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Abstract

Centro-invertible matrices were introduced by R.S. Wikramaratna in 2008. From
an involutory matrix, we introduce generalized centro-invertible matrices and ap-
ply them to the modular arithmetic case. Specifically, algorithms for image blur-
ring/deblurring are designed by means of generalized centro-invertible matrices. In
addition, we establish that every pair of sets of generalized centro-invertible matrices
corresponding to two fixed involutory matrices have the same number of elements.

Keyword: Involutory matrix, centro-invertible matrix, centro-symmetric matrix.

1 Introduction

An involutory matrix is a matrix that is equal to its inverse. This type of matrices appears
in a wide range of different topics such as: computing elementary matrices, signature matri-
ces, orthogonal matrices which are also symmetric, reflections against a plane, classification
of finite simple groups, taking the transpose in a matrix ring, etc.

The use of an involutory matrix for encrypting was suggested by Hill [3], using the
same matrix for encrypting and decrypting avoiding the computation of an inverse matrix.
The Hill cipher’s keyspace consists of all matrices of a given size that are invertible over
the ring Z,, of integers modulo m. These matrices were also studied by in [5].

Let J be the square matrix with ones on the cross-diagonal and zeros elsewhere; J is
often called the centro-symmetric permutation matrix. This matrix J allowed to introduce
the centro-invertible matrices as those matrices X whose inverses coincide with the matrices
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obtained by rotation of all the elements of X through 180 degrees about the mid-point of
the matrix, that is JXJ [13]. As an application, an algorithm to generate uniformly
distributed pseudo-random numbers was developed in [12].

Throughout this paper, Z™*" will denote the set of n x n integer matrices and Z*"
the set of n x n matrices with coefficients in Z,,. For two given matrices A = [a;;] € Z"*",
B = [b;;] € Z™", and a positive integer m, the expression A = B(mod (m)) will denote
the equivalence relation given by a;; = b;;(mod (m)), for all ¢ and j. We also recall that if
M = N(mod (m)) for M, N € Z"*" then AM = BN (mod (m)).

On the other hand, several problems have been studied in image processing, for instance,
those related to blurring and deblurring images. Sometimes, it is needed to protect totally
or partially an image, for example, when it is electronically sent, shown in mass media,
etc. Several methods for blurring/deblurring images have been developed [1, 2].

We will consider a special type of matrices: generalized centro-invertible matrices.
They are an extension of the centro-invertible matrices using an involutory matrix R in-
stead of the centro-symmetric permutation matrix J. Then, an integer matrix A is called
generalized centro-invertible if it satisfies RAR = A~!. Finally, applications to image blur-
ring/deblurring of generalized centro-invertible matrices will be given.

This paper is organized as follows. In Section 2 we have stated bijections between every
pair of sets of generalized centro-invertible matrices corresponding to two fixed involutory
matrices. Section 3 presents algorithms for constructing generalized centro-invertible ma-
trices, blurring and deblurring images. Finally, some examples are shown in Section 4.

2 Relationships between GCI(m, R;) and GCI(m, R;)

It is clear that integer generalized centro-invertible matrices are nonsingular matrices with
determinant +1. Hence, if A € Z"*" is a generalized centro-invertible matrix then A~! €
Z™"™. Working with involutory matrices, a generalized centro-invertible matrix A satisfies
RAR = A™!' = A, thus A is generalized centro-symmetric [6, 7, 8, 9, 10, 11, 14].

For a given involutory matrix R € Z!*", let GCI(m, R) be the set of all the matrices
A € Z77" such that A is generalized centro-invertible, that is,

GCI(m,R) = {A € Z"" . RAR = A"},

Theorem 1 For every pair of matrices Ry, Ry € GCI(m, I,,), there exists a bijective func-
tion between GCI(m, Ry) and GCI(m, Ry). In particular, this one-to-one correspondence
remains valid when restricted to the diagonal matrices in GCI(m, Ry) and the diagonal
matrices in GCI(m, Rs).

Proof. First we assume that R € GCI(m,I,). It is easy to see that the function W :
GCI(m, R) — GCI(m, I,,) given by A — RA is well defined since for a matrix A satisfying
RAR = A7' we have [U(A)]? = I,. It is clear that W is bijective, so the sets GCI(m, R) and
GCI(m, I,) are equipotent. Observe that, moreover, ¥ is an involution. If, in addition, R
is a diagonal matrix then the restriction of ¥ to the set of diagonal matrices in GCI(m, R)
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states a bijection with the set of diagonal matrices in GCI(m, I,) since ¥(A) = RA is
diagonal for every diagonal A € GCI(m, R).

Now, if Ry, Ry € GCI(m,I,), the above result assures that both GCI(m,R;) ~
GCI(m, I,) and GCI(m, Ry) ~ GCI(m,I,) one-to-one correspondences hold. So, the
bijection between GCI(m, R;) and GCI(m, Ry) is guaranteed as well as the second part
of this theorem. Then, the result is shown. |

3 Generalized centro-invertible matrices: applications
to image blurring

A digital image is a rectangular grid of pq pixels arranged in a two-dimensional matrix of
p rows and ¢ columns. In order to blur an image, we apply a set of blurring matrices.

Let Ziy:2" be the set of n x n matrices with coefficients in Zgss. The part of the image
to be blurred is subdivided into Xi,...,X; where X; denotes n x n sub-images of the
original one. Consider the blurring function ey : Zj" — Z:" defined by ea(X;) =
AX;(mod (256)) for X; € Zy".

Next, we present an algorithm for blurring by computing previously an involutory
matrix R and then a generalized centro-invertible matrix A. Thus, this matrix A will
be used to blur. Our procedure consists in restricting the function e, to the set X =
{X1,..., X} where X; denotes the sub-images to be blurred.

ALGORITHM 1
Inputs: Sub-image X, size n of A. Outputs: Blurred sub-image Y;.

Step 1 Generate n X n random integer matrices Tg, T4 (lower triangular),
Qr, Qa (upper triangular), all of them with 1’s in the main diagonal.

Step 2 Compute Pr = TrQr and Py = T4 Q) 4.

Step 3 Choose an arbitrary integer r(R) such that 1 < r(R) <n —1 and set
R = Pg diag(IT(R), —In_T(R))Pgl.

Step 4 Choose an arbitrary integer r(A) such that 1 < r(A) <n—1 and set
A=R Py diag([r(A), —[n_T(A))Pgl.

Step 5 Y; = AX;(mod (256)).

From Steps 1 and 2, the fact that det(Pgr) = det(Tx)det(Qr) = 1 implies Py' € Z™*™.
Step 3 yields R € Z™*"™ and, moreover, R?2 = I,,. Steps 1 and 2 assure that Pgl e Z™", and
Step 4 yields an involutory matrix RA € Z™*", that is, A is generalized centro-invertible.

The inverse of the matrix A used to blur will be needed to deblur. We remark that it
is not necessary to compute explicitly the inverse A~! since A~! = RAR.

In order to deblur an image we proceed as follows. Let us now consider the deblurring
function da : Zsg" — Zizg" defined by da(Y) = (RAR)Y (mod (256)) for Y € Ziz". We
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first restrict the function d4 to the set ) = {Y1,...,Y;} where Y; are the blurred sub-images
by means of A. Then, for every i = 1,...,t, we get da(Y;) = (RAR)Y;(mod (256)) =
A71Y;(mod (256)) = X;. Thus, the deblurred sub-images coincide with the matrices X.

Using different blurring/deblurring levels

In order to obtain different levels of blurring, say b levels, it is necessary to construct b
matrices Ay, k=1,...,b as in Algorithm 1 but by modifying its Step 1 as follows:

k
Ei = epa Z ¢ (1)
j=1
Tryi = 1In, Tpi=Trr-1+ariEr, k €1{2,...,b} (2)
Qri=1n, Qrir=Qri—1+ BriEr ke {2,...,b} (3)
for every k € {1,...,b} and for some agry, Orxr € N where e, denotes the k-th canonical

basis vector of R™. That is, for each k € {2,...,b}, the matrices Try and Qg are rank-1
updates of T ;1 and Qg x—1, respectively.

Matrices T4, and (4 can be constructed following this last procedure. Now, for a
given sub-image Xj;, to get the k-th level of blurring of X;, we have to compute Y;; =
ArX;(mod (256)). In this way, we get different blurring levels from the lowest for £ =1 to
the highest for £ = b (see Figure 2):

ALGORITHM 2

Inputs: Sub-image X, size n of A. Outputs: Blurred sub-image Y .

Step 1 Compute Ej, as in (1).

Step 2 Compute Tri, Tar and Qri, Qax as in (2) and (3).
Step 3 Compute Pry = TriQrr and Paj = T4 QA k-

Step 4 Perform Ry and Ay as in Steps 3 and 4 of Algorithm 1.
Step 5 Compute Y, = A, X;(mod (256)).

The expression da, (Y;x) = (RpAgRy)Yix(mod (256)) = A, 'Y; 1 (mod (256)) = X; allows us
to deblur Y; .

Progressive blurring/deblurring

To get a progressive deblurring we will use the set Ay, A, ..., A;. For finding the k-th level
deblurring we will need the last k£ matrices in previous set.

A variant of the previous algorithm is obtained considering generalized centro-invertible
matrices Ay, As, ..., Ap. In this case, ea, a,,..4,(X) = AgAp_1--- A1 X (mod (256)) is the
blurring computation. For deblurring the image Y € Z32", we apply the expression

-----

4



The construction of the matrices Ay, ..., A, can be carried out using Steps 1-4 of Algorithm
1. An alternative method to get these matrices is given in the following algorithm:

ALGORITHM 3
Inputs: Matrices Pgr,A and r(R). Outputs: Matrices Ay, ..., Ap.

Step 1 Generate random integer matrices with determinant 1, Wy; of size

r(R) x r(R) and Wo; of size (n —r(R)) x (n — r(R)).
Step 2 Compute W; = Pg diag(Wy;, Woa;) Pp .
Step 3 Compute A; = W AW, .

Algorithm 3 provides A; from the starting matrix A. This algorithm works because the
commutativity of matrices R and W; implies that WiAW';l is generalized centro-invertible
since the starting matrix A is. Step 1 of Algorithm 3 can be carried out as in Steps 1 and 2
of Algorithm 1. As an alternative method, maintaining the same matrix R, we can repeat
Step 4 in Algorithm 1 with different matrices P4’s to get matrices Ay,..., Ay.

4 Examples of blurring/deblurring

In this section we present some examples. First, we compute an involutory matrix R and
generalized centro-invertible matrix A using Algorithm 1. Figure 1 shows the partially
blurred image and the deblurred image, that coincides with the original one.

Figure 1: (a) Original image, (b) blurred image, (c) deblurred image

We remark that our blurring image algorithms do not compute inverse matrices, provide
a large number of blurring matrices and multiple blurred matrices can be used to obtain
progressive blurring/deblurring levels. Figure 2 shows an example of progressive blurring
levels. In addition, for a given blurred level, it is possible to make a progressive deblurring
to any previous blurring level.
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2) BLURRED IMAGE - LEVEL 1 b) BLURRED IMAGE - LEVEL 4

Figure 2: Image blurring levels: (a) level 1, (b) level 4, (¢) level 7 (from 1 to 10)

Conclusions

In this paper, generalized centro-invertible matrices have been introduced as an extension
of centro-invertible matrices. We have shown that two sets of generalized centro-invertible
matrices determined by a fixed pair of involutory matrices have the same number of ele-
ments. Our algorithms allow to generate generalized centro-invertible matrices by simple
procedures. This new class of matrices has been applied to blurring/deblurring images
taking into account blurring levels and progressive blurring.
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