirements
we show that the summability property for multilinear operators that is considered in
the definition of /JZS’(p;pl’m’pm) implies compactness, providing in this way sufficient con-
ditions for assuring such property for multilinear maps. We finish the paper by showing
the factorization theorem for linear operators between Banach function spaces mentioned
above.

The notation used in the paper is in general standard. Let m € N and X, (j =
1,...,m),Y be Banach spaces over K, ( either R or C) we will denote by L (X, ..., X;n;Y)
the Banach space of all continuous m-linear mappings from X7 X ... X X,,, into Y, under

the norm ||T|| = sup HT(ml, ...,@™)||, where By, denotes the closed unit ball of
meBXj,lgjgm
X;i1<j<m). Y =K, we write £ (X1, ..., Xpn) . In the case X1 = ... = X, = X, we

will simply write £ ("X;Y).
Let now X be a Banach space and 1 < p < oco. We write p* for the real number
satisfying 1/p + 1/p* = 1. We denote by £ (X) the space of all sequences (z;)"  in

1

n
X with the norm [|(z;);_, [, = (3 llzil[”), and by €7, (X) the space of all sequences
i=1

n 1
sup (O [{z,&)P)?, where X* denotes the
€]l 5+ <1 =1

(x;);_, in X with the norm H(a;i)?zlﬂpw =

topological dual of X.
Let ¢, (X) be the Banach space of all absolutely p-summable sequences (z;);; in X with
S 1
the norm [|(z;);2, |, = (221 |i[[”)». We denote by £+ (X) the Banach space of all weakly
1=
p-summable sequences (z;);2; in X with the norm |[(2:):24l,, = sup [[(§(x:))4 ], - If
T el
p = oo we are restricted to the case of bounded sequences and in /o (X) we use the sup
norm.
We denote by L;(X1, ..., X;n; Y), the space of all m-linear mappings of finite type, which
is generated by the mappings of the special form
i@ @ahy: (af ., a™) — 2t () Lz, (™) y

for some non-zero 7 € X7 (1 <j<m)andy €Y.

Definition 1.1. An ideal of multilinear mappings (or multi-ideal) is a subclass M of
all continuous multilinear mappings between Banach spaces such that for all m € N and
Banach spaces X1, ..., X;n and Y, the components M(Xy, ..., X;n;Y) == L(X1, ..., Xp;; YN
M satisfy:
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(i) M(X1, ..., Xn;Y) is a linear subspace of L(X1, ..., Xm;Y) which contains the m-
linear mappings of finite type.
(ii) The ideal property: If T € M(G1,...,Gm; F), u; € L(X;;G;) for j=1,...,m and
v € L(F;Y), then voT o (uy,...,up) is in M(X1, ..., X;n;Y).
If |l pg s M — RY satisfies
(i) (M(X1, s X3 Y), ||l \q) is @ normed ( Banach) space for all Banach spaces
X1,y X and Y and all m,
(i”) HTm K™ - K T™ (xl, ,xm) = xl...meM =1 for all m,
(iii’) If T € M(Gh,...,Gm; F), uj € L(X;,Gj) for j=1,....,m and v € L(F,Y), then
00T o (ut, oy tim)lpg < [0l T g ] il
then (M, ||.||r() is called a normed (Banach) multi-ideal.

Definition 1.2. Let M be a multi-ideal and operator ideals Ai, ..., Am, an m-linear
mapping A € L(X1,...,Xm;Y) is said to be of type M o (A1,..., Ap), in symbols A €
Mo (A, .., Ap) (X1, ..., X3 Y), if there are Banach spaces G, ..., Gy, linear operators
uj € Aj(X;;G;),1 <j <m, and a continuous m-linear mapping M € M(Gy,...,Gp;Y)
such that A = M o (uy,,...,un). The proof that M o (A1, ..., A;,) is an ideal of m-linear
mappings can be found in [10, Th. 2.2.2].

The definition of absolutely summing m-linear functional is due to Pietsch [21]. In [15],
Matos presented a definition for vector-valued mappings.

Definition 1.3. Let 1 < p,p1,...,pm < 00, with % < p% + ..+ Zﬁ. An m-linear operator
T € L(X1,..., Xim; Y) is said to be absolutely (p;pi, ..., pm)-summing if there is a constant
C > 0 such that for any x7,...,21, € X; we have

H (T (x’Ll’ "r?l))?:l”p < CH.;n:l ”(xi)?:]'npjvw ’

for every nm € N,j = 1,...m and i = 1,....,n. The vector space of these mappings
is indicated by Lo (pipy,....pm) (X15 -, Xm3;Y) and the smallest C satisfying the inequality

above, by HTHcas,(p;p1 77777 . This defines a norm on Lag (ppr...pm) (X1, s X3 Y) -

This definition is equivalent to say that (T(z}, ,ajgn))fil belongs to ¢£,(Y") for every
(7)) € £5,(X;).
The next results can be found in [10] and [15], and will be used in the sequel.

Proposition 1.4. Let 1 < p,pi1, ..., pm < 00, with}l7 = p%%—...%—}i andT € L(X1,.... Xm;Y).
The following statements are equivalent:
(a) T is absolutely (p;p1, ..., pm)-summing.
(b) There is a constant C > 0 and regular Borel probability measures j; on BX;_« (with
the weak star topology) so that for all (xl, e xm) € X1 X .... x X, the inequality

1

Pj

76 0] /Bx;\sbjijdu(@) , (1.2

is valid.

(¢) (Factorization Theorem) There exist Banach spaces Zy, ..., Zy, amap S € L(Z1, ..., Zm;Y)
and for each j = 1,..,m and operators u; € I, (X;,Z;) such that T = S o
(Ul eeey Upy).
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Moreover, we have

T - = inf {C > 0: for all C verifying the inequality (1.2)}

as,(p;p1s---sPm)

m
= inf  |S| [] 7, (uj) : T = So(ur, ..., um)
j=1
Proposition 1.5. Let 1 <p<g<ooandl <p; <q <oo,j=1,..,m be such that

S AL s L then L X1, X3 Y) C Lo X1, X Y).

j=1p;  p = Zuj=1 q as,(p;p1,.--,Pm) ( 4q1,---,qm) (

2. ABSOLUTELY (p;p1, ..., pm;0)-CONTINUOUS MULTILINEAR OPERATORS

In this section we extend the definition of class of (p,o)-absolutely continuous linear
operators to the case of multilinear operators and we show that the inclusion between a
couple of multi-ideals of the class with different pararneters works as one would expect.

Let 1 < p,p1,...,pm < 00 with % < ot +—n and 0 < o < 1. For all (z), C
X;,(1 <j<m) we put

. n -0 NiYes % IP_TU
et = sw (3 (|| 4]
¢5€Bxx \i=1
It is clear that
@D < Gol@)iy), forall @Dy € X, (1<j<m)  (20)
1-0’

Definition 2.1. A mapping T' € L(X1, ..., X;n; Y') is absolutely (p;p1, ..., Pm; 0)-continuous
if there is a constant C' > 0 such that for any =7, ...,x}, € X;, (1 < j < m) we have

m

T (2] o < H (22)

We denote this class of mappings by L (Xl, eeey X3 Y') which is a Banach space

as (p P1,-- 7pm)
with the norm

T o =inf {C > 0: for all C verifying the inequality (2.2)}

as,(p;ip1,--:Pm)
It is obvious that ||T'|| < [|T']| zo ( for all T e L9 ) (X1, .., Xm; Y).
as,(p;p p

as,(p;p1,-,Pm

,,,,,

For ¢ =0, we have £g_ . (X1, Xm Y) = Las (pipr,.pm) (X150 X3 Y).
Proposition 2.2. (Inclusion Theorem)
Let p < q,p; < qi(1 <j<m). If -+ —i—%l % qi—i- _,_7_, then

ZS,(p;m,..‘,pm) (X1, ... Xm,Y) c L 5(@51 s (Xl, ...,Xm, Y).
Proof. By [5, Prop. 3.2] we may assume - —|— —|— - — 5 = q% + ..+ qim — %.
Considering 1 < r,7; < oo with %—l—% = p, TJ —|— IJ (1 < j < m) it follows that

L+ +Li=L
NOW select a multilinear mapping 7' in ﬁas (D1 (X1, .o, X3 V) and x{, e T € Xj,

for j = 1,m. Then, with X/ = [[7 (s}, a2, we have TNt pa) [ =
HT (le y ey Ly )H = . An application of Holder’s inequality reveals that
l—0o

= -
<Z1 HT(:E},,;ET)H;Z(,> P
1=
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N
m J J
= HTHEZs,(p;Pl vvvvv Pm) Hj:l Pio (()\lxl>z:1>

PiN D
. . |1—0o .||O 1—0o J
= ||T||Lg H;nzl sup <Z?=1 <)‘3 ;) x; > )

s5,(Pip1s--Pm) $;E€EBxx
J

.\ -\
il TG e ()
- H HLas,(p;Pl ----- Pm) H]_l v)i=1 T 47 i i=1
e 1—0
n q T A\
_ 1 1—o m J
- HTHﬁgs,(p;pl ----- Pm) <§1 HT (:L‘Z ’ 7xlm) H 1 > Hj:l 5qja ((xz)z:1>
Since 177" — 177" = PTU? we end up with

m -\ T
1@ @)l s, < Wz, DL ((=)").

Hence T' € L7 X1, X3 Y) and || T)| zo —— <|T|l ;o
as,(q;q1 m

57((1§Q17---7Qm) (

The proof of the following proposition is straightforward.
Proposition 2.3. Let T € L(X1,..,X;Y), Re L(Y,Z) and uj € L(E},X;),1 <5<
m.

(i) IfT is absolutely (p; p1, ..., pm; 0)-continuous, then RoT is absolutely (p; p1, .-, Dm;0)-
continuous and ||R o T|| ro ( : < ||R|| [|T]| zo (
as,(p;p as,(p;p1

(il) If T is absolutely (p;pi, ..., Pm;0)-continuous, then T o (ui, ..., uy) is absolutely
(P; D1y vy P 0)-continuous and

.....

|T o (ut, .. Um)|| po

as,(p;p1s--sPm as,(p;p1s---

m
A TS—
We can establish the following comparison between the classes of absolutely (p;pi, ..., pm; 0)-
continuous and absolutely (p;p1, ..., m)-summing m-linear operators.

Proposition 2.4. Let 1 < p;,p < o00,j = 1,...,m such that 1% = p% + ...+ Ii and

0<o <1 Then Eas,(l%. L ey (X, Xt Y) C Lo opropm) (X1, oo, X3 Y)

o1
(X1, 00y X3 Y) C LT, (X1, .oy X} V)

o’1l—

Consequently, L

as,(p;p1,--,Pm) ,(D3p15--Dm)

Proof. 1t is immediate by the inequality (2.1) and Proposition 1.5.

3. DOMINATION AND FACTORIZATION THEOREMS

3.1. Pietsch Domination Theorem. In the case of absolutely (p,o)-continuous linear
maps it is possible to obtain a Domination Theorem as the one that holds for p-summing
operators (see [16]). It can be also extended to the multilinear case. For the proof of
this Domination Theorem we use the full general Pietsch Domination Theorem recently
presented by Pellegrino et al in [18].

Let X1, ..., X;n, Y and E1, ..., Ej be (arbitrary) non-void sets, H be a family of mappings
from X7 X ... x X;;, to Y. Let also Kj,.., K; be compact Hausdorff topological spaces,
(1, ...,G; be Banach spaces and suppose that the maps
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{Rﬁk}xE@L”XEkXGr%M+m%j:LmJ
S:HXE; X ..x EpxGy X ...xG— [0,+00)
satisfy
(1) For each 2! € E; and b € G, with (j,1) € {1,...,t} x {1,...,k} the mapping
(Rj)gr,. ok p: Kj — [0,400) defined by (Rj),1 .k p(6) = Rj(¢,zt, ..., 2% b)
is continuous.
(2) The following inequalities hold:

{ Rj(¢7$17”'7$k7njbj) S anj(¢,l'1,...,l‘k,bj)
S(f,xt, ..., ak aqbl, ... apdbt) > aq..ouS(f, b, ..., 2k b L Y,
for every ¢; € Kj,a' € Ef(with I € {1,..,k}),0 < nj,a; < 1,/ € G, with
j=1,...,tand f € H.
Definition 3.1. If 0 < q1,...,q1,9 < 00, with % = q% + ...+ %, a mapping f : X1 X
WX Xy — Y in H is said to be Ry, ..., Ry-S-abstract (q1, ..., q )-summing if there is a
constant C > 0 so that

1

n 1 n n 1
q . 95
(: :S(f7m217"'7l‘f7b217"'7b§)q> SCH Sup (E Rj(gb?xll""7xf:7bz)q]> )
i=1

j=12€K5 \i=1
for all x%,...,x3 € Es,b{,...,bfl € Gj,ne N and (s,5) € {1,....,k} x {1,...,t}.

Theorem 3.2. [18] A map f € H is Ry, ..., Ry-S-abstract (qi, ..., ¢t )-summing if and only
if there is a constant C > 0 and Borel probability measures p; on K; such that

1

t Yy
S(f7 "L‘17 "'7"Bk7b17 "'7bt) S CH (/I\( R](¢’ Il”"’xk7bj)q]duj(¢)> b
j=1 \" K

forallz! € By, 1€ {1,....k}) and ¥ € G; with j =1,...,t.

Theorem 3.3. Let 1 < p,p1, .., pm < 00 with % = p% + o F Ii and 0 < o0 < 1. An
m-linear operator T € L (X1,...,X;m;Y) is absolutely (p;p1, ..., Pm;0)-continuous if and
only if there is a constant C' > 0 and Borel probability measures p1; on BX;, 1<j<m,

(with the weak star topology) so that for all (bl, e bm) € X1 X .... x X,,, the inequality

1—0o

pj

I7@"...om| < c]] / (o) W]|°) = dias () (3.1)
j=1 \"Bx;

1s valid.
The infimum of all these possible C' is equal to ||T|| zo

as,(p;pl,n-,pm)

Proof. Note that by choosing the parameters

t=m

Ei=K, j=1,..,k

G] :Xja J: 17 ,m

KJ :BX;a ] = 11' -, M

H="L(X1,...,.Xm;Y)

4= 1%,¢ =12, j=1,..,m

S(T,at, ... a%, bt om) = ||T (b, ..., b™) |
Rj(¢,a, ..,z 09) = [o(®)| 7077, G =1,..om
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we can easily conclude that T : X7 X ... Xx X;, — Y is absolutely (P; D1y ooy P O)-
continuous if and only if T is R, ..., R,,-S abstract ({2, ..., 2 )-summing. Theorem 3.2
tells us that T is Ry, ..., Rp-S abbtract (5, .., fj;)—summmg if and only if there is a

C > 0 and there are probablhty measures p; on Kj,j =1,...,m, such that

1—0o

Pj

t
. D4
S(T,xt, ..., z% bt H /B xl,...,xk,bj)ﬁduj(gb)
: X*

1—0o

ie; |70, ....0™)|| < CTIT, (fBXA o0 \\bf’\\”)ijvdw(«zs))

J
and we obtain the inequality in the statement of the theorem.

O

3.2. Pietsch Factorization Theorem. Now we give the Pietsch Factorization Theo-
rem for the absolutely (p,o)-continuous linear operators and his multilinear version for
absolutely (p;p1, ..., pm; 0)-continuous multilinear operators.

Let X, Y be Banach spaces, p > 1, 0 < 0 < 1 and a regular Borel probability measure
n on Bx», (with the weak star topology). We denote by iy the isometric embedding
X — C(Bx+) given by ix(z) = (z,.).

For f € ix(X) C C(Bx+), we define the semi norm,

Hpr,o- = Hlf{z ka”fX(X) : </B ’fk|pd77>p ’ f - Zflﬁ fk € 'LX(X>7VI€7 1<k< n}
X k=1

k=1

Let S the closed subspace of ix(X) given by S = {f €ix(X),[[fll,, = 0}, we write
L, ~(n) the quotient space ix(X)/S with the norm

1110 = i {lgll,0 9 € ix (). 9 € [£1]
where [f] is the equivalence class of f € ix(X). We need the following lemma.

Lemma 3.4. The canonical map Jp o : C(Bx+) — Ly o(n) is absolutely (p, o)-continuous,
and Tpo(Jp,e) = |Jpo | =

Proof. Let 6, : C(Bx+) — K : f +— f(w) be the Dirac’s delta associated with w € Bx-.
As ||0y|| = 1, we may write, for every (f;)r_, C C(Bx~)

1—0o

(ZZ=1 1, o(fk)Hﬁ) P _
< (fBX* ZZ=1 kaH% \fk‘p d77>7
- e ’<ZZ:1 1 Fll 7 | £l? )\>

AEC(Bxx)* IIAH<1

1—0o
p

1—0o
p

= b FA VNS
Sy Il =7 | f(w) P

1—0o
P

sup
wEB x*

_I9p_
= sup | e iy 1745 1

1-0o

p
= sup

_pP_
iy (Il 10 M) 7

AEC(Bx+)* A1
Then Jp, € Pp o (C(Bx+),Lps(n)) and mp 5(Jp ) < 1. Together with
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Tp,o(Jpo) = ([ pell = sup [ Jp.o (I > 1,
feC(Bx+),llfII<1

we get Tp o (Jpo) = ||pell = 1.

Theorem 3.5. For every operator T : X — Y, the following are equivalent

(i) T is absolutely (p, o)-continuous
(ii) There exist a reqular Borel probability measure ji on Bx~, a (closed) subspace X,

of Ly »(1) and an operator T Xp — Y such that the following diagram commutes

X — Y
ix | 1T
) Ip.o
ix(X) - Xpo

N N

C(Bx+) — Lpo(n),
where Jp o is the map ix(X) — Xp o induced by Jp o

Proof. (1)==(ii). If T" absolutely (p,o)-continuous, the Pietsch Domination (see [16, Th.
4.1]) provides a regular Borel probability measure p on Bx» for which

1—0o

Il < 7o D) ol (V)P ) ™ for al o €
J

This informs us that if we denote the range of J,, oix by S and consider it to be a
normed subspace of Ly, (i), the map S — Y : J,, 0oix(x) — Tz is a well-defined
operator. It is continuous for the L, ,(u)-topology with norm < 7, ,(T"), since ||[Tz| <
Tp,o (1) {2, ), V& € X. Let Xp o be the closure of S in Ly q(n). Then the natural

extension of our map to X, , is the operator T we are looking for.
(ii)==(i) From T o J,, oix = T and the previous lemma we get T is (p, o)-absolutely
‘T , so that even HT‘ = mpo(T) is

continuous and 7,4 (T) < H:FH T (Tpo)- lix ]| =

true.
O

Theorem 3.6. (Multilinear Version)
Let 1 < p,p1, ..., pm < 00 with % = p% + ...+ Ii and 0 <o < 1. Then

TeL], ) (X1, e, X3 Y)

J(Pip15-,Pm
if and only if there exist Banach spaces G1, ...,Gp,, absolutely (pj,o)-continuous linear
operators uj € L(X;,G;) and m-linear mapping S € L(G1,...,Gm;Y) so that T = S o

(U1, ..., um). Moreover,
1Tl - =inf {ISITI 7, 0 () T = So(u, o i) }

i€y LT oy = L0 (Ppi,os s Pprn,or) holds isometrically.

Proof. First we prove the converse. Let (z!,...,2™) € X1 x .... x X,,,. If T, has such a
factorization, we have

HT(:UI, ,xm)H = HS’ (u1 (:cl) s eees Unn (:Cm))H < |19 H i (z7)]]-
j=1

We know that (see [16, Th. 4.1]), for each j = 1,...,m, there is u; € C(BX;)*, such that
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Pj 1—0o

o G <y ) U, (K257 2]7) T i 5

Now we have 5
J

766 )| < IS T 7 () TGS (G )1 o]7) )

Therefore T is absolutely (p;p1, ..., Pm; 0)-continuous and

.....

To prove the first implication, take 7' € L7 (Dip1s0 D) (X1, ....; Xpn; Y). Then, there exist

probability measures p; € C(BX;)*, (1 < j < m) such that for all (z!,...,2™) € X1 x....x
X,
i ; 1—0o o % 1o
|7@, ™) < I, I, (1629, 0)'7 |29]17) 7 dis(o)) ™
as,(p;p1,---s Pm) le Xj
We now consider the operator u? : Xj — Ly, o(p5) which is given by u?(xj) = K:nj, >]
and notice that we have

1-0
[ @ = N2, o < [12711%, - </B (a7, ) dﬂj) " forallal € Xjand 1<j <m
X*
n = n
. - |10 . Py P; . . .
withHx]HW:inf{klexchx.(fBX* (. 0) aduj) e = e @i C X
= J J =

Let G be the closure in L, »(u5) of the range of ug and let u; : X; — G, be the induced
operator. u; is (pj, o)-absolutely continuous with m, _ (u;) <1.

%
Let So be the operator defined on u{(X1) x ... x u2, (X,,), by

So(uf (z') ,.ccsuly (2™)) = T(a, ..., 2™).

We prove that the mapping Sy is well defined and continuous, so we have

m . _ . % l-0o
150 @) ot D < T, TICL (G0 7)™ )
as,(p;p1s--pm) =1 BX;
Fix j =1 and € > 0. Then there exists (a:,lﬂ)zzl C X such that 2! = i z} and
i=1

l1—0o

<xi,¢)>‘p1 d,uj> B <e+ Hi1(m1)Hp1’U,

Pl L (.
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where i1 the isometric embedding X1 — C(Bx;y) given by i1(z) = (x,.) . So we have
HSO (ut (),

s (4(E) )H

< X 150 (uf (2}) s ey upy (2
= 1-o
< Tl e ) kgl [ (fBXf (zi o)™ du1> fBX* <|<$] ' |27 || )

< ATl (=+ e, ) jﬁQ(fBX; (Ia?, 0] UH 2| ) ")

as,(Pip1,---s

We can write the same domination result for j = 2, with this new domination, to obtain
HSO (ugJ (wl) T (wm))H < N
]
< | Tllgs,

e 17, 0) (4 170,0) FL U, (1600 7)™ ™

J=3
By inductlon, we get

HS[) (u(l) (gjl) 7.,.,u9n (xm)) H S ||T”£gsy(pp1

m .

1 e+l )-
j=1

Since this is true for all € > 0, we obtain

S0 (uf ("), .y udy (&™) || < 1Tl o

gl m
o) Hx plya....Hx Hpm,a’

It follows that Sy is continuous on uf(X7) x ... x u%,(X,,) and has a unique extension S
to ud(X1) X ... x ud (Xp,) = G1 X ... X Gy with ||S|| < ||T]| 2o

as,(p;p1,--sPm)

Finally, note that 7' = S o (u1,...,un) where u; € Py, o(X;,G5), (1 < j < m), S €
L(G1,...,Gp;Y) and

ISITTG 0 () < ATl o

as,(p;p1,---,Pm)

This completes the proof.

U
Remark 3.7. Since P, , is a Banach operator ideal (1 < j < m), (see [16]), the space
L (Ppi,os s Pprn,o) 1s a Banach multi-ideal [9, Theorem 2.2.2].
Example 3.8. Let p > 1,0 <o <1 such that p* < 1= LetSeE(ﬂ%,...,é%;€%>

and u € E(Zp*,ﬁlf
The m-linear operator T € L (Ep*, ...,Ep*;ﬁlf
(%;p, <y P; 0)-continuous but it is not absolutely (%;p, ...y D)-summing. In order to see
this, note that by [13, Ex. 1.9] we have u € vaa(ﬂp*,ﬁﬁ) and u ¢ II, (519*’5&) then by

the factorization theorems for the classes Egs,(p;pl,...,pm) and Lo (pipy,...pm) (Theorem 3.6

U) defined by u(e;) = (%)Eei where (6z‘)?i1 be the vector unit basis of Ly

) given by T = S o (u,...,u) is absolutely

and Proposition 1.4) we get the result.

4. CONNECTION WITH TENSOR PRODUCTS

In this section we introduce a reasonable crossnorm (see [24, p. 127]) on X} ® ... ®
X, ® Y in such way that the topological dual of this normed space is isometric to

Py

17
dﬂj ) i
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(Lo (PPLrp) (X1, s X3 Y, L]l o ). Our aim is to show that the represen-

tation of our multi-ideal by as a dual of a topologlcal tensor product holds exactly for this
tensor norm. Let u € X1 ® ... X, Y. For 1 < p,p1, ..., 0m, 7 < 00, 0 < 0 < 1 with
lzi—k...—i—i and %—i—lfT":l, we consider

P
Bp.o(u) = inf [T72 60 ((27)i) [1(¥i) 7 Il
where the infimum is taken over all representations of u of the form

n
u=> 17 ®.Q2"Qy

with xi e XjyieY,i=1,..,n,5=1,...,mand n,m €N.

Proposition 4.1. §,, is a reasonable crossnorm and € < (3,,, where €, denotes the
ingective norm on X1 ® ... 0 X, ® Y.

Proof. Let v/, u" € X1 ® ... ® X;, ® Y, and let € > 0. Choose representations of v’ and u”
of the form
n/ ,rL//
u=Yrle. .eimey, W=Yir"e. .Myl
i=1 =1

such that
m m
"
ﬂpv H pJU z' ’L 1 H yz = 1H and 513, H p]U i] = 1 H yz i= 1”

we can write v/, u” in the following way

! 7,L//
/ 2 : 1 / / " 2 : " " "
1=1 =1
with
1—0o
Pi s .
2 = Boa()te) g =1,.m,i=1,..,n,

DT (@) T
172 6 (@) )
( 1)3/

/ _ !/
t; = =Y.t =1,...,n,
(Bp,o(u)+e) P
l1—o
m _ Bpo@)te) i nj . ; 7
2t = e o =1 m, 1 =1 n
7 5p]~0((xij)?:1) i 9 9 9 9 9
5 "
7%, ‘Szoff((zlfj)rL )
n _ lj=1°p; v Ja=1) g . "
t; = ist=1,...,n"

(Bpo(u)te)
It follows that .

so ()0 = Brr(w) +) 7 and ()] < (B +2)7 15 =1,

" 1 .
s (57)21) = Bpo (") +) 7 and [ < (Bpolw”) +)7 15 = 1,ecom
Thus
[T 8o () [ < oo () + 2 < B W) + Bpr )+,
Hm 51)]0(( z”])?il) ‘ (t;,);ill ., < Bpo (') +e < Bpo(u') + Bpo(u”) + e
The two last inequalities implies that
Bpo (' +1u") < Bpo(u') + Bpo(u”) + ¢, Ve > 0.

Hence the triangular inequality is proved for (,,. It is easy to see that f(,,(A\u) =
IA| Bpo(u) forall u e X1 ®...® X, ®Y and A € K.
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n
Letu=Y 21®..02""®y € X1 ®...0 X, ®Y. By Hélder’s inequality and (2.1) we get

=1
€(u) = SUP{ iﬁﬁ( T}) e b (@) (ys) | 5 @ EBX;,@DEBY*}
< sup ||(¢1(x)...m (2] )),< o Mwidiall,
d)jEBX;_‘ i
< T i, I,

IN

TT721 0y (()Eo) ()i D,

Since is holds for every representation of u, consequently e(u) < By »(u). Thus 3, 5(u) =0
imply u = 0. Hence 8,5 isanormon X1 ® ... ® X,, ® Y.

It is clear that B, (2! @ ... @ 2™ ®y) < ||at]| ... ||| |ly| for every 2¥ € X;,j =1,...,m
and y € Y.

n

Let ¢; € X7 with ¢; #0,7=1,..m,let p € Y* and let u = > le ® .0 T ®y;.
i=1

Then an application of Holder’s inequality yields

61 ® ... @ i @ V(U)| = |01 ® ... @ G @YD 7} ® ... @ 3" @ yy)

=1

1—0o

) @),

n

<3 Jor(ah) b < I (Z 65(2])
i—1 j=1

=1

1—0o

Pg‘ i
) i) I,

< all - M @ml WHH%J i) 1wi)izall, -

From which it follows that |1 ® ... ® ¢>m Q@ Y(u)| < o1l - [[@mll |22l Bp,o(w). Therefore
$1® ... ® oy ® 1 is bounded and satisfies [[¢1 ® ... ® ¢ @ Y| < [|P1]] ... |om|| [|¥]| and we
have shown that (3, is a reasonable crossnorm. O

< g1l - llgmll 11 H (

In particular, note that when m = 1, the norm £, , is reduced to the norm dp , on X1 ®Y
was introduced by Lépez Molina and Sénchez Pérez in [13]. In what follows we consider
the tensor product of linear operators in connection with the reasonable crossnorm g, ;.
We show that the reasonable crossnorm (3, , is actually a tensor norm [24, p. 127].

Proposition 4.2. Let X;,Y;, X,Y be Banach spaces, and T € L(X,Y), T; € L(X;,Y}),
(j =1,....,m). Then there is a unique continuous linear operator

Ty ®g,, - @y Tn @p,, T from (X18..0Xm®X, Bps) into (Y1®..0YnQY, Byo)
such that

T\ ®g,., - ®p,, Im ®p,, T(#' ®..02" @) = (T12") ® ... ® (Tz™) @ (Tx)
for every 27 € X;,(j =1,...,m) and x € X. Moreover

m
1Ty @5, - @p,, T @p,, T|| = ITh @ .. @ T @ T|| = | T T 1751

Proof. By [24, p.7] there is a unique linear operator
Ne.0T,T: (X1®.0X,0X)—» (V1®..0Y, QYY)
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such that 1 ® ... @ T, @ T(2' @ ... ® 2" @ x) = (T12') ® ... ® (Tjz™) @ (T'x) for every
2 € Xj,j =1,...,m and * € X. We may suppose Tj # 0, j = 1,...,m and T # 0. Let
u=Y" 12 ®. 02"z € X1 ®... 0 Xm ® X, hence the sum Y7 | (Thz}) ® ... ®
(Txl*) ® (T'z;) is a representation of T} ® ... ® Ty, ® T(u) in 1®.. ® Y, ® Y. Then, for
every 1 < p,p1,....Ppm, T < 00,0 < o <1 with }D = —|— . and -+ 1 =92 =1, we have

m
Bpo (Ty @ ... ® T, @ T(u H (Tyad)iy) 1(Ta)iy I,

< IITIIHIIT HH% Jic) l(@i)iz Il -

Since this holds for every representatlon of u, we obtain

Bpo (11 ® . ® T @ T(w)) < [T TTITS B (w).
j=1

So that the linear operator

N®.0T,T: (X1®.0 Xn®X,B,0) = (Y10..0Y,QY,Bps)

m
is continuous and we have ||y ® ... @ T, ® T'|| < [|T']| TT |75l -
j=1

On the other hand, as 3, is an reasonable crossnorm we get that

1T [T5, HT]xJH Bpo (Th12") @ ... @ (Ta™) @ (Tx))
I ®.0 Tn®T| fpo (¢! ® .. 0 2™ @)
11 @ ... @ T @ Tl || TT}Z, [|7]| -

IAIA

m
Thus |71 © ... ® Ty, @ T|| > |T] TT7, |17y and therefore |7y ® .. © Ty @ T = |17 TT T3]
j=1

Now taking the unique continuous extension of the operator 71 ® ... ® T, ® T' to the
completions of X1 ® ... ® X;,, ® X and Y] ® ... ® Y,;, ® Y which we denote by T3} ®Byp o

- ®8,, Tm ®p,, T we obtain a unique linear operator from (X1®...®Xm(§>X, ﬁpﬂ) into
(V1®...0Ym®Y, Bp) with the norm ||T1 ®g, , ... ®g, , Trn ®p,, T|| = ITI TTj=, 175 -

Following the idea of [15, Th. 3.7] we prove the following result.

Theorem 4.3. The space (L7, (PP1p )(Xl,---,Xm;Y*),H-Hm ( )) is isometri-
3 s /m as,(p;P1;---sPm

cally isomorphic to (X1 @ ... ® Xy, ® Y, Bp.o)* through the mapping ¥ defined by

\IJ(T)(acl ®.x"Ry) = T(xl, ™) (y),

for every T € L° X1y X3 Y*) 27 € Xj,5=1,...,m and y € Y.

. (pip1sepm) |

Proof. 1t is easy to see that the correspondence ¥ defined as above is linear. It rest to
shows the surjectivity and

s,(Pip15--Pm)

(D xs0..0xmev8p0) = 1Tleo.
for all T in (L?

as,(p;p1,e-Pm) (Xl, . Xm, Y*))
Let g € (X1 ®...0 X,, ®Y, B,,)* define the m-linear mapping T’ € L (X1, ..., X,;; Y*), by

T(z',....,2™)(y) = d(z' ® ... 2™ R ).
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Let (z},...,2")"; C X1 X...x X,. For each e > 0, choose (y;)_; C Y, |lyil| = 1,5 =1,....m
such that

p

n n
ST a7 < e+ 3 T ) )T = (%)
=1 i=1

For a convenient choice of \; € K, |[\;| =1, i =1,...,n we can write

() =+ D |l6l @@ @y ol @ @ @ )
=1

:€+

n

p__
E ‘gb(x}@...@x;”@yi)}l*" 1)\i¢(az%®...®az§”®yi)
i=1

:E+

n
_P__1q
® (Z Nilp(zi @ .. @2l @y)|T7 2l ®@..@] ®yi> ‘

i=1

n

- —

<e+ ol Bpo (Z Xi|prl @@l @y)|T @@l @y,->
=1

n

< e 100 TTonse(Din) | (3 folat © 00 @30) |70

J=1

= =+ 116l T oo ((@?)) (Z ¢zl ® ... 0o ® y»\(l—pv‘lﬁ)
j=1 i=1

i=1Ir

< e+ 1160 T om0 (@)1 (Z T, ...,xmu(l—”v‘l)’") .
=1

j=1

Since ¢ is arbitrary and (% — 1)r = £, these inequalities imply

(Z 1T (=}, -..,xmll“””) < 1ol [ [0 ((])izy)
i=1 j=1

showing that

T € L, (oo (X1 oo X3 V)
and
”THﬁZs,(p;p """" - <ol =T (x,0..0Xnev8..)" -
In order to establish the reverse inequality, we take T € L7 [ (X1, X3 Y,
and let

n
u=>2®.22"Ry €X1®..0X, Y,
i=1

where m € N, (xf)?zl C Xj,(yi)iy C Y,j = 1,...,m. Hence, by Holder’s inequality it
follows that

(T ()] = iT(xﬁ--,xm@i)
< @@ )L e 1w,
< 1T T 6y (@) 1)y -

as,(p;p1s--sPm)
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So |U(T")(u)| < HT||LZS - ~ﬁp7a(u). Since u is arbitrary it follows that

M 6. oxmevsp < 1T, (P31 Pm)

Now we are ready to introduce a new formula of the tensor norm 3, , in such way
that we characterize the space of absolutely (p;p1, ..., Pm; 0)-continuous multilinear forms.
Letu e X1 ®...0 X, Y. For 1 < p,p1,...,pm,r < 00,0 < o <1 with % = p%‘}'---‘}';%

and % + 1_7‘7 =1, we consider

Dp,a () = inf |y |, Ty 8y (2 )imn) 11w N

taking the infimum over all representations of u of the form

n
U= Z)\Zacll ®.0z" Y
i=1

with ()7, € Xj, (), C Y, (M), CK,j=1,...,m and n,m € N.

Proposition 4.4. We have v 5(u) = By s(u) for allue X1 ®...0 X, @Y.

n
Proof. We note first that every representation of u of the form Y Azl ®...® 2" ® y; can
i=1

n
be written as > 7} ® ... ® 27 ® (\;y;) and hence
i=1
Bpo(w) < TI7y Gpyo (@) I (Niga)ia
< T 0o (@) IO i)l
from which it follows that [, »(u) S prc,(u).
n
On the other hand, let > xll ® ... ® z" ®y; be a representation of u. We can write u
i=1
n
as Y Az} @ ... ® 2" ® z;, where \; = ||y;|| and ||z;]] < 1 for every i = 1,...,n. Then
i=1
Dpr (1) < ()i [, T Opyo(@))iy) and hence By g (u) < By (u).
U

Remark 4.5. Making F' = K, in Theorem 4.3 we obtain that for every family of Banach
spaces X1, ..., X;,,, the space of absolutely (p;p1, ..., pm; 0)-continuous multilinear forms

( st(p;m,--wpm) (X1500s Xim) ||Hco )

as,(p;p1,--,Pm)

is isometric to (X1 ® ... ® X,,, ® K, 7, 5)*.

We recall that by the universal property of tensor products [11, Th. 1.6.2], there is
an algebraic isomorphism between the m-linear mapping from X; x ... X X, into Y and
the linear mapping from X; ® ... ® X, into Y. To each m-linear mapping 7" corresponds
the linear mapping 7" such that

T'®...0a™) =T(z",...,a™)

for every 27 € X;, j=1,..m

In Proposition 4.1 if we take Y = K, then we identify X; ® ... ® X,,, ® K with
X1®...0 X,,, and in this case the corresponding tensor norm will be denoted by v, , and
can be described as follows:

Vp.o(w) = inf [ (A)2yll, TI7 Opo (2])1s)
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where the infimum is taken over all representations of u € X; ® ... ® X,,, of the form

n .
u=Y Nzl ®.. @z with (\)", CK,(z)), C Xj,j=1,...,m.
i=1
The next theorem and its proof are similar to Theorem 4.3.

Theorem 4.6. ( 05, (PP Lo ) (X1, X)), ||.H£gs’(m)1 AAAAA pm)) is isometrically isomorphic

to (X1 ®...0 X, Vpo)* through the mapping T — T.

A consequence of Remark 4.5 and Theorem 4.6 we see that (X; ® ... ® X;n, K, B,5)*
is isometric to (X1 ® ... ® Xy, Vp o)™

5. SOME APPLICATIONS

5.1. Compactness and absolutely (p;pi,..., pm;0)-continuous multilinear opera-
tors on reflexive Banach spaces. Compactness and weak compactness of multilinear
maps is in general a property that is not easy to characterize, and it is nowadays not
very well known. In what follows we prove that under certain summability conditions
we can assure that the multilinear map is compact, obtaining in this way some sufficient
automatic conditions for compactness of multilinear maps. We relax the requirements
that are necessary for the case of p-summing multilinear maps by using Theorem 3.5 and
the factorization theorem for the class of absolutely (p; p1, ..., Pm; 0)-continuous multilinear
operators that we have proved (Theorem 3.6).

Proposition 5.1. Let 0 < 0 < 1,1 < p < o0 and X be a Banach space. The inclu-
sion/quotient map i : X — Ly (n) is completely continuous.

Proof. Clearly, the map i can be isometrically factorized through its identification with
the subspace M =ix(X) of C(Bx+), and so we have

Take a sequence (z,,) in X converging weakly to zero. Then for each 2* € X* we have that
({(xn, z*))yn, converges to 0. But this means that the sequence ({x,, -)), converges pointwise

to 0. Consider the functions |(z, >|p|]mn\|% Clearly, they converge to 0 too, and its
sequence is order bounded in L'(n) by the n-integrable function sup,, HanﬁX By«- The

<$n,'>\pHan% = 0. Therefore,

Dominated Convergence Theorem gives that lim,, [ By

since
P

1o _po_
1en 5D < [ lam )Pl
By

we obtain that || [(zn, )] |z,, —n 0. The result is proved. O

Corollary 5.2. Let Y a Banach space, 0 < o <1 and1 < p,p1, ..., Dm < 00 with % = pil—i—

...+I% and let X1, ..., Xy, be reflevive Banach spaces. If T € L7 (PPt ) (X1, X3 Y),
then T is compact.

Proof. It is a consequence of Theorem 3.6 and the previous proposition. ([

As a consequence of the factorization properties of compact bilinear maps that can be
found in [22] and [23], we obtain the following
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Corollary 5.3. Let Z be a Banach space, 0 <o <1 and 1 < p,q,r < oo with % = % + %
and let X,Y be reflerive Banach spaces. If T € L7 (i) (X,Y;Z), then T factorizes
through a (closed) subspace of ¢y by means of a compact bilinear map and a compact

linear map.
For the proof, see Theorem 3, Theorem 5 and Corollary 6 in [23].

Corollary 5.4. Let X,Y be reflevive Banach spaces and T € L7 (i) (X,Y;¢cg). Then
T can be written as T(x,y) = (bn(x,y))n for a norm null sequence (by)y, of continuous

bilinear forms.

Proof. 1t is a consequence of Proposition 8 in [23]. O

The dependence of the fact that an m-linear map belongs to a multi-ideal if it factorizes
through m-linear maps that belong to the corresponding linear ideal can be found in [6].
It is said that this happens for the case of compact bilinear maps and for weakly compact
bilinear maps. So we can our results in the case of operators that are defined on reflexive
spaces. As a consequence of the main Theorem in [4] and Proposition 5.1, we obtain the
following result (see also [1, 3]).

Corollary 5.5. LetY be a Banach space, 0 <o < 1,1 <p,p1,..., pm < 00 with % = p% +
"'+z% and let X1, ..., Xp, be reflevive Banach spaces. If T' € L7 (P prm) (X1, X3 Y),
then T is weak-to-norm continuous on bounded sets.

5.2. Absolutely continuous bilinear maps on Banach function spaces. Further
domination requirements for the transpose of the p-summing operators provide the well-
known class of the (p,q)-dominated operators. In the interpolated case of the absolutely
(p, o)-continuous operators the same construction provides also the class of the (p, o, ¢, v)-
dominated operators, which is also well-known, specially regarding its domination and
factorization properties [13] as well as their tensor product representation (see [25]).

Consider a couple of indexes 1 < p1,p2 < oo such that p% + p% < 1. Define r by
(1-0)

iy % = 1/r. An operator T': X — Y is said to be (p1, 0, p2,o)-dominated if T

can be dominated as
(T(x),y*) < Cllz|” 1S @)1 Iy 17 1S2(yH)II' ™7, ¢ >0

for every x € F and y* € Y*, where S; : X — G1 and S : Y* — G are pj-summing
and po-summing operators on Banach spaces G1 and Ga, respectively. It can be also be
defined by means of the following condition: if there exist C' > 0 such that for every finite
sequence 1, ...,xn, € X and yJ,...,y;, € Y*

1T (@), 4 )izl < Copro (i) - Opa o ((47)i1)

This kind of domination is in fact the same thing that characterizes that B, the bilinear
operator associated to T, is absolutely (r(1 — o0); p1, p2; 0)-continuous. This provides the
domination (see [13, Th. 2.4])

(T(@),57)] < C /

BX*

l1—0o 2L l=o 1-—0o o P2 1m0
(I, 27 2| 7) 3= dmy) #1 '(/ (I y™) 7 ly™ 1" dm2) =7 ) P2,
By xx
where 17 and 72 are Radon measures on the corresponding unit balls.
After Theorem 3.5, we can find the following factorization scheme for the (p1, o, p2,0)-
dominated operators (we use the same notation that in Theorem 3.5). Consider a (p1, 0, p2,0)-
dominated operator T' : X — Y. Then there are regular Borel probability measures 7;
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and 72 on Bx~ and By=«, respectively, such that T factorizes as
T

X — Y

il W

M -5 S
and T™ factorizes as

v+ I oxe

il 1T

My - 5,

where S1 C Ly, »(m) and Sz C Ly, 5(12) are the subspaces appearing in Theorem 3.5.
In fact, our multilinear factorization result Theorem 3.6 gives that the bilinear form Br
associated to T factorizes as

XXY*—>51XSQ—>R.

In the case of operators defined between Banach lattices, and as a consequence of
our results, more can be said on the factorization schemes for (p1,o,ps, o)-dominated
operators. In order to do this, let us introduce now some notions regarding Banach
function spaces. Let (€2, %, i) a o-finite measure space. Let L°(u) be the space of classes
of p-a.e. measurable functions. We consider a Banach function space X (u) € L%(p) in
the sense of [12, p.28], i.e. a Banach ideal of locally integrable functions containing all the
characteristic functions of sets of finite measure (see also this text or [17] for the definition
of order continuity and the Fatou property and the main results regarding this class of
Banach lattices). We write X for short if the measure is clear in the context, and X (u)’
for the Kothe dual of X, i.e. the elements of the dual space that can be represented as
integrals of measurable functions. Assume that the Banach function space X (u) is also
p-convex. In this case, it is well-known that the p-th power space of X that is defined as

0
Xpp o= {f € LO(u) : | fI'7 € X ()}
with the quasi-norm || f||x, = || |f‘1/p”§<(u)’ is a Banach function space with a norm that
is equivalent to || f||x,, when X is p-convex (see Proposition 2.23 in [17] and the same
book for the definitions and main results on p-th powers). As in the case of the spaces
L, » that we have defined in the previous sections, we can define the interpolation space

(X (), LP(v))s, where v is absolutely continuous with respect to p and X (u) — LP(v) is
the corresponding inclusion quotient map, is well defined. Then the expression

1—0c

1 llpe =i S ] / Pdv)'F
=1

n
for f € X, where the infimum is defined over all decomposition in X as > f; = f, is
i=1
a seminorm on X. We write (X (i), LP(v)), for the corresponding quotient space and
i X(pu) — (X(p), LP(v))s for the inclusion/quotient map.

Let X (i) be a Banach function space, let E' be a Banach space and let T': X (u) — F
be an operator. Let 1 < p < oo and let 0 < o < 1. We say that T is p,-concave (see
[27, Def. 3.1]) if there is a constant C' > 0 such that for every finite sequence of functions
fis ooy o € X (1), it holds

[T e <C <Z<|fi|1“’ufi||”>ﬂ>p

=1
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These operators are characterized as the ones that allow a domination by means of an
interpolation formula as follows (see Theorem 3.4 in [27]). Suppose that X (u) is order
continuous. An operator T': X (u) — E is py-concave if and only if there is an nonnegative
element ¢ € (X (u)p)" such that for every f € X(u),

\ﬂﬁkﬂ/m%wffWM-

A (p, o)-absolutely continuous operator is always p,-concave. This can be proved easily
using Proposition 1.d.9 in [12] (see Example 3.3 in [27]). This result can be extended
to the case of multilinear maps using the same inequalities. Let 1/p = 1/p; + 1/p2 and
0 < o < 1such that {#= > 1. Tt can be easily shown that every (p1, 0, p2, 0)-dominated
operator satisfies that there is a constant C' > 0 such that for every fi,..., f, € X(u) and

95, gn € Y¥(v),
[[CavaR sy

"11|M1Wﬂﬂlﬁ“ (s Gty =)

We will say that such an operator satisfies a (p1, 0, p2, 0)-concave domination.

1—0o

Y *

Theorem 5.6. Let T : X (u) — Y (v) be an operator between the order continuous Banach
function space X (u) and the Banach function space with the Fatou property Y (v) such that
its Kothe dual is order continuous. Assume also that X (u) is pi-convex and Y (v) is ps-
concave for 1 <p < oo. Let 0 <o < 1. The following statements are equivalent.

(i) The operator T satisfies a (p1, 0, p2, 0)-concave domination.
(ii) There is a couple of functions f' € X (u)' and g € Y (u) such that for all f € X (p)
and g* € Y*(v),

KﬂﬂﬂW§</UWfWO |mx</gwww) 115

(iii) There is a factorization for T as

E F

s/

7 7

(X, LP* (for))s (Y, L7 (gov))o)"

Consequently, each operator as above satisfying that the associated bilinear form is
(p; p1, p2; 0)-absolutely continuous factorizes as in (iii).

Proof. For the equivalence between (i) and (ii) it can be used the same argument based in
Ky Fan’s Lemma that proves Theorem 1 of [8]; for obtaining the right inequalities from the
ones given in (i), see also the proof of Theorem 3.4 of [27] that leads to the linear version
of our result. Notice that the assumptions of X being pi-convex and Y being p3-concave
(and so Y* is py-convex) is necessary for proving it. Also the requirements on the order
continuity and the Fatou property, that allows to assure that X* = Y’ Y* = Y” and
Y'=Y.

Let us prove (ii) = (iii). Clearly, the assumptions on 7" allows to extend the bilinear form

®(f,9) == (T(f),9) as
X(p) xY'(v) = (X, LP*(fop))o x (Y', LP?(gov))s — R.
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with a continuous bilinear form & : (X, LP* (fou))s % (Y, LP?(gov))s — R. Therefore we
can define the map Ty : (X, LP'(fop))s — (Y7, LP*(gov))o)* by (Ty(x),y') = d(x,y).
We have that i : Y/ — (Y, LP2(gov)),s, and so ¢’ : (Y, LP2(gov))% — (Y')*. Since Y’ is
order continuous, (Y')* = Y” and the Fatou property of Y gives Y’ =Y. Consequently,
the factorization is obtained for 7" := Tg. The converse implication is obvious. ([

Remark 5.7. More applications in this setting can be obtained regarding the positive
version of the absolutely (p, o)-continuous operators and their multilinear extensions. For
example, boundedness properties for the associated bilinear form of an operator as the ones
provided by the absolutely (p, o)-continuous operators for the integration map associated
to a vector measure provide information about the containment of an interpolated space
into the space of integrable functions with respect to m (see [7]). The same technique
that we have shown above should provide also the corresponding result for the multilinear
case.
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