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FACTORIZATION OF STRONGLY (p,0)-CONTINUOUS MULTILINEAR
OPERATORS

D. ACHOUR, E. DAHIA, P. RUEDA AND E. A. SANCHEZ PEREZ *

ABSTRACT. We introduce the new ideal of strongly (p, o)-continuous linear operators in
order to study the adjoints of the (p, o)-absolutely continuous linear operators. Starting
from this ideal we build a new multi-ideal by using the composition method. We prove
the corresponding Pietsch domination theorem and we present a representation of this
multi-ideal by a tensor norm. A factorization theorem characterizing the corresponding
multi-ideal —which is also new for the linear case— is given. When applied to the case
of the Cohen strongly p-summing operators, this result gives also a new factorization
theorem.

1. INTRODUCTION

The interpolated operator ideal II, , of the (p, o)-absolutely continuous operators
—where 1 < p < oo and 0 < 0 < 1— was defined by Matter [18]. Essentially, it is defined
to be an intermediate operator ideal between the ideal II, of the absolutely p-summing
linear operators (see [12, 22]) and the ideal of all continuous operators (see [13]). In the
nineties, several papers describing and analyzing the properties and applications of this
interpolated class appeared. They were mainly devoted to the study of the factorization
properties and the trace duality for these operators, finding in particular the class of tensor
norms that represent these operator ideals (see [16, 17, 29]). It must be said that, due
to the interpolative procedure that was used for defining them, (p, o)-absolutely continu-
ous operators preserve some of the characteristic properties of the absolutely p-summing
operators. However, the emergence of new classes whenever 0 < ¢ < 1, different from
absolutely p-summing operators, yields that the theory of p-summing operators cannot be
applied. Therefore, these new classes are a useful tool to deal with summability properties
of operators weaker than absolutely p-summability (see for instance [17, 29, 30]).

On the other hand, the ideal of strongly p-summing operators was introduced by Cohen
in [9] to study the space of operators whose adjoint maps are absolutely p*-summing, with
the aim of analyzing the duality properties of this important operator ideal. Motivated
by the same objective, the concept of Cohen strongly summing multilinear operator was
introduced and studied by Achour and Mezrag in [4] (see also [19, 20]). Actually, in
the linear case it is a particular instance of the ideals of (g, v, p, o)-dominated operators
introduced in [16], for the case v = 1. In the same line, the present paper is basically
a detailed study of the ideal of the strongly (p,o)-continuous linear operators and the
composition multi-ideal generated by this ideal. We show the corresponding domination
theorem and we prove that the biadjoint of an (p, 0)-absolutely continuous linear operator
is also (p, o)-absolutely continuous. We analyze also the multilinear version of this notion
—the multi-ideal obtained by the composition method— and we show that it preserves
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the main properties of the linear case, namely, the Pietsch domination theorem, and the
characterization of the adjoint operators. Our main result is a factorization theorem for
the multilinear maps of our class, that is also new when ¢ = 0, i.e. in the case of the Cohen
strongly p-summing multilinear operators that was intensively studied in [4]. Moreover,
it must be mentioned that this factorization result is new even for the linear case. Our
main motivation is to show that the results that work for the case of the (multi)-ideals
of operators involving summability can be extended to the more general setting that is
constructed starting from the interpolation method introduced by Jarchow and Matter in
[13]. We explore in this way the fundamental aspects of the theory that can be abstracted
from the case of p-summing operators.

Our results are presented as follows. After this introductory section, in the second one
we recall some properties concerning Banach spaces and definitions regarding operator
ideals and multi-ideals, as well as tensor norms. The third section is devoted to study
the notion of strongly (p,o)-continuous linear operator. We present a characterization
given by a summability property and an integral domination. In Section 4 we construct
a new multi-ideal by the composition method starting from the ideal of strongly (p,o)-
continuous linear operators. We give an analogue of the Pietsch domination theorem and
we characterize the adjoint operators of strongly (p, o)-continuous m-linear operators. In
Section 5 we find the trace duality representation of the strongly (p, o)-continuous m-linear
operators by presenting a tensor norm g, , on X; ® --- ® X,, ® X that satisfies that the
topological dual of g, » on X; ® - - ® X, ® Y* is isometric to the space of strongly (p, o)-
continuous m-linear operators from X x - -- x X,;,, into Y. Finally, in Section 6 we present
the factorization theorem for the strongly (p, o)-continuous m-linear operators (Theorem
6.2). Two particular cases of this result are relevant and new: the linear case, that is given
in Theorem 6.4, and Theorem 6.5 which provides the factorization theorem for the Cohen
strongly p-summing operators.

2. PRELIMINARIES

We use standard Banach space notation. If X,Y are Banach spaces, we will denote
by B(X x Y) the Banach space of all continuous bilinear forms on X x Y under the

norm ||B]| = sup |B(x,y)|, where Bx and By are the closed unit balls of X and
(z,y)€Bx X By

Y, respectively. If 1 < p < co we write p* for the extended real number that satisfies

1/p+1/p* =1, and we denote by ¢} (X) the space of all sequences (x;)" in X with the

norm

1
[z ]|”) 7,

M=

= (3

and by £}, (X) the space of all sequences (z;)’

k3

n 1
z;)" = sup xi, o*)|P) P
H( ? 7,71Hp’w ”z*Hx*Sl(Z; < (3 ’ 9

where X* denotes the topological dual of X. We know (see [5, Theorem 2.1]) that
(e (X)) = £y (X™) isometrically i.e.,
S sl < 1}. )

i, =
=1
W= pu 186D = sup 67, (2)

Let (y;)!" , C Y. Then it is also known (see [21, Lemma 2.1]) that
EBy** i=1

3

in X with the norm

Il
—

(@), C X5 |||
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Fix (z;)"  in X. If 0 < o < 1, we define

opo (i) ) = sup (En: <|<$z’,x*>|1—0 H%HU)lf") v |

o €Bx+ \iTy
The following inequalities are easy to check.
1@l 2y < Fpo((@iy) < )i o 3)
For the extreme cases 0 = 1 and p = 0o, we define also for all0 <7 <l and 1 <7 <o

O ((xi)iz1) = door ((@i)iZe) = sup [l = [[(zi)im [l -
1<i<

If 11 is a regular Borel probability measure on Bx+ (with the weak star topology) and
p = o0 or 0 = 1, the expression

1—0o

(AJWﬂW”MW&@)p

must be understood as ||z .

Let (II,,m,) be the ideal of p-absolutely summing operators for 1 < p < oco. The
following definition is due to Matter [18] (see also [13]).

Definition 2.1. Let 0 < 0 < 1 and X,Y be Banach spaces. We say that T € L(X,Y)
is a (p,o)-absolutely continuous operator if there exist a Banach space G and an operator
S e II,(X, G) such that

IT| < ll]|7|Sz)"™7, =€ X. (4)

In such case, we put 7, »(7) = inf 7,(S)1 79, taking the infimum over all Banach spaces G
and S € II,(X, G) such that (4) holds.

We denote by (IL, ,, 7 ») the Banach ideal of (p, o)-absolutely continuous linear oper-
ators [18]. Clearly, II, o coincides with the ideal II,. We put also Il , = II,; = £ for
0<o<1land1<p< oo (see [28]). The following characterization holds.

Theorem 2.2. [18] Let 1 < p < oo and 0 < o < 1. For an operator T € L(X,Y) the
following statements are equivalent.

(i) T ell,, (X,Y).

(ii) There are a constant C > 0 and a regular Borel probability measure pn on Bx~ (with
the weak star topology) such that

|wmnsc<é MafWﬂwmwaMpr, reX. (5)
L mn X,
ITza) 2 || o < Cdpo((a)L,)- (6)

—o

(ii) There is a constant C' > 0 such that for every finite sequence (x;)""

In addition, m,+(T) is the smallest number C for which (ii) and (iii) holds.

The ideal II, , is a particular case of the family D, , ,, of operator ideals introduced
in [16], which generalizes the classical ideal Dy ), of (¢, p) -dominated operators [23]. They
are defined as follows. Let 1 < r,p,q < oo and 0 < o, v < 1 such that

1 l—0o 1—v

+— 4+ =1.
P q
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Definition 2.3. An operator T' € L(X,Y) is said to be (q,v,p,o)-dominated if there exist
Banach spaces G, H, operators R € I1,(X,G), S € I« (Y*, H) and a constant C' > 0 such
that
(T, y")| < Cllz)|” | Rz g™ 17 ISy* 17 zeX, y eY™ (7)
In such case, we put
o (T) = inf {Cmg(R)' "7y (S) 77},
taking the infimum over all C' > 0, R € II,(X,G) and S € II«(Y*, H) such that (7) holds.

We denote by (Dygupo:dqp) the Banach ideal of (g,v,p, o) -dominated linear operators.
The following result is a characterization of this ideal (see [16, Theorem 2.4]).

Theorem 2.4. Let 1 < r,p,q < oo and 0 < o,v < 1 such that % + 1[;" + ITTV = 1. The
following assertions are equivalent.

(i) T € Dy ppo(X,Y)

(ii) There ezist a constant C' > 0 and regular probability measures p and T on Bx+ and
By« respectively, such that for every x € X and y* € Y*, the following inequality holds

1—0c

(fsy**(Hy*,y**)Il"Ily*H")fidr> "
(8)

(iii) There exist a constant C' > 0 such that for every (x;);_; C X and (y})i_, C Y™ the
following inequality holds

(T i, y7))iz [l < OO (i)}, )0po ((97))2,)- 9)

Moreover, dgp(T) = inf C, where the infimum is taken over all constants C' either in (ii)
or in (iii).

1—v

[T,y < € (fp. (a,a?) ' 2] ™ dp) *

The family of tensor norms associated to these operator ideals were defined in [16].
They generalize the tensor norms oy, of Lapresté (see [11, p.150]).

Definition 2.5. Let X,Y be Banach spaces and let 1 < p,r < 00,0 < o < 1 such that
%—i— =9 — 1. The tensor norm Opo in X QY is defined by

Ipo(z) =inf |[(@)" || Speo ()1 ,)

where the infimum is taken over all representations of the simple tensor z of the form

n
z=)Y z;Qy; with z; € X,y; €Y,i=1,...,n and n € N.
i=1

Remark 2.6. The definition of the tensor norms g,, by means of an infimum over all
finite representations of the tensor makes clear that they are finitely generated. This is
relevant in order to apply Theorem 2.8 below.

The following proposition can be found in [16].
Proposition 2.7. Let X,Y be Banach spaces and let 1 < p,r < 00,0 < 0 < 1 such
that % + 1;—*” = 1. An operator T € L(X,Y™) defines a bounded linear functional on
X@QWY if and only if T is (p*, o)-absolutely continuous. Furthermore, the norm of T in
(X@QP’UY)* coincides with m 5 (T').

We recall that every bounded bilinear form on X x Y has an extension to a bounded
bilinear form Bf on X** x Y** with the same norm. If B € B(X x Y) is defined by the
operator T': X — Y* by B(xz,y) := (y,Tx), x € X, y € Y, we may define

Bﬁ<$**,y**) — <T*y**,$**>, .Z'** c X**, y** e YR
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Theorem 2.8. [27, Theorem 6.5] Let a be a (finitely generated) tensor norm, let X,Y be
Banach spaces and let B € (X@aY)*. Then the canonical extension of B is a bounded
linear functional on X*®4Y** with the same norm as B.

Let us recall now the definition of Cohen of strongly p-summing linear operators (see
[9])-

Definition 2.9. An operator T between two Banach spaces X,Y is strongly p-summing
for 1 < p < oo if there is a positive constant C such that for alln € N, z1,...,z, € X
and yi,...,y; € Y* we have

1T (i), 97 )izl < Ol @a)ially 1)zl o, (10)

The space Dp(X,Y) of all strongly p-summing linear operators from X into Y which is a
Banach space with the norm

dy(T) :=inf {C > 0: C verifying the inequality (10)}, T € D,p(X,Y).

The multilinear version of the strongly p-summing linear operators has been recently in-
troduced and studied (see [4]). In [19, 20], inclusions between the class of Cohen strongly
summing multilinear operators and other classes of operators were systematically ana-
lyzed. A related concept and a new generalizations of the concept of Cohen strongly
summing multilinear operators have also been recently studied in [8, 7, 2, 3]). For more
details concerning the nonlinear theory of summing operators and recent developments
and applications we refer to [1, 10].

Let m € N and X;,..., X,,,Y be Banach spaces over K (real or complex scalars fields).
We denote by L£(X1,...,X;Y) the Banach space of all continuous m-linear mappings
from X1 X -+ x X, to Y, under the norm |T|| = sup ||T'(z',...,2™)||. IfY =K, we

.’L'jeij
write £ (X1,...,X,,). In the case X7 =--- = X,,, = X, we will simply write £ (™X;Y).

By X1®x - @7 X, we denote the completed projective tensor product of X7, ..., Xn.
The projective norm is defined by

n m n
m(v) = inf ZH‘J;{ ,nEN,U:inl@--'@xT
i=1j=1 i=1
If X1 ==X, =X we write @WmX . For the general theory of tensor products we

refer to [11, 27].

Given T € L(X1,...,X;Y), consider its linearization Ty, : X1®y - - - @7 X, — Y, given
by Tp(zt ® - ®@a2™) =T (xl, .. ,xm) and extended by linearity, for all (x!,... 2™) €
X1 X -+ X Xy It is well known that || Tg|| = || T (see [15]).

We denote by L¢(X1,...,Xm;Y), the space of all m-linear mappings of finite type,
which is generated by the mappings of the special form

@@,y (2. 2m) ot (2t al, (@™ y
for some non-zero x; € X7 (1 <j < m) and y € Y.

The following notion of ideal of multilinear mappings (multi-ideals) goes back to Pietsch

[24].

Definition 2.10. An ideal of multilinear mappings (or multi-ideal) is a subclass M of
all continuous multilinear mappings between Banach spaces such that for all m € N and
Banach spaces X1,..., X, and Y, the components

M(X1, .o, Xy V) = L(Xy,.. ., X Y) N M
satisfy:
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(i) M(X1,...,Xm;Y) is a linear subspace of L(X1,...,Xm;Y) which contains the m-
linear mappings of finite type.
(ii) The ideal property: If T € M(G1,...,Gn; F), uj € L(X;;G4) for j=1,...,m and
v € L(F;Y), then voT o (ug,...,upy) is in M(Xq,..., Xn;Y).

If | lpg s M — RY satisfies
(i) (M(X1, ..., Xm;Y), ||l pg) s a normed ( Banach) space for all Banach spaces X1, ..., Xp
and Y and all m,

(ii”) HTm (K™ - K.1m™ (xl,...,xm) :xl---a:mHM =1 for all m,
(") If T € M(G1,...,Gn; F), uj € L(X;;G;) for j=1,....,m and v € L(F,Y), then
[voT o (ur,...,um)llpg < NI g lluall - - flumll

then (M, ||.||r() is called a normed (Banach) multi-ideal.

In [24], Pietsch introduced a technique to generate ideals of multilinear mappings start-
ing from an operator ideal Z. Let us recall a particular case of this procedure that produces
what are called composition ideals (see [6]).

Definition 2.11. (Composition Ideals). Let Z be an operator ideal. An m-linear map-
ping T € L(X1,...,Xmn;Y) belongs to T o L if there are a Banach space G, an m-linear
mapping R € L(X1,...,Xm;G) and an operator u € Z(G;Y) such that T = uo R. In
this case we write T € Zo L(X1,..., Xm;Y).

If T is a normed operator ideal and T € Zo L(X1,...,X:m;Y) we define

|T||zop == nf {|Jul| |R]| : T =uoR,Re L(X1,...,Xm;G),ucZ(G;Y)}.

In [6] it is proved that, if (Z,|.||;) is a Banach operator ideal then (Zo L, |.|1,.) is a
Banach multi-ideal.

Theorem 2.12. [6, Proposition 3.2] Let Z be an operator ideal. The following are equiv-
alent for T € L(X1,...,Xm;Y).

(al) T€ZoL(Xy,...,Xm;Y).

(a2) Ty, € T (X1®r - @rXin3Y) .

3. STRONGLY (p,0)-CONTINUOUS LINEAR OPERATORS

This section is devoted to analyze the linear ideal of strongly (p, o)-continuous operators.
This ideal can be obtained as a particular class of (¢, v, p, 0)-dominated operators, for v = 1
(see Definition 2.3).

Definition 3.1. Let 1 < p,r < oo and 0 < ¢ < 1, such that %—i— 1}7—7*0 = 1. A mapping

T € L(X,Y) is strongly (p,o)-continuous if there are Banach spaces H, an operator
S eIl«(Y*, H) and a constant C > 0 such that for all x € X and y* € Y* we have

(T(),y*)] < Cllz] "l 1S (oI (11)
The class of all strongly (p,o)-continuous linear operators from X into Y is denoted by
Dy (X,Y) and by dg(T') the strongly (p, o)-continuous norm which is defined by

d3(T) = inf {Cmp-(S)' 77}
where the infimum is taken over all C' > 0 and S € IL,-(Y™*, H) such that the inequality
(11) holds.
We can use Theorem 2.4 in order to obtain the subsequent characterization of strongly
(p, o)-continuous linear operators in terms of a summability property and an integral dom-
ination. This is a particular case of the general characterization of (g, v, p, o)-dominated

operators (see [16]); the equivalence with (i) is new. We write the proof for the aim of
completeness.
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Theorem 3.2. Let1 < p,r < oo and0 <o <1, such that %—klp%" =1.ForT € L(X,Y),
the following statements are equivalent.

(i) T € Dy(X,Y).

(ii) There exist a constant C' > 0 and regular Borel probability measure p on By« , such
that for every x € X and y* € Y* the following inequality holds

—a
E3

(@), 57| < C ] ( [ Hy*u“)fldu) ’

(iii) There exist a constant C' > 0 such that for every (x;);_; C X and (y]);_, C Y™ the
following inequality holds

1T (), )il < C @), ], pre ((w)1,).
(iv) There exist a constant C > 0 such that for every (x;);_, C X and (y});_, C Y™ the
following inequality holds

1T (), )izl e < Ol (@) lloo Spro ((97)1Z,)-

Moreover, dJ(T) = inf C, where the infimum is taken over all constants C' either in (ii)
or (iii) or in (iv).

Proof. The equivalence (i)<=>(ii) and the implication (iv)=(i) is given by Theorem 2.4
(ii)==(iii) Let (x;);"; C X and (y;);_; C Y*. An application of Hélder’s inequality reveals
that .

(G .

) -0 *||O i p*
< 05l (Foy. 001 W)

N

1—0o
E3

IN

Nl (35 foy. (0700 117

1—0o

1— s p*
CH 1”5 1= 1” <fBY** ‘ yl7 >‘ a Hy;kHO') 1—0'd1u)

< Cll@)izall, 0o ((47),)-
(iii)==(iv) For (z;);—; C X and (y;);_; C Y we have

1

(Z o HT*(yE‘)H’"*> T

™ | T @)y
On the other hand, by the equality (1) we have
D (T () =)

T (i izi - = sup{
i=1

Thus, for all (z;)""  C X we obtain

1T (), w7 )izl

IN

IN

n

: (Zi>?:1 c X,

G, < 1} -

< il|<yz, T(2))]
< CllG) |, dpeo (()T)-

By taking the supremum over the unit ball in £'(X) we obtain

T (Wi))izalle < Copro((97)1,)-

ST (7). 24)

=1
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Therefore
1T (i), i )izl < Cll@i)im lloo Fpo (97),)-
O
Note that if we take o = 0, we obtain Dg =D,.
Remark 3.3. According to [16, Definition 2.2] and [30, Definition 2.2.2] we obtain
DY = (I o)™ = {T € L(X,Y) : T* € e ,(Y*, X*)} (12)
thus (Dy, d7) is a Banach operator ideal (see [23, Section 4.4]).

Corollary 3.4. Consider 1 < p,q < oo such that p < q. Then,
Dy (X,Y) C Dy (X,Y)

Proof. 1t is immediate by Theorem 3.2(ii) or by Dy = (I 5 )™ and the inclusion theorem
for the class II,, , (see [18, Proposition 3.3]). O

Remark 3.5. If Y is a reflexive Banach space, then every strongly (p,o)-continuous
linear operator T : X — Y is compact. Certainly, since T* : Y* — X* is (p*,0)-
absolutely continuous, we can conclude from the factorization theorem for the class 1L+ »
[10, Theorem 3.5] and [10, Proposition 5.1] that 7% is compact, since it is completely
continuous. Consequently, T is compact.

We can establish the following comparison between the classes of strongly (p, o)-continuous
linear operators and strongly p-summing linear operators.

Proposition 3.6. Letp > 1,0 <o < 1. Then,
Dy(X,Y) C Dg(X, Y).

Moreover we have

dy(T) < dp(T) for all T € Dy(X,Y).

Proof. Let T € D,(X,Y). Then its adjoint T* : Y* — X* is (p*, o)-absolutely continuous
and mp« »(T%) < dp(T') (see [9, Theorem 2.2.2] and [18, Proposition 4.2]) and the result is
obtained by (12). O

In what follows we prove more general results, also with the aim of proving that strongly
p-summing and strongly (p, o)-continuous linear operators are in fact different classes (Ex-
ample 3.9). We will show first that in fact the strongly (p,o)-continuous linear operators
are the adjoints of (p,o)-absolutely continuous linear operators. For the proof of this
result we will use the following proposition.

Proposition 3.7. If T'€ L(X,Y). Then T is (p,o)-absolutely continuous if and only if
its second adjoint, T** € L(X**,Y**), is (p,0)-absolutely continuous. In this case

Tp.o(T) = mp,o (T™).

Proof. The map T** extends 7. By the ideal property and by the injectivity of II, .,
(see [18, 16]) if T** : X** — Y™** is (p,0)-absolutely continuous so is T, with 7 ,(T") <
.o (T7).

Suppose conversely that 7' € II, , (X,Y). By the ideal property of the (p,o)-absolutely
continuous linear operators, II, , (X,Y) may be embedded in II, , (X,Y**). Then by
Proposition 2.7 we can write

*

Mo (X,Y) C Iy (X, V™) = (X éogp*,(,Y*)
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Thus we may consider T as an element of <X®gp*,aY*> . By Theorem 2.8 T** is the

canonical extension of T to a bounded linear functional on X **®gp*,aY***’ and the result
follows from Proposition 2.7. U

Corollary 3.8. Let 1 <p < oo and 0 <o < 1. Let T € L(X,Y) and T* € L(Y*, X™)
its adjoint. Then T is (p,o)-absolutely continuous if and only if T* is strongly (p*,o)-
continuous.

We show in the next example that in general D), # Dy .

Example 3.9. Let p > 1and 0 < o < 1 such that p* < {£-. Let T € E(Ep*,ﬂlp ) defined

1 —0
by T(e;) = (3)ve;, where (;)3°, s the unit vector canonical basis of £y-. The adjoint
operator of T is strongly (p*,o)-continuous but it is not strongly p*-summing. In order
to see this, note that by [16, Ex. 1.9] we have T' € Il o ({p+, £ »_) and T' ¢ II,, (Ep*,ﬁ%).
Then by [9, Theorem 2.2.2] and Corollary 3.8 we get the result.

4. THE MULTI-IDEAL OF STRONGLY (p, 0)-CONTINUOUS MULTILINEAR OPERATORS

In this section we extend to multilinear mappings the concept of strongly (p, o)-continuous
linear operators, for which the resulting vector space D"’ of the strongly (p, o)-continuous
multilinear operators is a normed (Banach) multi-ideal. We also show the Pietsch’s dom-
ination theorem for such operators. We prove that D"’ is generated by the composition
method from the operator ideal Dj.

Let m € Nand let X, Xq,...,X,,,Y be Banach spaces. Let 1 <p,r<oocand 0 <o <1
such that % + 1;7[’ =1

Definition 4.1. An m-linear mapping T : X1 x --- x X — Y is strongly (p,o)-
continuous if there is a constant C' > 0 such that for any z],...,27 € X;, (1 < j <m)
and any yy,...,y, € Y™, we have

B
T

Opo (47 )iz1) (13)

J
T

14T @) )l < o (ST

i=1j=1

for all choices of n € N.

The collection of all strongly (p, o)-continuous m-linear maps X x - - - x X;;, — Y will be
denoted D" (X1, ..., X;m; Y), that is readily seen to be a subspace of £(X71,..., X;Y).
The least C' for which (13) holds will be written ||.HD;n,a . This is a norm for the space

Dy (X1,..., Xm;Y). It is easy to check that if T € Dy (X1, ..., X;n;Y), then
T < [T -

D,"? is a Banach multi-ideal with the norm -l -

For o = 0, we have Dy (X1,..., X1 Y) = Dy (X1,..., Xpm; Y), the space of Cohen
strongly p-summing m-linear operators (see [4]). The next result provides a characteriza-
tion of this class by means of an inequality.

Proposition 4.2. Let 1 < p,r < o0 0 < ¢ < 1 such that % + 1};‘7 = 1. The mapping
T e L(X1,...,Xm;Y) is strongly (p, o)-continuous if and only if

1T o) )l < CTT i, Aot (14)
j=1
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wheneverm{,...,x‘% €eX;,1<j<m)andyf,...,y, €Y*.

1
j | ()™
Proof. Indeed, starting from (14) we obtain (13) by replacing x] by sz The
reverse is immediate by Holder’s inequality. 1
This class satisfies a Pietsch’s domination theorem. For the proof we will use the full

general Pietsch’s domination theorem recently presented by Pellegrino et al in [25].

Theorem 4.3. An m-linear operator T € L (X1,...,Xm;Y) is strongly (p, o)-continuous
if and only if there is a constant C > 0 and a regular Borel probability measure p on
By s+« (with the weak star topology) so that for all (xl, . ,:Um) € X1 X -+ X Xy and for
all y* € Y*, the inequality

() ) < ST ([ Qe Il =an) ™ s
11

holds.

Proof. A strongly (p,o)-continuous m-linear operator 7' is Rj, Ra-S-abstract (r, 1pj ~)-
summing (see 25, Definition 4.4]) for the parameters

(t=2and k=m—1

Gi1=X,, and Gy =Y*

E]’:Xj andjzl,...,m—l

Kl = BXIX.”XX;;L and K2 = By**

H=L(X1,...,Xm;Y)

¢g=1,¢1 =7 and g2 = =

S(T,x, ... 2™ y*) = KTg(acl, ,xm) Ly !

Ri(p,zt,... .2™) = Hle . ||xm1||
\ R2(907$17 s ’xm—17y*) = |e(y")| - Hy*HJ )
Theorem 4.6 in [25] gives the result. O

An immediate consequence of Theorem 4.3 is the following corollary.
Corollary 4.4. Consider 1 <p,q<oo and 0 <o <1 such thatp <q. Then
Dy (X150, X3 V) C DY ( Xy, oo, Xy V).
Moreover we have HTHD;“’ < HTHD;W’ for all T € D7 (X1,...,Xm;Y).

We show in what follows that the multi-ideal generated by the composition method from
the operator ideal Dy coincide with the space of strongly (p, o)-continuous multilinear
operators.

Proposition 4.5. For1 <p,r < oo and0 <o <1 such that %+ 1};” =1. We have T is

strongly (p, o)-continuous m-linear operator if and only if its linearization Ty, is strongly
(p, o)-continuous linear operator. In this case ]|T||D;n,o =dy(TL).

Proof. 1t is clear that Ty, € DY (X1®x -+ ®xXp,Y) implies T € D" (X1,..., Xpm;Y)
and ||TH'D;R‘U < dg(TL)
Conversely, suppose that T' is an strongly (p,o)-continuous m-linear operator. Let v =

n
> le ® - € X1®x - @ Xy, such that v # 0 and y* € Y*. Then there is a regular
i=1

Borel probability measure g on By=, (with the weak star topology) such that
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n

(TL (v),y7)] < ;KT(UC%--JT),?J*M

Zn 8 J 1—0 o\ P 1;*U
< ~ HTH'D;HG Hl ‘ T <fo** (|(‘0(y*)‘ Hy*|| )1_0 dﬂ)
= j=
n m j o ; L 1[;(0
= HT”DgL,o (E . ‘Hl ‘ x; ) <fBY**(90(y*)’ = du)
1=17=

Taking the infimum over all representations of v we get

—a
%

T ) 7)< e n(0) ([ (ot 1) )

Y ox*
Therefore, by Theorem 3.2, T}, is strongly (p, o)-continuous linear operator and

1Tl e = d3(T).
O

As a consequence, we obtain the following corollary which is a straightforward conse-
quence of the preceding proposition and Theorem 2.12.

Corollary 4.6. The multi-ideal D"’ is generated by the composition method from the
operator ideal Dy, i.e.,

D (X1, Xoy V) =Dy o L(X1, ..., X3 V)
for all Banach spaces X1,...,X,, and Y.
The preceding corollary has more straightforward consequences.

Remark 4.7. Every strongly (p,o)-continuous m-linear operator with a reflexive range
is compact. Indeed, if T € D,"?(X1,...,Xm;Y), then there is a Banach space G, an
operator u € DJ(X;Y) and R € L(X1,...,X;n; X) such that T = u o R. Since every
strongly (p, o)-continuous linear operator with a reflexive range is compact (see Remark
3.5), T' is compact.

In [26] the adjoint of an m-linear operator is defined as follows. Let Xi,...,X,,,Y be
Banach spaces. If T' € L(X,..., X;n;Y), we define the adjoint of T by

T Y* = L(X1, ., Xm), ¥ o THy") t Xy X - X Xy — K
with
T*(y*)(h, ..., 2™) = y*(T(z!, ... 2™)).
It is easy to see that, if T € L(X1,...,X,;Y) and u € L(Y, Z) we have
(woT)* =T* ou*

A natural question is to study the connection between multilinear operators and their
adjoints for different classes of summability. In the next result, we characterize the class
of strongly (p, o)-continuous m-linear operators by using the adjoint operator in a similar
way as can be done in the linear case.

Theorem 4.8. Let 1 <p <00, 0< 0 <1, T € L(X1,...,X0n;Y) and T* its adjoint.
Then Tis strongly (p, o)-continuous if and only if T* is (p*, 0)-absolutely continuous. In
this case,

ITlpge = mpe o (T7).
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Proof. By (12) and Proposition 4.5 we have that T belongs to D" (X1, ..., X,;Y) if and
only if its linearization T}, is strongly (p,o)-continuous and this is equivalent to (17)* :
Y* — (X1(§>7T e @)WXm)* is (p*, o)-absolutely continuous. The result is obtained by the

fact that (X1®7r e ®7er)* is isometrically isomorphic to £(X1,..., Xm). O

Corollary 4.9. For a Banach space Y, the following assertions are equivalent.
(i) idy € D (Y;Y).
(i) Dp"7 (X1, s X3 Y) = L(X1, ..., Xm; Y) for all Banach spaces X1,..., X, and
Y.
(iii) Y s finite dimensional.

Proof. For the equivalence between (i) and (ii) apply Corollary 4.6 and [6, Proposition 3.5].

For the implication (ii) = (iii) we can define the multilinear map 7 : ¥ xR x --- xR = Y

given by T'(y,71,...,7n) = yry1---7n. Using the domination theorem for strongly (p,o)-
continuous multilinear operators, we obtain for all y* € Y™,

* 1-0c

ly* Il = [Hdy-(y")I| < C||y*\|o(/ [y y™)P dp) 7,

By**
and so
* - * k% * 1/p*
< ome ([ 1 )
By**
Therefore, by the Dvoretsky-Rogers Theorem Y™ is finite dimensional. To finish the proof
let us show (iii) = (i). If Y is finite dimensional, then Y* is too, and so (Idy)* = Idy~ €
Iy ». Therefore, by duality Idy € Dy (Y;Y). O

5. REPRESENTATION OF THE MULTI-IDEAL D"’ BY TENSOR NORMS

After the results of the previous sections, we are ready to introduce a tensor norm which
represents the multi-ideal Dy’ and to show that the strongly (p,o)-continuous m-linear
operators are a dual space of an (m + 1)-fold tensor product.

Let X1,...,X,,, X be Banach spaces. We define in X7 ® --- ® X, ® X the norm

b (@), (16)

gp.o(u) = inf Zn: ﬁ ‘ xz

i=1j=1

Where 1 < p,r < 00,0 < o < 1 such that %—I— 1];‘7 = 1 and the infimum is taken among all

n .
the representations of u as u = Y. 2} @ --- @ 27 @ @, with (2])?, C X;, (x)), C X,j =
i=1
1,...,m and n,m € N. Using the representations given in the proof of Proposition 4.2 we
obtain a new formula for the norm g, o,

oo ) = 0t [T @] yeol@iy) (17
j=1

Proposition 5.1. g, is a tensor norm of order m + 1 (in the sense of Floret-Hunfeld,
see [14]).

Proof. Using classical methods it can be shown that g, , is a normon X; ® ---® X;,, ® X
with the metric mapping property (see the proof of Proposition 4.1 and 4.2 in [10])
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n
Let ¢; € BX;"@/) € Bx*(j =1,... ,m) and let u = E $%®' RITIRT; € X1® - -0X, QX
i=1
It follows directly from Holder’s inequality and (3) we get

J
€T

gasl(a:}) - (@Y ()

1
n m T v n
< > 11 [(zi)izq |l e w
i=1j=1 =

J
T

i=1j=1

< (z i ) o ()y).

Then, if € is the injective norm, we have

S =

S 61 (h) < (3 (1) 2]

i=1

r
e(u) = sup Opro ((2i)i1)-
¢j GBX]{« WEB x+

Since is holds for every representation of u, consequently €(u) < gp o (u).
On the other hand we have

g<iﬁ

i=1j=1

1
n m j r v n
gpo(u) < > I || Op=o((%i)i=1)
i=1j=1
1 1—0o
nomo )7/ b\
< (z I [ ) (£ 1) ™
i=1j=1 i=1
m _— m 1o
()™ (LI o) ”
By replacing in the representation of u z] by ~*=* ] z] and z; by ~*=! T
a simple calculation gives Z
gpo(w) < ST |22 il
i=1j=1
Taking the infimum over all representations of u, we find gy »(u) < 7(u). O

As in the basic two-spaces tensor product case, it is clear by the definition that these
tensor norms are finitely generated. The main result of this section is the following

Theorem 5.2. Let Xq,...,X,,,Y be Banach spaces and let 1 < p,r < 00,0 < o < 1 such

that 1 + 11;0 = 1. The space (D" (X1,..., Xm;Y), ||.||D;1,0') is isometrically isomorphic

o (X1® - Xm®@Y*, gpo)”.

Proof. It is easy to see that the correspondence
v (D;n,a (Xb e ,Xm,Y) s HH'D;,”’U) — (Xl R ® Xm ® Y*>gp,o')*
defined by
\I/(T)(xl ®---@2"y") = <T(m1, . ,xm),y*> ,

for every T € (Dp"? (X1,..., Xm;Y), 29 € X; (j =1,...,m) and y* € Y*, is linear. It is
clearly also injective. It remains to show the surjectivity and that

||\II(T)||(X1®~~~®Xm®y*,gpyo.)* = HTHD;,”"’-
Take T € (Dp"? (X1,...,Xm;Y), and let

u=32l® @Oy EX1® @ Xn®Y",
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where ()P, C X;(j =1,...,m), (y;)", C Y*. We have

W(T) ()| =

n
ZI<T(~”U%7-.-,IET)7?J?>
1=

Sl

< HTHD;”"’ > 1T ||

i=1j=1

) Speo (Y-

Since it holds for every representation of u we get |¥(7")(u)| < ||THD;n,o Ip.o(u).
It follows that

”‘I’(T)||(X1®~~®Xm®Y*,gp,a)* < HT”DL”’“ )

In order to establish the reverse inequality, let ¢ € (X1 ® - ® X;, @ Y™, gp»)* define the
m-linear mapping 7' € L (X1,..., X\ Y) by

(T(z',...,2™),y") =¢(a' @ @a™ Q@ y").
Let (¢))", € X;(j =1,...,m) and (yf)iy CY* for A,..., Ay > 0 we can write
zi)\i <T(:vll,,:n;”),yl*>
— X Ao e v ey)

i=1;

n
< wugp,a(,ZlAix}@-'@xr@y:)
1=

A

1

) D (00).

By taking the supremum over all Ay,..., A\, > 0 with [[(A\;)iZ;]l,, < 1 and using the
equality (1) we get that T € Dp"7 (X1,...,X;m;Y) and

[Tl g < [l = 19(T)

VAN

J
T

< I IOl (z I

i=1j=1

”(X1®"'®Xm®y*vgp,v)* ’

6. THE FACTORIZATION THEOREM

Let X1,..., X, Y be Banach spaces, 1 < p,r < oo, 0 < ¢ < 1 such that %—F 11;‘7 =1
and a regular Borel probability measure 7 on By=««, (with the weak star topology). We
denote by e the isometric embedding Y* — C(By=+) given by e(y*) = (y*,-). For f €

1-0o

e(Y™) consider the seminorm |||, , = inf > || fxll7y (fo** | fel” dn) ", the infimum
k=1

n
computed over all decompositions of f as f = > fi in e(Y™). Following [10, Section 3.2],
k=1
let Ly, »(n) be the completion of the quotient normed space e(By~)/|| - H;},(O) of all classes
of functions as (y*,-) € e(By~) C C(By»), y* € Y*, with the quotient norm |||, ,. Let
us call J,, : e(Y*) — L, ,(n) the projection on the quotient. Although in [10, Section
3.2] the factorization is done through a subspace X, , of L, »(1), a quick look to the proof
shows that in fact X, , coincides with the whole space L, ,(n). For the sake of clarity,
notice that with this notation in the case o = 0 the space Ly o(n) do not coincide with
Ly(n) but with the subspace of L,(n) that allows the factorization theorem for p-summing
operators.
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Theorem 6.1. (See Theorem 3.5 in [10]). For every operator T : X — Y, the following
statements are equivalent.

(i) T is (p,o)-absolutely continuous.

(ii) There exist a reqular Borel probability measure n on Bx+ (with the weak star topology)

and an operator T € L(Ly»(n),Y) such that the following diagram commutes

T

|
<£> e L,J<Tn>

We define the m-linear mapping K : X1 X -+ X X, = L(X1,..., X;n)" by
K(zb, ..., 2™)(¢) :== ¢(z!,...,2™) for all ¢ € L(X1,...,X).

It is easy to see that K is continuous and || K || = 1. On the other hand, if T" € £(X1,..., Xn;Y)
and ky : Y — Y** is the natural embedding. Then the following diagram commutes

K

Xy x---x X, L(X1,...,Xm)"

Tl T**i
ky

Y Y**

ie., kyol =T*"o K.
Using Theorem 4.8 and [10, Theorem 3.5], we present the following factorization theorem
concerning the class of strongly (p, o)-continuous multilinear operators.

Theorem 6.2. For every multilinear operator T : X7 X --- X X;, — Y, the following
statements are equivalent.

(i) T is strongly (p, o)-continuous.

(ii) There exist a reqular Borel probability measure pi on By+~ and a continuous m-linear
mapping uy : X1 X -+ X Xy = (Lpr o(p))*  such that

k’yOTZG*OJ;*ng’LL*.

Proof. To simplify the notation, let us write £* instead of £(X1,..., Xmn)*

(1) = (¢i) Assume that T is strongly (p,o)-continuous. By Theorem 4.8 we have that
T Y* = L(X4,...,Xn) is (p*, 0)-absolutely continuous with \|T||D£n,a = mp o(T*). By
Theorem 6.1, there exist a regular Borel probability measure g on By« and a bounded
linear operator u such that the following diagram commutes,

y* T L(Xy,..., Xm)
L
e(Y*) Lp*,o(ﬂ)
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since Ly« o(p) is the closure of (J,« s 0 €)(Y*). By transposing the diagram above, we
obtain the following diagram, which commutes

Y
/ X
X K £* I Y**

X1 X X X
x l . J;*,o' T* .
(Lpo (1)) (e(Y™))
where u, is the m-linear mapping defined by
<u*(x1, 2™, I s oe(yt)) = (u'o Kz, ...,2™), Jp 50 e(y*))

= u(Jpgooe(y)) (zh ... a™)

for all y* € Y*, 27 € X;(j = 1,...,m). It is clear that u, is well-defined. On the other
hand we have

‘<u*(x1,...,xm),Jp*Joe(y*)H < u(Jp 0 0 e(y* HL HHQEJH

< Nl 10 0 )l g HHwﬂ'H-

We take the supremum over all J,« , 0 e(y*) with ||y, 0 e(y )HLW (n < 1in order to

m
a2, ™) < T lull]]27]].
j=1

Therefore, u, is continuous with norm < ||u||.

(41) = (i) Assume that ky oT = e*oJ. jou,. The natural inclusion/quotient map J+
is (p*, o)-absolutely continuous [10, Lemma 3.4]. Then J. , is strongly (p,o)-continuous
by Corollary 3.8. Consequently, the m-linear mapping is Jj , o us is strongly (p,o)-
continuous by Corollary 4.6 and so ky oT' € Dp"° (X7, ..., X;n; Y**) by the ideal property.

It remains to show that the mapping T is in D" (X1,..., X;,;Y). By Theorem 4.8 we
have

obtain

(ky oT)" = (e" o Jp yous)* =T oky € Ppr o (Y™, L(X1, ..., Xin)).
The fact that kj o ky+ = idy~ implies
T = (e" o Jp yous) o kys € Ppe o (Y, L(X1,..., Xin)).
Thus T' € D, (X1,..., Xpm; Y). O
A direct consequence of the previous theorem is the following

Corollary 6.3. A multilinear operator T : X1 x---xX,, =Y belongs to Dy’ (X1,..., Xm;Y)
if and only if T** € Dg(L(X1,...,Xm)* Y™).

For the case m = 1 we obtain the factorization theorem for the linear case, which as we
said in the Introduction is also new. Let us write it separately.

Theorem 6.4. For every linear operator T : X — Y, the following statements are
equivalent.
(i) T is strongly (p, o)-continuous.
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(ii) There exist a reqular Borel probability measure p on By=-and a continuous linear
mapping uy : X — (Lp= o(p))* such that

ky ol =e* o Jy. ;0 us.

Let us finish the paper by writing the factorization theorem for Cohen strongly p-
summing multilinear operators. The linear case (i.e. for m = 1) is also new. Putting
o = 0 in Theorem 6.2, we obtain the following

Theorem 6.5. For every multilinear operator T : X1 X --- X X,y — Y, the following
assertions are equivalent.

(i) T is Cohen strongly p-summing.

(ii) There exist a reqular Borel probability measure . on By, a subspace S of the Lebesgue
space Ly+(p) and a continuous m-linear mapping uy : Xq X -+ X X — S*  such that

kyOTZE*OJ;*OU*.
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