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On the exponent of mutually permutable
products of two abelian groups

A. Ballester-Bolinches, John Cossey and M.C. Pedraza-Aguilera

Abstract

In this paper we obtain some bounds for the exponent of a fi-
nite group, and its derived subgroup, which is a mutually permutable
product of two abelian subgroups. They improve the ones known for
products of finite abelian groups, and they are used to derive some
interesting structural properties of such products.
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1 Introduction

Throughout this paper all groups are finite and p denotes a fixed prime.

We recall that two subgroups A and B of a group G are said to permute
if AB is a subgroup of G. A and B are called mutually permutable if every
subgroup of A permutes with B and every subgroup of B permutes with A.
If every subgroup of A permutes with every subgroup of B we say that A
and B are totally permutable. Obviously totally permutable subgroups are
mutually permutable but the converse does not hold in general.

Products of mutually and totally permutable subgroups have been widely
studied in the last twenty five years and receive a full discussion in [1]. The
emphasis was on how the structure of the factors A and B affects the one of
the factorised group G = AB and viceversa. The class of all p-supersoluble
groups, or p-soluble groups in which every p-chief factor is cyclic, is one of the
most useful classical classes to highlight the differences between totally and
mutually permutable products. Every totally permutable product of two
p-supersoluble subgroups is p-supersoluble. In particular, G’, the derived



subgroup of G, is p-nilpotent. This result does not remain true for mutually
permutable products (see [1, Example 4.1.32]). However, in that example,
the derived subgroup is still p-supersoluble.

This then brings up the natural question of whether or not the derived
subgroup of a mutually permutable product of two p-supersoluble groups is
p-supersoluble. A possible minimal counterexample is a primitive p-soluble
group whose core-free maximal subgroup is a mutually permutable product
of two abelian subgroups of exponent dividing p — 1. Hence, the answer
seems to depend on obtaining suitable bounds for the exponent of a mutually
permutable product of two abelian subgroups in terms of the exponents of
its factors.

If G = AB is a product of two abelian subgroups, then G is metabelian
by a well-known result of It6. Futhermore, by a result of Howlett [5], if e
and f are the exponents of A and B respectively, then the exponent of GG
divides ef. If G = AB is a metabelian group which is the product of two
subgroups A and B of exponents e and f respectively, then Mann [7] proves
that the exponent of G divides (ef)? and if either A or B is abelian, then
the exponent of G divides (ef)?.

Our main aim in this paper is to obtain better bounds on the exponent
of a mutually permutable product G of two abelian subgroups in terms of
the exponents of the factors. A bound on the exponent of G’ that allows
us to give an affirmative answer to the above question is also determined.
Some results about the p-length of mutually permutable products will follow
as direct consequences of our main theorems.

2 Preliminaries

It is assumed that the reader is familiar with the notation presented in [1]
and [3]. In order to make our paper reasonably self-contained, we collect
in the following lemma some well-known facts about divisibility of binomial
coefficients.

Lemma 1. (i) ([4, Lemma]) For all positive integers q,r and i, with i <
p'q, (p;q)pi is divisible by p"*! .
(ii) If 1 <i < p~!, then (ptl) is divisible by p.

The following expansion formulas for metabelian groups are also needed
(see [6, Lemma 3.1]).



Lemma 2. Let G be a metabelian group and n a positive integer. Then, for
all x,y € G,

and

(zy™ )" =a" ( 11 [x,iy,jx](iJ*l)) y "

0<itj<n

The following lemma gives information about groups which are products
of two cyclic p-groups which is crucial in the proof of the results of the next
section.

Lemma 3. Let the p-group G = {(a)(b) be the product of two cyclic subgroups
A = (a) and B = (b). Assume that the exponent of G divides p™ and fix
1<i<n-—1. Then:

(i) G" NA=(a") and G" N B = (V') and G”" = (a”)(W""). In particular,
(Gpi)p _ GpiJfl‘

(i) (G =GP for all j.

Proof (i) We use induction on i. According to [1, Corollary 3.1.9], G is a
totally permutable product of the subgroups A and B. Therefore G? = (GPN
A)(GPNB) = (a®)(b?) by [1, Theorem 4.1.48]. Suppose that p does not divide
a. Then 1 = aag + pBy and a = (a®)*(a?)® € GP < ®(G). Consequently
G = (b), as desired. Therefore we may assume that GP N A = (a?) and,
analogously, G? N B = (b?). Therefore the statement holds for 7 = 1.

Assume that i > 1, G» NA= (e’ ), G*" 'NB= (") and G =
(a”")Y ('), Then, by [1, Corollary 3.1.9], G is the totally permutable
product of the subgroups (a” ') and (b ). Applying [1, Theorem 4.1.48],
(G77P = ((GP 7 Pn(a )((GP PN ). We can apply now the above
arguments to conclude that (Gryp n (a”") = (a”") and (Gpl_'1 PN (bpl_l_) =
(bP'). Since G*' is a subgroup of (GPH)I’, it follows that (sz_l)p =Gr =
(a”")(b"") and the induction is complete.

(ii) We proceed by induction on j. Statement (i) tells us that the result is
true for j = 1. Assume that j > 1 and (G*')?' = GP"”"". Then (G*')¥ =
(GPY e < (G = (PP =GP < (G Consequently

GV = (GP' )| as desired.



3 Bounding the exponent of mutually per-
mutable products of two abelian groups

If the group G is the product of two abelian groups A and B and they have
finite exponent, then so does GG, and moreover the exponent of G is bounded
in terms of the exponents of A and B [4]. The aim of this section is to prove
that this bound can be considerably improved in the case when G is either a
totally or a mutually permutable product of two abelian subgroups. A bound
for the exponent of the derived subgroup in terms of the exponents of the
factors is also exhibited.

Theorem 1. Let the group G = AB be the product of the cyclic p-groups A
and B. Assume that A and B have exponent dividing p". Then the exponent
of G divides p™. Moreover, the nilpotency class of G is at most n.

Proof By [1, Corollary 3.1.9], G is the totally permutable product of A and
B. Suppose that A = (a) and B = (b). We prove that the exponent of G
divides p” by induction on n. If n = 1, then G is p-elementary abelian and the
theorem holds in this case. Suppose that n > 1 and write Z = GP. Applying
Lemma 3(i), Z = (a?)(b?). Then Z is a totally permutable product of two
cyclic p-groups of exponent dividing p"~!. By induction, the exponent of Z
divides p"~!. Now if € G, then 2? € Z. Consequently (zP)?" = 2" =1
and hence the exponent of G divides p".

We prove that the nilpotency class of G is at most n by induction on
n. The result clearly holds when n = 1. Assume that n > 1. If j < n,
then G/GP is a product of two cyclic groups of exponent dividing p’. By
induction, the nilpotency class of G/GP’ is at most j. Therefore v;41(G) <
GY . In particular, [a,th] € GP" for all t > n — 1.

Next we show that G*"~' < Z(G). By Lemma 2, we have [a, 0" '] =

-

jzll[a,jb] ("), Next, we see that all of the factors of the above prod-
uct belong to G*" = 1. If j < n, then [a,j0)] € G”. By Lemma 1,
r = (pnj_l) is divisible by p"7. Then r = p" 7t for some integer ¢. Since
G" < G, we have that [a,jb]" € (G”)" < (G”)*"'. By Lemma 3(ii),

pn n . . n—

[a,jb]< ;) € G =1. On the other hand, applying Lemma 3(i), |GP"'| <
p®. Thus [[GP"',G],G]=1. In particular for every j > n + 1 we have
la, jb] = [la,(n — 1)b],b,b,mb] = 1, m > 0. Assume that j = n. Then
la,nb] € GP"' If p =2 and n = 2, then G has exponent dividing 4 and the

S
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nilpotency class of GG is at most 2. Assume that p # 2 or p= 2 and n # 2.
Then n < p"~!. Hence, by Lemma 1(ii), it follows that (pnn ) is divisible by

pn71 n— n . n—1 .
p. Hence [a,nb]( )€ (G = G =1 by Lemma 3(i). Thus 0" is
central in G. Analogously, a?" ' is central in G. Consequently, G"' < Z(G)
and G has nilpotency class at most n, as wanted.

The general case follows from Theorem 1. Specifically, we have:

Corollary 1. Let the group G = AB be the product of the totally permutable
abelian subgroups A and B. Assume that the exponents of A and B divide
D1 P2 - - p, for distinct primes p1,pa,...,pn. Then the exponent of G

(e

divides p1“tpa®2 - - - P,

Proof First at all, note that the exponent of GG is equal to the product of
the exponents of its Sylow subgroups. By [1, Theorem 1.1.19], there exists
Sylow p;-subgroups F;, A,, and B,, of G, A and B, respectively, such that
P, = A, B,, is the totally permutable product of the subgroups A4, and B,,,
for each i € {1,2,...,n}. Let z; be an element of P,. Then there exist
a; € A, and b; € B, such that z; = a;b; and so z; belongs to (a;)(b;), which
is the totally permutable product of the cyclic subgroups (a;) and (b;). By
Theorem 1, the exponent of (a;)(b;) divides p;*. Therefore the order of x;
divides p;*. Consequently, the exponent of G divides p;*'ps®?---p,*", as
desired.

In [4, Theorem 1], it is proved that if G = AB, where A and B are
abelian groups with exponent dividing e, where e = p;"'py™---p,"™, and
P1, P2, .- ., P are distinct primes, then the exponent of G’ divides f, where
f =ep1...p,. In particular, the exponent of G divides ef.

Our next results show that in the case when A and B are mutually per-
mutable subgroups of G = AB, then the exponent of G divides f and the
exponent of G’ divides e.

Theorem 2. Let the group G = (a)Z(b)Z be the product of the mutually
permutable abelian p-subgroups (a)Z and (b)Z. Assume that (a) and (b) have
exponent dividing p™ and Z has exponent dividing p™. Then the exponent of
G divides p', where t = mazx(n+1, m).

Proof Let T = (a)Z N (b)Z. By [1, Proposition 4.1.16], we have that
G/T = ((a)T/T)((b)T/T) is the product of the totally permutable sub-
groups (a)T'/T and (b)T/T. By Theorem 1, the exponent of G/T divides

5



p™ and the nilpotency class of G/T is at most n. Let = be an element of G.
Then © = shz for some s € (a), h € (b), and z € Z. Next we show that
(sh)?""" = 1. Write t = h~!. By Lemma 2, we have

n+1 nt1
(St_l)anrl = Spn+1 H [S, it,jS] (z‘z;]!i»l) t—pn+1 _ H [3’ it’js] (z‘p+j+1
0<i+j<pntl 0<itj<pntl
Moreover, [s,it, js| = [[s,it, (j — 1)s], s] = [s,[s,it, (j — 1)s]]7'. Denote u =

[s,it, (j — 1)s]. Since G/GP"T is the totally permutable product of the sub-
groups (a)G?" T/GP"T and (b)G”"T/G""T by [1, Proposition 4.1.16], we can
apply Theorem 1 and conclude that the nilpotency class of (G/T)/(G""T/T)
is at most k, for each k < n. This means that y4,(G/T) < GP'T/T
for all k& < n. Hence if i + j > n, we have that u € T < Z(G) and so
[s,it, js] = [s,u]”' = 1. Assume that i + j < n. Then uT € G*"”'T/T.
By Lemma 3(ii), we know that u?"~ 7" T e ((G/T)»"7 """ = T and
T < Z(G). Then 1 = [s,u?"""""™"]. Use of Lemma 2, allows us to conclude
that

n—(i+j—1)
n—(i+j—1) P pn— (=1 n—(i+j—1)
1=[s,u? | = H [s,ru]( F) = [s, u]?
r=1
Note that [s,ru] = 1 for all r > 2 since G is metabelian. Consequently
[s,it, js]P" "7 = ([s,u] )P 7™ = 1. On the other hand, by Lemma
1(1), (g;t:l) pitiT is divisible by p"*2. Thus (g;t:l) is divisible by p~(+i—1),

Consequently, (sh)p"+1 =1, as wanted.
Finally, as z € Z € Z(G), if t = maz(n + 1,m), we obtain that z' =
(sh)P'z*" = 1. This completes the proof of the theorem.

We shall draw two conclusions from the preceding theorem.

Corollary 2. Let the group G = AB be the product of the mutually per-
mutable abelian subgroups A and B. Assume that the exponents of A and B
divide py“'pa®? - - - p, " for distinct primes py,pa, ..., Pn. Then the exponent
of G divides p;® T ipye2tl. .. p antl,

Proof The result will follow if we bound the exponent of the Sylow subgroups
of G. By [1, Theorem 1.1.19], for each prime p; dividing |G|, there exists



a Sylow p;-subgroup of G, P; say, such that P; is prefactorised, that is,
P, = (P,NA)P,NB). Moreover ,NA = A,, and P, B = B,, are the
Sylow p;-subgroups of A and B, respectively. By [1, Corollary 4.1.22], P; is
the mutually permutable product of Ay, and B,,. Let  denote an element of
P; of maximum order. Then z = ab with a € A,, and b € B,,. Consider the
subgroup T' = (a)Z(b) Z of P,, where Z = A,,NB,,. Applying [1, Proposition
4.1.16], T is the mutually permutable product of the subgroups (a)Z and
(b)Z. By Theorem 2, the exponent of T" divides p}, where r = max(a;+1, o).

Consequently the order of = divides p®*, as desired.

(]

Theorem 3. Let the group G = AB be the product of the mutually per-
mutable abelian subgroups A and B. Assume that the exponents of A and B
divide pr“'po®2 - - - p, ™ for distinct primes py,pa,...,Pn. Then the exponent
of G' divides p1**py®? - - - p,*".

Proof By [1, Lemma 3.1.5], G’ = [A, B]. It is enough to show that the
exponent of a Sylow p;-subgroup of G’ divides p;* for each i = 1,2,...,n.
Fix an index ¢ € {1,2,...n} and denote p = p; and @ = «;. Let A, and
B, be the Sylow p-subgroups of A and B respectively. Then, as in the
above theorem, P = A,B, is a Sylow p-subgroup of GG which is the mutually
permutable product of the subgroups A, and B,. Let a € A,, and b € B,.
Write T' = (a)Z(b)Z, where Z = A, N B,. By [1, Proposition 4.1.16], T'
is the mutually permutable product of (a)Z and (b)Z. Since (T'/Z)/(T/Z)*
is abelian, it follows that 7"Z < T?Z. In particular, [a,b] € TPZ. On the
other hand, by Lemma 3(i), T?Z = (a?)Z(b")Z. Moreover the exponent
of (a?) and (b*) divides p®~! and the exponent of Z divides p®. Now the
application of Theorem 2 yields the exponent of TPZ = (a?)Z(bP)Z divides
p®*. Consequently the order of [a, b] divides p®.

Let  be an element of P N G’ of maximum order and suppose that
the order of x is p' for some ¢t > «a. Since G’ is abelian, we have that
z =[]} [a;,b;]" where [a;,b;]" is a p-element for each j € {1,2,...,m}
(note that for each [s,t] € G’, [s,t] € {[s,t]) = ([s,t]*){[s, t]’) where ([s,t]*)
and ([s,t]?) are the Sylow p-subgroup and Hall p’-subgroup of ([s,t]), re-
spectively). Moreover there exists r € {1,2,...,m} such that the order
of [a,,b,)'" is p'. Denote [a,,b,] = [a,b]. Let A, and B, be the Hall
p/-subgroups of A and B respectively. By [1, Theorem 1.1.19], A, B, is
a Hall p'-subgroup of G. Then a = wv and b = wz for some u € Ay,
v e A, we By and z € B,. Thus [a,b] = [u,2]"[u,w]*’[v, z][v,w]* and



[a,b]' = ([u, 2]*)t ([u, w]*)r (v, 2] ([v, w]*)'. Tt is clear that [u, w]* is a p'-
element. Suppose that ([u, z]")" and ([v, w]?)" are not p-elements. Then we
can express [a, b]'" as a product of three p-elements in the following way:

[, 8] = ([, 2]")" ([, w]*) o, 20" (fv, w]) ' = ([u, 2]°) v, 2] (fv, w]?)’

for some non-negative integers f and [. Since ([u, 2]) belongs to a Sylow p-
subgroup of (u)Z(z)Z, where Z = AN B, we have that the order of ([u, 2]*)f
divides p®. Analogously the order of ([v,w]?)! divides p® Furthermore, v
and z are both p-elements. Applying the above argument, it follows that
the order of [v, z]'" divides p®. Hence the order of [a,b]'" and z divides p*,
contrary to our supposition. Consequently, the exponent of P N G’ divides
p®. The proof of the theorem is now complete.

4 Applications to the structure of mutually
permutable products

One well-known feature of the saturated formation of all p-supersoluble groups
is that it is closed under the formation of totally permutable products (|1,
Theorem 4.1.31]). Unfortunately, this result does not remain true for mu-
tually permutable products, even if the factors are normal (see [1, Example
4.1.32]). However, a mutually permutable product G of p-supersoluble groups
is p-supersoluble if and only if G’ is p-nilpotent.

These results show the central role played by the derived subgroup in the
structure of a mutually permutable product of p-supersoluble groups (see
[2]). In particular, the question of whether or not the derived subgroup of a
mutually permutable product of p-supersoluble groups is p-supersoluble is of
interest.

Our first result of this section provides an affirmative answer to that
question and it is a consequence of Theorem 3.

Theorem 4. Let the group G = AB be the mutually permutable product of
the p-supersoluble subgroups A and B. Then G’ is p-supersoluble.

Proof We suppose that the theorem is false and derive a contradiction. Let G
be a counterexample of minimal order. Since the class of all p-supersoluble
groups is a saturated formation, it follows that G has a unique minimal
normal subgroup, N say. Applying [1, Theorem 4.1.15], G is p-soluble and
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so N is an elementary abelian p-group of rank greater than 1. Assume
that ®(G) # 1. Then G'®(G)/P(G) ~ G'/(G' N ®(G)) is p-supersoluble.
Consequently, G’ is p-supersoluble. This contradiction shows that ®(G) = 1,
and so there exists a core-free maximal subgroup M of G such that G = NM
and M NN = 1. Moreover, N = Cg(N) = F(G) = 0,(G) = Oy ,(G).

Since A is p-supersoluble, A’ is p-nilpotent by [1, Lemma 2.1.6], and
subnormal in G by [1, Corollary 4.1.26]. Hence A’ < N. This implies that
A is supersoluble and so is B. Consequently they are Sylow tower groups
with respect to the reverse natural ordering of the prime numbers. By [,
Corollary 4.1.30], the same is true for G. In particular, p is the largest prime
dividing |G| and N is the Sylow p-subgroup of G.

Suppose that N < Aand NNB =1 (or N < Band NNA=1). By
[1, Lemma 4.3.3(5)], we have that N < Cg(B). Hence B < N < A and
G' = A’ is p-supersoluble, contrary to assumption. Therefore N < AN B by
[1, Lemma 4.3.9 and Lemma 4.3.3(4)]. Since A and B are both supersoluble
and N is self-centralising in G, it follows that the Hall p’-subgroups of A
and B are abelian of exponent dividing p — 1. Let A, and B, be Hall p'-
subgroups of A and B such that A, B, is a Hall p’-subgroup of G. Without
loss of generality, we may assume that M = A, B,y. By [1, Corollary 4.1.22],
M is the mutually permutable product of A, and B,. By Theorem 3, the
exponent of M’ divides p—1. Applying [3, B; Lemma 7.1] and [3, B; Theorem
9.8], N is a sum of irreducible modules for M’ of dimension 1. Consequently
G’ is p-supersoluble, the final contradiction.

The class of all p-soluble groups of p-length at most 1 is a saturated
formation which is not closed under taking mutually permutable products:
the symmetric group of order 4 has 2-length 2 and it is a mutually permutable
product of a Sylow 2-subgroup and the alternating group of degree 4, both
of 2-length 1.

Our next result establishes that the class of all p-soluble groups of p-length
at most 1 is closed under the formation of mutually permutable products with
p-supersoluble derived subgroup.

Theorem 5. Let the group G = AB be the mutually permutable product of
the subgroups A and B. If A and B are p-soluble with p-length at most 1 and
G’ is p-supersoluble, then the p-length of G is at most 1.

Proof Assume that the result is false and consider a counterexample G with
|G|+|A|+|B| minimal. Then, by a routine argument, G has a unique minimal
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normal subgroup, N say. Applying [1, Theorem 4.1.15], G is p-soluble and
so N is an elementary abelian p-group. Moreover N = Soc(G) = Cg(N) =
F(GQ) = O,(G). If N is cyclic, then G/N = G/Cs(N) is abelian of exponent
dividing p — 1 and G has p-length at most 1, which is a contradiction. Thus
we may assume that N has rank greater than 1. Suppose that G” = 1. Then
G' = N and G has a normal Sylow p-subgroup. This contradiction yields
G" # 1. Since G’ is p-supersoluble, it follows that G” is p-nilpotent by [1,
Lemma 2.1.6]. Hence G” = N and N is the Sylow p-subgroup of G’. In
particular, G is soluble.

Suppose that N < Aand NNB = 1. Then, by [1, Theorem 4.3.3(5)], N <
Cg(B). Hence B < Cg(N) = N < A, contrary to supposition. Suppose that
NNA=NNB=1. Then N is cyclic by [1, Theorem 4.3.9]. In particular,
G has p-length at most 1, contrary to the choice of G. Therefore we may
assume that N < AN B by [1, Lemma 4.3.3]. Since Oy (A) < Ce(N) = N,
and A has p-length at most 1, we have that a Sylow p-subgroup A, of A is
normal in A. Analogously, B has a normal Sylow p-subgroup, B, say. By [1,
Theorem 1.1.19], G, = A, B, is a Sylow p-subgroup of G.

Suppose that G = A,B. Then A = A,(AN B). Let (AN B), and By
be Hall p’-subgroups of AN B and B respectively such that (AN B), < B,.
Then B,y is a Hall p’-subgroup of G, G = A,(AN B)B,B, = A,ByB, and
so 1 # B, # B. Note that G’ is a subgroup of B and so N is also a Sylow
p-subgroup of B. Note that AG’ is a mutually permutable product of A and
G'. If G’ is a proper subgroup of B, then the assumption about G implies
that the p-length of AG” is at most 1. Since O, (AG’) = 1, it follows that A,
is a normal subgroup of AG’. Therefore A, is a subnormal subgroup of G
and then A, = N. We conclude that N is a Sylow p-subgroup of G, which
is a contradiction. Consequently B = G’ is a p-supersoluble subgroup of
G. This means that A = A,(A N B) is a mutually permutable product of a
nilpotent group and a p-supersoluble group. Applying [1, Theorem 4.1.35],
A is p-supersoluble. By [1, Theorem 4.1.40], G has p-length at most 1. This
contradiction implies that A,B and AB, are proper subgroups of G. Note
that A,B = A,(AN B)B and AB, = A(AN B)B, are mutually permutable
products by [1, Theorem 4.1.16]. The choice of (G, A, B) implies that the
p-length of A,B and B,A is at most 1. Since N < A,B N B,A, we obtain
that Oy (A,B) = O, (B,A) = 1. Therefore G, = A, B, is a normal subgroup
of G. This is the final contradiction.
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