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point results
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ABSTRACT

The concept of partial metric p on a nonempty set X was introduced by
Matthews [8]. One of the most interesting properties of a partial metric
is that p(z,z) may not be zero for x € X. Also, each partial metric p
on a nonempty set X generates a Ty topology on X. By omitting the
small self-distance axiom of partial metric, Heckmann [7] defined the
weak partial metric space. In the present paper, we give some fixed
point results on weak partial metric spaces.

2010 MSC: 54H25, 47H]10.

KEYWORDS: Fixed point, partial metric space, weak partial metric space.

1. INTRODUCTION

The notion of partial metric space was introduced by Matthews [8] as a
part of the study of denotational semantics of data flow networks. It is widely
recognized that partial metric spaces play an important role in constructing
models in the theory of computation. In a partial metric spaces, the distance of
a point in the self may not be zero. After the definition of partial metric space,
Matthews proved a partial metric version of Banach’s fixed point theorem.
Then, Valero [11], Oltra and Valero [9] and Altun et al [1], [3] gave some
generalizations of the result of Matthews. Recently, Romaguera [10] proved
the Caristi type fixed point theorem on this space.

First, we recall some definitions of partial metric space and some properties
of theirs. See [2, 7, 8, 9, 10, 11] for details.
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A partial metric on a nonempty set X is a function p : X x X — Rt
(nonnegative reals) such that for all z,y,z € X :

(p1) = =y <= p(z,z) = p(z,y) = p(y,y) (To-separation axiom),

(p2) p(z,z) < p(x,y) (small self-distance axiom),

(ps) p(z,y) = p(y, ) (symmetry),
(pa) p(z,y) <p(z,2) + p(2,9y) — p(z, 2) (modified triangular inequality).

A partial metric space (for short PMS) is a pair (X,p) such that X is a
nonempty set and p is a partial metric on X. It is clear that, if p(z,y) = 0,
then, from (p1) and (p2), * = y. But if x = y, p(x,y) may not be 0. A
basic example of a PMS is the pair (RT,p), where p(z,y) = max{z,y} for
all z,y € R*. For another example, let I denote the set of all intervals [a, b]
for any real numbers a < b. Let p : I x I — RT be the function such that
p([a, b], [¢,d]) = max{b,d} — min{a, c}. Then (I,p) is a PMS. Other examples
of PMS which are interesting from a computational point of view may be found
in [5], [8].

Each partial metric p on X generates a Ty topology 7, on X which has as a
base the family open p-balls

{Bp(z,e) 1z € X,e > 0},
where

By(z,e) ={y € X : p(z,y) < p(z,z) + €}
for all z € X and € > 0.

It is easy to see that, a sequence {x,,} in a PMS (X, p) converges with respect
to 7, to a point « € X if and only if p(z, x) = limy, 0 p(z, T4).

If p is a partial metric on X, then the functions dp,d,, : X x X — R given
by

(1.1) dp(x,y) = 2p(x,y) — p(z,2) — p(y,y)
and
(1.2) dw(z,y) = max{p(z,y) —p(z,z),p(x,y) —p(y,y)}

= p(z,y) —min{p(z,z),p(y,y)}

are ordinary metrics on X.
Remark 1.1. Let {x,} be a sequence in a PMS (X, p) and z € X, then

nhﬂngo dy (Tpn,x) =0

if and only if

plx,x) = Tim p(en,z) = n’}érgoop(xmxm)-

Proposition 1.2. Let (X,p) be a PMS, then d,, and d,, are equivalent metrics
on X.
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Proof. We obtain

dp(z,y) = 2p(z,y) —p(z,2) — p(y,y)
= p(z,y) —pz,2) +p(z,y) — p(Y,v)
(1.3) < 2dy(z,y).
Again we obtain
dw(z,y) = plz,y) —min{p(z,z),p(y,y)}

IN

p(x,y) — min{p(z, z), p(y, y)}

+p(z,y) — max{p(z,x), p(y,y)}
= 2p(z,y) — p(z,x) — p(y,y)

(1.4) = dy(z,y).

From (1.3) and (1.4) we have

1
§dp(x7y) S dw(x,y) S dp(I,y)
U

Definition 1.3. (i) A sequence {x,} in a PMS (X,p) is called a Cauchy
sequence if there exists (and is finite) lim,, m— o0 P(Tn, Tm)-

(i) A PMS (X,p) is said to be complete if every Cauchy sequence {z,}
in X converges, with respect to 7, to a point € X such that p(z,z) =

Hmn,m—mo p(xn , Im)-

The following lemma plays an important role to give fixed point results on
a PMS.

Lemma 1.4 ([8], [9]). Let (X,p) be a PMS.
(a) {zn} is a Cauchy sequence in (X,p) if and only if it is a Cauchy se-
quence in the metric space (X, dy,).
(b) (X,p) is complete if and only if (X, dy,) is complete.

Remark 1.5. Since d, and d,, are equivalent, we can take d, instead of d,, in
Lemma 1.4.

2. WEAK PARTIAL METRIC

Heckmann [7] introduced the concept of weak partial metric space (for short
WPMS), which is a generalized version of Matthews’ partial metric space by
omitting the small self-distance axiom. That is, the function p: X x X — R*
is called weak partial metric on X if the conditions (p1),(ps) and (p4) are
satisfied. Also, Heckmann shows that, if p is a weak partial metric on X, then
for all x,y € X, we have the following weak small self-distance property

plx,x) +ply,y
o) = M)+ 200)
Weak small self-distance property shows that WPMS are not far from small-self
distance axiom. It is clear that every PMS is a WPMS, but the converse may
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not be true. A basic example of a WPMS but not a PMS is the pair (RT,p),
where p(x,y) = IT“’ for all z,y € RT. For another example, let I denote the
set of all intervals [a,b] for any real numbers a < b. Let p: I x I — R™ be the
function such that p([a, b], [c, d]) = 2E9=2=¢. Then (I, p) is a WPMS but not a
PMS.

Remark 2.1. If (X,p) be a WPMS, but not a PMS, then the function d, as
in (1.1) may not be an ordinary metric on X. For example, let X = RT
and let p : X x X — RT defined by p(z,y) = QLQﬂ Then it is clear that
dy(z,y) =0for all z,y € X, so d,, is not a metric on X. Note that, in this case

Proposition 2.2. Let a,b,c € RT, then we have
min{a, ¢} + min{b, ¢} < min{a, b} + c.

Proposition 2.3. Let (X,p) be a WPMS, then d, : X x X — R defined as in
(1.2) is an ordinary metric on X.

Proof. Since p is a weak partial metric, then we have
2p(z,y) > pla, ) +py.y)
> 2min{p(z,z), p(y,y)}.

Therefore p(x, y) —min{p(z, z),p(y,y)} > 0. Again it is clear that, d,,(z,y) =0
if and only if 2 = y and dy(z,y) = dw(y,z) for all z,y € X. Now, let
z,y,z € X, then from Proposition 2.2, we have

(7, 2)

p(x, 2) — min{p(z, z),p(z, 2)}

p(x,y) +p(y, 2) — p(y,y) — min{p(x, ), p(2, 2) }
p(x,y) — min{p(z, z), p(y,y)}

+p(y, z) — min{p(y,y), p(z,2)}

dw(z,y) + duw(y, 2).

INIA

O

In a WPMS, the convergence of a sequence, Cauchy sequence, completeness
and continuity of a function are defined as PMS. To give some fixed point
results on a WPMS, we need to prove Lemma 1.4 by omitting the small-self
distance axiom.

Lemma 2.4. Let (X,p) be a WPMS.

(a) {xn} is a Cauchy sequence in (X,p) if and only if it is a Cauchy se-
quence in the metric space (X, dy,).
(b) (X,p) is complete if and only if (X,d,,) is complete.

Proof. First we show that every Cauchy sequence in (X, p) is a Cauchy sequence
in (X,dy). Let {z,,} be a Cauchy sequence in (X, p), then there exists a € R
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such that, given ¢ > 0, there is ng € N with [p(z,,zn) —a| < 5 for all
n,m > ng. Hence

dw(x’m xm) = p(mna Im) - min{p(mn, mn)7p(xm7 xm)}
= p(acn, Im) —a+a— min{p(xm In),p(Im, Im)}

< |p(:cn,:cm) 7a|+ |a*min{p(mn,xn),p(fcm,xm)H
e ¢
< 5 + 5= €
for all n,m > ng. Therefore {z,} is a Cauchy sequence in (X, d,).

Next we prove that completeness of (X, d,,) implies completeness of (X, p).
Indeed, if {x,} is a Cauchy sequence in (X, p), then it is also a Cauchy sequence
in (X,dy). Since (X,d,) is complete we deduce that there exists x € X
such that limy,_,oo dy(2n,2) = 0. Now we show that limy m—eo D(Zn, Tm) =
p(z, ). Since {z,} is a Cauchy sequence in (X, p) it is sufficient to show that
limy, 00 p(Tn, ) = p(x,z). Let & > 0, then there exists ny € N such that
dw(xn, ) < § for all n > ng. Thus

Ip(zn, 2n) —plz,2)| = max{p(an,z,),p(z, )} —min{p(x,, z,), p(x,x)}
_ {max{p(mn, Zn), p(x, )} + min{p(z,, x, ), p(z, z)}
2

—min{p(n, z,), p(x,x)} }

o2l In); PO in{p(an, o). ple,2)}]

< 2[p(zn, z) — min{p(z,, ), p(z, )}]
= 2dy(xn,2) <€

whenever n > ng. This shows that (X, p) is complete.

Now we prove that every Cauchy sequence {z,} in (X,d,) is a Cauchy
sequence in (X, p). Let ¢ = 1. Then there exists ng € N such that du, (2, 7)) <
% for all m,n > ng. Therefore we have

p(ﬂﬂn,ﬂﬂn) = p(x'mxn) _p(xnmxno) +p($n0;$no)
< |p($n;$n) _p(mnovxno)l +p($noa$no)
< 2dy (T, Tng) + P(Tngs Tng)

< 1+p(:£n0,:cn0).

Consequently the sequence {p(z,,x,)} is bounded in R and so there exists
a € R such that a subsequence {p(xy,,zy,)} is convergent to a. On the other
hand, since {z,} is a Cauchy sequence in (X,d,,), given £ > 0 there exists
ne € N such that dy, (2, 2m) < 5 for all m,n > n.. Thus we have

|p($nvxn) —p(mm,xmﬂ < de(xn; Im) <e.
That is, the sequence {p(xy,z,)} is Cauchy in R. Therefore

lim p(z,,z,) = a.
n—o0
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On the other hand, since

|p(:cn,:cm) 7a| < |p(mn;1’m) 7min{p(mnaxn)ap(xm7xm)}| +
|min{p(1’n; mn)ap(xma xm)} - a’|
= dw(In,Im) + |m1n{p(xmxn)ap($ma$m)} _a|7

we have limy, 1, —00 P(@n, Tm) = @ and so {z, } is a Cauchy sequence in (X, p).

Now we prove that completeness of (X, p) implies completeness of (X, d,,).
Indeed, if {x,} is a Cauchy sequence in (X, d,), then it is also a Cauchy
sequence in (X, p). Since (X, p) is complete we deduce that there exists z € X
such that limy, oo P(@n, Tm) = limy 00 p(2n, ) = p(x,x). Then, given € >
0, there exists n. € N such that

max{[p(zn, z) — p(an, zn)l, [p(2n, ) — p(z,2)[} <e

whenever n > n.. As a consequence we have

dy(Tn,x) = p(an,x) — min{p(x,, ), p(z,x)}
= |p(@n,z) — min{p(zn, 25), p(z, )}
< €
whenever n > n.. Therefore (X, d,,) is complete. O

Remark 2.5. Remark 1.1 is still true for WPMS.

3. FIXED POINT RESULTS
In this section we give some fixed point results on weak partial metric spaces.
We begin by giving Hardy and Rogers type [6] fixed point theorem.
Theorem 3.1. Let (X,p) be a complete WPMS and let F : X — X be a map
such that
p(Fz,Fy) < ap(z,y)+bp(z, Fz) + cp(y, Fy) +
(3.1) dp(z, Fy) + ep(y, Fz)
for all x,y € X, where a,b,c,d,e >0 and, ifd > e, thena+b+c+2d <1, if
d<e,thena+b+c+2e<1. Then F has a unique fized point.

Proof. Let zyp € X be an arbitrary point. Define a sequence {z,} in X by
Tp = Faop_y forn =1,2,--- . Now if x,,, = xp,+1 for some no =0,1,2,---,
then it is clear that xz,, is a fixed point of F'. Now assume x,, # 2,41 for all
n. Then we have from (3.1)

p($n+1,xn) = p(Fmexn—l)

< ap(zn, Tn—1) + bp(zn, Fn) + ep(Tn—1, Fzn—1) +

dp(xna Fl'nfl) + ep(xnfla Fl'n)
ap(xn, In—l) + bp(x'm xn+1) + CP(xn—la In) +
dp(x'm xn) + €p($n—17 xn+1)
(a +c+ e)p(mn; :L'nfl) + (b + e)p(:cn, anrl) +
(3.2) (d—e)p(zn,zn).

IN
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Now if d > e, then adding the term (d—e)p(zn41, Tnt1) or (d—e)p(Xp—1,Tn_1)
in the right side of (3.2) and using weak small self distance axiom, we have

a+ct+e a+ct+2d—e
1-b—2d+e 1-b—e
for all n. If d < e, then from (3.2) by omitting the term (d — e)p(xy, z,), we
have

33)  p(Eni1,wn) < max{ 1p(@n, 2n1)

a+c+e
(3.4) P(Tpg1,Tn) < mp(lﬂn,lﬂnql

Hence from (3.3) and (3.4) we have for n =1,2,---

p(In+17$n) < )‘np(xl’ IQ),

where
atc+te a+c+2d—e
max{ =57, e, d>e
A p—
—‘ff;f: , d<e

It is clear that A € [0, 1), thus we have

(3.5) nan;op(xn+1,xn) =0.
On the other hand, since
d'w(xn-i-h xn) = p(xn-i-la In) - min{p(xn, $n),p($n+1, xn-‘rl)}
< p(anrla :L'n)
< A'p(x1,0)

we have limy, o0 dy (@, Tnt1) = 0. Therefore we have for k =1,2,---

du (In+ka In) < dy ($n+k; In-{—k—l) + -+ dy (In+1; In)
< AN p(zy,wo) + -+ Ap(a1, 20)
= [\ N p(a, o)
)\TL
S 1z Ap($1,$0)~

This shows that {z,} is a Cauchy sequence in the metric space (X, d,,). Since
(X,p) is complete then from Lemma 2.4, the sequence {x,} converges in the
metric space (X, dy), say lim, co dy(zn,z) = 0. Again from Lemma 2.4, we
have

(36) p(l‘,l‘) = lim p(xn,x) = lim p(:cn,:cm)-

n—00 n,m—o0o
Moreover since {z,,} is a Cauchy sequence in the metric space (X, d,,), we have
limy, ;00 duw (Tn, ) = 0. On the other hand since
P(@n, Tn) + P(Tn1, Tnt1) < 2p(Tns Tns1)
we obtain by (3.5)

lim p(a,,z,) =0.
n—oo
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Therefore from the definition d,, we have

p(xn; Im) = duw (In; Im) + min{p(xn; In);p(xmv xm)}
and so limy, m—yc0 P(Tn, Tm) = 0. Thus from (3.6) we have

plz,z) = lim p(zn,z) = n’grgoop(xm Tp) = 0.

Now we show that p(z, Fz) = 0. Assume this is not true, then from (3.1) we
obtain

p(z, Fx) < p(x,Fz,)+ p(Fa,, Fx) — p(Fa,, Fx,)
< pla,xpi1) + p(Fan, Fx)
< pla,xpg1) + ap(z, o) + bp(x, Fx) + ep(@n, Tni1) +
dp(x, xp+1) + ep(zn, Fa)
< plx,xps1) + ap(z, x,) + bp(x, Fx) + cp(n, Tni1) +

dp(, Ts1) + ep(wn, z) + eplz, Fx)
letting n — oo, we have
p(z, Fz) < (b+ e)p(x, Fx),

which is a contradiction. Thus p(z, Fx) = 0 and so x = Fz. Moreover p(x,x) =
0.
For the uniqueness, suppose y is another fixed point of F. Then we have

p(y,y) = p(Fy,Fy)
< (a+b+c+d+e)ply,y).

This shows that p(y,y) = 0. Now, if p(z,y) > 0, then we have

p(z,y) = p(Fz, Fy) < (a+d +e)p(z,y),

which is a contradiction. Therefore, the fixed point is unique. O

We can have the following corollaries from Theorem 3.1.

Corollary 3.2 (Banach type). Let (X,p) be a complete WPMS and let F :
X — X be a map such that

p(Fz, Fy) < ap(z,y)
for all z,y € X, where 0 < a < 1. Then F has a unique fized point.

Corollary 3.3 (Kannan type). Let (X,p) be a complete WPMS and let F :
X — X be a map such that

p(Fz, Fy) < Bp(x, Fx) +vp(y, Fy)

for all x,y € X, where 8,7 > 0 and B+ < 1. Then F has a unique fized
point.
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Corollary 3.4 (Reich type). Let (X,p) be a complete WPMS and let F: X —
X be a map such that

p(Fz, Fy) < ap(z,y) + Bp(z, Fz) +vp(y, F'y)

for all z,y € X, where o, 3,7 >0 and o+ 5+~ < 1. Then F has a unique
fixed point.
Next we state a nonlinear contractive type fixed point theorem.

Let ¢ : [0,00) — [0,00) be a function. In the connection with the function
¢ we consider the following properties:

(i) ¢ is nondecreasing,
(i) ¢(t) <t for all t > 0,
(if) 6(0) = 0,
(iv)
(v) limy, 00 ¢™(t) = 0 for all ¢ > 0,
(Vi)Yo " (t) convergent for all ¢ > 0.

¢
¢ is continuous,

It is easy to see that, (i) and (ii) imply (iii), (ii) and (iv) imply (iii), (i) and
(v) imply (ii).

Definition 3.5 ([4]). A function ¢ satisfying (i) and (v) is said to be a compari-
son function and a function ¢ satisfying (i) and (vi) is said to be (¢)-comparison
function.

It is clear that, any (c)-comparison function is a comparison function and
any comparison function satisfies (iii).

Theorem 3.6. Let (X,p) be a complete WPMS and let F : X — X be a map
such that

p(Fz, Fy) < ¢(max{p(z,y),p(z, F'x), py, Fy),
(3.7) 5lp(z, Fy) + ply, F')]})

N[ —

for all z,y € X, where ¢ : [0,00) — [0,00) is a (c)-comparison function. Then
F has a unique fixed point.

Proof. Let zp € X be an arbitrary point. Define a sequence {z,} in X by
Tp = Faop_y forn =1,2,--- . Now if x,, = xp,+1 for some ng =0,1,2,---,
then it is clear that xz,, is a fixed point of F'. Now assume x,, # z,41 for all
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n. In this case p(@y,, xp41) > 0 for all n. Then we have from (3.7)
p(Fap, Frn_1)

pmax{p(@n, n—1), (T, Fxn), p(tn-1, Fn-1),
Sp(en, P 1) + pon 1, Fan)]})

p(max{p(zn, Tn-1), p(Tn, Tnt1),

S p(n1,20) + B, 7o 1))

(3.8) = ¢(max{p(zn, Tn-1), P(Tn, Tnt1)}),

since

p(anrla xn)

IN

IN

P(Tn, ) + P(@n—1,Tn41) < p(Tn—1,2n) + P(Tn, Tni1)
and ¢ is nondecreasing. Now if
max{p(zn, Tn—-1), P(Tn, Tn+1)} = P(Tn, Tni1)
for some n, then from (3.8) we have
P(Tn+1,2n) < O(P(Tn, Tnt1)) < P(Tn+1,Tn)
which is a contradiction since p(zy,, ¢p+1) > 0. Thus
max{p(zn, Tn-1), P(Tn; Tnt1)} = p(Tn, Tn-1)

for all n. Then from (3.8) we have

p(anrla In) § d)(p(xna xnfl))

and hence
(3.9) P(Tnt1,2n) < ¢"(p(21,70)).
This shows that
(3.10) nlLr&p(mn,xn+1) =0.
On the other hand, since
dw(Tni1,en) = P(@ny1; 2n) = min{p(n, 2n), p(Tni1, Tny1)}
P(Tnt1,Tn)

IAINA

¢" (p(w1,20))

we have lim,, o0 du (s, Ty 1) = 0. Therefore we have for m > n

dw(zm; mmfl) + -+ dw(anrl; mn)
" Hp(w1,20)) + -+ + ¢" (p(a1, 20))

S ¢k (pla1, a0)).
k=n

Ay (l'ma xn)

INIA

IN

Since ¢ is (¢)-comparison function, then {z, } is a Cauchy sequence in the metric
space (X,d,). Since (X,p) is complete then from Lemma 2.4, the sequence
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{zy} converges in the metric space (X, d,,), say limy, o dy(2n, z) = 0. Again
from Lemma 2.4, we have

(3.11) p(z,z) = lim p(zy,z) = lim p(a,, zm).
n—oo

n,m-—oo
Moreover since {z,,} is a Cauchy sequence in the metric space (X, d,,), we have
limy, 11 —y00 duw (Zn, Tm) = 0. On the other hand since
P(Tn, Tn) + P(Tnt1, Tri1) < 2p(Tn, Tng1)

we obtain by (3.10)

nl;rrgop(mn,xn) =0.

Therefore from the definition d,, we have
p(mn; :L'm) = dw(mn; :L'm) + min{p(xn; :L'n)ap(mma xm)}
and so limy, ;00 P(Tn, Tm) = 0. Thus from (3.11) we have

(3.12) p(z,x) = lim p(z,,z) = Um p(x,,z,)=0.
n—r00

n,m—oo

Now we show that p(x, F'x) = 0. Suppose that p(z, Fz) > 0, as lim,, oo p(Tpt1, Tn) =
0 and lim, o0 p(@n, ) = 0, there exists ng € N such that for n > ny,

1
(3.13) P(Tpp1,xn) < gp(l‘,FlL')
and there exist n; € N such that for n > nq,
1
(3.14) p(Tn,x) < gp(l‘,FlL').

If we take n > max{ng,n1} then, by (3.13), (3.14) and triangular inequality,
we have

Slp(n, ) +pla Fro)] < 5[p(en,2) + oo, Fx) = pla, ) + pla, Fan)
< 5l5p(e o)+ ple, Fa) + (e, Fa))
(3.15) = %p(l‘,F:L’).

—

Now for n > max{ng,n;}, then, by (3.13), (3.14) and (3.15), we have

p(@ny1, Fz) = p(Fan, Fx)

< p(max{p(zn,x), p(xn, Fa,),p(z, Fx),
bl Fa) + pla, Fan)]})
< o(p(z, Fx)).

Letting n — oo in the last inequality, we have p(z, Fx) < ¢(p(z, Fx)), which
is a contradiction. Thus p(z, Fx) = 0 and so x is a fixed point of F. Moreover
by (3.12) p(z,z) = 0. The uniqueness follows easily from (3.7). O
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Example 3.7. Let X = {0,1,---,10} and p(z,y) = m—;ry, then dy(z,y) =
%|:c —y|. Therefore, since (X,d,,) is complete, then by Lemma 2.4 (X, p) is
complete WPMS. Let F': X — X,
r—1 , x#0
Fx =
0 z=0
We claim that the condition (3.7) of Theorem 3.6 is satisfied with ¢(t) = 5t.

— 10
For this, we consider the following cases.
Case 1. If x = y = 0, then

9
p(Fz,Fy)=0< Ep(w, Y)-

Case 2. If x = y > 0, then
p(Fz,Fy) = plz—lz—1)=z-1

BRI B
= 10" T 1o\

Case 3. If x > y = 0, then

x—1
p(F.ﬁ,Fy) = p(.ﬁ—l,O):
< EE_E (x )
= 102 10"\
Case 4. If x > y > 0, then
x+y—2
p(Fz,Fy) = p(fv—l,y—l)=+
9 x+y 9
< — = — .
< 03 10p(x7y)

This shows that all conditions of Theorem 3.6 are satisfied and so F' has a
unique fixed point in X. Note that, if we use the usual metric on X, then the
contractive condition is not satisfied.
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