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Abstract

The relationship among eigenvalues of a given square matrix A and the rank
one updated matrix A + viq™, where vy is an eigenvector of A associated with
the eigenvalue Ay and ¢ is an arbitrary vector, was described by Brauer in
1952. In this work we study the relations between the Jordan structures of A
and A + vpq*. More precisely, we analyze the generalized eigenvectors of the
updated matrix in terms of the generalized eigenvectors of A, as well as the
Jordan chains of the updated matrix. Further, we obtain similar results when
we use a generalized eigenvector of A instead of the eigenvector vy.
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1. Introduction

The relationship between the Jordan structure of two matrices sufficiently
close one to each other have been largely studied in the matrix literature. Boer
and Thijsse [2] obtained relations for matrices with distinct eigenvalues. Fur-
themore, Marcus and Parilis [5] gave a complete description of the changes in
the Jordan structure (counting the length of the Jordan chains) of a perturbed
matrix under small perturbations. Moro and Dopico [7] have researched the
Jordan blocks of the complex matrix A + B associated with an eigenvalue A
of A with geometric multiplicity g, when rank(B) < g. Beitia, Hoyos and Za-
balla [1] studied the change of the Jordan structure of a perturbed matrix under
small perturbations in one row of the given matrix. Recently Mehl, Mehrmann,
Ran and Rodman [6] considered the perturbation theory of structured matri-
ces under generic structured rank one perturbations, identifying generic Jordan
structures of perturbed matrices.

In [4] the authors presented the relationships between the right and left
eigenvectors of matrices A and A + v,q”, where vy, is an eigenvector of A. The
same authors applied this result to deflation problems and to pole assignment
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for single-input single-output (SISO) and multi-input multi-output (MIMO) sys-
tems. In the MIMO systems defined by pairs (A, B) where A and B are n x n
and n X m matrices, [4, Proposition 4.5] showed that the solution of the pole
assignment is not unique in general. Moreover, it was possible to allocate poles
even in the case of uncontrollable and unstable systems given by (A, B) and the
closed-loop system A + BET could be asymptotically stable with the feedback
matrix F' computed from the eigenvectors of A7. Some connections between
pole assignment and assignment of invariant factors on matrices with some pre-
scribed submatrices were studied by Zaballa [11]. Concretely, by using the
Hardy-Littlewood-Polya majorization relations and the interlacing inequalities
for invariant factors, it was explained in [11, Theorem 2.6] when there exists
an m X n matrix C' with elements in a field such that A + BC has n given
monic polynomials as its invariant factors. This kind of applications motivate
the study of problems involving Jordan structure as this work.

Thompson [10, Theorem 2] showed how similarity invariants of matrices with
elements in a field change under a rank one update. In fact, Thompson obtained
the interlacing inequalities for invariant factors of two square matrices A and
A+ zyT with elements in a field. This result does not say how the spectrum of
A+ 2y” is obtained from the spectrum of A and the generalized eigenvectors of
A+ xy” from the given generalized eigenvectors of A. In general, this is a very
difficult problem that we study in a specific case by using the well known Brauer
Theorem [3]. This theorem gives the spectrum of the updated matrix A + xy”
from the spectrum of the initial matrix A, where x = vy is an eigenvector of A
associated with the eigenvalue Ay and y is an arbitrary vector with elements in
a field.

In this work we study the relations between the Jordan structures of the
matrices A € C"*™ and A + vi¢* € C"*™ using Brauer’s Theorem. Concretely,
we obtain the Jordan chains of A + vq* in terms of the given Jordan chains of
A. Further, similar results when we use a generalized eigenvector of A instead
of the eigenvector vy, are given.

Throughout this paper, we work with matrices A € C"*" and denote by
o(A) = {A1,Aa, ..., A\s} the spectrum of A with algebraic multiplicities r1, 72,
vy s I {wi,, vig,—1, ..., Vi2, vi1 } is a Jordan chain of A associated with A; of
length t;, then

Avyi = \vg
Avij = Ny + v 51, J=2,3,...t,

where
vij € ker(A — NI\ ker(A— NI)J7™Y j=t;t;—1,...,1.

Suppose that A has k; Jordan chains of length ¢;,,¢;,,...,t;, , for each eigen-
value \;, i =1,2,...,s. Then the Jordan structure of A is

Ja=JdA) @ J(A2) @D J(\s)



where

JNi) = Jo;, (A) © Joy, i) © -+ @ Ty, (M)
and
Ao 1 0 0
0 N 0 O
Jti (AZ) = :
O o0 ... N 1
0O 0 ... 0 X

ti Xt;

Without loss of generality, we apply Brauer’s Theorem with the eigenvalue
A1 of A and the associated eigenvector v;. Then the updated matrix A + vy¢*
has v; as an eigenvector associated with the new eigenvalue pu = Ay + ¢*v;.

Moreover, o(A + v1¢*) = {u, A1, A2, ..., As} with algebraic multiplicities 1,
r1— 1, 19, ..., rs when u & o(A), or with the corresponding multiplicities if
e o(A).

We study the changes of the Jordan structure when p & o(A) in Sec-
tion 2 and when p € o(A4) in Section 3. To do this, we construct the Jor-
dan chains of each eigenvalue of the updated matrix from the Jordan chains
of the corresponding eigenvalue of the initial matrix, and we call the Jor-
dan chain {wi,, w; ¢;-1,- .., Wiz, w1} of A+ vig* the updated Jordan chain of
{Uit” Vit;—15---,Ui2, Uil} of A.

Finally, in Section 4 we study how the Jordan chains of A are changing when
we apply the rank one perturbation v;;¢*, where vy; is a generalized eigenvector
of A associated with A; instead of its eigenvector v; and ¢ is an n-dimensional
vector such that ¢*vy, =0, h < 5.

2. Jordan structure when p ¢ o(A)

In this section we study the changes of the Jordan structure of a matrix A
when the new eigenvalue p1 = A\ + ¢*v1 € 0(A). By Brauer’s Theorem (see [4]),
vy is the eigenvector associated with p of the updated matrix A + v1g*. The
updated Jordan chains are obtained in the following results. In Theorem 1 we
prove that the Jordan chains of A and A + v1¢™ associated with \; have the
same length, for = 2,3,...,s. In Theorem 2, the Jordan structure of A+ vi¢*
associated with A is given.

Theorem 1 (Structure associated with \; # \1). Let A € C"*™. Consi-
der an eigenvalue \; # \1 and vy an eigenvector of A associated with A1. Let
{Vit; s Vit; =1, - -, Vi2, v } be a Jordan chain of A associated with \;. Let g be an
n-dimensional vector such that p = A\ + ¢*v1 & o(A). Then A+ v1¢* has the
updated Jordan chain {w;,, Wi 4, —1,. .., W, w1}, associated with the eigenvalue
A, where

j

qvis .
Wii = Vi — ——v1, Jj=1L12,...,t.
T S . z



Proof. Since {vit,, vit;—1,- -, Vi2, V1 } is a Jordan chain associated with the
eigenvalue \; we have

Avij = Nvij +vij-1,  J=titi—1,...,2,
Aviy

A1
It remains to prove

(A+'U1q*)wij = Nwsj +w; -1, J=tiyti—1,...,2,
(A+vig")wn = Nwa.

For j =t;,t; — 1,...,2, we have

J .
* * q Vi
(A+vig")wi; = (A+v1g") (vz‘j T m ”1>

J

= Avij + (¢ vij)vr — Y (_q)\% (A+vig" )
=1 \H i
i v
— 4y . *ay _ [ . A
= ANy +vi -1+ (¢ Vi) ; ESwEEEE U1
J q*v J q*v
+ o A\iv] — 2 Aiv1
j v
s=1 v
J 7v:
18
- — (= A)u
; (1= Ag)itt=s '
A Z q*vis + Ji q*vis
= Ai|vij— ) s Ut Vij-1—= ) Ty i—s VL
% 1) po (M _ )\i)_]-‘,-l—é 2, po (/’L _ )\l)] s

Finally, for j = 1, the expression of the eigenvector associated with \;

q* Vi1

Wil = Vi1 — b\ U1,
n—=Aq

is proved in [8] (see also [4, Proposition 1.1.]).

As a consequence, we conclude that {wg,,w;,—1,..., w2, w;} is the up-
dated Jordan chain of the matrix A + v,¢* associated with ;. O



Theorem 2 (Structure associated with \;). Let A € C"*™ and let v; be
an eigenvector of A associated with A1. Let {vig,v1,4,-1,---,V12,011} be a
Jordan chain of A associated with Ay of length t1. Let q be an n-dimensional
vector such that p = A1 + ¢*v1 & o(A). Then A+ v1q¢* has the updated Jordan
chain {wi4,, w1,d, -1, .-, w12, w11} of length d1, associated with A1, as follows

(1) If v11 # v1, then dy = t1 and
! q v
wljzvlj_;mvh i=12,...,t.
(2) If vi1 = v1 then dy = t1 — 1. We distinguish two cases:

(2.1) If t; = 1, there is not any updated Jordan chain of {vi} associated
with Ay in A + viq*. Furthermore, vy becomes an eigenvector of
A+ v1q* associated with p.

(2.2) If t1 > 1, then

_ 1+ g vi2
w1 = V2 — —/—— — Ui,
= A
w v jif qv1s v 1+ q*v12 v
i = Uij+1— Ty Vige—s V1 T Ty UL
= (= Ag)itEes (=)

forj=23,...,t1 — 1.
Proof.
(1) This case can be proved analogously to Theorem 1.

(2) For v1; = vy, we consider two cases:
(2.1) The first part of the assertion is clear. The second part is included
in Brauer’s Theorem.

(2.2) For j =t; — 1,t1 — 2,...,2, we have

(A+v1g")(wry) =
Jj+1 * *
X q* v1s 1+ q* v
= (A+U1q ) V1,5+1 — 5 .Vl — TV U
2 G T oAy
J+1 * *
q*v1s 14 g 1o
= Av14 1+ q*v14 1)v1 — —— MU — ———— U1
2+ ( J+ ) ;:3: (,u_)\l)]-‘r2—s M (M_)\I)J w

— )\1U1‘1—)\1j§ &Ul_kﬂm
J+ (u,)\l)jﬂ—s (H,)\l)j

s=3
Jj+1 * *
* q Vis 1+ g v12
+ v+ (@71 41)v1 — ————— (M) — ———— (L — A1)V
1+ (¢ v 41)0 ;:3: (1= )i (1= X1)or TESHY (1= A)or



= M <017j+1 -

+ ('Ulj_z (

5=3

q*v1s o L+ q v v
(p =2y T (= ny
g v1s p _ At avi
p A T ]

U1> = )\1w1j -+ Wy, 5—1-

As vy is the eigenvector of the matrix A 4 v1¢*, associated with p, then

(A+ ¢ )wi = (A+vig") (1)12 -
= Avig + (¢"v12)v1 —
= Mg+ v + (¢"vi2)vr —
= Avi2+ {1 +q v12 —
= AMvi2 — A1

that is, wy; is the eigenvector of A 4 v,¢* associated with Ay in this chain.

Therefore, {wy 4, —1,W1,4,—2, ..., w11} is the updated Jordan chain of length

1+ q*vi2
= A1

1+ q 12 v)
p=x
1+ q*vi2
=M
14 q*vyo
p—=A

1+ q 12 }
——

b= A
L+ q vz
vy = A (V12 — —————
= A1

KU1

pv1

t1 — 1, of the matrix A + v1¢*, associated with \;.

Example 1. Consider the following matriz in Jordan form

whose eigenvalues are Ay = 1, Aa = 2 and A3 = 3. The Jordan chains are:

A=Js(1) ® J2(1) ® J2(2) @ J1(3)

Ul) = A\wiy,

{es,ea,e1} and {es,es} associate with \; = 1, {er,es} associate with Ay = 2
and {es} associate with A3 = 3.
Consider the eigenvector ey and the vector ¢* = [q1 q2 93 Ga G5 6 7 gs),

such that g1 & {0,1,2}. Then 14 g*e1 =1+ q1 & 0(A) and the eigenvalues of
A+eiq* are p=14q, M1 =1, Ao =2 and A3 = 3. The Jordan chains of this

matrix are:

Jordan chains of A

Updated Jordan chains of A+ e1q*

FEigenvalue Aoy = 2

{er, es}

Eigenvalue Ao = 2

{67—< % + >e1 €6 — L
(-1 q-1) " q

1—1

>

Eigenvalue A3 =3

{es}

Eigenvalue A3 =3

- e
g1 —1




Jordan chains of A Updated Jordan chains of A+ e1q*

FEigenvalue A\ =1 Eigenvalue A\ =1
q4 ds q4

€5, € €5 — + €1, €4 — e
fes, ea) foo- (it -2 )enen- 2l
FEigenvalue A\ =1 Eigenvalue A\ =1

3 1+ 1+
{es, ea, e1} {63— <(]3+ 2q2>€1, €2 — & 61}

q1 q7 q1

Eigenvalue p=14+q1

fer}
The invariant factors of matrices A and A + e1q* are

Sg(A) = (A =12N=2)2(A=3) S7;(A)=(\—1)?
S6(4) = S5(A) = -~ = S1(A) = 1

and
Ss(A+e1q”) = (A= 12(A = 2)2 (A = 3)(A — (1 + 1))

S:(A+e1q*) = (A —1)?
Se(A+e1q") =S5(A+e1q) = =51(A+eq”) = 1.

Note that Thompson [10, Theorem 2] holds.

3. Jordan structure when p € o(A)

Now, we study the changes of the Jordan structure of a matrix A when the
new eigenvalue p = A\; + ¢*v; belongs to o(A). We consider two possibilities:
first when p is equal to some eigenvalue \;, for ¢ = 2,3,...,s. In this case,
without loss of generality, we suppose that © = Ag. Then to get the updated
Jordan chains of A 4 v1¢*, we work with Jordan chains associated with the \;,
for i =3,4,...,s, with A\; and with As. The second possibility is when p = A;.

3.1. Jordan structure when p = Ao

We can obtain the updated Jordan chains of A + vi¢* associated with A;,
1 =3,4,...,s, applying Theorem 1 and associated with \; applying Theorem 2.
To study the updated Jordan chains associated with A\ we consider two cases:

1. All Jordan chains of A associated with Ay satisfy that the inner product of
the vector ¢ with the eigenvector of the corresponding chain is zero (case
(1) in the next theorem).

2. Otherwise, there exists Jordan chains of A associated with Ay such that
the inner product of the vector ¢ with the corresponding eigenvector is
nonzero (case (2) in the next theorem).



Theorem 3 (Structure associated with o). Let A € C"*". Consider the
eigenvalue Ao # A1 and vi an eigenvector of A associated with A\y. Suppose
that A has ke Jordan chains of length ta, < tg, < --- < l2y, s denoted by

{vé‘ggg,véﬁggil, . ,vég),végl)}, with g =1,2,...,ks. Let q be an n-dimensional

vector such that p = A1 + ¢*vy = Ay. Then the length and number of Jordan
chains associated with Ao of the updated matriz A + viq* are:

(1) If q*vé‘({) =0, for g =1,2,3,...,ks, the updated matrix A + v1q* has
ko +1 Jordan chains of length t2,,t2,, ..., t2,, , 1, defined as follows

(1.1) For g =1,2,... ko, {wégg 7w§?t)2 71,...7w§g),wé‘({)} 1s the updated

Jordan chain of {véfg ,vé‘?t)z e ,’Uég), vé“({)} , where
o, = )
wéél?) = fljé?) + (q*vé?l)+l)v17 | = tgy — 17t29 — 27 ey 27 1

(1.2) {v1} is the new Jordan chain of length 1.

(2) There exists ji,j2,...,Jp, such that to, <to, <ty <. <ty <to,

and q*véjf) #£0, fori =1,2,...,p. Then A+ viq* has ko Jordan chains
of length ta,, ... ,tgjp ta, + 1,19 -y tay, , defined as follows

—17 747 Jp417 "

(2.1) {wg;’g . wéJtZ) . ..7w§ép)7wéjiv)} , of length ta; +1, is the updated

Jordan chain of {vgﬁ‘;jp , véjf;m e ,vgp), véjip) }7 where
(Jp) _ 1 (3p)
w27t2jp+1 - q*v(]p) UQtsz
j 1 ; q vy
wi) | = — Wl | L =ty 1,2,
q* Vg q* U571
ngip) = U1

(2.2) Fori=1,2,...,p—1, {wg;zj ,u;éﬁi_i17 . ,wég)7w§jf)} 1s the up-



dated Jordan chain of {véjt;) ,vgjjg gy ,v%"),vg")}, where
Ji (a7

x, (Ji)

N N v )
wii) = off) - T
Ji Ji q*,v21p JIp

x, (Ji) x, (J3)
GG G 9 V21 (ip) x, (3:) 4 V31"« (p)
Wy = Y T TGN vy (‘1 Y2041 7 " () U2,§+1> U1,
q Vg1 q Vg
I = ty, —1,...,2,1

(2.8) For 1 < g < ko, such that g & {j1,72,---,dp}, it is satisfies that

q*vgjf) # 0. Then {wéﬁi ,wégtz _1,...,w§g),w§“‘i)}, that it is the
g eg
updated Jordan chain of {véf; ,vé?t)z e vég),vé“{)}, is defined in
case (1.1) \
Proof.
(1) 1t q*véﬁ) =0, for ¢g=1,2,3,..., ko, we have
(1.1) For ¢=1,2,3,... ko,

(A+og)us]) = (A+og o) =dovil) + o) 1+ (q7vgf) Jor
= Azw%’gg + wé"izg_l.
Further, for [ =y, — 1,2, —2,...,2,
(A+ v1q*)w§l7) = (A+ vlq*)(vé‘lq) + (q*véf’l)ﬂ)m)
= lf) o+ 0 s el

= Xo(0l) + (g0 o) + (08 + (g vs) Yor)

= lp sl

and finally
(At ogYws) = (Ao (g + (a"v8))or)
Ao (vl + (g7v22) @) = Aowi?.
Therefore, {w§§;g7w§?22g_l, . 7wég),w§{)} is the updated Jordan chain
of {vé‘gg , Ué?t)zg_l, .. ,vég), vé‘({)} , of length t5 , associated with Aa.
(1.2) Since

(A+vig") vy = Avr + (¢"v1)v1 = (M1 + ¢"v1)vr = Aan

{v1} is the new Jordan chain of length 1 associated with As.



(2) The results can be proved with the techniques used before. t

Example 2. Consider the matric A = J3(1) & J2(2) @& J2(2) © J2(2), whose
Jordan chains are: {v%),vg), 11511)} = {es,e2,e1} associated with Ay = 1,
(0o} = femeah, (o202 = (et mnd 202} = fev )
sociated with Ao = 2. If we take the vector ¢* = [1 g2 q3 q4 g5 g6 G7 qs qo] then
uw=1+qg*e; =2 € o(A) and the eigenvalues of A+e1q* are A\ =1 and Ay = 2.
The length of the Jordan chains of A + e1q* depend on the values of q4,q¢ and
gs- If q4 and qg are not zero and qs = 0, and the Jordan chains of A+e1q* are:

e For \y = 1 by Theorem 2 and taking into account that ¢ = 1, the updated
Jordan chain of {es,e2,e1} is {es — (g3 + (1 4+ g2)) e1, e2 — (1 + g2)e1 } .

e For Ao =2 by Theorem 3 the updated Jordan chains are:

Jordan chains of A Updated Jordan chains of A+ e1q*

(EfZ; ej}qg —0 {eg, es +qoe1}

(Efzzlei}qzl?éo {1657 lfleJrqj(il, 61}

chain of mazimal length da da da

éf;ej}%#o {67265,66$€4+ (Q7 Zi%) 61}

3.2. Jordan structure when p = Ay

Now, we study the case = A1, that is when no eigenvalue is changed. Note
that, ¢*v; = 0. Since we do not change any eigenvalue, it seems nothing is
done. However, we can have a new matrix, with some special property, with the
same spectrum as the first one but with a new Jordan structure. In this case we
obtain the updated Jordan chains of A+ wv1q* associated with A\;, 1 = 2,3,...,s,
applying Theorem 1 with g = A;. The Jordan structure of A + v1¢* associated
with A; is given in the following theorem.

Theorem 4 (Structure associated with ;). Let A € C"*™. Consider the
eigenvalue A1 and the associated eigenvector vi. Suppose that A has ki Jor-

dan chains of length t1,,t1,, .., t1,, associated with A, denoted by {vgzy,
v§gt)1 _1,...,v§g),v§§)}, with g = 1,2,..., k1 and vﬁ) = vy. Let g be an n-
Plg

dimensional vector such that ¢*vi = 0. Then the length and number of Jordan
chains associated with Ay of the updated matriz A + v1q* are:

10



(1) If q*vg"{) =0, for ¢g=1,2,3,...,k1, the updated matrix A 4+ v1q* has ki
Jordan chains of length t1,,t1,,...,t1,, , defined as follows

(1.1) {wﬁzl,w&)hfl, . ,wg),wﬂ)} of length t1,, is the updated Jordan

chain of {ngl , Ug,lt)hfl’ L s o 01}7 where
ol = u
Q= ol
B L+gal)
5, (1)
1 qv
w = ——p o)+ 5 e, =, - 1,...3,2,

1+ q*viy 1+ g*vy,

(1.2) For g = 2,... ki, {wgz ,w§?21 _1,...,w592),wg)} is the updated

Jordan chain of {vgz ,vigt)l gy ,vgg), vﬁ)} where
g ig
o), = o,
wgfl]) = vg) + (Q*Ufl)ﬂ)”lv l=t1, —1,t;, —2,...,2,1

Note that, in this case A and A + viq* are similar because they have the
same Jordan structure with different generalized eigenvectors.

(2) If there exists a unique index j, 2 < j < ky, such that q*vg) # 0, we have

(2.1) If t1, =1 the updated matriz A+v1q* has the following k1 —1 Jordan
chains of length t1,,t15 ..., 01, + Lt sty

(2.1.1) {ngt)l +17w§2‘,...,wg),wg)}, of length t1, + 1, is the updated
g J

Jordan chain of {ng »,vyt)l gy ,Ug),vg)} where
J R
() _ 1w
w1,t1j+1 = q*vg) U1t1j
x, (4)
@» o 1 o, T _
wlj,l+1 - (9 ’Ulg ﬁ U1, ! _tlj -1,...,2,1,
q vy q V1
wﬁ) = n

(2.1.2) For g =2,3,....k1, g # j, {wg?glg,wgggg,.,.,wgg>,wgg>} is the
updated Jordan chain of{ (9) (9 (g) (g)} and it is

Y1ty s Vity, —10 -+ V125 V11
defined as in case (1.2).

11



(2.2) If t1, > 1, we have two cases:
(2.2.1) t1, > t1,, then the updated matriz A+v1q* has the following ky

Jordan chains of length ty,,t1, ... t1;,t1,,,,... AT

(2.2.1.1) {wglt)l ,wszlfl, . wg),wﬁ)} is the updated Jordan chain
of {vﬁz 7”%121171» .. vg),vgl) = vl} and it is defined as in
case (1.1).

(2.2.1.2) For g =2,3,...,k1, g # 7, {w%)l m}%’f ,.. w§2),w§g)}
the updated Jordan chain of {vltl , §921 _1,...,1)5%),1)8)}
and it is defined as in case (1.2).

(2.2.1.3) {w?ﬁl ,wﬂz 1y wgg),ngl } is the updated Jordan chain

Of {ng 7U§]t)1 —17- - Ugé)vvil)}; where
) ) (4)
w(]) _ U(J) - q U11 (1)
1t1 1t1]. 1+ q* (1) Uy t1j+1
x«, (F) ()
() () q V1 o « (4) q U11
w = v, - ——— +|{qwv —
11 11 1+ g v (1) V1,141 < 1,141 14 q*’ug)
I = tlj—l,tlv—Q,...,Zl,

J

(2.2.2) t1, <ty,, then the updated matriz A+vi1q* has the following ki
Jordan chains of length t1, — 1,t1, ..., t1; + Lt sty

(2.2.2.1) {wl i, _1,w83 EPTR w%),w11 }, of length t1, — 1, is the

updated Jordan chain of {’Ultl ,vﬁ)l 1y v@,vﬁﬁ = 111}

where
%, (1)
w® R CORS oak MCI AN )
1,61, —1 1t4, q Uﬁ) 1,t1—1
1+q*v() 1+qv()
WP = LW 12 (J) T (1) 12
11 1,01+1 «..(9) 1,542 «.(7)
q 13 q vy
I = t,—2t,-3,...,2,1,

J

(2.2.2.2) For g=2,3,... .k, g # j, {w®) ulf) .. 0l v} is
the updated Jordan chain of {vifi ,vggt)l e vgg),vg)}

and it is defined as in case (1.2).
(2.2.2.8) {ngt)l H,wﬁz Ve wg)7w§jl)}, of length ty, + 1, is the up-

12

x (d)
q V1141

1
)

)



dated Jordan chain of {vgz . vgjt)l IR ,vg), vg)}, where
J )

. 1 .
will = JE) vit,
11
w0, (9)
. 1 .
O R L) B | l=t1,...,3,2,
11 L () L1 %, (3) ’
q V1 q V1
o) =

(3) If there exist indices j1,j2,...,Jp, such that t, <ty <---< t1,,, with
2<4; <k and q*vgi) #0, i=1,2,...,p, we have:

(8.1) If t;, > t1,, then the updated matriz A + v1q¢* has the following kq
Jordan chains of length t1,,t1, ..., 11, ,

(8.1.1) {wﬁzl , wg}t)llfl’ cee w%), wﬁ)} of length t1,, is the updated Jor-
dan chain of {”821 , Ugt)h PP ,vg)7 7)&) = 1)1} and it is defined
as in case (1.1).

(3.1.2) For2< g <ki, g& {12, in} {wg?glg,wgﬁjg_l,..,,w§g>7w§s{>}
is the updated Jordan chain of {vgzg , Ugt)]g—lv ... 71;%)’ Ug-‘i)} and
it is defined as in case (1.2).

(3.1.3) Fori=1,2,...,p, {w§Jt3] ,w%l)] sy wg"), wﬁ‘)} is the up-
dated Jordan chain of {vgl) m%f 1y ,v%’”%vﬁ”} and it is

Ji ’
defined as in case (2.2.1.3).
(8.2) If 1 < ty, < t1, then the updated matriz A+ viq* has the following
ki Jordan chains of length t1, — 1,t1,,...,t1, ,,t1, +1,... AT
(8.2.1) {wgzll_l,wﬁzl_z, e ,wg),wﬁ)}, of length t1, — 1, is the up-
dated Jordan chain of {vﬁfl,u&)hfl,,,,,vg),vﬂ) = Ul} and
defined as in case (2.2.2.1).

(322) FO?”2 S g S klv g ¢ {jlaj?? s ajp}v {wg?t)lg7wggzga cee 7w§g),w§£{)}
is the updated Jordan chain of {ngg , v%?t)lyfl, . >U§Z)7 U%)} and
it is defined as in case (1.2).

(3.2.3) {ngt)l +17w§2 ,...,wg),wg)}, of length t1, 41, is the updated

7 J
Jordan chain of {vﬁ},v@l _1,...,1}92),1)%)} and it is defined
J T

as in case (2.2.2.3).

(8.2.4) Fori=1,2,...,p—1, {ngtzj ,ngtl)] sy wg"),wﬁ")} is the

13



updated Jordan chain of {vltl vgjgi 1 vg’),vﬁ’)}, where

(7i)

() _ () q*vn oUP)
w1t1 = U1t1 ) 1t113
q vy
(Jz) * (]L)
Gy _ LG €U G « G V1 (Gp)
wy” = vyt - (]p)vup + (q Vb - Un) q v f+1>
q* Uy q V11
I = t, —Lt, —2,...,2,1,

J4

(3.8) If t1 = 1 then the updated matric A + vi¢* has ky — 1 Jordan
chains of length t1,,t1,, ... sty st 1, sty defined as in cases
(8.2.2),(3.2.8) and (3.2.4).

Proof. Tt follows with the same techniques of the previous theorems. [J
Example 3. Consider the matriz A = J3(A1) @ J3(A1) @ J2(A1) whose eigen-

value is A1, with 3 associated Jordan chains (k1 = 3) of length t1, =3, t1, =3
and t1, = 2. These chains are

{v%),vg),vﬁ)} = {es, e2, ex}, {vg)vvg)vvﬁ)} = {es, €5, €},
{Ug)ﬂfﬁ)} = {es, er}
where e; denotes the ith unit vector, i = 1,2...,8. We suppose that vgl) =e

and ¢* = [q1 q2 93 G4 g5 96 q7 qs8]- If ¢*e1 = 0 the matriz A + v1q* has the only
etgenvalue A1. The generalized eigenvectors and the length of the Jordan chains
depend on the values q;, i = 2,3,...,8. For example, if ¢* ’UH =0, forj=2,3,
we have that g4 = g7 = 0,. We are in case (1), then the number of chains and
their lengths do not change. The updated Jordan chains of A + viq* are:

Jordan chains of A Updated Jordan chains of A+ e1q*
1 1 q3
es, ea, € e3, —— €2 + e, e
{es, ez, e1} {1+q231+q22 14_(121 1}
{es, €5, ea} {es, e5 +qoe1, €4 + gser}
{es, er} {es, er +gse1}

Note that in this case A+ viq* is similar to A.

4. Updating with a generalized eigenvector

In this section we give results when we replace an eigenvector of a matrix
A by a generalized eigenvector of A in the rank one perturbation matrix. The

14



following theorem can be considered as an extension of Brauer’s Theorem [3]
to a generalized eigenvector associated with the corresponding eigenvalue of A.
For simplicity in the proof we consider the eigenvalue \;.

Theorem 5. Let A € C™"*™ with eigenvalues 1, A, . . ., \s, and algebraic multi-
plicities 1, ra, ..., rs, respectively. Let {viy,,v14-1,...,v12,v11} be a Jordan
chain of A of length t1, associated with \1. Let q be an n-dimensional vector
such that ¢*vip =0, h=1,2,...,k—1, with k < t1. Then the matrix A+ vixq*

has eigenvalues A\ + ¢ v1g, A1, Ao, . . ., As with algebraic multiplicities
1. ry, 79, ...y, if v =0.
2.1, m =1, 79, ...,1s, o ¢*vip Z0 and M\ + ¢*vig € o(A).
3. 7"171, 79y «uoy Ti—1, 7'1'+1, Tidly «+y Tsy Zf q*vlk 7é 0, A1+q*'{)1k c J(A)

and A+ q v =N, 1 <1 < s.

Proof. The idea of the proof is similar to that of Brauer’s Theorem given in

[9]. Consider the matrix Vi = [v11 v12 ... V1k—1 Uik V1 k+1 --- V1 ]. Let
V = [V4 Vz] be a nonsingular matrix and V! = gl ], such that
2

V-lAY = [ Ju (M) | ULAV, }

| U2 AV,

where o (U AVL) = {\1, A\a, ..., A\s}, with algebraic multiplicities r1 —t1, ro, ...,
rs, respectively. Then

VN A+ vig) V = VAV + V- o)V

[ Je—1 (A1) E,
AM+qve 14+qvieer 0 v -1 ¢uig
A
= : D | UAV + ¢ VR
A 1
A
L Uy, AV,
where
Ef =000 ... 1ix@—1)
Therefore
o(A4v1xq") = { M + ¢"vir, A1} U0 (U24V3),
and the result follows. O

Now, we study the relationship among the Jordan chains of a matrix A and
(9) (9)
it i Isage
A associated with \;, with the additional condition q*vii) =0,forh=1,2,...,1
(note that in this case 0(4) = o(4 + vgf)q*)). Suppose that A has the eigen-
values A1, Ao, ..., s, with algebraic multiplicities 71, r2, ...,rs, respectively,

the rank one updated matrix A+wv,”’ ¢*, where v,”’ is a generalized eigenvector of
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and for each eigenvalue \;, i = 1,2, ..., s, there exist k; Jordan chains of length
tiystizs - -5ty Then A has the Jordan structure

Ja=JM)dJA) BB JT(Ns)

where
TN) = oy ) ® Jey M) @+ Ty, (M)
For j = 1,2,...,k;, we denote by {vggi)_,vi(?q__l,...,vg),vg)} the jth right

Jordan chain associated with \; of length t;;, where
v e (ker(A = NI)M)\ (ker(A—= XDV, h=1,2,... 1,

and by {lz({) 19" 1) l(j)*} the jth left Jordan chain associated with

» 620 e bid 10 ity
J J

A; of length ¢;,, where

19 e (ker(A* - /\71)%“—”) \ (ker(A* - XI)%—’L) h=1,2,...,t.

J

The next results study how the Jordan chains of the rank one updated matrix
A+ vz(l] )q* have changed from the Jordan chains of A. Different possibilities can
be obtained in terms of the election of the generalized eigenvector vl(lj ) and the
vector q. Concretely, in Theorem 6 from two Jordan chains of length p and
q of A associated with the eigenvalue \; we construct only one Jordan chain

of A+ vz(l] )q* of length p + ¢ associated with the same eigenvalue. Theorem 7
obtains, for )\;, two Jordan chains of length p and ¢ of A + Uz(f )q* from only
one Jordan chain of length p + ¢ of A. Finally, in Theorem 8 we construct two
(4) %

Jordan chains of length r and s of A+ v;7’¢" from two Jordan chains of length

p and q of A, such that, r+s=p+gq.

Theorem 6. Let A € C"*™ with eigenvalues A1, Mg, ..., As, and algebraic mul-
tiplicities r1, ro, ...,rs, respectively. Suppose that for each eigenvalue \;, i =
1,2,...,s, the matriz A has k; Jordan chains of length t; ,t;,,... stiy, . Let
q= l({) € (ker(A* — NI)%) \ (ker(A* — )" _1> be a left generalized eigen-

1
vector of the jth Jordan chain associated with the eigenvalue \; and let Ug]j) €

(ker(A — )\iI)tij—l) \ (ker(A - )\il)t’iﬂ‘—l_l) be a right generalized eigenvector
of the (j — 1)th Jordan chain associated with the same eigenvalue.

Then the matriz A+vg;11)q* has, associated with A\;, k; —1 Jordan chains of
length €, tiyy ooy tis_oyta; o Fli b gy sty - Moreover, the Jordan structure

of A and A+ vgg;_ll)q*, associated with the eigenvalues Ay, 1 < q <'s, ¢ # 1, is
the same.
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Proof. Since

g™ = zl({)*vg—l) =0, h=1,2,...t_1,

the matrix A + vffjill)q* has the eigenvalues A1, s, ..., As, and algebraic multi-
plicities 71, ro, ..., s, respectively, by Theorem 5.

Now, to study the Jordan structure of this matrix consider the nonsingular
matrix V such that

VI3AV =ds=JM)@JA) @ @ J(N) @ @ J(As—1) @ J(As)

and let g be the integer number

i—1 kg

G=D D i+ (b H i+t

=1 h=1
Since
V(Ao Ve ) v =vtav 4 (Vi) ) (I97V) = VA S egel,
where e; is the ith unit vector, then

V' AVteger,, = J -1 = J(A)BT(A2)®-- @T(N)D- BT (Ns_1) DI (\s)

A+v§tj_l
with
_Jtil()\i) 0] 0] 0] i
- 0] Jtlj_l(Ai) E 0]
N=1 o O T, () 0 )
O 0] @ Jtik_()‘l)
and
0 0 0 0
0 0 0 0
E =
0 0 0 0
10 0 0],

Example 4. Consider a matriz A with eigenvalues A1 and Ao, such that its the
Jordan form is

Ja=VTAV = J3(\1) @ Ja(\1) @ Jo(N2)

17



where

1) (1) (1) (2 (2 (1) (@
Vo= [U§1) U§2) U§3) U§1) U§2) U£1) UéQ)]

NN 1) 5(1) 5(1) 4(2) ;2 (1) ;01
(v = [ ) 6 )]

are the matrices of the right and left generalized eigenvectors of A, respectively.

Taking ¢~ = lﬁ)* and the vector vg), the updated matriz A + v%)lﬁ)* has the
Jordan structure

vl (A + Ug}gzﬁ)*) V=viAy 4 v-! (U;yzg?*) V = Js(M) + T2 (Xa).

Theorem 7. Let A € C"*™ with eigenvalues A1, Ao, . .., As, and algebraic mul-
tiplicities r1, ro, ...,rs, respectively. Suppose that for each eigenvalue \;, i =
1,2,...,s, the matriz A has k; Jordan chains of length t;,,t;,,... sty . Let
q= flg) € (ker(A* f)TiI)t"JH*p) \ (ker(A* 7)\71)@-],—;7)7 1<p<ty, bea
left generalized eigenvector of the jth Jordan chain associated with the eigenvalue
i and let vg)_l € (ker(A — XI)P71) \ (ker(A — N\, I)P=2) be a right generalized
eigenvector of the jth Jordan chain associated with the same eigenvalue.

Then the matriz A+vg)_1q* has, associated with \;, k; +1 Jordan chains of
lengtht;, tiy, ... ti; 5, ti; o sty —p+1, p=1,t;, ... &, . Moreover, the Jordan
structure of A and A + ’UEZ)_IC]*, associated with the eigenvalues Ay, 1 < ¢ < s,
q # 1, is the same.

Proof. The proof is analogous to that of Theorem 6. O

Example 5. Consider the matriz A given in Example 4. If we take the vector
q = —lg) the updated matriz A + vﬁ)(flg) ) has the Jordan structure

v (Ao v = viav v (o (i) v
= Jl()\l) &) JQ()\l) D JQ()\l) D JQ()\Q)

Theorem 8. Let A € C"*™ with eigenvalues A1, Ao, . .., A, and algebraic mul-
tiplicities r1, ro, ...,rs, Tespectively. Suppose that for each eigenvalue \;, i =
1,2,...,s, the matriz A has k; Jordan chains of length t; ,t oy biy, . Let
g=19) e (ker(A* - m)tu“*f’) \ (ker(A* = XND)'P), 1 <p<t,, be aleft
generalized eigenvector of the jth Jordan chain associated with the eigenvalue \;
and let vgtj;ll) € (ker(A — N I)t-1) \ (ker(A — X\ I)5=171) be a right generalized
eigenvector of the (j — 1)th Jordan chain associated with the same eigenvalue.

PN

Then the matriz A + vz(tj;ll)q* has, associated with \;, k; Jordan chains of
length tiy,tiyy o sti;_yy by Tt =D+ 1,p— 1t ... stiy, - Moreover, the

Jordan structure of A and A + ugjill)q*’ associated with the eigenvalues Ag,
1<q<s, q+#1, is the same.
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Proof. The proof is analogous to that of Theorem 6. O

Example 6. Again, consider the matriz A in Ezample 4. Now, taking ¢* =

1522)* and the vector vg), we have

>
flrt

vl (A + vg)zﬁ?*) v

OO O OO

colooco X =

colooxX o

ocolorXooo
&
—loocoocoo

colX—mroo

[evlen] Benllenllen i)

o
>~
]

which s similar to
J = Jys(A1) & J1(A1) @ J2(A2).

Remark 1. We can obtain the same result as in Example 6 in two steps. First
obtaining a Jordan chain of length 1 as in Example 5 and then applying Theorem
6 to matriz A + vﬁ)(—l%) ) to obtain a Jordan chain of length 4. That is

— 1 1)* 1)4(2)"
V ! (A+U§1)(—l§2) )+'U§3)l§1) ) V
Vo 1 1) v V- 1),(2)" v
= ! (A Ugl)( l§2) )) ! (Ugii)lgl) )
1)*
l§2)

= () & Ja(M) @ Ja(he) =V (A +[of) i3] [ 0
11

>v.

Note that in this case we apply a rank two perturbation.

5. Conclusions and open problems

We have studied the Jordan structure of the one rank updated matrix A +
vkq*, where vy, is an eigenvector of A and ¢ is an n-dimensional vector, in terms
of the Jordan structure of A. Moreover, we have given the expressions of the
generalized eigenvectors of the updated matrix. In particular, we have obtained
the changes of the Jordan chains when the new eigenvalue u & 0(A) in Section
2 and when p € o(A) in Section 3. In both sections all Jordan chains associated
with the eigenvalues of A + viq* are given.

When the updated matrix is constructed with a generalized eigenvector of
A, instead of v, many different new possibilities appear as open problems. We
have studied in Section 4 some of these possibilities when the spectrum of the
updated matrix is the same as that of A.
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