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Abstract

In this paper we introduce the notion of modified w-distance (mw-distance) on
a quasi-metric space which generalizes the concept of quasi-metric. We obtain
a fixed point theorem for generalized contractions with respect to mw-distances
on complete quasi-metric spaces.
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1. Introduction and preliminaries

In [12] Kada, Suzuki and Takahashi introduced the notion of w-distance
on a metric space and improved the nonconvex minimization theorem of Taka-
hashi [18], the Ekeland variational principle [8] and the Caristi-Kirk fixed point
theorem [5], [6], among other results. Later Park [17] extended the notion of
w—distance and generalized several results from [12] to quasi-metric spaces.
Since then, the w-distance has been used in some directions in order to obtain
fixed point results on complete metric and quasi-metric spaces ([1], [2], [3], [14],
[15)).

In this paper we introduce a new notion of w-distance on a quasi-metric
spaces which generalizes the concept of quasi-metric and we obtain a fixed point
theorem for generalized contraction with respect to this new notion on complete
quasi-metric spaces.

Throughout this paper the letters R, RT, N and w will denote the set of
real numbers, the set of non-negative real numbers, the set of positive integer
numbers and the set of non-negative integer numbers, respectively. Our basic
references for quasi-metric spaces are [10], [13] and [7].

A quasi-pseudo-metric on a set X is a function d : X x X — R such that
for all z,y,z € X: (i) d(z,z) = 0; (ii) d(z,y) < d(x, z) + d(z,y).
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Following the modern terminology, a quasi-pseudo-metric d on X satisfying
(") d(z,y) = d(y,z) = 0 if and only if x = y, is called a quasi-metric on X.

Fach quasi-metric d on a set X induces a T topology 74 on X which has as
a base the family of open balls {B4(x,¢) : @ € X,e > 0}, where By(x,e) = {y €
X d(z,y) <e} forall z € X and € > 0.

Given a quasi-metric d on X, the function d=! defined by d~!(z,y) = d(y, z)
for all z,y € X, is also a quasi-metric on X, called conjugate quasi-metric, and
the function d® defined by d*(x,y) = max{d(z,y),d(y,z)} for all z,y € X, is a
metric on X.

There are a lot of completeness notions in quasi-metric spaces, all agreeing
with the usual notion of completeness in the case metric (see e.g. [13]), each
of them having its advantages and weaknesses. In this paper we shall use the
following general notion.

A quasi-metric space (X,d) is called complete if every Cauchy sequence
(Zn)new in the metric space (X, d®) converges with respect to the topology 74-1
(i.e., there exists z € X such that d(z,,z) — 0).

By an asymmetric norm on a real vector space X we mean a nonnegative
real-valued function p on X such that for all z,y € X and r» > 0: (i) p(z) =
p(—z) =0& z =0, (i) p(rz) = rp(z), and (iii) p(z +y) < p(z) + p(y).

Each asymmetric norm p on a real vector space X induces a quasi-metric d,
on X defined by dp(z,y) = ply — x).

2. mw-distances on a quasi-metric space
Let us recall the definitions of w-distance for metric and quasi-metric spaces.

Definition 1. ([12]) A w-distance on a metric space (X,d) is a function
q: X x X — Rt satisfying the following three conditions:

(W1)q(z,y) < q(x,2) +q(z,y), for all z,y,z € X;

(W2) q(z,-) : X — R* is lower semicontinuous on (X, 74) for all x € X;

(W3) for each € > 0 there exists § > 0 such that if g(x,y) < 0 and q(x,z) < ¢
then d(y, z) < e.

Definition 2. (/3], [17]) A w-distance on a quasi-metric space (X,d) is a
function q : X x X — RT satisfying the following three conditions:

(W1) q(z,y) < q(x,2z) + q(z,y), for all x,y,z € X;

(W2) q(z,-) : X — RT is lower semicontinuous on (X, 74-1) for all z € X;
(W3) for each € > 0 there exists § > 0 such that if ¢(x,y) < J and q(z,2) <9
then d(y, z) < e (and also d(z,y) < e).

Remark 1. It is clear that if d is a metric on X, d is a w-distance on the metric
space (X,d). Unfortunately, if d is a quasi-metric on X, d is not necessarily
a w-distance on the quasi-metric space (X,d) as we can see in the following
paradigmatic examples.

Example 1. Let (R,dg) the Sorgenfrey line, where dg is the quasi-metric
defined by dg(z,y) =y — z if x <y, and ds(x,y) = 1 if x > y. Then, dg does



not satisfy condition (W3). Indeed, takinge = 1/2 and § > 0, then if y = z+5/2
and z = z + §/3, it satisfies that dg(z,y) = §/2 < 9, ds(x,2) = /3 < 6, and
ds(y,z) =1>e¢.

Example 2. Consider the quasi-metric space (R, d) where d(z,y) = (y —x) V0.
Then d is not w-distance, because the condition (W3) does not hold. Indeed,
givene > 0, and z,y, 2z € Rsuch that 0 < z < y < z and ¢ < y—z, then for every
4 > 0 we have that d(z,y) = d(z,z) =0 and d(z,y) = (y —2) VO=y — z > ¢.

Motivated from above remark, we give the following definition:

Definition 3. A modified w—distance(mw—distance, in short) on a quasi-
metric space (X,d) is a function ¢ : X x X — RT satisfying the following
conditions:

(W1) q(z,y) < q(x,2) +q(z,y) for all z,y,2 € X;

(W2) q(z,-) : X — R* is lower semicontinuous on (X, 74-1) for allx € X;
(mW3) for each € > 0 there exists § > 0 such that if ¢(y,z) < and q(x,2) < ¢
then d(y, z) < e.

Remark 2. Note that every quasi-metric d on X is an mw-distance on the
quasi-metric space (X, d).

Definition 4. A strong-mw-distance on a quasi-metric space (X,d) is a
muw-distance q : X x X — RT satisfying the following condition:
(mW2) q(-,z) : X — RT is lower semicontinuous on (X, 74-1) for all z € X.

In the remainder of this section we give some examples of mw-distances.

Example 3. Let (X,d) be a quasi-metric space and let ¢ € RT. The function
q(z,y) = c is a strong-mw-distance on X.

Example 4. Let (R,dg) the Sorgenfrey line (see Example 1). Then ¢(z,y) =
ds(z,y) is a strong mw-distance on the quasi-metric space (R, dg). Indeed, fix
y € X and let (z,,),cy be a sequence in R such that lim,, ds(z,,z) = 0. Then,
given 0 < € < 1 there is ng € N such that for n > ng, ds(xp,2) =2 — 2, <&
and z,, < x.

If x <y, then

ds(2,y) = ds(@nsy) = (y = 2) = (y = 70) = 0 — 7 < 0 < &.
If y < x, then there is n; € N, ny; > ng, such that for all n > ny,
ds(zp,z) =2 — a8 < T —Y,
so that y < x,,. Then for all n > n,
ds(z,y) —ds(zp,y) =1—-1=0<e.

Therefore the function ¢(-,y) is lower semicontinuous on (X, 74-1) for all y € X.

Example 5. Let (X, <, ||.||) be a normed lattice. Denote by X the positive
cone of X, i.e., XT:={zr € X :0 <z}, and we define the asymmetric norm on



X (see e.g. [9], Theorem 3.1) give by ||.|* : X = R* as ||lz||" = ||z v 0]| for all
2 € X. Then the function d defined by d(z,y) = ||y — z||* for allz,y € X, is a
quasi-metric on X. Hence (X T, dy) is a quasi-metric space, where dy denotes
the restriction of d to X .

We show that the function ¢ defined by q(z,y) = ||y|| for all z,y € X, is
a mw-distance on (X, dy). Indeed, condition (W1) is trivially satisfied. Now
fix x € X and let (yn)new be a sequence in X T such that lim dy (y,,y) = 0 for
some y € X+, Since

+ +
q(@,y) = llyll = llyl™ =y —yn +uynll” <
< |ly = vl ™ + Nyl = d+ (. y) + a(z,y0) =

= q(z,y) = q(z,yn) < d+(yn, y)
for all n € w, we deduce that g(z,-) is lower semicontinuous for (X7, T(d +)71),
and condition (W2) is satisfied.
On the other hand, choose ¢ > 0 and put 6 = . Suppose that there are
z,y,2 € XT such that ¢(y, @) = ||z[|” = ||| <6 and g(,2) = [|2[|" = ||z]| < 4.
Therefore

+ + + +
di(y,2) = llz = yll" <27 +l=ull" = [l2[" <d =

Consequently, the condition (mW3) is also satisfied.
Finally, for every z € X we have that

9(y:2) = q(yn, 2) = |2l = |2 = 0 <.

Therefore, q(-, z) is lower semicontinuous function on (X, 74, )-1) and we con-
clude that ¢ is a strong-mw-distance on (X*,d.).

Example 6. Consider the quasi-metric space (R, d) where d(z,y) = (y —2) V0
(see Example 2). Then ¢ = d is a mw-distance but ¢ is not strong-mw-distance,
because the condition (mW?2) does not hold. Indeed, if we consider the sequence
{n}nen, this sequence converges to zero in (R, d~1) because d(n,0) = (—n)V0 =
0. Nevertheless, if y > 0 and n > y, then

d(0,y) —d(n,y) = (yV0) = (y—n)V0=y—-0=y.

Therefore, the function d(-,y) : R — R is not lower semicontinuous on (R, 74-1).

Now we give an example of an mw—distance ¢ on a quasi-metric space (X, d)
such that ¢ # d and ¢ is not a w—distance.

Example 7. Let (X,p) be an asymmetric normed space. Let d, the quasi-
metric induced by p, namely d,(x,y) = p(y — ). Then ¢ : X x X — R* defined
by

q(z,y) = p(=x) + p(y)

is an mw—distance on the quasi-metric space (X, dp).



The condition (W1) holds because

q(z,y) = p(—2) + p(y) < p(—2) + p(2) + p(—2) + p(y) = q(, 2) + q(2, y).

To prove condition (W2) we take a sequence (yn)nen C X such that (yn)nen
converges to y in (X, ngl), i.e., dp(yn,y) converges to zero. Then

q(z,y) — q(z,yn) = p(=2) + p(y) — p(=2) — p(yn)

=p(y) = p(Yn) < PY — Yn) = dp(Yn, y).
Hence ¢(z, ) is lower semicontinuous on (X, 7, d;1).

Finally, given € > 0 put § = £/2. Then if ¢(z,y) < § and ¢(y, z) < J, we have
that

dp(,2) < dp(z,y) + dp(y, 2) = p(y — ) +p(z — y)
<p() +p(=2) +p(z) +p(—y) = a(x,y) +q(y,2) <e/2+¢/2=¢.
Therefore g satisfies the condition (mW3).

In general, ¢ is not a w—distance on (X,d). Indeed, taking X = R and
p(x) = VvV 0, we have that q(z,—3¢) =0 < 9§, g(z,—¢) =0 < g, for all z > 0
and for all § > 0. Nevertheless, d(—3¢e,—¢) = 2 > ¢, for all € > 0. So ¢ does
not satisfies (W3).

The following example shows that there are w-distances which are not mw-
distances.

Example 8. Let d be the usual metric on R, that is, d(z,y) = |y — «|. It
is easy to prove that the function ¢ : R x R — R™ defined by q(z,y) = |y| is
w-distance in the quasi-metric space (X, d). Nevertheless, ¢ is not mw-distance
in the quasi-metric space (X,d). Indeed, the condition (mWW3) does not hold
because given € > 0, then for every § > 0 we have that ¢(2¢,0) < 4, ¢(0,0) < o
and d(2¢,0) = 2e > «.

3. A fixed point theorem involving mw-distances

Recently, Alegre, Marin and Romaguera [2] have obtained a fixed point
theorem for generalized contractions with respect to w-distances on complete
quasi-metric spaces from which they deduce w-distance versions of Boyd and
Wong’s fixed point theorem [4] and of Matkowski’s fixed point theorem [16]. Its
approach uses a kind of functions considered by Jachymski in [11, Corollary of
Theorem 2] and that generalizes the notion of function of Meir-Keeler type [1].

Definition 5. (/2]) A function ¢ : RT — R is said to be a Jachymski func-
tion if:

(Ja1) 6(0) = 0,

(Ja2) for each € > 0 there exists 6 > 0 such that fort > 0 withe <t < e+,
we have ¢(t) < e.



Theorem 1. ( [2, Theorem 2]) Let f be a self-map of a complete quasi-metric
space (X,d). If there exist a w-distance g on (X,d) and a Jachymski function
¢ : RT — RT such that ¢(t) <t for all t >0, and

q(fz, fy) < dla(z,9)), (1)
for all z,y € X, then f has a unique fized point z € X. Moreover q(z,z) = 0.

Now we prove that Theorem 1 remains true if condition (1) is satisfied by a
strong mw-distance on X.

Theorem 2. Let f be a self-map of a complete quasi-metric space (X,d). If
there exists a strong-mw-distance ¢ on (X,d) and a Jachymski function ¢ :
RT — R such that ¢(t) <t for all t > 0, and

q(fz, fy) < ola(z,v)), (2)
for all z,y € X, then [ has a unique fived point z € X. Moreover q(z,z) = 0.

Proof. Fix xzp € X and let x,, = f"xq for each each n € N.
Let us first prove that (z,)ne. is a Cauchy sequence in (X, d®).
Let a, = q(zpn, xp+1) and b, = q(zp41, ) for all n € w. Since

An41 = q(xn+17 $n+2) S ¢(Q($n7$n+1)) S Q($n7$n+1) = Qnp (3)
and
bot1 = q(Tnt2, Tny1) < A(q(Tnt1,70)) < @(@ny1,T0) = by, (4)
for all n € w, then (a,)ne, converges to some a € RT and (by,),e, converges to
some b € RT.
Now we prove that a = b = 0.
If there exists ng € w such that a,, = 0 then, by (3), a,, = 0 for all n > ny.
Therefore a = 0.
Suppose that a, # 0, for all n € w. This implies that ¢(a,) < a,, so that,
by (3), ap+1 < ay for all n € w. Then a < a, for all n € w.
If we suppose that a > 0, by (Ja2), there exists 6 = §(a) such that

a<t<a+d = o) <a.

Take ns € N such that a,, < a4+ ¢ for all n > ns. Then ¢(a,) < a, so that, by
condition (3), an+1 < a for all n > ng, a contradiction. Consequently a = 0.
In a similar way it is proved that b = 0.
Now choose an arbitrary € > 0. Then there is § € (0,¢) for which (mW3)
holds and
e<t<e+d = o) <e. (5)

For §/2 > 0 there is p € (0,9/2) such that
0/2<t<d/24+p= () <6/2 (6)

Because lim,,—,oc @, = 0 and lim,, o0 b, = 0 there exists kg = ko(¢) € N
such that



(C1) an = q(zn, Tnt1) < p1/2,
(C2) bp = q(Tnt1,2n) < 1/2,
(03) Q(xnvxn) < Q(xnvxn—&-l) + Q(xn-i-hxn) < W,

for all n > ko,
By using a similar technique to the one given by Jachymski in [11, Theorem
2] and [2] we shall prove, by induction, that for all n € N and k > ko that

1)
q(Th, Tpyn) < p+ 5 (7)

and 5
q(Thn, Tr) < p+ 3 (8)

Let k > ko. Since ¢(xk, xx+1) < p/2, condition (7) follows for n = 1.
Suppose that (7) is true for n € N. We shall study two cases.

e Case 1: q(xk, Tpyr) > 0/2. Then we deduce from the induction hypothesis
and (6) that ¢(q(rk, Tntx)) < 0/2. Then

4@kt 1, Tnyr1) < O(q(Th, Tntr)) < 0/2
and by (W1),

0

[T
q(Try Tryra1) < q(or, Trg1) + @(Thg1, Tngrpr) < 5ty <uty

e Case 2: q(zg, Tnir) < /2.
If g(xg, xptx) = 0, we deduce that q(z41,Tnik+1) = 0 by (2). So, by

(w1,

I
A @k Tpgrt1) < @@ Tog1) + @ Tpt1, Trgrgr) < 5 <p+ 5

If q(xk, Tptx) > 0, we deduce that ¢(q(zk, Tnir)) < ¢(Tk, Tnir) < 6/2.
Then

IN

(ks Tpyrt1) q(xr, Tpg1) + @(Try1, Tpprgr) <

) )
< q(zg, wrs1) + O(g(@n, Tnik)) < g tg<ntg
The inequality (8) can be proved similarly.
Now let 4,5 € Nwith j > ¢ > kg. Then ¢ = n+ kg and j = m + kg for some
n,m € w, with m > n. Hence, by (mW3) and (C3),

4(Try, 25) = 4(Thos Tmako) < p+ % <6
= d(v;,7j) <€

A(Ti, Thy) = Q(Tpgro, Thy) < P+ 3 <6



and s
q(Tky, Ti) = q(Tho, Tntko) < pp+ 5 <0
= d(z;,z;) <e.
Q(5, Try) = q(Tmgr0, Thg) < pp+ 5 <0
Therefore (z,,)nen is a Cauchy sequence in (X, d®). Since (X, d) is complete,
there exists z € X such that d(z,, z) — 0.
Now we shall prove that ¢(x,,z) — 0 and ¢(x,, fz) — 0.
Indeed, let € > 0. By (7), there exist u < €/2 and ng € N such that

q(Tn,Tm) < p+€/2

for n > ng and for all m > n.
Let n € N such that n > ng. Since ¢(x,,-) is lower semicontinuous on
(X, 74-1) and d(z,, 2z) — 0, there exists mg € N, mg > ng, such that

Q(xna Z) - Q(l'nyxm) <€,

for all m > my.
Therefore, if n > ng and m > n then

q(xﬂmz) <Q(xnaxm)+5<ﬂ+5/2+5<257

so that q(zp,2) — 0.

Since

q(Tn+1, [2) < @(a(2n, 2)) < q(2n, 2),

we have that q(z,, fz) — 0.

Next we prove that d(z, fz) = d(fz,z) = 0.

By (mW?2), the function ¢(-, fz) is lower semicontinuous on (X, 74-1). Then,
since d(x,,z) — 0, we have that given € > 0 there exists n; € N such that if
n > n; then

(2, f2) = q(wn, f2) <e,
implying
(2, f2) <q(xn, f2) +e
Therefore ¢(z, fz) = 0.
Since ¢(xy, z) — 0 and q(z, fz) = 0, by (mW3), we have that d(z,, fz) — 0.

Then, because ¢(-, z) is lower semicontinuous on (X, 74-1), given € > 0 there
exists ny € N such that if n > nsy then

q(fZ, Z) - q(xny Z) <€
that is
q(fz,z) < Q(In,z) + €.

Then ¢(fz,2) = 0. Taking to account (W1), we have that q(z,2) = q(fz, fz) =
0. Therefore, by (mW3), we obtain

d(z, fz) =d(fz,2)=0.



Consequently z = f(z), i.e., is a fixed point of f.
Finally, let u € X such that v = fu. If ¢(u, z) > 0, then

q(u, 2) = q(fu, fz) < dlq(u, 2)) < q(u, 2),

a contradiction. So that g(u,z) = 0. In a similar way we obtain that g(u,u) =0
and ¢(z,z) = 0. Therefore, by (mW3), d(u,z) = d(z,u) = 0. Consequently
u = z and we conclude that z is the unique fixed point of f. O

Now we give an example where it is possible to apply Theorem 2 but not
Theorem 1.

Example 9. Let (R,dg) the Sorgenfrey line (see Example 1). (R,dg) is com-
plete because if (z,,)nen is a Cauchy sequence in (X,d%), then there exists
no € N such that z,, = x,, for all n > ng. Hence, (2, )nen converges in (R, dgl).
Taking g = dg, we have that ¢ is a strong-mw-distance (see Example 4).

Let c € R and let f: R — R defined by fx = ¢, for all x € R.

If we define ¢ : Rt — R* such that ¢(t) = £, ¢ is a Jachymski function and
o(t) < t for all t > 0. Moreover, q(fz, fy) =0 < ¢(q(z,y)) for all z,y € X.

Therefore, all conditions of Theorem 2 are satisfied. In fact, z = ¢ is the
unique fixed point of f. Nevertheless, ¢ is not a w-distance (see Example 1), so
we cannot apply Theorem 1.

The following example shows that in Theorem 2 the strong condition for the
muw-distance cannot be omitted.

Example 10. Let X = {1/n : n € N} and let d be the quasi-metric on X
given by d(z,z) = 0, and d(z,y) = z. (X,d) is a complete quasi-metric space.
Indeed, let {z,} be a Cauchy sequence in (X, d?®). If there exists k& € N such
that x, = xy for all n > k, obviously {z,} converges to z, in (X,d~!). If for
all n € N there exists k,, > n such that z,, # ., then given € > 0 there exists
ng € N such that d(z,, zx,) = x, < € for every n > ng. Therefore d(z,,x) < &
for every n > ng and for every x € X. So that {z,,} converges to z in (X,d1).

The function ¢(z,y) = d(z,y) is an mw—distance and it is not strong.
Indeed, the sequence {1/n} converges to 1 in (X,d~!) but if y # 1, then
lim, 00 (q(1,y) — q¢(1/n,y)) = 1. Hence, ¢(-,y) is not lower semicontinuous on
(Xa Tg-1 )

Let f: X — X given by fz = x/3 and let ¢ : RT — R™ given by ¢(t) = t/2.
Then ¢ is a Jachymski function such that ¢(t) < ¢, for all ¢ > 0 and

a(fz, fy) = fr = x/3 <x/2 = ¢(x) = ¢(q(z,y).
Nevertheless, f has not a fixed point in X.

The following example shows that Theorem 2 is not fulfilled if the hypothesis
¢(t) <t for all t > 0 is replaced by the condition ¢(t) <t for all ¢t > 0.

Example 11. Let X = Rt and let d be the quasi-metric on X defined as
d(z,y) = (y —x) V0. Clearly (X,d) is complete (observe that d(z,,0) = 0 for



all sequence {z,} C X). Let g be the strong-mw-distance given by q(z,y) =y
for all x,y € X (see Example 5).

Let f: X — X defined by fx =0if z € [0,1/2) and fa = 1/2 otherwise.

Now we define ¢ = f. Then ¢ is a Jachymski function. Indeed, if ¢ < 1/2,
taking 0 > 0 such that ¢ +60 < 1/2 from € <t < e + J it follows ¢(t) =0 < .
If e > 1/2, then for all 6 > 0 from ¢ < t < €+ § it follows ¢(t) = 1/2 < e.
Furthermore, q(fz, fy) = fy = 6(y) = dla(z,v)).

In this example the condition ¢(t) < t is not satisfied for all ¢ > 0 and f has
two fixed points 0 and 1/2.

The next is an example where we can apply Theorem 2 for an appropriate
strong mw-distance ¢ on a complete quasi-metric space (X, d) but not for d.

Example 12. Let (R, d) the complete quasi-metric space of Example 11 and
let ¢ be the strong-mw-distance given by ¢(z,y) =y for all z,y € X.

Lef f: RT — R" such that fo =xz/2 if z > 1 and f(x) = 0 otherwise.

Now we define ¢ = f. Then ¢ is a Jachymski function. Indeed, if ¢ < 1,
taking ¢ > 0 such that e + § < 1 from & < ¢t < €+ 4 it follows ¢(t) =0 < e. If
e > 1, taking 6 = ¢ from e < t < e+ § it follows ¢(¢t) = t/2 < . Moreover,

q(fz, fy) = fy = o(y) = o(q(x,y)).

Therefore the conditions of Theorem 2 are satisfied. In fact z = 0 is the
unique fixed point of f.

Nevertheless, the contraction condition of Theorem 2 is not satisfied for d.
Indeed,

(5, F1) = d(0,1/2) = 1/2> 0= 6(d(5, 1),
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