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ABSTRACT. Two new classes of functions, called ‘almost z-
supercontinuous functions’ and ‘almost Ds-supercontinuous functions’
are introduced. The class of almost z-supercontinuous functions prop-
erly includes the class of z-supercontinuous functions (Indian J. Pure
Appl. Math. 33(7), (2002), 1097-1108) as well as the class of al-
most clopen maps due to Ekici (Acta. Math. Hungar. 107(3),
(2005), 193-206) and is properly contained in the class of almost Dj-
supercontinuous functions which in turn constitutes a proper subclass
of the class of almost strongly #-continuous functions due to Noiri and
Kang (Indian J. Pure Appl. Math. 15(1), (1984), 1-8) and which in its
turn include all §-continuous functions of Noiri (J. Korean Math. Soc.
16 (1980), 161-166). Characterizations and basic properties of almost
z-supercontinuous functions and almost Ds-supercontinuous functions
are discussed and their place in the hierarchy of variants of continu-
ity is elaborated. Moreover, properties of almost strongly #-continuous
functions are investigated and sufficient conditions for almost strongly
f-continuous functions to have ug-closed (6-closed) graph are formu-
lated.
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1. INTRODUCTION

Among several of the variants of continuity in the literature, some are stronger
than continuity and some are weaker than continuity and yet others are inde-
pendent of continuity. In this paper we introduce two new variants of conti-
nuity which represent generalizations of the notions of z-supercontinuity and
Ds -supercontinuity and are independent of continuity and coincide with z-
supercontinuity and Dgs-supercontinuity, respectively if the range is a semireg-
ular space. The class of almost z-supercontinuous functions besides containing
the class of z-supercontinuos functions contains the class of almost clopen (=
almost cl-supercontinuous [34]) functions defined by Ekici [4].
Characterizations and basic properties of almost z-supercontinuous (almost
Ds-supercontinuous) functions are elaborated in Section 3 and their place in
the hierarchy of variants of continuity is discussed. Section 4 is devoted to the
study of the behaviour of separation axioms under almost z-supercontinuous
(almost Ds-supercontinuous) functions. In Section 5, characterizations and
properties of almost strongly 6-continuous functions are elaborated. Section 6
is devoted to separation axioms and sufficient conditions for almost strongly
f-continuous functions to have wug-closed (6-closed) graphs are obtained.

2. PRELIMINARIES AND BASIC DEFINITIONS

A subset S of a space X is said to be an H-set [36] or quasi H-closed relative to
X [28] (respectively N-closed relative to X [1]) if for every cover { Uy|a€A} of S
by open sets of X, there exists a finite subset A, of A such that SCU{U,|a€A,}
(respectively SCU{(Ua)°|a€A,}). A space X is said to be quasi H-closed [28]
(respectively nearly compact [32]) if the set X is quasi H-closed relative to X
(respectively N-closed relative to X). A space X is said to be quasicompact [5]
if every cover of X by cozero sets admits a finite subcover.

A space X is said to be §-completely regular [13] (almost completely reqular
[31]) if for each regular G -set (regularly closed set) F and a point z not in
F there exists a continuous function f : X—[0, 1] such that f(x) = 0 and
fF)=1.

A subset A of a space X is called a regular Gs-set [21] if A is an intersection of a

o0 o0
sequence of closed sets whose interiors contain A4, i.e., if A= (| F, = () F2,

n=1 n=1
where each F), is a closed subset of X. The complement of a regular Gs-set is

called a regular F-set.
A space X is called a Ds-completely reqular ([15], [16]) if it has a base of regular
F,-sets.

Definition 2.1. A function f : X—Y from a topological space X into a topo-
logical space'Y is said to be almost z-supercontinuous (almost Ds-supercontinuous)
if for each x€X and each open set V containing f(x), there exists a cozero set

(regular F,-set) U containing x such that f(U)C(V)°.
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Definition 2.2. A set G is said to be §-open [36] (ds-open [13], z-open [12])
if for each x€G, there exists a regular open set (reqular F,-set, cozero set) H
such that x€ HCG, or equivalently, G can be obtained as an arbitrary union of
regular open sets (reqular Fy-sets, cozero sets). The complement of a § -open
(ds-open, z-open) set will be referred to as a d-closed (ds-closed, z-closed) set.

Definition 2.3. Let X be a topological space and let ACX. A point z€X is
called a 0-adherent [36] (0-adherent [36], up-adherent ([9], [10]), ds-adherent
[13], z-adherent [12]) point of A if every regular open set (closed neighborhood,
0-open set, reqular F,-set, cozero set) containing x has non-empty intersection
with A. Let As denote the set of all 6-adherent points (clpA the set of all
0-adherent points, Ay, the set of all ug-adherent points, [A]q,the set of all ds-
adherent points, A, the set of all z-adherent points) of a set A. The set A is
d-closed (0-closed, ds-closed, z-closed) if A= As (A =clgA or A= A,,, A=
[Alg;, A= A).

Lemma 2.4 ([8], [11]). A subset A of a topological space X is 6-open if and
only if for each x€A, there is an open set U such that xtcUCUCA.

Definition 2.5. A space X is called -compact [10] ( Ds-compact [14]) if every
0-open cover (cover by reqular F, -sets) of X has a finite subcover.

Definitions 2.6. A function f : X—=Y from a topological space X into a

topological space Y 1is said to be

(a) strongly continuous /18] if f(A) C f(A) for each subset A of X.

(b) perfectly continuous( [25], [26]) if f~*(V) is clopen in X for every open
set VCY.

(c) almost perfectly continuous (= regular set connected [3]) if f~1(V) is
clopen for every reqular open set V in'Y.

(d) cl-supercontinuous [34] (= clopen continuous [29]) if for each open set V
containing f(x) there is a clopen set U containing x such that f(U)CV.

(e) almost cl-supercontinuous[17] (= almost clopen continuous[4]) if for each
x€X and each regular open set V' containing f(x) there is a clopen set U
containing x such that f(U)CV.

(f) z-supercontinuous [12] if for each x€X and for each open set V' containing
f(x), there exists a cozero set U containing x such that f(U)CV.

(g) strongly #-continuous [24] if for each x€X and for each open set V con-
taining f(x), there exists an open set U containing x such that f(U)CV.

(h) supercontinuous [22] if for each x€X and for each open set V' containing
f(x), there exists an open set U containing x such that f(U)OCV.

(i) almost strongly 8-continuous [27] if for each x€X and for each open set
V' containing f(x), there exists an open set U containing x such that
F)cvye.

(j) d-continuous [24] if for each x€X and for each open set V' containing f(x),
there exists an open set U containing x such that f(U)°C(V)°.

(k) almost continuous [33] if for each x€X and for each open set V containing
f(z), there exists an open set U containing = such that f(U)C(V)°.
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(1) faintly continuous [20] if for each x€X and for each 8-open set V' contain-
ing f(x), there exists an open set U containing x such that f(U)CV.

(m) Dgs-supercontinuous [13] if for each x€X and for each open set V contain-

ing f(x), there exists a reqular F, set U containing x such that f(U)CV.

The following diagram well illustrates the relationships that exist among almost
z-supercontinuous functions, almost Ds -supercontinuous functions and various

variants of continuity defined above.
strongly continuous

|

perfectly continuous —» almost perfectly continuous (=regular set connected)

v v

clopen map (=clsupercontinuous) — almost clopen map (= almost cl-supercontinuous)

z-supercontinuous —» almost z-supercontinuous

v v

Dj -supercontinuous —» almost D -supercontinuous

v v

strongly 6—continuous — almost strongly 6—continuous

'

supercontinuous i
continuous S-continuous

v v

almost continuous

However, none of the above implications in general is reversible. Kohli and Ku-

mar [12] showed that a strongly #-continuous function need not be z-supercontinuous
function. Noiri and Kang [27] gave examples to show that a d-continuous
function need not be almost strongly #-continuous and that almost strongly
f-continuous function need not be strongly f-continuous. Moreover, Noiri [24]
showed that an almost continuous function need not be d-continuous.

Example 2.7. Let X = N =Y be the set of positive integers equipped with
cofinite topology. The identity function on X is almost z-supercontinuous but
not Dg-supercontinuous.

Example 2.8. Let X =Y be the mountain chain space due to Heldermann
[6] which is a reqular space. The identity map from X onto Y is strongly
0-continuous but not almost Ds-supercontinuous.

Example 2.9. Let X = {1, 22,23, 24} andT' = {X, ¢, {z3}, {z1, 22}, {z1, 22, 23} }
Let Y =A{y1,y2,ys3,ys} and o ={Y, ¢, {y1}, {ys}, {y1, w2}, {1, ys} {v1, 42, w3},
{y1,93,v4}}

Define a function f : (X,T') — (Y,0) as follows: f(x1) = f(x2) = y2 and
f(zs) = f(xq) = y1 Then f is an almost z-supercontinuous functions but not
continuous.
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Example 2.10. Let A = KU{ay a_} be the space due to Hewitt [7] which is
Ds-completely regular. The identity function defined on A is Dg-supercontinuous
but not almost z-supercontinuous.

Example 2.11. Let X denote the real line endowed with usual topology. The
identity function defined on X is almost z-supercontinuous but not almost cl-
supercontinuous (=almost clopen,).

Examples 2.8 and 2.9 show that the notions of almost z-supercontinuous func-
tion (almost Ds-supercontinuous function) and continuous function are inde-
pendent of each other.

3. CHARACTERIZATIONS AND BASIC PROPERTIES OF ALMOST
2-SUPERCONTINUOUS AND Dgs-SUPERCONTINUOUS FUNCTIONS

Proposition 3.1. For a function f : X—=Y from a topological space X into a
topological space Y, the following statements are equivalent:

(a) f is almost z-supercontinuous (almost Ds-supercontinuous).

(b) The inverse image of every reqular open subset of Y is z-open (ds-open) in
X.

(¢) The inverse image of every reqular closed subset of Y is z-closed (ds-closed)
mn X.

(d) The inverse image of every d-open subset of Y is z-open (ds-open) in X.

(e) The inverse image of every d-closed subset of Y is z-closed (ds-closed) in
X.

Proof. Tt is easy using definitions. O

Theorem 3.2. For a function f : X—Y the following statement are equivalent.

(a) f is almost z-supercontinuous.
(b) F(A)C(f(A))s for every ACX.
() (f7(B))-Cf~(Bs) for every BCY.

Proof. (a)=(b). Let y = f(x) for some z€A,. To show that f(x)e(f(A))s, let
V be any regular open set containing f(x). Then there exists a cozero set U
containing x such that f(U)CV. Since x€A,, UNA#¢ and so f(UNA)#¢ which
in turn implies that f(U)Nf(A)#¢ and hence VN f(A)#¢. Thus f(z)e(f(A))s.
Hence f(A.)C(f(A))s for every ACX.

(b)=(c). Let BCY. Then f((f~'(B)).)C(f(f~(B)))sCBs and so it follows
that (f~1(B)).Cf~*(Bs).

(c)=(a). let F be any d-closed set in Y. Then (f~1(F)).Cf 1 (Fs) = f~Y(F).
Since f~YEF)C(f~HF))sC(f~H(F))., so f7HF) = (f~1(F)), which in turn
implies that f is almost z-supercontinuous. (I

Theorem 3.3. For a function f : X—Y the following statement are equivalent.

(a) f is almost Ds-supercontinuous.

(b) f([Ala;)C(f(A))s for every ACX.
(c) [f~Y(B)]a;Cf 1 (Bs) for every BCY.
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Proof. (a)=(b). Let y = f(x) for some x€[A]4,. To show that ye(f(A4))s , let

V be a regular open set containing f(x). Since f is almost Ds-supercontinuous,
there is aregular F,-set U containing x such that f(U)CV. Since z€[A]q4,, UNA#¢
and hence f(UNA)#¢ which in turn implies that f(U)Nf(A)#$. Thus VNf(A)#¢
and so y€(f(A))s for every ACX.

(b)=(c). Let BCY. Then f([f~Y(B)]a;)C(f(f~*(B)))sCBs and so it follows
that [ffl(B)]dd.Cfil(B(;).

(¢)=>(a). let F be any é-closed set in Y. Then [f~1(F)]a,Cf 1 (F5) = f~1(F).
Since f~YE)C[f 1 (F)as, fH(F) = [f~Y(F)]a, and so f~1(F) is ds-closed. It
follows that f is almost Ds-supercontinuous. O

Definition 3.4. A filterbase F is said to z-converge[12] (ds-converge[13], J-

converge[36]) to a point x, written as F = x(F 4 x, F 2 x), if every cozero
set (regqular F,-set, reqular open set) containing x contains a member of F.

Theorem 3.5. A function f: X—Y is almost z-supercontinuous (almost Ds-

supercontinuous) if and only if f(F) 3, f(xz) for each x€X and each filter F
in X that z-converges (ds-converges) to x.

Proof. We shall prove the result in the case of almost z-supercontinuous func-
tions only. Suppose that f is almost z-supercontinuous and let F be a filter
in X that z-converges to z. Let W be a regular open set containing f(z).
Then zef~'(W) and f~'(W) is z-open. Let H be a cozero set such that
xeHCf~1(W) and so f(H)CW. Since F z-converges to x, there exists U€F

such that UCH and hence f(U)Cf(H)CW. Thus, f(F) > f(x).
Conversely, let W be a regular open set containing f(x). Now, the filter F
generated by the filterbase B, consisting of cozero sets containing z, z-converges

to z. Since by hypothesis f(F) 2, f(z), there exists a member f(F) of f(F)
such that f(F)CW. Choose BeB, such that BCF. Since B is a cozero set
containing = and since f(B)Cf(F)CW, f is almost z-supercontinuous. O

Remark 3.6. It is routine to verify that almost z-supercontinuity (almost
Ds-supercontinuity) is invariant under restrictions and composition of func-
tions and enlargement of range. Moreover, the composition gof is almost
z-supercontinuous whenever f : X—Y is almost z-supercontinuous and g :
Y —Z is 0-continuous. Furthermore, if gof is almost z-supercontinuous and
f is a surjection which maps z-open sets to z-open sets, then g is almost z-
supercontinuous.

The following lemma is due to Singal and Singal [33] and will be used in the
sequel.

Lemma 3.7 (Singal and Singal [33]). Let {X, : a€l} be a family of spaces and
let X = [[Xa be the product space. If x = (x4)€X and V is a regular open
subset of X containing x, then there exists a basic reqular open set IV, such
that x€llV,CV, where V, is regular open in X, for each a€l and V, = X,
for all ael except for a finite number of indices a;, 0 =1,2,...,n.



Generalizations of Z-supercontinuous functions and Dg-supercontinuous functions 245

Theorem 3.8. Let {f, : Xa—Ya} be a family of almost z-supercontinuous (al-
most Ds -supercontinuous) functions. Let X = 11X, and Y =11Y,. Then f :
XY defined by f((za)) = (fa(za)) for each (x4)€X is almost z-supercontinuous
( almost Ds-supercontinuous).

Proof. Let (z4)€X and W be a regular open set in Y containing f((z)).
By Lemma 3.7 there exists a basic regular open set V = IIV,, such that
f(x)eVCW, where each V,, is a regular open set in Y, and V, = Y, for
a€A except for o = ag,az,...,a,. For each i =1,2,...,n, in view of almost
z-supercontinuity (almost Ds-supercontinuity) of f,, there exists a cozero set
(regular Fs-set) U,, containing x,, such that fo,(Us,)CVa,;. Let U = [[U,,
where U, = X, for a # a;,(i = 1,2,...,n). Then U is a cozero set (reg-
ular Fs-set) in X such that (r,)€U and f(U)CVCW. Thus f is almost z-
supercontinuous (almost Ds -supercontinuous). O

Theorem 3.9. Let f : X—=Y be any function. If {Uy : a€A} is a cover
of X by cozero sets (reqular Fs-sets) and for each «, fo = flUs : Uy—Y
is almost z-supercontinuous (almost Dgs-supercontinuous), then f is almost z-
supercontinuous (almost Ds-supercontinuous).

Proof. Let V be a regular open set in Y. Then f~1(V) = U{f71(V) : a€A}
and since each f, is almost z-supercontinuous (almost Dj-supercontinuous),
each f,1(V) is z-open (ds-open) in U, and hence in X. Thus f~1(V) being
the union of z-open (ds -open) sets is z-open (ds-open). Thus f is almost
z-supercontinuous (almost Ds-supercontinuous). (]

Theorem 3.10. Let f : X—=Y be a function and g : X—X XY, defined by
g(x) = (x, f(x)) for each x€X, be the graph function. Then g is almost z-
supercontinuous if and only if f is almost z-supercontinuous and X is an almost
completely reqular space.

Proof. Suppose that g is almost z-supercontinuous. Let V' be a regular open
set in Y. Then p;l(V) = XXV is a regular open set in X xY, where p,
is the projection from X xY onto Y. Therefore f~1(V) = (pyog) ' (V) =
g Hp, ' (V) = g7 (XxV) is z-open and so f is almost z-supercontinuous.
To prove that X is an almost completely regular space, let F' be a regular
closed set and suppose that x¢F. Then z€X \ F and g(z)e(X\F)xY which
is a regularly open set in X xY. So there exists a cozero set W in X such
that g(W)C(X\F)xY. Hence xeWCX\F. Thus X is an almost completely
regular space.

To prove sufficiency, let x€X and let W be a regular open set containing
g(x). By Lemma 3.7 there exist regular open sets UCX and VCY such
that (z, f(x))eUxVCW. Since X is almost completely regular, there ex-
ists a cozero set G; in X containing x such that x€G;CU. Since f is al-
most z-supercontinuous, there exists a cozero set G2 in X containing = such
that f(G2)CV. Let G = G; N G2. Then G is a cozero set containing x and
9(G)CUxV CW. This proves that g is almost z-supercontinuous. O
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Proposition 3.11. Let f : X—=Y be a function defined on a §-completely
regular space X. Then the graph function G(f) is almost Ds-supercontinuous
if and only if f is almost Dgs-upercontinuous.

Proof. Tt is easy using definitions. (I

4. SEPARATION AXIOMS RELATED TO ALMOST 2z-SUPERCONTINUOUS
FUNCTIONS AND Ds-SUPERCONTINUOUS FUNCTIONS

Theorem 4.1. An almost z-supercontinuous (almost Ds -supercontinuous) im-
age of a quasicompact (Ds-compact) space is nearly compact.

Proof. Let f : X—Y be an almost z-supercontinuous (almost Ds -supercontinuous)
surjection from a quasicompact (Ds -compact) space X onto a space Y. Let
V = {V, : a€A} be a cover of Y by regularly open sets (regular Fs-sets) in
Y. Since f is almost z-supercontinuous (almost Ds -supercontinuous), each
f~1(Vy) is z-open (ds-open) in X and so is a union of cozero sets (regular
Fs-sets). This in turn yields a cover G of X consisting of cozero sets (reg-
ular Fj-sets). Since X is quasicompact (Ds-compact), there is a finite sub-
collection {C1,...,Cp} of G which covers X. Suppose C;Cf~1(V,,) for some
a; €A =1,...,n). Then {V,,,...,V4,} is a finite subcollection of V which
covers Y. Thus Y is nearly compact. (I

Corollary 4.2. Let f : X—=Y be an almost z-supercontinuous (almost Dy -
supercontinuous) surjection from a quasicompact (Ds -compact) space onto a
semiregular space Y. Then'Y is compact.

Proof. A semiregular nearly compact space is compact. (I

Definition 4.3 ([30]). A space X is said to be almost regular if for each regular
closed set A and each point x¢ A, there exist disjoint open sets U and V' such
that zeU, ACV.

Theorem 4.4. Let f : X—Y be an almost Dgs-supercontinuous open bijec-
tion onto a space Y. Then Y is an almost regular space. Further, if Y is a
semiregular space, then Y is a regular space.

Proof. Let B be any regularly closed set in Y and let y¢ B. Then f~1(B)nf~1(y) =
¢. Since f is almost Ds-supercontinuous, by Proposition 3.1 f~1(B) is ds-closed

and so f~Y(B) = () Za, where each Z,, is a regular Gs-set. Since f is one-one,
acA

f71(y) is a singleton and so there exists a,€A, such that f~1(y)¢Z,, . Since
o0 o0

Zq, is a regular Gg-set, Zo, = (| H; = () Hf, where each H; is a closed set.
i=1 i=1

So there exists an integer j such that f~'(y) ¢ H;. Then X \ H; and H are

disjoint open sets containing f~!(y) and f~!(B), respectively. Since f is an

open bijection, f(X\H;) and f(H) are disjoint open sets containing y and B,

respectively. Thus Y is an almost regular space. Since a semiregular almost

regular space is regular, the last assertion is immediate. O
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5. CHARACTERIZATIONS AND SOME BASIC PROPERTIES OF ALMOST
STRONGLY #-CONTINUOUS FUNCTIONS

Proposition 5.1. A function f: X—Y is almost strongly 0-continuous if and
only if for each x€X and each regular open set V' containing f(x), there exists
a B-open set U containing x such that f(U)CV.

Proof. Tt is easy using definitions. O

Theorem 5.2. For a function f : X—Y the following statement are equivalent.
(1) f is almost strongly 6-continuous.

(2) f(Aue)C(f( ))5 for each ACX.

(3) (f71(B))uy Y(Bs) for every BCY .

)
Proof (a)=(b). Since (f(A))s is d-closed in Y, by [27, Theorem 3.1, (f)],
FH(f(A )) ) is f-closed in X. Again, since ACf!((f(4))s),

Ay, U ADa) = 4 (F(A))s) and 50 F()((A))s:

(b)=(c). Let BCY. Then, by hypothesis f((f~*(B))u,)C(f(f~*(B))sCBs
and so it follows that (f~1(B))y, Cf~1(Bs).

(¢)=(a). Let F be any d-closed set in Y. Then (f~1(F ))u Cf YFs) = f~1(F)
which implies that f=Y(F) = (f~1(F))u, and so f~1(F) is f-closed. This
proves that f is almost strongly 6-continuous. (I

Definition 5.3. ( [9], [10] ): A filter F is said to ug-converge to a point x,
written as F =% x, if every 0-open set containing x contains a member of F.

Theorem 5.4. A function f : X—Y 1is almost strongly 0-continuous if and

only if f(F) 3, f(x) for each x€X and each filter in X which ug-converges to
a point x.

Proof. Suppose that f is almost strongly f-continuous and let F =% z. Let W
be a regular open set in Y containing f(x). Then by Proposition 5.1, f~1(W)
is a f-open set in X. Since F %4 x, there exists FEF such that FCf~1 (W)
and so f(F)CW. This shows that f(F) 2, f(z).

Conversely, let V' be a regular open subset of Y containing f(x). Now let F be
the filter generated by the filterbase V, consisting of all #-open sets containing
x. By hypothesis f(F) 2, f(z) and so there exists a member f(F) of f(V,) such
that f(F)CV. Choose U€V, such that UCF which implies that f(U)Cf(F)
and f(F)CV and so f(U)CV. Hence f is almost strongly -continuous. O

Theorem 5.5. If f : X—=Y is faintly continuous and g : Y —Z be almost
strongly 0-continuous. Then gof is almost continuous.

Proof. Let V be a regular open set in Z. By almost strongly #-continuity of
9,9 5(V) is f-open in Y. So (gof) 1 (V) = f~1(g~1(V)) is open in X, since f
is faintly continuous. Hence gof is almost continuous. (I

Theorem 5.6. Let f : X—Y be an almost continuous function defined on a
completely reqular space X. Then f is almost z-supercontinuous.
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Proof. Let V be a regular open set containing f(z). Since f is almost contin-
uous, f~1(V) is open. Again since X is completely regular space, f~1(V) is
z-open. Hence f is almost z-supercontinuous. (I

Corollary 5.7. If f : X—Y is a §-continuous function defined on a completely
reqular space X, then f is almost z-supercontinuous.

Proof. A §-continuous function is almost continuous. (I

Corollary 5.8. Let f : X—=Y be an almost strongly 0-continuous function
defined on a completely reqular space X, then f is almost z-supercontinuous.

Proof. An almost strongly 6-continuous function is a § -continuous function
and hence almost continuous. (I

6. SEPARATION AXIOMS AND ALMOST STRONGLY #-CONTINUOUS FUNCTIONS

Definition 6.1 ([2], [10]). A subset S of a space X is said to be O-set if for
every cover {Uy|a€A} of S by 0-open subsets of X, there exists a finite subset
Ao of A such that SCU{U,|a€A,}.

Theorem 6.2. If f : X—Y is almost strongly 0-continuous and A is a 6-set
in X, then f(A) is N-closed relative to Y .

Proof. Let {U, : a€A} be a cover of f(A) by regular open sets in Y. Since f is
almost strongly #-continuous, {f~1(U,) : €A} is a cover of A, by f-open sets
in X. Since A is 6-set in X, so ACU{f 1 (Uy,) : «€A,} for some finite subset
A, of A. Thus f(A)CU{U, : a€A,}. Hence f(A) is N-closed relative to Y. O

Corollary 6.3. An almost strongly 0-continuous image of a 0-compact space
is nearly compact.

Corollary 6.4. An almost strongly 0-continuous image of an almost compact
space is nearly compact.

Definition 6.5 ([2], [35]). A topological space X is said to be 6-Hausdorff if
each pair of distinct points are contained in disjoint 0-open sets.

Theorem 6.6. Let f : X—Y be an almost strongly 0-continuous injection into
a Hausdorff space Y. Then X is 0-Hausdorff.

Proof. Let x#y be two points in X. Since f is one-one, f(x)#f(y). Since
Y is Hausdorff, there exist disjoint open sets U and V' containing f(z) and
f(y), respectively. Now, UNV = ¢ which implies that UNV = ¢ and so
(U)°NV = ¢ which in turn implies that (U)°NV = ¢ and thus, (U)°N(V)° = ¢.
Let V3 = (U)° and Vi = (V)?, which are regular open sets such that V1NV = ¢.
By almost strongly #-continuity of f, f~1(V4) and f~1(V4) are disjoint f-open
sets containing x and vy, respectively. Hence X is #-Hausdorff. (I

Definition 6.7. A space X is said to be a §Ty-space [17] if for each pair of
distinct points x and y in X there exists a regqular open set containing one of
the points x and y but not the other.
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Theorem 6.8. Let f : X—Y be an almost strongly 0-continuous injection into
a 0Ty-space. Then X is a Hausdorff space.

Proof. Let x1 and z2 be two distinct points in X. Then f(x1) # f(z2). Since
Y is a §Ty-space, there exists a regular open set V' containing one of the points
f(z1) or f(xz2) but not the other. To be precise, assume that f(x1)€V. Since
any union of #-open sets is #-open, in view of Proposition 5.1 it follows that
f~YV) is a f-open set containing x1. By Lemma 2.4 there exists an open set
U such that 21€U ¢ U € f~}(V). Then U and X\U are disjoint open sets
containing x; and zs, respectively and so X is Hausdorff. (I

Functions with closed graphs are important in functional analysis and several
other areas of mathematics. Several variants of closed graphs occur in literature
(see for example [19], [23]).

Definition 6.9 ([19]). The graph G(f) of f : X—=Y s called 6-closed with
respect to X if for each (z,y)¢G(f) there exist open sets U and V' containing
x and y, respectively such that (U x VING(f) = ¢.

Definition 6.10 ([19]). The graph G(f) of f : X—=Y is called 6-closed with
respect to X x Y if for each (x,y)¢G(f), there exist open sets U and V con-
taining x and y, respectively such that (U x V)NG(f) = ¢

Definition 6.11. The graph G(f) of f : X—Y is called ug-closed with respect
to X XY if for each (x,y)¢G(f), there exist 6-open sets U and V' containing
x and y, respectively such that (U x VING(f) = ¢.

Theorem 6.12. Let f : X—Y be a function whose graph is ug-closed with
respect to X x Y. If K is a 0-set in Y, then f~*(K) is 0-closed in X.

Proof. Let f: X—Y be a function whose graph G(f) is ug-closed with respect
to X x Y. Let xeX\ f~!(K). For each yeK, (z,y)¢G(f), there exist #-open
sets U, and V,, containing = and y, respectively such that f(U,)NV, = ¢. The
family {V,|yeK} is a cover of K by 6-open sets of Y. Since K is a 6-set, so
KcU{V,|lyeK,} for some finite subset K, of K. Let U = N{U,|lyeK,}. Then
U is f-open set containing x and f(U)NK = ¢ which implies that UNf~1(K) =
¢ and hence ¢ (f~1(K))u,. This shows that f~1(K) is f-closed in X. O

Corollary 6.13 ([27]). Let f : X—=Y be a function whose graph is 6-closed
with respect to X x Y. If K is quasi H-closed relative to Y, then f~Y(K) is
0-closed in X.

Proof. Since K is quasi H-closed relative to Y, it is a f-set in Y (see [10]). O

Theorem 6.14. If f : X—Y is an almost strongly 0-continuous function and
Y is a Hausdorff space, then G(f), the graph of f is 0-closed with respect to
XxY.

Proof. Let x€X and let y#f(z). Since Y is Hausdorff, there exist disjoint
open sets V' and W containing y and f(z), respectively. So V and (W) are
disjoint sets containing y and f(x), respectively. Since f is almost strongly
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f-continuous, so there is an open set U containing x such that f (U)c(W)e.
Then f(U)c(W)°CY\V. Consequently, U x V contains no point of G(f).
Hence G(f) is 6-closed with respect to X x Y. O

o

Corollary 6.15. If f : X—Y is an almost strongly 6-continuous function and
Y is Hausdorff, then G(f), the graph of f is 0-closed with respect to X .

Theorem 6.16. If f : X—=Y is an almost strongly 0-continuous function and
Y is an almost regular Hausdorff space, then G(f), the graph of f is ug-closed
with respect to X x Y.

Proof. Let x€X and let y#f(x). Since Y is Hausdorff, there exist disjoint
open sets V3 and W; containing y and f(z), respectively. Thus, there exist
disjoint regular open sets V = (V1)° and W = (W)° containing y and f(z),
respectively. Since f is almost strongly #-continuous, by Proposition 5.1, there
exists a @-open set U containing x such that f(U)CW and so f(U)CWCY\V.
Thus U x V contains no point of G(f). Since Y is almost regular, V' is a #-open
set. Thus U x V is a 6-open set and (U x V)NG(f) = ¢. Hence G(f) is uyg
-closed with respect to X x Y. O
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