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Abstract

In this letter, performance metrics of maximal ratio combiners (MRC) over
correlated Nakagami-m fading are calculated with both arbitrary fading
parameters and average powers. We derive the moment generating function
(MGF) of the sum of correlated gamma wvariables with arbitrary fading
parameters. Using the MGF-based approach, we obtain the wvariance of the
signal-to-noise ratio (SNR) at the output of the combiner, the outage probability,
the average symbol error rate for coherent multichannel reception, and the
diversity gain. The results for an exponentially decaying model of the fading

parameter are presented and discussed.
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[. INTRODUCTION

The Nakagami-m distribution [1] is a usual model to describe the envelope of
the received signal in cellular land mobile and indoor mobile radio systems due
to its versatility and accuracy in matching experimental data. Furthermore, this

distribution includes the classical Rayleigh model as a special case.

The distribution of the signal-to-noise ratio (SNR) at a maximal-ratio combiner
(MRC) output with correlated Nakagami-m fading can be expressed as the sum

of correlated gamma variables.

Previous works assumed that the fading parameters of each distribution were
identical [2]-[5]. Nevertheless, there are some examples of diversity systems, like
angle or polarization diversity, or the RAKE receivers, where the average power

and the fading parameter are not necessarily equal for each branch.

One step beyond, Win et al. [6] have developed an analytical framework to
study the performance of wireless systems using MRC with an arbitrary number
of branches considering coherent detection of the received signals, where SNRs
can be arbitrarily correlated, and the fading parameters and the average SNRs
of the branches are not necessarily equal. Nevertheless, the double of the fading
parameter of each branch signal was restricted to integer values.

Recently, Aalo et al. [7] obtained the probability density function (PDF) of the
SNR at the output of the combiner, the outage probability and the average
probability of error of MRC schemes in Nakagami-m channels. The fading
parameters and the average SNR at each input of the combiner were assumed
arbitrary. This work assumes total independence between fading signals at each
input of the combiner.

On the other hand, Gifford et al. [8] studied the MRC diversity performance in

the presence of non-ideal channel estimates.
In [9]-[11], the performance of hybrid selection/maximal-ratio combining
(HS/MRC) diversity system over Rayleigh and Nakagami-m channels was

analyzed.
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More recently, in [12], the average probability of error of a two-dimensional (2-
D) RAKE receiver over correlated Nakagami-m fading with spatial correlation

was obtained.

In this letter, the derivation of the moment generating function (MGF) of the
SNR at the output of a MRC in a correlated Nakagami-m fading is presented.
The fading parameters at each combiner input signal are arbitrary, not
necessarily integer. Using the MGF, the average symbol error probability
(ASEP) for several modulations, the probability of outage and the variance of

the SNR at the output of the combiner are evaluated.

II. MGF OF THE MULTIVARIATE GAMMA DISTRIBUTION WITH
ARBRITRARY FADING PARAMETERS

Let s, ..., sy be gamma variables calculated from
my my
o o 2 2
5 =8, T8, = Ty T T
k=1 I=my +1
my My
o o 2 2
8y = 8y, T 8y, = Ty + T
k=1 l=my+1
my '”L;}
o o 2 2
53 = 83, T 83, = ZG,k + T30 (1)
k=1 I=my+1

my

o o 2
Sy = Sng = E :TN,k

k=1

2 2 . . . .
where 7, , ..., ry, , 4, =L..,m,, n = 1,..., N are exponentially distributed

random variables that are mutually independent for i, =i, wv=1...,N with

2 2 . — . .
1, =y, = Qy, respectively, where - denotes expectation. The variables
my m,
. 2 . 2 . .
5,, = E Tk Sy = Z r., are subject to m; > my,2 ... 2 my,; 2 my, which are
k=1 I=my+1

integer values, and the correlation coefficient between r° and r° , u = 1,.., Nis

Dy q.u

given by

DRAFT 3" revision 11/07/2007 3



SUBMITTED TO IEEE TRANS. ON WIRELESS COMMUNICATIONS

1 P=q
2 2 2 2
ko o=4r -r — T (2)
pq p,u q.u DU qu I
5 p=4q
g 9 ° g 2
Tpu Ta.u

2 2 . 2 2
where o7, and o°, are the variances of r* and r

Pt )
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respectively.

Hence, s,,,s,,,---;Sy, follow gamma distributions whose PDF is given by

1 my—1 s
= x| — e =1,..,N 3
P ) = T o exp[ Q] A @
where
2
SmL = A’ mN = # : (4)
mN <8mL - Sna)Q

The MGF of the multivariate gamma distribution for s_,s,,,...,5y, Wwith

identical fading parameters can be evaluated from [13] as

—my

N
M51u~---~51v'u (tlw“‘?tNu) = H (1 - tmL ’ Qn)

1=1

=

~1 17"
1 1
1 e 1= ——| o k1
12 [ t?a : Q?] 1N [ tNa : QN]
1) R )
NCA 1 Ty |1
X tla ’ Ql tNa ’ QN
1) 1)
Sy |1— Jox |1 - 1
tla ’ Ql t?a ’ Q?
NxN
where ‘ is the determinant operator.
From (1), s,$,,...,5y are gamma variables with parameters
_  Q 57
Sn = - ’ mn = % . (6)
m"" <Sn - Sn)
Using an elemental transformation of variables ¢, = 8—1,...,6N = S—N, the MGF
m, my

of €,...,ey can be constructed as
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The MGF given by (7) is consistent for my,..., my non-integer values in the

same way as the derivation of the characteristic function for the bivariate

gamma distribution of [1, (123)].

From (1) and applying the definition of (2), the correlation coefficient between

£, and €, can be written as

qu:kpq—'ma p,g=1L...N, p<q. (8)
P q

Obviously, the distribution of ¢,,...,&, , whose MGF is given by (7), is subject to

kpq:%<]" p’q:l’___’N’ p<q (9)
N

For N = 2, the MGF of ¢,¢, is given by

m my 1 1
ME, ,E9 (t 7t ) = [ﬂ] [&] My Ty — 1My
15 by Q Q, (1—,012 /m%%) [ml—tl}
Ql
1 , (10)

My

m
ml t m2 t mlm2p12 %TlQ

A ) T 2

Q (1 - pm/m%nQ) Q, (1 — Piy/ %2) 0, (1 — Prs /m%%)

which corresponds to the characteristic function of the bivariate gamma
distribution with arbitrary fading parameters given in [14, (4)], substituting
Q%@I ,Q%Q for the average powers of the marginal distributions and -t,, -t, for
the variables of the characteristic function, respectively. This equation is subject

to m; > m,.
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Nevertheless, in urban wireless environments, the fading parameters typically
oscillate in the range from 1 to 2.5 [15]. Therefore, we could use the MGF given

by (7) to achieve high correlation coefficients, p,,, in such scenarios.

Hence, the MGF' of the sum of correlated gamma variates with arbitrary fading

parameters, € =€, +... + £, can be written as

M@E)=M., (L =t...ty =1), (11)

where M. _ (t,...,1y) is given by (7).

III. PERFORMANCE ANALYSIS OF MRC

For MRC and post-detection equal-gain combining (or square law combining as
it is also called [16, p. 298]), the conditional total SNR per symbol, 7, can be

calculated as

N
Y=V (12)
i=1

where v, =1’ ES/N0 (t=1,...,N); i is the diversity branch index; N is the
number of combined branches; r; is the #th branch fading amplitude; and F, /NO
is the symbol energy-to-Gaussian noise spectral density ratio. The instantenous
SNR at each input of the combiner ~,,...,7y are gamma distributed with average

SNR 7,,...,7y and fading parameters m,,...,m,. The correlation coefficient

between v, and 7, is g,, subject to condition (9).

Using the unified approach to evaluate the performance of diversity systems
over fading channels proposed by [17], we can obtain the ASEP for coherent
detection and the outage probability by using the MGF expressions for

correlated Nakagami-m fading with arbitrary shape parameters.

Note that the stability of the integrals used in the evaluation of the ASEP for
different modulation schemes given by [17, p. 316] is accomplished if all the

eigenvalues of the K matrix given by
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1 \/@ klN

are non-negative. This condition implies that K is positive definite.

NxN

Using the MGF of the SNR at the MRC, the variance of the SNR at the output

of the combiner can be easily calculated as

Var(y):;%+2ﬂgg—%l, (14)

i<l

with 75,,...,7, being the mean SNR at each branch of the combiner.

IV. NUMERICAL RESULTS

Numerical results for the ASEP and the probability of outage are given and

discussed in this section using the procedure presented above.

In the simulations, we have assumed an exponentially decaying model for the
average SNR at each input of the combiner given as

_('n—l)

Y, =7¢€¢ ¢, n=1.,N, (15)

and, also an exponential model for the fading parameters written as

(n—1)

m, =me ", n=1..,N. (16)

This model has been proposed for the power delay profile in an indoor mobile

channel [18], [19].

An exponential correlation model has been assumed in the simulations, where

ppq:p‘p_q‘ p’q:]"""N'

Therefore, the ASEP, the variance of the SNR at the output of the combiner,
and the outage probability over correlated Nakagami-m fading can be evaluated

using Q,,...,€, instead of 7,,...,7, in (11) and (7).
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Fig. 1 shows the effect of the correlation on the average bit error probability
with binary frequency shift keying (BFSK) modulation. We have used the
following parameters in this evaluation: m, = 2.3, 7 =6, 6 = 8, and N = 2, 4
branches. For instance, the diversity gain (defined as the difference between the
average SNR using a diversity technique and the average SNR without the
combining required for a specified ASEP) for 10° and N = 2 branches is: 5.8
dB and 4.4 dB for p equal to 0 and 0.6, respectively. Meanwhile, the diversity
gain for 10® and N = 4 branches is: 9.7 dB and 7.5 dB for p = 0 and 0.6,

respectively.

Finally, Fig. 2 shows the outage probability as a function of the average SNR of
the first contribution, 7,, divided by the SNR protection ratio, -, , for a high
number of branches N = 10. The effect of the unbalance of the average SNR at
each input of the combiner is analyzed in this figure. A higher performance
degradation is achieved for a lower decay factor & However, this effect is more

pronounced for a lower fading parameter of the first contribution m, (m, = 3.3).

V. CONCLUSIONS

An analytical expression for the MGF of the sum of Nakagami-m correlated
variables has been obtained for the analysis of performance metrics of a MRC.
From this MGF, we have evaluated the following: the average probability of
error and the ASEP for coherent modulations; the variance of the SNR at the
combiner output; and the outage probability. This letter also presents the effect
of the correlation on an exponential correlation model; the number of combiner
branches; and the decay factor in an exponentially decaying model for the
fading parameter. The effect of considering equal fading parameters can
introduce significant errors in the performance metrics. Additionally, the MGF
of the multivariate gamma distribution with arbitrary fading parameters and
correlation matrix derived in this letter can be used to evaluate performance
parameters in other combiner strategies such as the generalized selection

combining technique.
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Fig. 1. Average bit error probability versus average SNR of the first contribution for

a MRC using BFSK modulation over a correlated Nakagami-m channel in an

exponential correlation model. Parameters: m;, = 2.3, n = 6 and 6 = 8.
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Fig. 2. Outage probability versus average SNR of the first contribution divided by
the SNR protection ratio for a MRC over a correlated Nakagami-m channel in an

exponential correlation model. Parameters: N = 10, p = 0.25 and n = 10.
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