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ABSTRACT 
Materials and mechanical design procedures for ultra-high performance cement composites 
(UHPC) members based on analytical models are addressed. A procedure for the design of 
blended components of UHPC is proposed using quaternary cementitious materials. The 
blending procedures are used using a packing and rheology optimization approach to blend 
high performance mixtures using non-proprietary formulations. Closed-form solutions of 
moment-curvature responses of UHPC are derived based on elastic-plastic compressive 
model and trilinear strain hardening tension stress strain responses. Tension stiffening 
behavior of UHPC due to fiber toughening and distributed cracking is then incorporated in 
the cross-sectional analysis. Load-deflection responses for beam members are obtained 
using moment-area, and direct integration approach. The proposed models provide insights 
in the design of SHCC to utilize the hardening properties after cracking. Using proper 
parameters, generalized materials model developed are applicable to both SHCC and strain 
softening cement composites such as steel fiber reinforced concrete (SFRC), textile 
reinforced concrete (TRC) and ultra-high performance concrete (UHPC). 

KEYWORDS: Strain hardening cement composites, distributed cracking, textile 
reinforced concrete, strain hardening, design. 

1.- INTRODUCTION 
Strain hardening cement composite (UHPC) is a class of materials using relatively high 
fiber volume fraction (more than 2%) and exhibiting high strength and ductility. In contrast 
to conventional concrete, increases in tensile stresses are observed after first crack in 
tension through crack bridging and interface transfer mechanisms provided by discrete 
fibers. The UHPC class requires a fundamental concentration on the matrix phase and its 
rheology in order to achieve high compressive strength and ductility. The durability of 
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concrete structures improves as a result of crack mitigation, where discrete cracks are 
replaced with a system of distributed micro cracks.  

UHPC is an ideal construction material for applications that require rapid construction and 
connection of precast segments, applications that require a reduction of the weight and size 
of structure, or for seismic design where high ductility is desired. Figure 1 shows the 
application of UHPC connection between precast deck panels [Greybeal, 2014].  The 
improved performance of SHCCs subjected fatigue and impact loads make them attractive 
for industrial structures, highway pavements, bridges, and natural hazardous and extreme 
loads. In contrast to the design of conventional RC structures, implementation of UHPC 
requires use of strain-hardening response that is attributed to multiple cracking due to load 
transfer by the fibers across the cracks (Mobasher et al. 2006b). As multiple cracking takes 
place, the stiffness of the sample significantly drops while the crack spacing continuously 
decreases to a saturation level. The post crack stiffness and the ultimate strain capacity are 
functions of fiber type, stiffness, and bonding characteristics, however the stiffness in the 
post crack region can be effectively used in the analytical and design formulations 
(Mobasher et al. 2006a). 

  
Figure 1. UHPC connection between precast deck panels as deployed by NYSDOT 

on I-81 in Syracuse, NY [Greybeal,2014] 

2.- MATERIALS DEVELOPMENT 
The main objective is by controlled blending of components with up to 3% volume fraction 
of steel fibers, a UHPC formulation can be obtained with non-proprietary materials that is 
strong, ductile, and durable. A systematic procedure was developed for a multiple (up to 
four component) non-proprietary paste components that can be blended for optimal 
performance. This paste system constitutes the main component of UHPC formulation, 
when used with specifically blended and sized aggregates of specified particle size 
distribution, it would yield the UHPC system. 

Figure 2 shows the strategy to obtain the optimized design of UHPC. The research 
approach is built around three fundamental steps: binder (paste) design, aggregate packing 
and optimization, and testing the final properties. The binder design, shown in Figure 2 
consists of selection of the source materials for the binder from a series of common 
cementing (or cement replacement) materials. Ordinary Portland cement (OPC), Flyash, 
(F), MicroSilica, (M), Slag, (S), Metakaolin, (K), Limestone, (La, Lb, 3.0 and 1.5 micron).  
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Different properties of the microstructure can be analyzed using the 3D particle packing 
models. 3D volumes are generated using a stochastic particle packing model assuming 
spherical particles.  

 
Figure 2. Schematic showing the aggregate packing of UHPC 

 
The goal is to use a blend of the cementitious materials that can be mixed with a very low 
w/b ratio and, with the aid of superplasticizers, can result in flowable and workable 
mixtures. The microstructural packing and rheological studies provide preliminary 
indicators as to the applicability of paste systems for UHPC. Packing influences rheology 
and mechanical/durability properties, while rheology influences placing and early-age 
structure development, which in turn influences the later age properties. In a composite 
binder that contains particles of different size distributions and surface characteristics, 
chemical admixtures are essential in controlling the rheological features. One would start 
with the materials (cement, fly ash, silica fume etc.) with particle sizes ranging from 0.1 
microns to 50 microns. Therefore F20L10b would indicate a blended composite cement 
with 20% Flyash and 10% Limestone. The selected components and their mass fractions 
are combined to ensure maximum packing of the powder ingredients. The flowability of the 
binders at very low w/b, and in the presence of large amounts of chemical admixtures are 
evaluated using fundamental rheological experiments. 

In the second step, the optimized packing of selected coarse and fine aggregates and fibers 
are tested to meet the performance criteria. Selection of aggregates is based on a 
compressible packing model (CPM) which determines the maximum packing density using 
different sizes of coarse and fine aggregates. The packing efficiency reduces the capillary 
pores and therefore improves the strength and the impermeability significantly.  This is 
shown in Figure 3(a). The finalized UHPC mixture(s) are then subjected to property-and-
performance testing that includes mechanical testing (compression, tension, flexural, 
fracture) and durability evaluation (resistance to freezing and thawing, chloride 
penetration). This approach shows that UHPC concrete mixtures can be developed using 
locally obtained materials. [Arora et. al, 2017] 
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2.1.- Strength and Fracture response 
Figure 3(b) shows the compressive strengths of mortars made using the selected UHP 
pastes after 14 and 28 days of moist curing. Even with a clinker factor reduction of 30%, 
the UHP mortars, especially the quaternary blends demonstrate 28 day strengths that are 
comparable to, or higher than that of the control UHP mortar. The mixtures containing slag 
demonstrate higher strengths than those containing fly ash at 28 days, but it is conceivable 
that the pozzolanic reaction of fly ash and its later synergy with the other replacement 
materials could improve the strength with further curing. It is noted that the addition of 
fibers, reduction of water to binder ratio, optimization of the aggregate size fractions would 
lead to a final mixture with 28 day compressive strengths in excess of 22,000 psi (150 
MPa). 

The flexural response results are shown in Figure 4. Note that the increase in strength by 
means of microsctructural modification is also complimentary to the role of fibers in 
increasing the load carrying resistance and the strength hand ductility are both improved 
with the use of steel fibers. Figure 4.b shows the digital image correlation of the formation 
of multiple cracks in the flexural samples at various stages. 

 

 
Figure 3. a) Mercury intrusion porosity and critical pore diameters for selected 

 UHPC specimens b) compressive strengths at Day 14 and 
 day 28 of selected UHP mortars. 
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Figure 4. a) load vs. CMOD for control fiber reinforced beam specimens  

with 1% steel fiber at a post peak stress of (a,b) 90% and 
 (c,d) 50% of the peak stress. 

2.2.- Modeling and Structural Design of Strain-Hardening Composites 
A broad range of cement composites exhibiting strain-hardening behavior can be modelled 
using the proposed approach. These materials include textile reinforced concrete (TRC), 
fiber reinforced concrete (FRC), and ultra-high performance fiber reinforced concrete 
(UHPC). The general behavior can be simulated by linearized compression and tension 
models that address nonlinear and hardening properties as shown in Figure 5 (Soranakom 
and Mobasher 2008). Tensile response is defined by Young’s Modulus E, first crack tensile 
strain εcr, transition strain εtrn, and post crack modulus Ecr. Note that by normalizing all 
parameters by minimum number of independent and dimensionless variables, tensile 
response uses only two intrinsic material parameters E and εcr, therefore the softening or 
residual range is defined by a constant stress level µEεcr, and the compressive strength  
σcy= ωγEεcr. Other material parameters are summarized as follows: α, μ, η, ω and defined 
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respectively as normalized tensile strain at peak strength, residual tensile strength, post-
crack modulus, and compressive yield strength (Soranakom and Mobasher 2008). 

 
(a) 

 
(b) 

Figure 5. Material model for SHCC (a) compression, (b) tension 
model (Yao et al. 2017). 

 
Even though the tensile strength is greatly improved in SHCC, the compressive strength in 
is still much higher, and the flexural capacity is defined by means of the tensile variable. 
The nonlinearity and failure in flexure are likely to be dominated by tensile properties. One 
can perform cross-sectional analysis by constructing strain and stress profiles. Followed by 
integration of normal stresses, the compressive and tensile force terms from each zone are 
obtained and bending moment on the cross section computed. Closed-form solutions of 
moment-curvature responses are explicitly derived based on interactions among different 
stages in tension and compression models. The detailed derivations for strain softening, 
strain hardening FRC as well as hybrid reinforced concrete (HRC) sections containing rebar 
and fibers can be found in (Mobasher et al. 2015; Soranakom and Mobasher 2008). These 
equations can be further simplified using polynomial or power curve fitting with detailed 
applications for individual cases presented in (Yao et al. 2017). 

The solution for the plain fiber reinforced concrete section is presented first. For the given 
applied strain distribution, the location of neutral axis, defined as kd is obtained from the 
force equilibrium equations. For a specified serviceability limit based on maximum 
allowable compressive strain εc = λcu εcr , the neutral axis depth and the bending moment 
are obtained as: 
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On may conduct an asymptotic analysis to compute the moment capacity in the limit case, a 
simplified design equation for normalized moment capacity is obtained. This resembles a 
case when the cracked section in flexure opens significantly to go beyond serviceability 
limit, however due to the presence of fibers, the section can still transmit the flexural load 
applied. The moment capacity in this case is defined by the limit case of compressive 
cracking strain λcu reaching a relatively large number [1]. To further simplify Equation 2, 
The residual strength of FRC in flexure is approximately three times its residual strength in 
tension, that is, ,3 3eq crf µσ=  [ACI-544-8R [6], Mn. Furthermore, the empirical relationship 
between tensile and compressive strength t cf ' 6.7 f '= (in U.S. customary units) is used for 
normalized compressive strength ω : 

0 85 0 127
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c c
c c

t ccr

c ccr
c c
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By substituting forω, as a function of ultimate compressive strength fc′ and the post 
crack tensile strength µ  the expression for nominal ultimate moment capacity is 
obtained. 

3
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The ultimate moment capacity as a function of residual tensile strength and reinforcement 
can be used as a convenient design tool for combinations of reinforcements, calculated as 
shown in Eq. (6). An analytical expression for minimum reinforcement ratio ρg,min for 
conventional reinforced concrete is obtained. For example, using parameters µ = 0, γ = 3/4, 
and ω = 6, Eq. (7) represents the minimum reinforcement as a function of location and its 
stiffness (steel or FRP). 
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Figure 6. Design chart for normalized ultimate moment capacity (determined at 
λ=λcu) for different levels of post crack tensile strength µ and  

reinforcement ratio ρg.. 
 
Equations to determine the moment-curvature relationship, ultimate moment capacity, and 
minimum flexural reinforcement ratio were also explicitly derived by Yao et al (2018). 
Figure 6 shows a design chart for the parametric design model with various grades of steel.  
Flexural design using this chart, requires ultimate moment Mu due to factored loads 
normalized with respect to cross-sectional geometry. The demand moment capacity Mu′ is 
obtained from this chart using a combination of normalized residual tensile strength µ, 
grade of steel, and reinforcement ratio ρg. Results are scaled to numerical values using the 
section cracking moment Mcr. 

3.- MOMENT-CURVATURE AND LOAD-DEFLECTION RELATIONSHIPS 
Moment-curvature relationship as cross sectional properties connects the constitutive 
material parameters to the structural flexural behavior, equilibrium, and the curvature-
displacement relationship. This design parameter can be represented in various forms of 
bilinear, tri-linear, or curve fit from various sections (Soranakom and Mobasher 2008; 
Wang 2015). To obtain load-deflection calculations with given moment-curvature response, 
two approaches can be applied to the slope deflection equation: direct integration and 
polynomial/piecewise integration of linearized segments as discussed in (Soranakom and 
Mobasher 2008). Alternatively, one can use a parameterized moment-curvature relationship 
for a generalized solution, which has been derived and proposed as a practical design tool 
Wang (2015), Yao et al, (2018). 
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Figure 7. Simplified parametric moment-curvature relationship: (a) bilinear 

representation, (b) dimensionless moment-curvature curve  
represented as variables (κ, m). 

 
Figure 7a and 7b presents the idealized parametric moment–curvature response of a 
deflection hardening case with a two stage linear elastic and a post-cracking range. The 
mid-span deflection is obtained directly using the double integration of curvature 
distribution and imposing boundary conditions to ensure the continuity of displacement 
fields (Wang 2015). Deflection distributions along the beams at full range of applied loads 
were derived for various beam types, loading conditions and supports such as simple beam, 
cantilever beam, point load/moment, distributed load and combination of them. Analytical 
expressions of the mid-span deflections for 3PB and 4PB are presented for elastic (Stage 1) 
and cracked (Stage 2) stages. where /eL a m=  refers to the length of elastic region, and a 
is the shear span of 4PB beam. 
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4.- MODEL SIMULATION 
To verify the analytical model for flexural results of SHCC and UHPC beams studied by 
Qian and Li (2008), and Yoo et al. (2016) are simulated. Plain beam specimens of both 
SHCC and UHPC had a rectangular cross section of 100x100 mm2 and a span of 300 mm. 
Four-point bending tests were conducted and load and deflection responses were recorded. 
The compressive strength for the UHPC and SHCC specimens are 232 MPa and 46 MPa, 
respectively. 

  
Figure 8. Simulations of ECC and UHPC specimens (a) tension models, (b) flexural 

stress-deflection responses. 
 
Figures 8(a) and (b) compare the tensile stress-strain and flexural stress-deflection 
responses, respectively, for SHCC and UHPC composites. For SHCC, the model 
parameters include cracking strain εcr=160με, Young’s modulus E=20GPa, normalized 
transition strain α=80, normalized compressive strength ω=12, post-cracking stiffness 
η=0.003. For UHPC specimens, these values are εcr=230με, E=47 GPa, α=90, ω=20, 
η=0.004, as indicated in Figure 8(a). Strain hardening was demonstrated in both systems 
while UHPC showed much higher crack and ultimate tensile strength due to improved 
matrix properties and use of steel fibers. Use of ductile PVA fibers in SHCC results in more 
pronounced ductility in tension and flexure. The tension models in Figure 8(a) are used to 
construct the moment-curvature relationship and the deflection equations. The applied load 
is obtained from static equilibrium of a 4PB beam while the mid-span deflections are 
obtained from curvature. The simulated load-deflection responses are compared with 
experimental results in Figure 8(b). Deflection hardening are showed by both materials in 
bending due to distributed flexural cracking. The analytical model agrees well with the 
experimental data. 
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Figure 9. (a) Geometry of the cross section of UHPC beams, b) beam and loading 
geometry, c) Normalized moment-curvature relationship, d) comparison of load-

deflection responses between simulation and experimental 
 data for ρ=0.94%, and ρ=1.50%.. 

 
In the second simulation test results of hybrid reinforced concrete beams with UHPC and  
combinations of rebar and steel fiber tested by Yoo and Yoon, (2015). The beams with a 
cross section of 150 mm by 220 mm are tested under 4PB and span of 2200 mm are shown 
in Figures 9(a) and 9(b). Effect of longitudinal reinforcement ratio was evaluated at 0.94% 
and 1.50%. Two distinct types of smooth and twisted steel fibers at volume fraction of 2% 
were used. Figure 9(c) shows the normalized moment-curvature responses and Figure 9(d) 
compares the predicted and experimental load-deflection responses for of ρ=0.94% and 
1.50%, respectively. The basic material parameters used in the model include Young’s 
modulus E = 47GPa, first crack tensile strain εcr = 180με. Other model parameters shown in 
the Figure. Note that the proposed model provides conservative estimation for this class of 
materials, a preferred feature from the design perspective.  
 

4.- CONCLUSIONS 
A procedure for the design of blended components of UHPC was developed for using 
quaternary cementitious materials. The blending procedures use packing and rheology 
optimization approach to blend high performance mixtures using non-proprietary 
formulations. Tension hardening and multiple cracking behavior were obtained by the 
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deflection hardening mechanisms and energy dissipation in flexural members made with 
UHPC was documented. An analytical model based on serviceability limits for design of 
FRC and UHPC members is presented. Load-deflection responses are obtained using 
moment-area method or in closed-form by means of a linearized moment-curvature and 
double integration. The proposed models were verified by several experimental studies. 
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