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MIXED LOJASIEWICZ EXPONENTS AND LOG CANONICAL
THRESHOLDS OF IDEALS

CARLES BIVIA-AUSINA AND TOSHIZUMI FUKUI

ABSTRACT. We study the Lojasiewicz exponent and the log canonical threshold of ideals
of O, when restricted to generic subspaces of C™ of different dimensions. We obtain
effective formulas of the resulting numbers for ideals with monomial integral closure. An
inequality relating these numbers is also proven.

1. Introduction

Let us denote by O, the ring of holomorphic germs f : (C",0) — C and by m, the
maximal ideal of O,,. Let us fix a germ f € O,, and let us suppose that f has an isolated
singularity at the origin. Then there are two well-known numbers attached to f. One of
them is the Milnor number u(f) of f (see [34]), which is characterized as follows:

O,
w(f) =dime ——.
W)= dime g
Here J(f) denotes the Jacobian ideal of f, which is the ideal of O, generated by the
partial derivatives aa—gl, ce ;Tfn. If g: (C",0) — (CP,0) is an analytic map germ such that

g~*(0) = {0}, then the Lojasiewicz exponent of g, denoted by Ly(g), is defined as the
infimum of those real numbers o € R for which there exists a positive constant C' > 0
and an open neighbourhood U of 0 € C" with respect to the Euclidean topology such
that

(1.1) [z]|* < C'sup|gi(z)]

for all z € U. The other invariant that we referred to at the beginning is the Lojasiewicz
exponent of Vf, where Vf denotes the gradient map (aa—gfl, ey ;TJ;) : (C",0) — (C™,0).
We will also refer to this number as the Lojasiewicz exponent of f and we will denote it

by Lo(f)-

We remark that if 7 is an ideal of O,, of finite colength and ¢ : (C",0) — (CP,0) is an
analytic map germ whose component functions form a generating system of I, then Ly(g)
depends only on I. We denote the resulting number by Ly(I). Moreover, when n = p,
by a result of Ploski [42, p.670] it holds that Ly(g) < dimec O,/(¢1, ..., gn) and equality
holds if and only if rank(Dg)(0) > n — 1, where Dg denotes the differential matrix of g.

The Lojasiewicz exponent Lo(/) admits an algebraic characterization in terms of the
asymptotic Samuel function that leads to the notion of Lojasiewicz exponent of an ideal
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monomial ideals, log canonical threshold.
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of finite colength of an arbitrary Noetherian local ring (see [20], [29]). It is important to
remark that Lo(I) = Lo(I), where the bar denotes integral closure.

In [49] Teissier introduced the notion of p*-sequence of f. This is defined as the vector
w(f) = (™ (f), ..., uP(f)), where D (f) denotes the Milnor number of the restriction

of f to a generic subspace of C" of dimension 4, for i = 1,...,n. That is, if h: (C%,0) —
(C™,0) is a generic linear immersion, then p®(f) = p(f o h), for i = 1,...,n (see also
[35])-

Let (R,m) denote a Noetherian local ring. The sequence p*(f) was the motivation of
the development of the notion of mixed multiplicity of n ideals of finite colength I, ..., I,
of R by Rees [44]. This number, which is denoted by e(Iy, ..., I,,), generalizes the Samuel
multiplicity of an ideal. That is, when [, = --- = I, = I, for some ideal I of finite

colength of R, then e([y,...,I,) = e(I), where e(I) denotes the Samuel multiplicity of
I. Therefore, if f € O, is a function germ with an isolated singularity at the origin, in
[49] Teisser proved that u@(f) = e(J(f),..., J(f),m,, ..., m,), where J(f) is repeated
i times and m,, is repeated n — i times, for all i = 1,...,n (see also [50, p. 55]). In
particular ™M (f) = ord(f) — 1 and u™ (f) = u(f).

It is natural to ask if it is possible to develop a notion analogous to mixed multiplicities
e(l,...,I,) in the context of Lojasiewicz exponent. This was the motivation of the first
author to introduce the Lojasiewicz exponent of a set of ideals in [4]. If (R, m) denotes a
local ring of dimension n and I3, ..., I,, are ideals of R of finite colength, or more generally,
when the Rees’ mixed multiplicity o([y, ..., I,) is finite (see Definition 2.2), then we have
a notion of Lojasiewicz exponent that is attached to the family of ideals I4,...,[,. Let
us denote the resulting number by Lo([y, ..., I,). If I denotes an ideal of finite colength
of R such that I} =--- =1, = I, then Lo(L1,...,1,) = Lo(I). If i € {1,...,n}, then we

can consider the number
L) = Lo(I,..., 1, m, ..., m)

where [ is repeated ¢ times and m is repeated n — ¢ times. Let us define the vector
L) = (/Jé”)(l ) ,Lél)(] )). Using different techniques, Hickel [20] also studied the
sequence L£§(I) and showed the very interesting inequality e(I) < /J(l)(l ) L(()n)(] ) (see
20, Théoreme 1.1]). We also point out that, if f: (C",0) — (C,0) is a complex analytic
function germ with an isolated singularity at the origin, then in [48] Teissier showed that,
for alli € {1,...,n}, there exists a non-empty Zariski open set W in the Grassmannian
manifold Gi((C”) of linear subspaces of C" of dimension i, such that Lo(J(f|g)) does not
depend on H whenever H € W® (see Remark 3.10).

Let us fix a coordinate system x,...,x, in C". If I denotes a monomial ideal of O,,,
that is, if I is a proper ideal of O, generated by monomials, and I has finite colength,
then I, e(I) and Lo(I) are expressed in terms of some geometrical feature of the Newton
polyhedron I'; (1) of I. We recall that Iy (I) is defined as the convex hull in R" of the
exponents of all the monomials belonging to I (see Section 4 for details). It is known
that, if I is a monomial ideal of O, then I is generated by the monomials 2* such that
k € T4 (I) (see for instance [24, §1.4]), where we use the notation z* = ' - .- 2% for any
k € Z%,. Moreover, in this case, we have that e(I) = n!V,(R" \T';(I)), where V,, denotes

n-dimensional volume, and Lo(I) is equal tomin{r > 1:re; € I (1), for all i = 1,...,n},
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where ey, ..., e, denotes the canonical basis in R" (see for instance [6, Corollary 3.6]). It
is also known that the log canonical threshold of I, denoted by lct(I), which is another
fundamental number associated to ideals of O, (see Section 5), verifies that % =
min{\ > 0: A(1,...,1) € ' (1)}, by virtue of a result of Howald (see [23, Example 5]).

It is very interesting and useful to have a combinatorial description of invariants associ-
ated to ideals in terms of Newton polyhedra, at least when the ideals under consideration
are generated by monomials (see also [22, 25]).

In this article we have pursued several objectives. One of them is to give a description in
terms of I'; (/) of the sequence L£;(I) when I is a monomial ideal of O,, of finite colength.
We also present some inequalities relating Lojasiewicz exponents and mixed multiplicities.
Given an ideal I of O,, of finite colength, another objective of the article is to study the
relation between the sequence of log canonical thresholds of the restrictions of I to linear
subspaces of different dimensions with Lojasiewicz exponents and to obtain an expression
for this sequence in terms of Newton polyhedra when the ideal I is monomial.

The article is organized as follows. Section 2 consists of preliminary definitions and
results. Section 3 is devoted to obtaining inequalities between Lojasiewicz exponents and
quotients of mixed multiplicities. In this context, the main result is Theorem 3.7, which
gives a generalization of the inequalities appearing in [20, Remarque 4.3]. In the same
section we see that the numbers V}i) defined by Hickel in [20, p. 635] in a regular local
ring coincide with the numbers £ (I) introduced in Definition 2.7 (see Lemma 3.9).

In Section 4 we describe the sequence £§(]) in terms of I'; (1) (Theorem 4.2) when [ is a
monomial ideal of O,, of finite colength. We remark that the computation of the sequence
L§(I), for arbitrary ideal I of O,, is a difficult problem. In Example 4.5 we compute
Lo(J(f;)) for the known Briangon-Speder example f, : (C?,0) — (C,0) [12]. In this
section we have also included a result about the invariance of the gradient Lojasiewicz
exponent Lo(V f;) in analytic deformations f; : (C",0) — (C,0) with constant Milnor
number (Theorem 4.6).

Let I be an ideal of O,, of finite colength. In Section 5 we prove that 1 < lct(1)Ly, .0, (1)
and equality holds when I is a monomial ideal (Theorem 5.4), where L,,..., (I) denotes
the Lojasiewicz exponent of x; - - - x,, with respect to I (see the definitions introduced in
Section 2 and relation (2.2)). The proof of this equality is based on the mentioned result
of Howald and the expression of £,,...,, (1) in terms of the Newton filtration of O,, induced
by I'; (1), when I is a monomial ideal (see Theorem 5.3).

In Section 6 we study the relation between the log canonical threshold let™(I) of
the ideal I restricted to a generic linear subspace of C" of dimension ¢ with the mixed
Lojasiewicz exponent E;?mn(f ), fori =1,...,n (Theorem 6.2). Moreover, when the ideal
T is monomial we give a combinatorial expression for lct'” (I) in terms of I'y (I) (Theorem
6.3). In this case we apply the same techniques to derive an expression in terms of Iy (1)
for the sequence of jumping numbers of generic i-dimensional plane sections of I, for
1=1,...,n.
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2. The sequence of mixed Lojasiewicz exponents

Let a(x) and b(x) be two function germs (C",z5) — R, where zy, € C". Then we
write a(z) < b(x) near xo to denote that there exists a positive constant C' > 0 and an
open neighbourhood U of zy in C", with respect to the Euclidean topology, such that
a(z) < Cb(z), for all z € U.

Let I and J be ideals of O,. Let {fi,..., f,} be a generating system of J and let
{91,...,94} be a generating system of /. Let us consider the maps f = (fi,...,f,) :
(C",0) — (CP,0) and g = (¢1,.-.-,9¢) : (C*,0) = (C%,0). We define the Lojasiewicz
exponent of I with respect to J, denoted by L;(I), as the infimum of the set

(2.1) {o€Roo : [If(@)]|” < llg()]| near 0}.

By convention, we set inf () = co. So if the previous set is empty, then £;(I) = oo. It
is straightforward to prove that the definition of £,(I) does not depend on the chosen
generating sets of I and J, respectively.

Let us denote by V() the zero set germ at 0 of I. It is known that that £;(I) is finite
if and only if V/(I) C V(J) (see [29, Section 6] or [11, p.497]). In this case L;(I) is a
rational number. When the ideal J is generated only by one element h € O,, then we
denote L;(I) by L,(I). In particular, if V(I) is contained in {x € C" : zy---z,, = 0},
then L,, ..., (I) exists. The number L, ..., (I) will play a special role in Section 5.

Let us suppose that the ideal I has finite colength. When J = m,,, then we denote the
number L;(I) by Lo(I) and we refer to Lo(I) as the Lojasiewicz exponent of I.

Let J be a proper ideal of O,,. By virtue of the results of Lejeune and Teissier in [29,
Théoreme 7.2], the Lojasiewicz exponent £;(I) can be expressed algebraically as

(2.2) EJ(I):inf{gzr,sEZ>1, JTQF}.

This fact is one of the motivations of the definition in [4] of the notion of Lojasiewicz
exponent of a set of ideals. The main tool used for this definition is the mixed multiplicity
of n ideals in a local ring of dimension n.

Along this section we denote by (R, m), or simply by R, a given Noetherian local ring
of dimension n > 1. If I;,... I, are ideals of R of finite colength, then we denote by
e(ly, ..., I,) the mixed multiplicity of Iy, ..., I, defined by Teissier and Risler in [49, §2].
We also refer to [24, §17.4] or [46] for the definitions and fundamental results concerning
mixed multiplicities of ideals. Here we recall briefly the definition of e(1,. .., I,). Under
the conditions exposed above, let us consider the function H : Z%; — Z, given by

R
(23) H(Tl,...,rn>—€(m),

for all (ry,...,r,) € ZZ,, where {(M) denotes the length of a given R-module M. Then,
it is proven in [49] that there exists a polynomial P(zy,...,x,) € Q[xy,...,z,] of degree
n such that

H(ry,...,mn) = P(ry,...,7m0),
for all sufficiently large ri,...,7, € Zso. Moreover, the coefficient of the monomial

x1-+ Xy in P(xy,...,x,) is an integer. This integer is called the mized multiplicity of
L, ..., I, and is denoted by e([y, ..., I,).
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We remark that if Iy, ..., I, are all equal to a given ideal I of finite colength of R, then
e(ly,...,I,) = e(I), where e(I) denotes the Samuel multiplicity of 1. If i € {0,1,...,n},
then we denote by e;(I) the mixed multiplicity e(Z,...,/,m,...,m), where [ is repeated
i times and the maximal ideal m is repeated n — i times. In particular e, (I) = e(I) and
eo(l) = e(m).

If f € O, is an analytic function germ with an isolated singularity at the origin and
J(f) denotes the Jacobian ideal of f, then we denote by x(f) the Milnor number of the
restriction of f to a generic linear subspace of dimension ¢ passing through the origin in C",
for i = 0,1,...,n. In [49] Teissier showed that u®(f) = e;(J(f)), for all i = 0,1,...,n.
The p*-sequence of f is defined as p*(f) = (u™(f),...,pM(f)).

If g1,...,9, € R and they generate an ideal J of R of finite colength then we denote
the multiplicity e(J) also by e(gi,...,g,). We will need the following known result (see
for instance [24, p. 345]).

Lemma 2.1. Let Iy, ..., 1, be ideals of R of finite colength. Let ¢1,. .., g, be elements of
R such that g; € I;, for alli=1,...,n, and the ideal (g1, ..., gn) has also finite colength.
Then

gy ygn) = e(ly, ... 1p).

Definition 2.2. Let I4,..., I, be ideals of R. Then we define
(2.4) o(ly,....I,) = max e(l +m", ..., I, +m").
rEliz1

The set of integers {e(l; + m",..., I, + m") : r € Zso} is not bounded in general.
Thus o([y,...,I,) is not always finite. The finiteness of o([y,...,I,) is characterized
in Proposition 2.3. We remark that if I; has finite colength, for all : = 1,...,n, then
o(1ly,...,1I,) equals the usual notion of mixed multiplicity e(ly, ..., I,).

Let us suppose that the residue field £ = R/m is infinite. Let Iy,..., I, be ideals of
R and let us identify (I;/mly) & --- & (I,,/ml,) with k*, for some s > 1. We say that a
given property is satisfied for a sufficiently general element of I, & --- & I,,, when there
exist a Zariski open subset U C k* such that the said property holds for all elements
(91,---y9n) € Iy & --- & I, such that (g;,...,g,) € U, under the stated identification,
where g, denotes the class of g; in [;/mlI;, foralli=1,... n.

Proposition 2.3 ([5, p.393]). Let us suppose that the residue field k = R/m is infinite.
Let I, ..., 1, be ideals of R. Then o(Iy,...,I,) < oo if and only if there exist elements
gi € I;, fori=1,...,n, such that (gy, ..., gn) has finite colength. In this case, we have that
o(l,....I,) =e(g1,...,gn) for a sufficiently general element (g1,...,9,) €E LB+ D L,.

Proposition 2.3 shows that, if o(11, ..., I,) < oo, then o(Iy, ..., I,) is equal to the mixed
multiplicity of Iy, ..., I, defined by Rees in [43, p.181] (see also [45]) via the notion of
general extension of a local ring. Therefore, we will refer to o(1y,...,1I,) as the Rees’
mized multiplicity of Iy, ..., I,.

Lemma 2.4 ([4, p. 392]). Let Jy,...,J, be ideals of R such that o(Jy,...,J,) < oo. Let
L, ..., I, be ideals of R for which J; C I;, for alli =1,...,n. Then o(ly,...,1,) < o
and

o( T J) = ol L),
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Under the conditions of Definition 2.2, let us denote by J a proper ideal of R. From
Lemma 2.4 we obtain easily that

o(l,....Ip)=max o(l1 +J",.... L, + J").

T’EZ)O
Let us suppose that o([y,...,I,) < co. Hence, we define
(2.5) ry(Ii,..., 1) =min{r € Zso: o(ly,..., L) =c(li+ J,.... I, + J")}.

If I is an ideal of finite colength of R then we denote r;(1,...,I) by r;(I). We remark
that if R is quasi-unmixed, then, by the Rees’ multiplicity theorem (see for instance [24,
p.222]) we have

ry(I) = min {r €Zso:J" C 7}.
We will denote the integer ry, (1) by ro(I).
Definition 2.5 ([7]). Let I, ..., I, be ideals of R such that o(Iy,...,1,) < co. Let J be

a proper ideal of R. We define the Lojasiewicz exponent of I,..., I, with respect to J,
denoted by L,(I1,...,1,), as

. TJ(‘Zf?“'?]fL)

(2.6) Ly(L,... 1) _;;nif
In accordance with mixed multiplicities of ideals, we also refer to L;(I1,...,1I,) as the
mixed Lojasiewicz exponent of Iy, ..., I, with respect to J. When J = m we denote this

number by Lo(I,...,1,).

Remark 2.6. Let us observe that, under the conditions of Definition 2.5, if I is an ideal

of finite colength of R such that I = --- = [, = I, then the right hand side of (2.6) can
be rewritten as
(2.7) imf{i 1,8 € L, e(]s):e(IS+Jr)}.

s

If we assume that R is quasi-unmixed and r, s € Zx1, then the condition e(/*) = e(I*+.J")
is equivalent to saying that J” C I¢, by the Rees’ multiplicity theorem. Therefore in this
case, we can express (2.7) as

inf{izr,5€Z>1, JTQF};

S

which coincides with the usual notion of Lojasiewicz exponent L£;(I) of I with respect to
J (see [29, Théoreme 7.2]).
We also remark that, in order to define £;(I4, ..., I,), the condition o([y,...,I,) < o

is required. Therefore (2.6) does not apply to giving an alternative formulation of £;(1)
for any pair of ideals I and J of O, such that V(I) C V(J) (we recall that L£;(I) is
defined in this case as the infimum of the set given in (2.1)).

As a particular case of the previous definition we introduce the following concept.

Definition 2.7. Let I be an ideal of R of finite colength and let J be a proper ideal of R.
Ifi € {1,...,n}, then we define the i-th relative Lojasiewicz exponent of I with respect to
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J as
(2.8) L9y =rc,I,..., I, m,... m).
i times n — i times

We define the L£%-vector, or L%-sequence, of I as
£5(0) = (£57(1),..... £5(1).

If J = m, then we denote Ef,i)(l) by C(()i)(l), foralli=1,...,n,and L£%(I) by Lj(I). We
will refer to £(I) simply as the sequence of relative Lojasiewicz exponents of I.

Definition 2.8. Let (X,0) C (C™,0) be the germ at 0 of a complex analytic variety X.
Let I be an ideal of O,, such that V(1) N X = {0}. Let ¢1,...,9s € O, be a generating
system of I and let g denote the map (g1,...,9s) : (C*,0) — (C?,0). Then we define
the Lojasiewicz exponent of I relative to (X,0) as the infimum of those @ > 0 such that
there exists a constant C' > 0 and an open neighbourhood U of 0 € C™ with respect to
the Euclidean topology such that ||z||* < Cl|g(z)||, for all x € U N X. We denote this
number by Lx 0)(1).

We will study the number £x )(/) specially when (X, 0) is a linear subspace of C". The
following known theorem will be applied in Section 4. This shows a method to determine
Lx0)(]) in terms of an explicit desingularization of X.

Theorem 2.9. Let (X,0) C (C",0) be the germ at 0 of a complex analytic variety X .
Let m: M — C" be a proper modification so that 7*(ml)y is formed by normal crossing
divisors whose support has the irreducible decomposition U;D;. If

(W*m)o = Z SiDi, (7'('*])0 = ZmlDz, Si,m; € Z,

7

then we have

(29) ﬁ(X,O)([) —max{ﬁ DZﬂX’#(Z)}

Si

where X' denotes the strict transform of X by .

For a proof of the above result we refer to [21, §6]. S. Lojasiewicz showed the inequalities
that bear his name in his thesis [32]. He showed in [32] several inequalities concerning
the distance functions to analytic sets. In [21], H. Hironaka showed a proof of these
inequalities based on the idea of resolution of singularities. Since Lojasiewicz’s setup is
formulated in the real context, Hironaka gave the statement corresponding to Theorem
2.9 only in the real case, but the proof is completely parallel in the complex case. This
proof enables us to determine the best exponent in Lojasiewicz’s inequality and thus we
obtain (2.9). The proof of Theorem 2.9 also appeared in [2, Theorem 6.4] and [3, Theorem
2.5, because of the importance of the discussion and difficulty to have an access to [21]
at that time. After 2008 a republishing of [21] is available.
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3. Inequalities relating Lojasiewicz exponents and mixed multi-
plicities
This section is motivated by the results of Hickel in [20]. In this section we expose

some results showing how Lojasiewicz exponents are related with quotients of mixed
multiplicities; the main result in this direction is Theorem 3.7.

Proposition 3.1. Let (R,m) be a quasi-unmized Noetherian local ring of dimension n.
Let I,...,I,,J be ideals of R such that o(I,...,I,) < oo, o(Iy,...,I,_1,J) < 0o and
I, has finite colength. Then

R < L)
Proof. Let r,s € Z,. Let us suppose that J” C It. Then we obtain
(3.1) reo(ly,....lLh_1,J)=0c(ly,...,In1,J")
(3.2) >o(ly,....0h1,))=s-0(l1,..., 1,1, 1,).

We refer to [4, Lemma 2.6] for equality (3.1) and to Lemma 2.1 for the inequality in (3.2).
In particular

o olhy I, 1)

s ol ..., a1, J)
By [29, Théoreme 7.2] we have £;(1,) = inf{% : r,s € Z>1,J" C I3} (see Remark 2.6).
Then the result follows. O

Corollary 3.2. Let (R, m) be a quasi-unmized Noetherian local ring of dimension n. Let
I be an ideal of finite colength of R. Then
e(l)

(3.3) ena(D)

< Lo(1).

and equality holds if and only if
en_1(I)"e(I) = (I 4 meD),

Proof. Inequality (3.3) follows from applying Proposition 3.1 to the case Iy = --- = I, = |
and J = m.

By the definition of £,(I) we observe that equality holds in (3.3) if and only if m*) C
Ien-1(I). This inclusion is equivalent to saying that e(I¢»-11)) = e(I¢-1) - meD) by the
Rees” multiplicity theorem. 0

Remark 3.3. Let w = (w1, ..., wy,) € Z%, and let d € Z,. Let us denote min; w; by wy.
Let f € O, denote a semi-weighted homogeneous function germ of degree d with respect
to w. It is known that Lo(Vf) < d;% (see for instance [7, Corollary 4.7]). Hence it

d—wq

is interesting to determine when Lo(V f) attains the maximum possible value
7, 27]).
By (3.3) we obtain

(see

(3.4)
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Therefore, if “(f,({?( 5= d;;”(’ then we obtain the equality Lo(V f) = d;;”o.

Let f; : (C*,0) — (C,0) denote the analytic family of functions of Briangon-Speder’s
example (see Example 4.5). We recall that f; is weighted homogeneous of degree 15 with
respect to w = (1,2, 3), for all t. When ¢ # 0, equality holds in (3.4) and thus we observe
that inequality (3.3) is sharp. However Ly(V fy) = % but the equality does not hold in
(3.4).

We also remark that the Brian¢on-Speder’s example also shows that if f : (C*,0) —
(C,0) is a weighted homogeneous function of degree d with respect to a given vector of
weights w = (wy, ..., w,) € Z>1, then we can not expect a formula for the whole sequence
@ (f) in terms of w and d.

Corollary 3.4. Let (R, m) be a quasi-unmized Noetherian local ring of dimension n. Let
Iy, ..., I, and Jy,...,J, be two families of ideals of R of finite colength. Then

6([17 ceey In)
3.5 ——————~ < L ()L, (L) - Ly, (I,).
( ) €(J1,--~,Jn) Jl( 1) J2( 2) Jn( )
In particular, if R is reqular and I is an ideal of R of finite colength, then
(3.6) e(l) < Lo(I)".
Proof. Relation (3.5) follows immediately as a recursive application of Proposition 3.1.
Inequality (3.6) is a consequence of applying (3.5) by considering Iy = -+ = [, = I,
Ji = -+ =J, =m and the equality e(m) = 1. O
Lemma 3.5. Let (R, m) denote a Noetherian local ring of dimension n. Let I, ..., I, be

ideals of R such that o(Iy,...,I,) < co. Let g € I,, such that dim R/(g) =n — 1 and let
p: R — R/{(g) denote the canonical projection. Then

o(ly,.... ) <o(p(li),...,p(In-1))

Proof. By Proposition 2.3, there exist g; € [;, fort =1,...,n — 1, such that

o(p(l), .., p(In-1)) = o(p(gr); - - - p(gn-1))-

The image in a quotient of R of a given ideal of R has multiplicity greater than or equal
to the multiplicity of the given ideal (see for instance [24, Lemma 11.1.7] or [19, p. 146]).
Therefore

o(p(fh), ..., p(In-1)) = e(p(91), - - -, P(gn-1)) = €(g1, - Gn-1,9) 2 o(I1,..., 1)
where the last inequality is a consequence of Lemma 2.1. 0
Proposition 3.6. Let (R,m) be a Noetherian local ring of dimension n > 2. Let J be
a proper ideal of R and let I,..., I, be ideals of R such that o(Iy,...,I,) < co. Let g

denote a sufficiently general element of I,, and let p : R — R/(g) denote the canonical
projection. Then

(3.7) olp(ly),...,p(In-1)) =o(l,...,I,)
(3.8) Loy (L), p(Inr)) < LoDy 1)
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Proof. Let us suppose that g € I,, is a superficial element for I, ..., I, according to [24,
Definition 17.2.1]. In particular, the element g can be considered as a sufficiently general
element of I,,, by [24, Proposition 17.2.2]. Therefore equality (3.7) holds, by a result of
Risler and Teissier [24, Theorem 17.4.6] (see also [49, p.306]). From (3.7) we obtain the

following chain of inequalities, for any pair of integers r, s > 1:
o(l{,....I0)=s"o(l1,...,I,) = s"o(p(L1),...,p(In-1))
=s-o(p(l)’....p(In-1)°) = s-o(p(1)* +p(J)", ..., p(Ln-1)" + p(J)")
(3.9) >s-ol;+J,.. .  +J 1) =0c({+J,...._+J L)
o +J ... L+ I+ J),

where the inequality of (3.9) is a direct application of Lemma 3.5. In particular, we find
that ) (p(11)*%, ..., p(In-1)®) < 7y(I7,...,I3), for all s > 1, and hence relation (3.8)
follows. 0J

The next result shows an inequality that in some situations (see Corollary 3.8) is subtler
than inequality (3.5). Moreover, Theorem 3.7 constitutes a generalization of the inequality
proven by Hickel in [20, Théoreme 1.1].

Theorem 3.7. Let us suppose that (R, m) is a quasi-unmized Noetherian local ring. Let
Ii,.... I, and Jy, ..., J, two families of ideals of R of finite colength. Then

e(lh, ..., 1,)

Y 7\ £J1(117‘]2 )£J2(127127‘]3‘"7‘]7’L>£J3(-[37-[37I37‘]4‘"7‘]11)
e(Ji, ..., Jn)
Ly L1y Iy Jn)Lg (Lo oo 1)
Proof. By Proposition 3.1, we have
(310) 6(117--'7171) ge(h,... n— 1,J )[,Jn( )

Let g, € J, such that dim R/(g,) = n — 1 and let p : R — R/(g,) be the natural
projection. Therefore we obtain

(3.11) e(ly, ..., L1, Jn) <e(p(ly),...,p(In-1)),
by Lemma 3.5. Applying again Proposition 3.1 we have

e(p(fr), -, p(In-1)) < e(p(ly), -, p(In=2), P(Jn-1)) Lo(s, 1) (P(In-1))
(3.12) <e(h),...,p(n—2),p(Jn-1)) L (Ln-1, .. In_1, Jn),
where (3.12) follows from Proposition 3.6. Thus joining (3.10), (3.11) and (3.12) we obtain

e(l,.... L) <e(p(l),...,p(In—2),p(Jn=1)) Ly, (Ln—1, ., In_1, Jn) Ly, (I,).

Now we can bound the multiplicity e(p(ly),...,p(In_2),p(Jn_1)) by applying the same
argument. Then, by finite induction we construct a sequence of elements g; € J;, for
i=2,...,n,such that dim R/(g;,...,gn) =i —1, for alli = 2,... n, and if ¢ denotes the
projection R — R/{g2,...,gn), then

6(117' .. 7]71) < B(Q(]l))‘CJz(IQ?IQ?J?)' e ‘] )£J3(-[3’-[37-[37J4' : 7<]TL)
Ly (Lnay ey Inay Jn)Lg (Iny oo 1)
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By Propositions 3.1 and 3.6 we have
e(q(f1)) < e(q(1) Ly (a(h)) < e(q(J1) Loy (Tn, oy ooy Tn).

Moreover, we can assume from the beginning that g,,¢,_1,..., g2 forms a superficial
sequence for J,, J,_1,...,J2, Ji, in the sense of [24, Definition 17.2.1]. In particular we
have the equality e(q(J/1)) = e(Ji,...,Jn), by [24, Theorem 17.4.6]. Thus the result
follows. 0

Corollary 3.8. Let (R,m) be a quasi-unmized Noetherian local Ting and let I and J be
itdeals of R of finite colength. Then

1
ﬂ<EJ(I,J,...,J)EJ(I,I,J,...,J)---EJ(I,...,]).
e(J)
Proof. 1t follows by considering I =--- =1, =1 and J;, = --- = J, = J in the previous
theorem. 0

From Corollary 3.8 we conclude that if f € O,, has an isolated singularity at the origin,

then
() < LV ) L5 (V).

We remark that Theorem 3.7 and Corollary 3.8 are suggested by [20, Remarque 4.3].
Moreover, let us observe that the numbers V}i) defined by Hickel in [20, p. 635] in a regular
local ring coincide with the numbers Eéi)(l ) introduced in Definition 2.7, as is shown in
the following lemma.

Lemma 3.9. Let (R,m) be a regular local ring of dimension n and infinite residue field
k, char(k) = 0. Let xy,...,x, denote a reqular parameter system of R. Let I be a
proper ideal of R of finite colength and let i € {1,...,n — 1}. Then E(()i)(l) is equal to
the Lojasiewicz exponent of the image of I in the quotient ring R/{(hq, ..., h,_;), where
hi,..., hn_; are linear forms chosen generically in kl[zq, ..., x,].

Proof. By [24, Proposition 17.2.2] and [24, Theorem 17.4.6], we can take generic linear
forms hq, ..., h,_; € k[z1,...,2,] in order to have e(IRy) = e;(I), where Ry denotes the
quotient ring R/{(hy,...,h,—;). Let us denote by my the maximal ideal of Ry. By [20,
Théoreme 1.1], the number Lo(I Ry) does not depend on hy, ..., h, ;. Let us denote the
resulting number by V}i), as in [20]. We observe that

Lo(IRy) = inf {f .ml, C T° Ry, 1,5 € Zgl}
S
r

= inf {g ce(I°Ry) =e(I°Ry +mY), rsé€ 221} :

Moreover ‘ .
£y = inf{— cei(If)=e(I°+m"), rse Z>1} :
s
Let r, s > 1, then we have the following:
ei(I°) = s'e;(I) = s'e(IRy) = e(I°'Ry) > e(I° Ry + ml;) > e;(I* + m"),

where the last inequality follows from Lemma 3.5. In particular, if ¢;(1%) = ¢;(I®* + m"),
then e(I*Ry) = e(I°* Ry + mY;). This implies that Lo(/Ry) < Eg)(]) and consequently
v < L)1)

1S ko )
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Let us suppose that I/}i) < E(()i)(l). Let r,s > 1 such that l/}i) << E(()i)(]). Therefore
ei(I°) > e;(I* + m"). Let us consider generic linear forms hy, ..., h,_; € k[xy,..., 2]
such that e;(I*) = e(I°Rp), ¢;(I* + m") = e((I* + m")Ry) and V}i) = Lo(IRy), where
Ry = R/(hy,...,h,_;). Since V}i) = Lo(IRy) < £, then e(I°Ry) = e((I* + m")Ry) and
hence €;(1°) = e;(1°* + m"), which is a contradiction. Therefore L’(()i) (I)= }i). O

Remark 3.10. Let f € O, such that f has an isolated singularity at the origin. By
[49, p. 308, Proposition 2.7], the image of the Jacobian ideal of f in the local ring of a
hyperplane containing the origin and the Jacobian ideal of the restriction of f to such
hyperplane have the same integral closure provided that the hyperplane is sufficiently
general (see also [48, p.275]). Therefore, by this observation and Lemma 3.9, we have
E(()i)(J (f)) = Lo(J(f|m)), for a sufficiently general subspace H C C" of dimension i, for
alli=1,...,n.

Lemma 3.11. Let (R, m) be a quasi-unmized Noetherian local ring and let I, J be ideals
of R of finite colength such that I C J. Let us suppose that the residue field k = R/m is
infinite. Leti € {1,...,n—1}. Ife;1(I) = eir1(J), then e;(I) = e;(J).

Proof. Let hq,...,h,_; € m sufficiently general elements of m. Let us define Ry =
R/{(hi,...,h,) and Ry = (hy,...,hy_s1). lf p: R — Ry and ¢ : R — Ry denote
the natural projections, then e;(I) = e(p(I)Ry), e;(J) = e(p(J)R1), e;1(L) = e(q(I)Rs)
and e;+1(J) = e(q(J)Rz). Since the ring Rj is also quasi-unmixed (see for instance [24,
Proposition B.44]), the condition e;.1(I) = e;41(J) implies that ¢(I) = ¢(J), where the
bar denotes integral closure in Ry, by the Rees’ multiplicity theorem. In particular we

have p(I) = p(J), as an equality of integral closures in Ry. Thus e(p(I)R;) = e(p(J)Ry)
and the result follows. O

Corollary 3.12. Let (R,m) be a quasi-unmized Noetherian local ring. Let I be an ideal
of R of finite colength let J be a proper ideal of R. Let us suppose that the residue field
k = R/m is infinite. Then Efjl)(l) <o < CE,")(I).

Proof. Let us fix an index ¢ € {1,...,n — 1}. Let us fix two integers r, s > 1 such that
eir1(I%) = e;41(I° + J7). Then e;(I°) = e;(I° + J"), by Lemma 3.11. Hence the result
follows from the definition of Ef]i)(l ). O

4. Mixed Lojasiewicz exponents of monomial ideals

Let I denote a monomial ideal of O, of finite colength. In this section we derive an
expression for the sequence £(I) in terms of the Newton polyhedron of I. Let us introduce
first some preliminary definitions.

Let v € R%y, v = (vy,...,v,). We define vpy, = min{vy,...,v,} and A(v) = {j : v; =
Umin}. Given an index i € {1,...,n}, we define S@ = {v € R? : [A(v)| = n+1—1} and
S(gi) ={v € R, : |A(v)] = n+1—1i}. We observe that S = Sél) ={(\, ..., ) : A >0},
S =R and S(()i) =S50 S forall i =1,...,n, where we set S = ().

Let A C Z%, we define the Newton polyhedron determined by A, denoted by I', (A), as
the convex hull in R™ of the set {k+v:k € A, v € RZ;}. A subset ['y C R% is called a
Newton polyhedron when I, = I (A), for some A C ZZ,,.
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Given a Newton polyhedron I'y C R%; and a vector v € R, we define:

((v,Ty) =min{(v,a) :a € T}
A, Iy)={ael'y: (v,a) =L(v,I'})}

where (,) stands for the standard scalar product in R™. The sets of the form A(v,I'}),
where v € RZ, v # 0, are called faces of I';; in this case we say that v supports A(v,I'y).
If Ais a face of I'y, then the dimension of A, denoted by dim(A), is defined as the
minimum dimension of an affine subspace containing A. If A is a face of I' | of dimension
n — 1, then we say that A is a facet of A.

If h € O, and h =Y, axz" denotes the Taylor expansion of & around the origin, then
the support of h is defined as the set supp(h) = {k € Z%; : a, # 0}. If h # 0, the
Newton polyhedron of h, denoted by 'y (h), is defined as I'y (supp(h)). If h = 0, then
we set I'y (h) = 0. If I denotes an ideal of O, and g¢i,...,g, is a generating system of
I, then the Newton polyhedron of I, denoted by 'y (I), is defined as the convex hull of
Li(g1)U---UT'(g.). It is easy to check that the definition of I'; (/) does not depend on
the chosen generating system ¢y, ..., g, of I.

If v € RY, and I denotes an ideal of O,, then we denote ¢(v,I';(I)) simply by £(v, I).
Therefore, if v = (1,...,1) € R, then {(v,I) = ord([), where ord([) is the order of I,
that is, the maximum of those » > 1 such that / € m". If v € RY; and the support of
h is contained in the hyperplane of equation (k,v) = ¢(v, h), that is, when h is weighted
homogeneous with respect to v, then we refer to ¢(v, h) as the degree of h with respect to
v and we also denote this number by d,(h).

Let us fix a Newton polyhedron I', € RZ;,. We define the following equivalence relation
in R%: if v,v" € R, then v ~ o' if and only if A(v,I'y) = A(v',I'y). The equivalence
classes arising from ~ form a collection of cones in RZ,. These cones form a subdivision
of RZ,. We refer to this collection of cones as the dual Newton polyhedron of T',.

For the proof of the following theorem we use several knowledge on toric modification.
We refer to [18], for example, for several information on toric modification. Here we recall
some of them:

e We can associate a variety Xy to a fan X, a collection of cones which is generated
by several integral vectors, see [18, p.263] for its definition.

e X5 is nonsingular if ¥ is regular, that is, if each cone of ¥ is generated by part of
a basis of Z" ([18, p.266, Theorem 2.1]).

e If ' is a subdivision of ¥, then we have a proper modification Xy — Xy ([18,
p.72,276]).

Theorem 4.1. If I is a monomial ideal of O,, of finite colength, then

i (v, I ,
ﬁ(())(l) = max{M TV E S(Z)} ,
Umin
forallt=1,... n.
Proof. Let us fix an index i € {1,...,n}. Let H denote a generic i-dimensional linear
subspace of C". Let us consider the fan >y corresponding to the blow up at the origin, that
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is, the collection of cones R-pe + ZjEJ Ropey, for J C {1,...,n}, wheree =e; +---+e,
and eq,...,e, is the canonical basis of R".

Let us consider a regular subdivision ¥ of the dual Newton polyhedron of I'; (1), which
is also a subdivision of ;. Then we have a natural map from ¥ to X, that is, a natural
embedding of a cone in 3 to some cone in Xy (see [18, p. 72]), which induces a map
from Y to Xy. Since X is a regular subdivision of the positive orthant, we have a toric
modification Xy — XRZO = C". Take a vector a which is a generator of a 1-cone of ¥ and
denote by FE, the corresponding exceptional divisor of this toric modification. Then F,
meets H' if and only if the cone generated by a is in a cone of ¥ of dimension < i, where
H'’ denotes the strict transform of H. Let us consider the restriction of the pullback of
the inequality (1.1) to the strict transform H’. So Theorem 2.9 implies the result. O

Let us fix a subset L C {1,...,n}, L # 0. Then we define R} = {z € R" : a; =
0,foralli¢L}. If h € O, and h = Y, axz” is the Taylor expansion of h around the
origin, then we denote by hy the sum of all terms az* such that k € R?; if no such terms
exist then we set h;, = 0. Let O,,1 denote the subring of O,, formed by all function germs
of O, that depend only on the variables x; such that ¢ € L. If [ is an ideal of O,,, then
I*™ denotes the ideal of O, generated by all hy such that h € I. In particular, if I is an
ideal of O, of finite colength then I8 £ 0, for alli =1,...,n.

Corollary 4.2. Let I be a monomial ideal of O, of finite colength. Then, for all v €
{1,...,n}, we have

(4.1) LY(I) = max {ord(I*) : LC {1,...,n}, |L| =n—i+1}.

Proof. Let us fix an index i € {1,...,n} and let us denote the number on the right
hand side of (4.1) by m,;(I). If v € RZ

>0

then we denote the vector %v by w,. If
wy = (w1, ..., w,), then we observe that w; = 1 whenever j € A(v) and w; > 1, otherwise.

By Theorem 4.1 we have
Eg)(l) = max {{(w,,]) :v € S(i)} :

We remark that, since I is an ideal of finite colength, then I # 0 and supp(I*) C
supp(I), for all L C {1,...,n}, L # 0.

Let us fix a vector v = (v1,...,v,) € S®. Then, from the inclusion 4™ C I, we
deduce that £(w,,I) < {(w,, [4™) = ord(I4™). Using the definition of S, we obtain
the disjoint union S = Séi) U S(()Fl) U---u Sél). Let us suppose that i > 2 and v € Séj),
for some j € {1,...,i —1}. Then |A(v)| > n — i+ 2. Let v/ be a vector obtained from
v by replacing |A(v)| — (n — i + 1) components v;, where j € A(v), by vmi, + 1. The
resulting vector v’ verifies that |A(v')| = n — i+ 1, that is, v' € S(gi). Moreover we have
A(v') € A(v) and then TA®) C 14 Consequently ord(I4"") > ord(I4(). This fact
shows that max{ord(/4™)) : v € S®} is attained at the vectors v € S(()i). The case i =1
of this conclusion is obvious. Then we obtain the following:

L5 (I) = max {tw,, I) v € SU} < max {(w,, I'") : v € SV}
= max {ord(]A(”)) NS S(i)}
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= max {ord(IA(“)) tvE Séi)}
=max {ord(/*):LC{l,...,n}, [L|=n—i+1}.

Hence E(()i)(l ) < m;(I). Let us see the converse inequality by proving that for any subset
L C {1,...,n} such that |[L| = n + 1 — 4, there exist some vector v € RZ, such that
A(v) =L and £(w,, I) = ord(I*).

Let us fix a subset L C {1,...,n} such that |L| =n+1—iand let v = (vy,...,v,) € R"
such that v; = 1 for all j € L and v; > ord(I*), for all j ¢ L. Let us observe that, if
k € supp(/) and z* ¢ I*, then there exists some jy ¢ L such that k;, > 1; in particular
(v, k) > ord(I"). Let us denote the sum of the components of any vector k € Z%, by |k|.
Therefore we have

l(wy, I) = (v, I) = min { min (v, k), min (v, k:>} = min { min |k|, min (v, l{:}}

kel kel It kel kel It

= min {ord([L), min (v, k)} = ord(1%).

kel It
Thus the result follows. O
Remark 4.3. If I denotes an ideal of finite colength of O,, then we observe that £(I) =
L:(I). Therefore in Theorem 4.2 we can replace the ideal I by any ideal of ©,, whose inte-

gral closure I is a monomial ideal. The ideals of O,, whose integral closure is a monomial
ideal are characterized in [9, Theorem 2.11] and are called Newton non-degenerate ideals.

Example 4.4. Let us consider the monomial ideal of O3 given by I = (z% y°, 2¢, xyz),
where a,b,¢ € Zzp and 3 < a < b < ¢. Using the formula e(I) = 3IV,(R3; \ T4 (1)) we
obtain e(I) = ab + ac + be. Moreover Li(1) = (¢,b,3), by Theorem 4.2. We remark that
L§(I) does not depend on a.

Example 4.5. Let us consider the family f; : (C*,0) — (C,0) given by:
fi(z,y,2) = 2 + 2° + 2y" + t3°2.

This is known as the Briangon-Speder’s example (see [12]). We have that f; has an
isolated singularity at the origin, f; is weighted homogeneous with respect to w = (1,2, 3)
and d,(f;) = 15, for all t. Therefore Lo(V f;) = 14, for all ¢, by [27]. It is known that
p(fo) =28 and p(f;) = 26, for all sufficiently small ¢ # 0 (see [12]). Hence

“(f) = (364,28,4) ift=0
T (364,26,4) it £ 0.

It is straightforward to check that the ideal J(fy) is Newton non-degenerate, in the
sense of [9, p.57]. Thus the integral closure of J(fy) is a monomial ideal. That is

J(fﬂ) = <$147 y77 $y67 Z4>‘
In particular, we can apply Theorem 4.2 to deduce

L(Vfo) = (14,7,4).
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If t # 0, then I'y(J(f;)) = T'y(J), where J is the monomial ideal given by J =
(x1 90 2% 5z 29%). Obviously J C J(f;). We observe that e(J) = 336, whereas
e(J(f:)) = 364. Since e(J) # e(J(f;)) we conclude that the ideal J(f;) is not New-
ton non-degenerate. In particular, we can not apply Theorem 4.2 to obtain the sequence
L5V fr)-

Let us compute the number E(()Q)(J(ft)), for t # 0. Let us fix a parameter ¢ # 0. We
remark that E((f)(J (f:)) is equal to the Lojasiewicz exponent of the function g(x,y) =
fi(z,y, ax + by), for generic values a,b € C, by Lemma 3.9 and [49, Proposition 2.7].

We recall that if I denotes an ideal of O, of finite colength, then we denote by ry(I)
the minimum of those r > 1 such that m” C I. Using Singular [14] we observe that
ro(J(g) = T

By a result of Ploski [41, Proposition 3.1], it is enough to compute the quotients Ls(g)s)
only for those integers s such that 1 < s < ro(J(g)°) < e(J(g)) = 26. Moreover, since
ro(J(g)) — 1 < Lo(J(g)) = infszq M, we can consider only the integers s such that
1<sg @) 26 4.3, that is, such that 1 < s < 4. Again, by applying Singular

ro(J(g))—1 ~— 6
[14] we obtain

ro(J(9)) =7 ro(J(g)?) =13 ro(J(9)°) = 20 ro(J(g)") = 26.
Then

£0(J(g)) = min {Ul o)) ol a) nlta)) rol o) >} —65.

Summing up the above information we conclude

(14,7,4) ift=0

LolVH) = {(14,6.5,4) if 0.

To end this section we show a result about the constancy of Lo(V f;) in deformations
of weighted homogeneous functions.

Theorem 4.6. Let f : (C*,0) — (C,0) be a weighted homogeneous function of degree

d with respect to w = (wy,...,w,) with an isolated singularity at the origin. Let wy =
min{wy, ..., w,}. Let us suppose that
. d — wy
(4.2) Lo(Vf) =min < u(f), " :
0

Let f; : (C",0) — (C,0) be an analytic deformation of f such that f; has an isolated
singularity at the origin, for all t. If u(f;) is constant, then Lo(V f;) is also constant.

Proof. Let us assume that f; is not analytically trivial (otherwise the conclusion is imme-
diate). We can assume that the deformation f; is a subfamily of a versal deformation of
f. By a result of Varchenko [51], the deformation f; verifies d,,(f;) > d, for all ¢, where
dy(fi) denotes the degree of f; with respect to w. Then we have the following:

() mw) o ) (=) () (),

wl...wn wl..-wn wl---wn
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Therefore d,(f;) = d and
(d—w1)---(d—wy)

wl...wn

u(fe) =

for all . Consequently f; is a semi-weighted homogeneous function, for all ¢, by [9,
Theorem 3.3| (see also [16]). Then, by [7, Corollary 4.7], we obtain
d— Wo

Lo(Vfi) < .

Wo

By the lower semi-continuity of Lojasiewicz exponents in p-constant deformations (see
[40]) we have

d—wo

i)

Then the result follows. O

b a9y < 2a(o ) < min i S0 < i f), S0

Wo ’ Wo Wo

Since the order of a function can be seen as a Lojasiewicz exponent, that is ord(f) =
Lipy(m,), for all f € m,, we can consider the previous result as a counterpart for
Lojasiewicz exponents of gradient maps of the known results of O’Shea [38, p.260] and
Greuel [17, p.164] about the constancy of the order of functions in deformations with
constant Milnor number. After finishing this article we were informed by T. Krasinski
about the preprint [13] on the computation of Lo(V f) when f is weighted homogeneous.

5. Log canonical thresholds

This section is devoted to show a connection between the log canonical threshold of ideals
and Lojasiewicz exponents. We start by giving the definition of log canonical threshold
of an ideal and recalling some basic facts about this concept. We refer to the survey [37],
or to [28], for more information about the log canonical threshold of ideals.

If f:(C"0)— (C,0) is an analytic function germ, then the log canonical threshold of
f, denoted by lct(f), is the supremum of those s so that | f(x)|~ is locally integrable at
0, that is, integrable on some compact neighbourhood of 0. This definition is generalized
for ideals as follows.

Definition 5.1. Let I be an ideal of O,,. Let us consider a generating system {gi, ..., g}
of I. The log canonical threshold of I, denoted by lct([7), is defined as follows:

let(I) = sup{s € Rog : (Jg1(z)|* + -+ +]g-(x)|*) " is locally integrable at 0}.

It is straightforward to see that this definition does not depend on the choice of a gener-
ating system of I. The Arnold indez of I, denoted by (1), is defined as u(l) = ﬁ (see
for instance [15, 37]).

One origin of the notion of log canonical threshold comes back to analysis on complex
powers as generalized functions. M. Atiyah ([1]) showed a way to compute (candidate)
poles of complex powers using resolution of singularities. This leads to the following
well-known result (see for instance [37, Theorem 1.1}).
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Theorem 5.2. Let w: M — C" be a proper modification so that (7*1)o = Y, m;D; where
D; form a family of normal crossing divisors. Then

ki +1
let(7) = min i
(3 mz

where Ky =) . k;D; is the canonical divisor of M.
The proof is based on the following observation:
dx N\ dT
/ |z g 728 gk xﬁ"|2u <o <= mis<k;+1 foralli=1,...,n
i< V-1

If I Cmj], then

let(1) < let(my)) < -
r

by [37, Property 1.14]. As a consequence, we conclude that let(I) ord(7) < n. Combining
this with [37, Property 1.18], we have

let(m,) n
r

1 n
ord(D) <let(1) < ord(D)’
We also recall that, due to a result of Howald [23, p. 2667] (see also [37, p. 415]), if I
is a monomial ideal of O,,, then
1
min{\ >0: e el ()}

Next we introduce some preliminary definitions in order to show the main result of this

(5.1) let(I) =

section.

If v € Z%,, v # 0, then v is said to be primitive when the non-zero coordinates of v
are mutually prime integers. Let us fix a Newton polyhedron I'y C R, let I' be the
union of all compact faces of I';.. Since the vertices of I'y are contained in Z%, any facet
of I'y is supported by a unique primitive vector. Let us denote by F(I'y) the family
of primitive vectors of Z%; that support some facet of I'y and by Fo(I'y) the family of
vectors v € F(I'}) such that ¢(v,T"y) # 0. If '} is convenient, then it is straightforward
to prove that F(I'y) = Fo(I'y)U{e,...,en}, where eq,. .., e, denotes the canonical basis
of R".

Let us suppose that I'y # RZ,. Then Fy(T'y) # 0. Let Fo(I'y) = {o',...v"}, for some
r > 1. Let Mr denote the minimum common multiple of {¢(v!,T'}),...,¢(v",T;)}. Then
we define the filtrating map associated to I'y. (or, to I') as the map ¢r : RZ; — Ry given
by

: My
¢r(k) = min {—E(vi, )
If A'is a face of I'y, then we denote by C'(A) the cone formed by all semi-lines Az, A € Ry,
where z varies in A. We observe that ¢r(Z%,) C Z%, ¢r(k) = My, for all k € I, and the
map ¢r is linear on each cone C'(A), where A is any compact face of I'.

Let us define the map v : O, — Roo U {400} by vr(h) = min{¢r(k) : k € supp(h)},
for all h € O,,, h # 0; we set vp(0) = +o0o0. We refer to v as the Newton filtration induced
by ', (see also [8, 9, 26] for the case where I', is convenient). If J is an ideal of O,,, then
we define vp(J) = min{vr(g) : g € J}.

(k,vi>:i:1,...,r}, for all k € R%,,.
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Proposition 5.3. Let I be a monomial ideal of O,,. Let 'y =T (1) and let M = M.
Then

for any ideal J of O,, such that V(I) C V(J).

Proof. By [29, Théoreme 7.2] we know that
L;(I)= inf{g iD,q € Lxy, JP Qﬁ}.
q

Let p, ¢ € Z>,. Since I is a monomial ideal, then I is also. Therefore J? C I¢ if and
only if ', (J?) C I'; (I). Let us observe that I', (I4) = I', (I?) = qI', (I). Then JP C [4
if and only if vp(J?) > ¢M, which in turn is equivalent to saying that L2 uri(J)’ since

vr(JP) = prr(J), and then the result follows. O
Theorem 5.4. Let I and J be proper ideals of O,, such that V(I) C V(J). Then
(5.2) let(J) < Ly(1)1et(I).

Equality holds in (5.2) when I is a monomial ideal and J = (xy---x,). That is, if I is a
monomial ideal then 1ct(I)Ly, ..., (I) = 1.

Proof. Let {fi1,..., f,} be a generating system of J and let {gi,...,g,} be a generating
system of /. Let us consider the maps f = (fi,...,f,) : (C*,0) — (C?,0) and g =
(g1,---,94) : (C",0) — (C%,0). If || f(2)]|° < |lg()]|, for some § > 0 and we fix any s > 0

then
sdx/\dx sd:z;/\
J I A s [ e A

where K denotes some compact nelghbourhood of 0 in C". Thls shows that if s6 < lct(J)
then s < let([7), that is, let(J) /0 < let(Z). We thus obtain the inequality lct(J) < 01ct(1)
and (5.2) follows.

Let us suppose that I is a monomial ideal. Let I'y = I'; (1) and let M = M. Let us
recall that in this case I is equal to the ideal generated by all the monomials #* such that
k € I'y (see [24, p.11]). Tt follows easily from the definition of log canonical threshold
and Lojasiewicz exponent that lct(I) = let(I) and Ly,..p, (I) = L4y, (I). Then we can

suppose that [ is an integrally closed monomial ideal.

Let e denote the vector (1,...,1) € R™. Let \g = min{\ € Ry : Ae € I'.}. We observe
that, if A € Ry, then Ae € I'; if and only if ¢r(Ae) = M. Then \g = M/¢r(e). Hence
we obtain, by Lemma 5.3, that

M M 1
5.3 Lo, (1) = = =X\ =
( ) 1 ( ) VF(xl .. 'l'n) ¢F(e) 0 1Ct<])
where the last equality is an application of (5.1). 0

Example 5.5. Let us consider the ideal I = (z + y,zy) of C[[z,y]]. Then L, ,(I) =1
and let(I) = 3/2. We remark that I = (x + y) + (z,y)2. Hence, taking J = (zy), this
example shows that, in general, equality does not hold in (5.2).
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Let us remark that Theorem 5.4 does not assume that the ideal I has finite colength.
If the ideal I has finite colength then, by [15, Theorem 0.1], we obtain the inequality

let(1) > sy Moreover, by Corollary 3.4, we know that e(I) < Lo(I)". Joining

both inequalities we deduce that let(l) > #(I), which also follows as an application of

(5.2) for the case J = m,. Let us remark that, by applying (5.2) to the principal ideal

J = {(x1---x,), we obtain lct(I) > ﬁ As a direct application of the definition of
-

Lojasiewicz exponent we have

Lo(1
Lo (D) < L (1) = D)
n
Then we deduce again that
1 n

let(1) > > .

D> 7 Tl
We observe that, as a consequence of Theorem 5.4 and [15, Theorem 0.1], if I is an ideal
of O, of finite colength such that I is generated by monomials, then

1 S n
Lofw, (1)~ e(I)V/n’

and equality holds if and only if I = m2 ", The above inequality does not hold in general.

If I denotes the non-monomial ideal of Example 5.5, then the opposite inequality of (5.4)
holds.

(5.4)

Remark 5.6. It is natural to ask when equality holds in (5.2) in general. Let us suppose
that I and J are monomial ideals of O, such that V(I) C V/(J). Let us observe that

> a ) > a; l(a, )
5.5 let(I) = i let(J) = il () =
(5.5) ct(1) 2 G ct(J) N T J(I) ggﬂgﬁ Na. )
£(a,I)#0 L(a,J)#0 £(a,I)#0

where the first and the second equalities follow immediately as an application of (5.1).
The proof of the third equality of (5.5) is analogous to the proof of Lemma 5.3. Moreover
we observe that the condition V(I) C V(J) implies that £;(I) exists (see [29, Section
6]), so J* C I4, for some p,q € Zs; and thus, if a € R% verifies that ¢(a, J) = 0 then
l(a,I) = 0 also. Hence we deduce that, if a given vector a € RZ, attains the three
equalities of (5.5), then we have lct(1) = L;(J) let(J).

It is worth recalling here part of a result of Loeser (see [30, 31, 47]), which gives also a
relation between log canonical thresholds and Lojasiewicz exponents. Using our notation
and Remark 3.10, if f : (C*,0) — (C,0) is an analytic function germ with an isolated
singularity at the origin, then Loeser proved in [31] that

n

D

1+ L8 (T())

where [a] denotes the least integer greater than or equal to a, for any o € R.

< let(f)
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6. Log canonical thresholds of generic sections

Definition 6.1. Let [ be an ideal of O,,. For any integer k € {0,1,...,n — 1} we set
let™ R (1) = let(I]),

where L denotes a generic (n — k)-dimensional linear subspace of C", and I|;, denotes the
restriction of the ideal I to L.

By the semicontinuity of the log canonical threshold ([28, Corollary 9.5.39]), for every
family {L;}cy of linear subspaces of dimension n — k with Lo = L there is an open
neighborhood W of 0 such that lct(I]z,) > let(I|L,) for every t € W. So let™ (1)
is well-defined and is characterized as the maximal possible value of lct(1|;), where L
denotes a generic (n — k)-dimensional linear subspace of C™.

When L is the zero set of the linear forms hq, ..., hy, then lct(”_k)(l ) is the log canonical
threshold of the ideal generated by the image of I in O,,/(h1, ..., hi). By Proposition 4.5
of [36] (or Property 1.17 of [37]), we have

(6.1) letMW (1) <1et®P (1) < - -+ < let™(T).
Theorem 5.4 has the following analogy for lct(k)( I).

Theorem 6.2. Let I be an ideal of O,, of finite colength. Then

K < et P (N L&H (1)

n T1Tn

forallk=0,1,...,n—1.

Proof. Let L be a linear (n — k)-dimensional subspace of C". Assume that [ is generated
by fi, ..., fm and set f = (f1,..., fm). Let H; = {h; = 0} denote a generic hyperplane of
C" through 0 so that L = HyN---NHj. Let w denote an (n—k)-form with dzyA- - -Adz,, =
dhy A --- ANdhy ANw. Let m: M — C™ denote the blow up at the origin and let h; denote
the strict transform of h;. Set 1 = w; and x; = wyu; (i = 2,...,n). Since h; = uyh}, then

dh; = d(uihl) = uydh} + hidu; = uydh;

on the set defined by h; = 0. Let w’ denote an (n— k)-form with duj A- - - Adu,, = dh/ AW’
Since L is generic, the strict transform L’ of L and the zeros of u; (i = 2,...,n) form a
normal crossing variety. Since

(urdhi) A -+ A (urdhy) Aw =dhy A -+ - dhy Aw
=dx1 N\ --- Ndx,

=u" duy A - A duy, on L/,

we may assume that w = uf "' on L. If |z, ---2,° < || f| on L, we have

NG AW
== PPN
KNL

v—1 ™ JkaL \/—1n_k

N
:/ ‘U?U/Q . _un’—Qes‘uﬂQ(n—k—l) w AW
w1

K)NL =1
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//\ —/
:/ |u1|—2(n95—n+k+1)|u2_‘_un|—298 W AW
w1

which is integrable whenever nfis < n— k. So we have that s < (1—%)/ ngilz([ ) implies
s <1t (1), and we have

T1Tp,

T < let™F (N LOTH (7).
n
O

We end the article by showing a closed formula for let™ (1) when T is generated by
monomials. Let us recall that, given an index i € {1,...,n}, in Section 4 we defined
SO ={veR?; :|A(v)] = n+1—i}, where A(v) = {j : v; = v}, for all v € R,

Theorem 6.3. Let I be an ideal of O, such that I is a monomial ideal. Then

i i — —k min
let®) (1) :min{Z’ a; — (n — ka ca € S(k)}

l(a, )
. Ziai_(n_k) )
:mf{ WD) .aGS(k)ﬂA}

where A = {a = (a1,...,a,) :min{ay,...,a,} =1}, for all k € {1,...,n}.

Proof. We may assume that [ is a monomial ideal. We consider a toric modification
o : X — C" which dominate the blowing up at the origin. There is a coordinate system
(y1,-..,Yn) so that o is expressed by

1 n ; .
zi=yy ey (al €Z,i=1,...,n).

al . a™. ¥ 7 .
Then we have h; = y;™ - - - y,™"h; where h; denotes the strict transform of h; by . So
we have
al . a™. ~
th — ylmm . ynmlndhi
on the set defined by h; = 0. Since
al . am. ~
(A giindhy) ) Aw =dh A+ A dhy A
=dzi N\ --- Ndzx,
cal—1 cat—1
:yIZZZ ...ynz'bl dyl/\./\dyn

we obtain that
w = yzi aj—kag;,—1 . _yzi aj' —kajn—
=i o

1.
w
where @ is a holomorphic (n — k)-form which does not vanish on the strict transform L
of L by o with

dyr N+ Ndy, =dhy N\ --- Ndhp N\ ©.
Since L is generic, L and the zeros of y; form a normal crossing variety and we conclude
that

ca; —k min —
let™=R(1) = min{z’zl(—[)a cae St k)}.
a?

We complete the proof by replacing k£ by n — k in the above relation. 0
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We close the paper by showing a similar formula for the jumping numbers of ideals of
O,, with monomial integral closure. If I is an ideal of O,, and ¢ € Q(, then we denote
by J(I¢) the multiplier ideal of I with exponent c. Let us recall that {J(I°)}ceq,, is
a decreasing sequence of integrally closed ideals associated to I. There is an extensive
literature concerning the sequence of multiplier ideals. We refer to [10], [33] or [37] for
the definition and properties of the family {J(/¢)}ceq.,. It is known (see for instance
[10, Lemma 4.6]) that there exists an increasing sequence of rational numbers 0 = &, <
& < & < --- such that J(I°) is constant for & < ¢ < &1 and J(I%) 2 J(I5+1), for all
1 > 0. The numbers &; are called the jumping numbers of I or jumping coefficients of I.
Let us remark that & = let([).

It is known ([10, Example 4.7], [23]) that if I is a monomial ideal and OI'( (1) denotes
the boundary, in the usual Euclidian sense, of the Newton polyhedron I', (I) then the
jumping numbers of I form the set

{c €EQsp:v+ecc-Il' (1), for some v € Zgo}

where 1 = (1,...,1) € R™

Let I be an ideal of O,, such that I is a monomial ideal. Let us consider the problem
of determining the jumping numbers of generic k-dimensional plane sections of I, for
k=1,...,n. Following the same argument as in Theorem 6.3, given an element h € O,
we have the following characterization:

hlp € T((I|L)°) <= (a,v+€)—(n—k)-amm = cl(a,I), for all a € S® and all v € T (h).

Let us define, for any v € Z2; and k € {1,...,n}, the number §£k) by
W _ o flavte)—(n—Fk)- amn (k)
&, mln{ ) ca€ S .

Therefore, as in Theorem 6.3, we conclude that, if L denotes a generic k-dimensional
linear subspace of C", then the jumping numbers of [|; are given by {&(,k) L v € 7},
k=1,...,n.
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