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EXTENDING AND FACTORIZING BOUNDED BILINEAR MAPS
DEFINED ON ORDER CONTINUOUS BANACH FUNCTION
SPACES

J.M. CALABUIG, M. FERNANDEZ UNZUETA, F. GALAZ-FONTES,
AND E.A. SANCHEZ-PEREZ

ABSTRACT. We consider the problem of extending or factorizing a bounded
bilinear map defined on a couple of order continuous Banach function spaces to
its optimal domain, i.e. the biggest couple of Banach function spaces to which
the bilinear map can be extended. As in the case of linear operators, we use
vector measure techniques to find this space, and we show that this procedure
cannot be always successfully used for bilinear maps. We also present some
applications to find optimal factorizations of linear operators between Banach

function spaces.

1. INTRODUCTION

Let X () be an order continuous Banach function space on the measure space
(Q, 3, 1), containing the set of all the characteristic functions. Take E to be a
Banach space, and consider a (linear and bounded) operator T : X () — E, with
associated vector measure my, that is, mp(A) := T(xa), A € 3. Then it is known
that it is possible to factorize the operator T through the space L' (mr) of integrable

functions with respect to my, i.e., the following diagram commutes

X(M)_ a -

PN Loy

L (mr)

Here, I,,,, is the integration operator and j is a natural operator that coincides with

the inclusion map ¢ in case any mp-null set has p-measure zero. In this case, T is
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called p-determined (see for instance [12, Ch.4], and [2] for non-u-determined oper-
ators). The space L!(m7r) that appears above is always optimal, in the sense that
it contains any order continuous p-Banach function space to which the operator T'
can be extended. This result —called the Optimal Domain Theorem for operators
on Banach function spaces— has been used in a series of papers as a tool for describ-
ing the optimal domain for relevant operators, mainly in harmonic analysis (see for
instance [4], 5], 8l [7, [12]).

Similar arguments have also been applied for obtaining the Optimal Domain
of an operator that satisfies a particular domination property; the requirement is
that the extension must also satisfy the same domination property. In this case,
the optimal domain is given by a Banach function subspace of L'(mr). Important
examples of such construction has been recently obtained in [Il 12] and [2].

In this paper we study such kind of factorization through spaces of integrable
functions in the case when we have a bounded bilinear map B : X () x Y (v) = Z
instead of a linear one. In other words, we are interested in finding a factorization

for B as

X(p) x Y (v) ® Z,

e "30

L'(my) x L' (my)

for suitable vector measures m; and mo and to analyze its optimality properties.
Our first step is to use vector measures with values in the Banach space L(Y, Z) of
all operators going from the Banach space Y to the Banach space Z. In order to
factorize B we introduce the bounded linear map Sg : X (p) — L(Y, Z) given by

Su(f)(y) = B(f,y), forall f € X(u) and y € Y.

As in the case of u-determined operators, the separation property
if Ae ¥ and u(A) > 0, then B(xc,y) #0, for some C € X,C C A,y €Y,

assures that any mg, -null set is p-null and so the factorization obtained is indeed
an extension. From the bounded linear map Sg : X(u) — L(Y,Z) we obtain
the space L!(mg, ), which provides the optimal extension of Sg. If B does not
have the property above, then the method we develop in Section 3 still gives a
factorization for B through the product space L'(mg, ) x Y (1) and, when B also
has the corresponding property , we obtain a factorization through a product
space of the form L!(m;)x L (ms). Theoremestablishes when this factorization
is optimal.

On the other hand, given y € Y we can also consider the bounded linear map
Spy X(p) = Z defined by

Szy(f) =B(f,y) = Ss(f)(y), for all f e X(u).
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As before we can factorize each operator Sz, through L'(mg, ). In Section
4 we relate the space of scalarly integrable functions L1 (mg,) with the spaces
L}, (ms, ), and the space L'(mg,) with the spaces L'(mg, ,), in order to give a
description of our main factorization space L'(ms, ). Finally, we show in Section 5
some applications, providing under some restrictions the optimal factorization of an
operator T between Banach function spaces by applying our results to the bilinear
form B(-,) := (T'(-),-). Namely, our results can give the conditions under which it

is possible to find a factorization diagram as

T
X(n) Y()
A
\ T,
PR —

that extends in the left hand side to the biggest space in a class of B.f.s. and

restricts the range to the smallest B.f.s. in other class of spaces.

2. NOTATION AND PRELIMINARIES

Given a Banach space E we denote by E’ its topological dual and by Bg its
closed unit ball. By P(A) we will represent the set of partitions 7 of A € ¥, where
7 has a finite number of disjoint measurable sets. If 1 < p < co then p’ € [1,00] is
given by 1/p+1/p' = 1.

Throughout this work (€2, ¥, 1) will always be a finite measure space. By L°(%)
we will denote the space of all measurable real functions defined on Q and by L°(1u)
the space of all equivalence classes of y-a.e. equal functions belonging to L°(X).
We will call p-normed function space to any normed space X (u) C L%(u) having a
lattice norm || - || x(,,) with respect to the p-a.e. natural order, that is, if f € L°(p),
g € X(p) and |f| < |g| p-a.e., then f € X (1) and || f||x(u) < |9l x(n)- Sometimes
we write X instead of X (u) when the measure is clear in the context. When X ()
is complete, we will say that X (u) is a u-Banach function space (u-B.f.s., for short).
By a Banach function subspace of X (u) we mean a p-B.f.s. continuously included
in X (p) (allowing different norms). A u-B.f.s. is order continuous if order bounded
increasing sequences are convergent in norm. A p-normed function space X (u) is
said to have the Fatou property, if for any sequence (f,), C X(u) and f € L°(u)
such that 0 < f, T f and (|| fullx(u))n is bounded, we have that f € X(u) and
| frllx ) TIflx (- Given two u-B.f.s. X (u) and Y () we will denote by M (X,Y)
the set of multipliers from X (u) into Y (i), that is, a function h € L°(u) belongs
to M(X,Y) if (and only if) hf € Y(u) for all f € X(u). Under the adequate
requirements, M (X,Y) is again a Banach function space on p when endowed with
the operator norm. The product X - Y of two Banach function spaces X (u) and
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Y (1) is defined as the pairwise pointwise product of functions in each space, that
is X-Y={heLX):h=Ffg, f€X(u), geY(u}

Let E be a Banach space and m : ¥ — E be a (countably additive) vector
measure. The semivariation of m over A € ¥ is defined by

Im[(A) = sup [(m,2')|(A4),

' €Bp
where |(m, z’)|(A) is the variation of the scalar measure given by
(m,x'Y(A) = (m(A),z"), for each A € 2.

A set A € ¥ is called m-null if ||m|/(A) = 0. A property which holds outside
an m-null set is said to hold m-almost everywhere (briefly, m-a.e.). A Rybakov
measure for m is a measure with the same null sets as m and that has the form
|<m,x’ >|, where 2/ € Bpr. It is well known that Rybakov measures always exist
(see [9] IX.2.2]). Finally, we define L°(m) := L°(n), where 7 is a Rybakov measure
for m.

Definition 2.1. A function f : Q — R is said to be integrable with respect to the

measure m if

(a) f is scalarly integrable with respect to m, that is, for each ' € E' we have
that f € L'({m,z')),
(b) for each A € X there exists x4 € E such that

(xa,2') = /Afd<m,:c'> for every 2’ € E'.

The vector x4 is unique and will be denoted by fA fdm. The space of the
classes with respect to equality m-a.e. of these functions is denoted by L'(m). The

expression

(21) £ = sup [ I51dl{m,a"), for cach f € L}(m),
@' €Bpy

defines a lattice norm on L*(m), and so L*(m) is an order continuous m-B.f.s. (that

is, it is an 7-B.f.s., where 7 is any Rybakov measure for the vector measure m; see

for instance [3]). The indefinite integral my : ¥ — E of a function f € L*(m) is

defined by

mf(A):/Afdm, Aek.

We will write I,,, : L*(m) — E for the integration map I, (f) := m(Q). For
each integrable function f, the Orlicz-Pettis Theorem ensures that my is again a

countably additive vector measure. An equivalent norm for L!(m) is given by

1l = sup H [ am| . forenct g < 22om),
Aex A

E
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which satisfies

(2.2) I Wl < N[ flle < 20 flls

(see [0, 1.1.11]). The space L. (m) is the space of the classes (with respect to
equality m-a.e.) of the scalarly integrable functions. The expression also
defines a norm in L} (m) and so we obtain again an m-B.f.s. with the Fatou
property. Clearly L'(m) is a subspace of Ll (m).

3. EXTENDING BOUNDED BILINEAR MAPS

Let X (1) be an order continuous p-B.f.s. and Y and Z be Banach spaces. We
start this section by considering the problem of extending a given bounded bilinear
map B : X () x Y — Z. In order to do this we introduce the bounded linear map
Sz @ X(u) — L(Y, Z) given by

(3.1) S5(f)(y) = B(f,y), for all f € X() and y € V.
We will also assume that B satisfies for every measurable set A
(3.2) if u(A) > 0, then B(xc,y) # 0 for some C € £,C C Aand y € Y.

This property assures that any mg,-null set is g-null (see Lemma [4.6)).
Applying the Optimal Domain Theorem for operators in Banach function spaces

we can extend Sg to the space L'(mg, ). Hence the following diagram commutes

Sz

X () LY.2) .
i N "'VI,,LSE
Ll(msﬁ)
We now define By : L(mg,) x Y — Z by
(33 Ba(f) = ([ fams,)w).

Proposition 3.1. i) The function Bq is a bilinear and bounded extension of B.

it) If W(p) is an order continuous p-B.f.s. such that X (u) C W(u), € : W(u) x
Y — Z is bilinear and bounded and C = B on X(u) x Y, then W(u) C L*(mg.,)
and By =C on W(pu) x Y.

Proof. i) Tt is clear that By is bilinear. Let f € L!(mg,) and y € By. Then
210l = ([ sams )| < | [ rams,
This shows that By is bounded.

ii) Let W(p) and C be as in the hypothesis and consider the associated bounded
linear operator Se : W — L(Y, Z). Since X (u) C W(u) and Se = Sg on X (u), by

S ‘

< Azt msy)-

z L(Y,Z)
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the Optimal Domain Theorem we have that W (u) C L'(ms,, ) and Img, = Se on
W. It follows that B; = € on W(u) x Y. O

In the above result we have fixed the second space, Y, and in doing so we were
able to apply the methods of the linear case. We now discuss the possibility of
varying X or Y. Hence we consider both X (x) and Y (1) to be order continuous
u-B.f.s. We consider the same measure u for both spaces for the aim of simplicity,
but the following construction also makes sense for a couple of Banach function
spaces X (u) and Y (v) on different measures. Take B : X (u) x Y(u) — Z to be
a bounded bilinear map having property and also the following symmetric
property; for each measurable set A,

(3.4) if u(A) > 0, then B(f,x¢) # 0 for some C € £,C C A and f € X.

Applying the method we have introduced to the bounded linear map T3 : X (u) —
L(Y(n), Z) given by T1(f) = B(f,-), we find a vector valued measure m; : ¥ —
L(Y (p), Z) such that the following diagram commutes,

T

(3.5) X(p) LY (n), 2) ,

7

RN .

Li(my)

where ¢ is an inclusion map. Next we consider the bounded bilinear map By :
LY(my) x Y(u) — Z as defined in .

We can also apply the procedure explained above by fixing the first space fac-
tor instead of the second one. So we factorize now the operator Tio : Y (u) —
L(LY(my), Z) given by Ti2(g9) = B1(-,g), obtaining a vector valued measure my :
¥ — L(L'(my), Z) for which the following diagram commutes,

T2

L(L'(m1), Z) ,

7

(3.6) Vi)

L' (1)

where 7 an inclusion map. Let us take now the bounded bilinear map B1s : L*(m1) x
L' (my) — Z given by B1a(f,g) = ([, 9dma2)(f). Hence we have that the following

diagram conmutes

(3.7)  X(w) xY(n) Z
T L Tl By
i N B, .

LY(my) X Y (p) oot ~ Ll (may) x L ().
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In a similar way we can find two vector valued measures mg : ¥ — L(X(u), Z)
and my : X — L(L'(my), Z) satisfying that the following diagram conmutes

(38)  X(m)xY(w) : z

Therefore, we obtain two “non symmetric” factorizations in a direct way. The
natural question that arises is: Is there an optimal factorization space?, if the answer
is positive, then the candidate is of course L!(m1) x L!(m3). The following result
shows that B can be extended bilinearly and continuously at most to the product

space L1(m1) x L'(msy), although this factorization does not hold in general.

Proposition 3.2. If )?(,u) and 57(/1) are order continuous Banach function spaces
such that:

o X(m)xY(w) S X(w) xY(n),
e there is a bounded bilinear map J: X (pu) X Y (u) — Z extending B,
then X (p) C€ L*(my) and Y () C L' (my).

Proof. We preserve the notation used aboved. Take S : X (u) — L(Y (1), Z) given

by S(f) =3(f,-). Take f € X(u) and g € Y (). Then

S()g) =I(f,9) =B(f,9) = TL(f)(9)-

Hence Ty is the restriction of S to X(u) and thus the optimality of L'(m;) in
diagram (3.5) gives X () € L'(my). In a similar way we obtain that ¥ (u) C
LI(MQ). O

Next, we show that it may not be possible to extend B to the cartesian product
Ll(ml) X Ll(mg).

Example 3.3. Let A be the Lebesgue measure on the interval [0,1] and consider
the order continuous A-B.f.s. X(\) = L?[0,1] and Y (A\) = L3[0,1] and the Banach
space Z = L'[0,1]. Consider the bounded bilinear map

By : L2[0,1] x L3[0,1] — L'[0,1], Bo(f,9) = fg.

Notice By has properties (3.2) and (3.4). Using that the space of multipliers
M(LP[0,1], L*[0,1]) equals L?'[0,1] for all 1 < p < oo (see for instance [12, Propo-
sitions 3.43, 3.66]), we have

L(my) = M(L?[0,1], L*[0,1]) = L*/?]0,1].
On the other hand
LY(ma) = M(L?[0,1], L'(0,1]) = L*[0, 1].
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Notice that the pointwise product L'(my) - L'(mg) gives L3/2[0,1] - L?[0,1] =
L%/7[0,1] and L'[0,1] € L5/7[0,1], we can find functions f € L'(m;) and g €
L*(mg) such that fg ¢ L'[0,1]. Thus By cannot be extended to L (m1) x L(msy).

In our next result we characterize when the bilinear map B can be extended to

the cartesian product L'(mq) x L'(ma).

Theorem 3.4. The following assertions are equivalent.

(1) The bilinear map B can be extended continuously and as a bilinear map J to
the cartesian product L*(m1) x L*(ms).

(2) The equalities L'(mq) = L*(my) and L*(msy) = L*(my) hold.

(8) The bounded bilinear maps Bi2 and Boy coincide.

Proof. Let us start by showing that (1) implies (2). We have established in
that B has a bilinear and continuous extension to L () x L' (ms). By Proposition
this implies that L!(m;) C L'(my).

We will show now that L'(msy) C L'(mg). Take the operator S : L*(mg) —
L(L*(my), Z) given by S(g) = I(-,g). For each g € Y () and A € ¥ we have that

T12(9)(xa) = B(xa,g) = S(g)(xa),

so Th2(g)(¢) = S(g)(¢) for all g € Y(u) and each simple function ¢. Hence the
density of the simple functions in L'(m;) gives that Ti2(g) = S(g) for all g €
Y (u). Therefore Ty is the restriction of S to Y (u) so the optimality of diagram
(3.6) provides that L(mgy) C L(ms). Proceeding in a similar way we prove that
LY(my) C LY (my) and L' (mso) C L*(my), which gives (2).

We continue by proving that (2) implies (3). Note that (2) implies that the
domains of B1s and Bo; coincide. On the other hand since for all A, C' € ¥ we have
that B1a(xa, xc) = B(xa, xc) = B21(xa, xc) then again the density of the simple
functions both in L!(m1) and L!(m2) together with the continuity of B give (3).
If we assume now (3) then just take J = By = Bo; and consider the scheme (3.7))

—or (3.8)— to obtain (1). O

4. THE SPACES &, (ms,) AND &(mg,)

In this section we provide a description of our main factorization space L!(mg., ).
Let us return to the beginning of Section 3 and consider an order continuous u-B.f.s.
X (u), Banach spaces Y and Z and a bounded bilinear map B : X (u) xY — Z with
property . Then, for the bounded linear map Su : X (u) — L(Y, Z) defined in
we obtained a factorization through the space L'(mg., ). We proceed in this
section in a different way. For each y € Y, we can also consider the bounded linear
map Sg, : X(u) = Z given by

Szy(f) =B(f,y) = Ss(f)(y), for all fe X(u).
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As in Section 3 we can factorize each operator Sz, through the space L'(mg,, )

as

S%,y
X(p) Z

CIEN o VVImS,Byy
L(ms,,,)

where [i] is the (continuous) inclusion/quotient map that identifies each function
in X(u) with it class of mg,  -a.e. equal functions. This map is not necessarily
injective; the reader can find more information on these operators in [I1]. In this
section we will relate the space L}, (msg,, ) with the spaces L}, (s, ,), and the space
L'(mg, ) with the spaces L'(mg, ). Our aim is to give a description of the space
L(mg, ) that was shown to be central in Section 3. Our first goal is to prove that

L}u(msg) = &w(ms, ), where
€w(msy) = {f € L(ms,) : f € LY (ms, ), forall y € Y}.

Recall that the separation property given in (3.4) is assumed for B. Let f €
L} (mg,) and y € Y. For each 2z’ € Z’' we can consider the bounded linear map

Hy. :L(Y,Z) =R, Hy . (T)=(T(y),?).
Clearly
(41) <m575,y’zl> = <msﬂwHy,2’>;

and if y € By and 2’ € By, then H, . € By (y,zy - Hence, for y € By we have

llss, = s [ 1Fldmss 0 = sup [ (fldlms, Byl < [fllns, < oo

z'€By z'€By

It follows that

(12) Li(ms,) € Ealms,) and sup [flms, , < |flns, Jor all £ € Li(ms, ).
yEBy ’

Motivated by (4.2)), we define
(4.3) [flle.msy) = sup [fllms, > f € Ewlmsy).
yE€By ’

In our next results we assume a requirement for the bilinear map that allows to
assure that the function (4.3)) takes real values and defines a norm on €,,(mg, ).

Definition 4.1. A map B : X(u) x Y — Z is said to be right order bounded if:

(a) X () is an order continuous u-B.f.s. and'Y and Z are Banach lattices,
(b) B is bilinear and bounded, and
(c) B(xa,y1) < Bl(xa,y2) for all A€ X and y; <y, €Y.
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Easy examples of right order bounded bilinear maps are the positive bilinear
maps between Banach lattices. Indeed, when X and Y are Banach lattices then
the cartesian product X x Y is also a Banach lattice with the norm ||(z,y)||xxy =
max(||z||x, lylly) and the order (z1,y1) < (z2,y2) if and only if 21 < zp and
y1 < y2. Take now a Banach lattice Z. A bilinear map B : X x Y — Z is said to
be positive if

0 < B(x1,y1) < B(xo,y2), forall 0 < (z1,y1) < (22,y2) € X X Y.

It is easy to check that since B is positive then

(4.4) Bz, y)| < B(|(x,y)]),

for all (z,y) € X xY. In the other hand it is well-known that positive linear maps
between Banach lattices are always bounded (see, for instance [I0]). A similar

argument allows us to prove that the same result is also true for bilinear maps.

Lemma 4.2. Let X,Y and Z be Banach lattices and let B : X XY — Z a positive
bilinear map. Then B is continuous.

Proof. Assume that B is not continuous. Then there exist (2., yn)n € X X Y and
6 > 0 satisfying that for all n € N

1
H(xnvyn)HXXY < 27 and H‘B(xnayn)”Z > J.

Note that the series ), i[(x;, y;)| is convergent in X x Y, since for all p € N one
has

p P P .
. . i
H E i|(zs, vi)| HXxY < E il (i, yi) | xxy < E 5
L i=n

Denote (a,b) = 37,5, il(2i,y:)] € X x Y. Since 0 < n|(25,yn)| < (a,b) and B is
positive, we have 0 < 3(n|(xn7yn)|) < B(a,b). Then, using 1|

Z 3 B(a,b) > fB(anmyn)D = n23(‘(xnayn)|) > nz‘B(xnayn)‘v
and so
1B(a,b)||z > 1n®||B(xn, yn)|| > n*3,

for all n € N. This produces a contradiction, so B is continuous. (|

Example 4.3. Let X(u) be an order continuous p-B.f.s. and let Y and Z be
Banach lattices. Then every positive bilinear map B : X (u) XY — Z is right order
bounded.

Example 4.4. Take X (u) and Y (u) two p-B.f.s. such that the pointwise product
X (u)-Y (1) is contained in L'(m) and consider the bilinear map B : X (u)x Y (u) —
LY(m), given by B(f,g) = fg, for all f € X(n) and g € Y (u). Then B is right
order bounded.
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Let us show that, as we said before, for a B in the class of right order bounded

bilinear maps, formula (4.3) defines a norm on &,,(msg, ).

Lemma 4.5. Let B be a right order bounded bilinear map. Then ||f||¢ )y < 00

w(m53
for every function f € €,(ms,,).

Proof. Take f € €,(msg,) and let us consider the function
AY X2 5000 A ) = [ [fldims, ).
Q

Since f € &,(mg,) then A is a well defined bilinear map that is separately
continuous so continuous. Recall that, in particular, this means that ||A| =
SUpycp, SUP.cp,, [A(Y,2’)| must be finite. On the other hand condition (3) in
the definition of right order bounded map gives that for all A € X,y € Y and
Zez

|<m52;,y,zl>|(A) = sup Z|<m5'3,yvzl>( = sup Z| X07 a |

TEP(A

Cen CE?T
< sup Y ([B(xesy)l ) < o Z (xes lyD) 1)
7‘-erp(‘A)CGTr CE‘n’

= (B(xa, y:[#']) = (ms,, 12/ |>(A)-

Therefore
£ leuinsy) = 52 [Flns,, = swp sup [ [fldl(ms, ,.2)
yEBy ’ ye yZEBZ/ Q
< s swp [ [fldms, 2D = swp sw Al |)
YEBy 2/€Bz1 JQ yEBy 2/€B
< A < oc.

Next, by simple calculations we obtain that, if ¢ is a simple function,

(4.5) I¢lms, = sup I¢lms, -
yEBy ’

Lemma 4.6. For each A € ¥ we have

sup [Imsgs ,[[(A) < [[ms,[I(A) <2 sup [[mg, ,[(A).
yEBy yE€By

Proof. For the first inequality just use (4.1). Indeed, for each y € By

Imsy JI(A) = sup  sup > [(ms, (C),2)]
z'€Byr meP(A) Cer

= sup sup Z (ms, (C 2
2'€Bgzr meP(A) Cen

[ms, [[(A).

IN
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To establish the other inequality we use (2.2]) and (4.5)) to find that

Ims, [[(A) = lIxallms, <2lxallms, = 2ysup Ixallms, , <2 sup [Ixallms, -

€By yEBy

O

Theorem 4.7. Let B be a right order bounded map. The function || - ||gw(mSB) is
a norm on the vector space €, (ms, ). With this norm €,(ms,) is a mg,-B.f.s.

with the Fatou property.

Proof. Since the remaining properties are clear, in order to see that the function
| lle,(ms,) defines a norm (with respect to [|ms,[l-a.e. equality), we will only
prove that [|f|le, (ms,) = 0 if and only if f =0, [|mg, [l-a.e. If f =0, [|ms, [-a.e.,
then by using Lemmawe have that ||f||gw(msB) = 0. For the reverse implication
take f € €, (ms,) with [|flle, (ms,) = 0 and let A = {w € Q: f(w) # 0}. Then
A € ¥ and mg,  (A) = 0, for each y € By. By Lemma this implies that
ma(A) = 0. Hence |f| =0, [|mg, ||l-a.c..

Since normed function spaces with the Fatou property are always complete, we
only need to establish that &, (ms, ) has this property. Take (fn)n C Ew(ms,)
and 0 # f € L°(2) such that 0 < f,, 1 |f| and | f,.| Ew(ms,) = K for all n € N. We
have to see that f € €, (ms,) and || fulle, (ms,) TI1f
Ly, (ms, ) has the Fatou property and [|fulle, (ms,) = suPyepy [fallms, , <k
then f € L;,(ms, ). Take now 0 < 7 < |[flle, (ms,)- Hence there is yo € By
such that 1 < £, < |fllewins, - Since [ fullme, 1 Flms, . we can find
N € N such that r < HfN”mSB,yo‘ Therefore

|8w(mSB)- Fix y € By . Since

1N llewms,) = up lfnllms, , = [nllms, , >7

It follows that || fulle, (msy) T 1 fllewmsy)- O

Corollary 4.8. Let B be a right order bounded map. The equality €,(ms,) =
L (msg,) holds, and

(4.6) [fllewms,) < I fllmsy, <20 lenmsy), f € Ewlmsy).

Proof. By it remains to prove that every function f € &, (mgs, ) belongs to
L} (mg,) and to establish the inequality that appears on the right hand side of
(4.6). Hence take f € €,(mg, ) and apply Theorem to obtain a sequence (¢p,),
of simple functions such that 0 < ¢, 1 [f| and [[¢nlle,, (ms,) T [Ifllew(ms,)- Using

now (2.2)) and (4.5) we obtain

@7 Nonlms, < 2lénllms, = stelg)Y lonlims, , < stelgy [fnllms,, ,

2H¢n‘|8w(ms,3) < 2||f||8w(ms,3)'

Since L, (ms,) has the Fatou property, then f € Ly, (ms,,) and [|¢n[lms, T | fllms, -
It follows now from (4.7) that [|f|lms, < 2[flle,(ms,)- O
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Although the description of L!(mg,, ) is given by &, (ms,, ) for the frequent cases
when L!(mg,, ) = Ll (mg, ) —for instance, when Z is a reflexive space, see Propo-

sition 3.38 in [I2]—, it seems natural to consider now the space
&(mg,) ={f € LO(E) :fe Ll(msgyy,), forally e Y} C &,(ms,),

and try to relate it with L!(mg, ). We start by proving the completeness of this

space endowed with the norm || - [[,, (ms,, )-

Proposition 4.9. Let B be a right order bounded map. Then (E(msy), [*lle.,, (ms,))

is an mg, -Banach function space.

Proof. We only have to prove the completeness. Therefore take (f,,)n, a Cauchy
sequence in €(mg, ). Then, by Corollary (fn)n is also a Cauchy sequence in
L} (mg,). The completeness of this space allow us to find a function f € L. (msg,,)
such that (f,,), converges to f in Ll (mg., ). Let us show that f € &(mg,, ). Indeed,
fix y € Y. By the definition of the norm [| - [l¢,, (ms,,
to f in Ly,(ms, ). But since (fn)n € L'(msg, ) and L'(msg, ) is closed in
Ly, (msg, ) then f € L'(mg, ). Therefore f € &(msg,). O

y the sequence (fy), converges

Let us discuss now the equality &(mg,, ) = L*(mg, ). First of all note that for
each y € By, since L!(mg,, ) is a Banach function space that contains (continuously)

X (u), then the optimality of the factorization

S5y

X - =7,

(4] "g\ - Imsgjyy

Ll(msx,y)

gives that [i](L! (ms,)) € L'(msg, ,) —where [i] is the inclusion/quotient map that
was explained in the Introduction, see [2| [1]— for all y € By . Therefore, always
under the assumption that B is a right order bounded map, taking into account that
&(mg, ) is an mg,-B.f.s. and so the equivalence classes of functions in L!(msg.,,)

and &(mg,) coincide, we obtain
(4.8) Ll(mS,B) C &(mgy).

The following simple characterization will be used to give an example where
Ll(msl,\) - E(mSB)

Proposition 4.10. Let B be a right order bounded map. The following assertions

are equivalent.

(a) 8(m53) = Ll(msﬁ);
(b) &(ms,) is order continuous.
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Proof. Clearly (a) implies (b). For the converse take f € &(mg,), f > 0,mg,-a.e.
and choose a sequence of simple function (¢,,), such that 0 < ¢,, T f. Since we
are assuming &(msg, ) is order continuous, it follows that ¢, — f in E(msg, ). By
Corollary this implies that (¢,), is a Cauchy sequence in L!(mg,, ). Hence, we
have that ¢,, — ¢ in L*(mg,, ), for some g € L*(mg,, ). It follows that f = g, mg,,-
a.e., and thus f € L'(mg, ). This implies that &(mg,) C L (mg.,, ). O

Example 4.11. Let 1 < p < oo and consider the positive (and in particular right

order bounded) bilinear map
Bl x P =P B(x,y) = xy.

Fiz y € fP. Hence, ms, ,(A) = yxa, for each A C N. Then it is well-known
(cf. 12, Corollary 3.66]) that

Ll(ms,g,y) ={z:zy e P}

Moreover, Hm||mSB L= lzyllee, for all x € Ll(msﬁyy).
On the other hand since M (¢P,¢P) = £>° (¢f. [12, Lemma 2.80]), one has

E(ms,) ={x:xy P, forally e P} = MUP (P) = (.
Moreover

Izlle,(ms,) = sup Zllms, = sup |lzyller = [[z]|e.
yELp ” YyEByp

Since E(mg,) = €°° is not order continuous, then Proposition together with
(@ gives that L' (mg,) C &(mg.,, ).

However, there are many cases where the equality €(msg, ) = L'(mg, ) holds, as

our next example shows.

Example 4.12. Let us consider a right order bounded map B : X(u) xY — Z,
where 0 < dim Y < co. We will show that &(ms,) = L'(msg., ).

Take a basis of Y, {y1,...,yn}. Given y € By then y = Z?Zl ajy;. Clearly
mss, = S My, nd [(ms )| < 0 4| [ms, £} for all ' € By
Therefore

(4.9) yselg)y Hf”mSBy sM- élaagxn “meS%’y" 7

where M = n-max{|a;| : 1 < j <n} < oco. Consider now f € E(mg, ). Hence there
is a sequence 0 < (fn)n C LO(X) such that 0 < f, 1T |f]. Since f € Ll(ms,&yj) for
all1<j<nand Ll(ms,B,yj) is order continuous then f, — |f| in Ll(msﬁwyi) for
each 1 < j < n. By using @ we conclude that fn, — |f] in E(ms,) and therefore
&(mgy) is order continuous. So Proposition gives the equality E(mg,) =
Ll(msﬂs)'
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5. APPLICATIONS: OPTIMAL FACTORIZATIONS FOR OPERATORS BETWEEN
BANACH FUNCTION SPACES

In this last section we apply the results presented in the previous ones to the
particular case of finding —if possible— the optimal factorization for an operator
between Banach function spaces. Let T : X(u) — Y (p) be an operator from an
order continuous space X (1) to a space Y (u). In the Introduction we explained
that in case T is u-determined, factorization through the space L!(mr) provides the
optimal extension, i.e. the extension of T' to the biggest order continuous Banach
function space. In [I1], the same kind of arguments have been used to obtain what
is called a factorization with an optimal range, i.e. finding a factorization for the

operator as

X(p)

Tort T -
where Z is the smallest B.f.s. in a certain class and 7 is an inclusion map.

In this setting, our results can give the conditions under which it is possible
to find what we call an optimal factorization for such an operator, i.e. to find a

factorization diagram as

X(p) — =Y ()
A
\ T,
R A

that extends in the left hand side to the biggest space in a class of B.f.s. and
restricts the range to the smallest B.f.s. in other class of spaces.

Assume that X (p) and (Y(u))’ are order continuous. Consider an operator
T : X(u) — Y(u) and define the bilinear map Br : X(p) x (Y(p)) — R by
Br(f,y') = (T(f),y), f e X, v € (Y(r))'. Take also the vector measures
mp(A) = T(xa) € Y(u) and mp(C) = T'(xc) € (X (1)), being T" the adjoint
map of T. The construction in Section 3 provides two factorizations for Br through
LY(my) x L*(my) and L'(my) x L'(ms), respectively. For the first one, in our case
it can be easily seen that my : ¥ — L((Y(n))',R) = (Y (n))” is given by mq(4) =
mr(A) = T(xa) € Y (1) C (V (1)), and (C) i= (I, ) (xc) € (L (mr)).

This provides, under the adequate separation assumption for the vector mea-

sures, the following factorization for T".

(V (1) —— = (X (1))’
A
ZV . 7
LM(fig) -
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For the second factorization of the bilinear form, notice that ms : ¥ — L(X (1), R) =
(X (u))" is given by m2(C) := T'(xc), and my : ¥ — L(L*(mp/),R) = (L*(mg))’
is defined by m1(A) := (I;m,.,)'(xa). This gives the diagram

X () = (Y ()"
A
i 1 :
Ll () o T > (L (mg))’

Notice that for each couple of measurable sets A and C,

(m1(A),xc) = (T(xa), xc) = (xa,T"(xc)) = (xa; (Ims) (xc)) = (xa,M2(C))

and also

(m1(A), xc) = (xa, T'(xc)) = (T(xa), xc) = (xa,ma(C)),

where the duality is computed in the corresponding spaces. These equalities give
in fact a rule for computing m, and meo, which together with the factorizations
given above provides two canonical factorization schemes for T'. Notice also that,
after Theorem the equivalent conditions given by the possibility of extending
Br to LY(mr) x LY(myg), the coincidence of the spaces L!'(my) = L'(mq) and
L'(my) = L'(m3), and the coincidence of B1y and Bsy, implies the factorization of
T as

that holds when T is an isomorphism.
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