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ON THE COLLISIONAL ONE-COMPONENT PLASMA
DIELECTRIC FUNCTION

Summary

Asymptotic properties of the collisional one-component plasma dielectric function in the random-phase (RPA)
and Mermin approximation, with a constant collision frequency, are analyzed from the point of view of the
verification of sum rules. The latter are the power frequency moments of the loss function, a positive even function
of frequency directly related to the imaginary part of the inverse dielectric function. The zero moment is shown to
coincide with that of the RPA, the f-sum rule is satisfied, and the fourth moment sum rule is verified only partly,
without taking the correlations into account. These drawbacks of the Mermin model expression for the dielectric
function define the realm of applicability of this approximation.

Keywords: static structure factors, sum rules, method of moments.
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Introduction. Modelling of the dielectric function g(k, a)) (DF) or the inverse dielectric function, &' (k,a))

(IDF) of Coulomb systems is actively discussed in the literature, in particular, because the corresponding loss
function,

L(k,0)=-Ime" (k,0)/ ©>0, N
which is even for V@ € R, determines the polarizational stopping power of such systems [1].
The Lindhard dielectric function [1] of a collisionless one-component plasma, &, (k s a)) , was generalized by

Mermin [2] and later, by Das [3] who used the distribution function variation method, to take the collisions into
account in the relaxation-time approximation. Mathematical properties and different versions of the Lindhard DF
were further considered in a number of elaborate publications, see e.g., [4, 5].

In the present work we study the asymptotic properties of the RPA and Mermin dielectric functions. Precisely,
we wish to determine here whether the sum rules (other than the f~sum rule) are satisfied by these models.

Though the derivation of the Mermin dielectric function,

(@+iv) (&g, (k0 +iv)—1)
Expa (K0 +iV)—1
Exps (K,0)—1

guarantees the conservation of the local number of charged particles, this model is valid only in the first order in the
total electrostatic potential energy and presumably cannot be applied to describe the properties of the plasma liquid

Ey (k,a))=1+ )

w+iv

phase at any corresponding value of the coupling parameter " = ,362 / a, where ﬂfl =k,T is the system

— 4 ——
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temperature in energy units and @ =</3/47xn is the Wigner-Seitz radius, n being the number density of charged

particles, and at any degeneracy. Nevertheless, it is actively employed lately under extreme physical conditions, see,
e.g., [6, 7].

The collision frequency V is determined, e.g., by the Spitzer formula [6] or in the general Green-Kubo context
[8]. We will be proceeded with the discussion of the influence of the dynamic collision frequency (see [7] and
references therein) elsewhere.

1. The asymptotic expansion and the sum rules. Since the definition of the dielectric function of homoge-

neous non-magnetized (multi-species) plasmas is just D(k, a)) = g(k,a))E(k,a)),and the «cause» is the external
field/displacement D(k,®) the IDF is a genuine response function, i.e., the Kramers-Kronig relations are definitely

valid for this function:

2 Imeg™ (k,a)) d_a)

k,w)=1 _ I 0.
& (k,w) +J; L > 3)
or, particularly,
F dw
(k,0)=1+P | Ime™" (k,0)—, 4
&' (k,0)=1+ _[Omg ( a))ﬁw 4)

P standing for the principal value of the integral.
Consider the convergent sum rules for the IDF &' (k, w), which are effectively the first three finite non-zero
power moments of the loss function [9]:
1 0
C (k) ==[dL(ko)do, 1=0,2,4,
Tz, )
Co(k) =1-&"(k,0), C,=w;, C,(k)>0.

Consider also the characteristic frequencies,

o (k)=C,/Cy(k)=w, /1= (k,0), @,(k)=\C,(k)/o,. (6)

It is important that the explicit forms of these characteristics can be derived independently of a particular DF or IDF
model of an equilibrium plasma.
The expression for the zero moment follows immediately from (3) and (4):

1 ¢ Ime™ (k,0 B
Co(k):—;J‘%daFl—g1(k,0)>0. )

Then, it is easy to see that
. . 17 L(k,o)do
Y w)=e  (k.0)+— | 221"
¢ ( ’W) ¢ ( ’ )+71_J; l-w/w

and thus construct the IDF asymptotic expansion along any ray in the upper half-plane,

b (8)

0 2
_ _ 1 o (w
e (kow—>o) = & (k,0)+— [| 1+=+| = | +- |L(k0)do= ©)
W e, w o \w
2 2 2
o ook
:1+_§+%()+.... (10)
w w
Within the RPA the static dielectric function is defined as
4

k/2+pd
k/2—-p

Eppy (k£,0) =1+

Tpfm(p)ln‘

ragk’
~1
Here ap is the Bohr radius and f} ( p) = [exp( PBE ( p) - 77) + 1] is the Fermi-Dirac distribution density with

E ( p) =n’ p2 / (2m) . The dimensionless chemical potential 77 = Sy is defined by the normalization condition,

K

172

(77) = %DM with
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F :_[ x"dx ’
0 exp(x—n)+l
2 272 2 2 \23
D =BE, = pmup/2= pi’k;/2m= B (3z°n) /2m, (11)

where Fv (77), E r» Up, and kg are the V-th order Fermi integral, Fermi energy, velocity, and wavenumber,
respectively.

In the Mermin approximation &), (k,a) = 0) = Eppy (k,()) , i.e., the zero sum rule is not satisfied since the
static IDF & (k, 0) (related via the fluctuation-dissipation theorem to the system dynamic structure factor) takes the
correlations into account while &, (k, 0) does not.

Notice also that the second moment is exactly the f-sum rule (C, = a)i ). We provide also an explicit expression

for the 4™ moment. In a coupled OCP (see [9] and references therein):

C, (k)= [1+W,(k)]. (12)
and the correction of the fourth moment contains only two contributions:
W, (k)=V(k)+U (k). (13)

The first contribution is produced by the kinetic term of the system Hamiltonian, in the classical case V(k) coincides
with the known Vlasov contribution to the dispersion relation, ¥, (k) =3k" / (472'}’162 B ) The second contribution

to the fourth moment stems from the interaction contribution to the system Hamiltonian:

U(k)= 2 [ 7 (S(p)-1) £ (k). (14)

27%n

2 (k2= p2Y
where we have introduced the angular factor f’ ( D, k) = % - ﬁc -+ ( 2 li ) ln| P +]]z
p p-

I and the static structure

factor S(k).
Let us now study the power moments of the OCP model dielectric functions.

The RPA dielectric function asymptotic form for Imw > 0 was determined in [5]:
Exps (koW —>0) =

2 2 4 6
~1-22 1+A2(k)(kUFj +A4(k)(kUFj +0 (k“F] : (15)

w w w w
where A4, (k) = a)iV(k) / kzui and

272 474
A(k)zéFm(n)+ 'k 5F3/2(77)+1_5hk
4 772 2 2 5/2 4 4
2 D dm,v. D 4 mjv,
We conclude that, as expected, within the RPA the sum rule (12) is satisfied only partially, without taking the
correlation contribution U(k) into account.
The Mermin loss function satisfies the f~sum rule by construction. The situation with the fourth sum rule is quite

different. It is not very difficult to calculate the high-frequency limit of the fourth power moment integrand to see
that if the collision frequency is kept constant,

' o’lme,, (k,0))| v
lim| — 3 =—,
W—>0 a)p a)p

which means that in the «classical» Mermin approximation the fourth power moment of the loss function diverges
and the corresponding sum rule (12) is not satisfied at all. In other words, the asymptotic expansion of the Mermin
model DF with a constant collision frequency is just

ey (kyw—o0)=1-—L. (16)

—— 48§ ——
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This behavior takes place because at high frequencies the imaginary part of the Mermin DF is determined by the
imaginary part of the product (1 +iv/ a))(SRPA (k, w+ iv) - 1) and is reduced to the rational form (—Va)i /& )’

which significantly differs from the corresponding exponential factor characteristic for the RPA. This latter factor
with the zero asymptotic expansion guarantees the convergence of all power moments of the RPA loss function,
while in the Mermin approximation only the second power moment «survivesy.

Numerical results. In this Section we wish to check the numerical importance of the above drawbacks of the
Mermin approximation of the OCP dielectric function. It is clear that in a TCP the inconsistencies of the Mermin
model will reveal themselves even stronger, we hope to demonstrate it in our further publications.

We have estimated the static collision frequency as it was suggested in [8]:

0 2

J' dk [See (k)Su (k) _Sei (k)j'
k (1+4°4])

where the partial static structure factors were obtained within the HNC approximation [10] for the Deutsch

pseudopotential,

Y~ 02387

a)p 0

, amn

o, (r)=2,2, (62 /r)[l—exp(—r /2, )] (18)
without the exchange corrections,
, _ pr’ __m,ny
ab _Tﬂab, Hap = m +m,

The values of the moments C, (kF), C,, and C, (kF) presented in Table 1 were calculated for

n=10"cm™ (r,=2.5256). The values marked «HNC» were obtained within the HNC approximation for the

pseudopotential (18) and those marked «Mermin» were evaluated by direct integration of the power moments of the
Mermin loss function. As it was expected, the f~sum rule is satisfied by the Mermin model with a high precision. The

deviations of the Mermin power moments C, (kF) and C, (kF) from the sum rule values are quite significant.

Table 1 — The values of the moments

B =5 eV B =10 eV B =100 eV
Moments HNC Mermin HNC Mermin HNC Mermin
C, 0.8163 0.4835 0.5396 0.2944 0.0813 0.0071
C,/ @’ 1.0000 1.0004 1.0000 1.0004 1.000 1.004
C,/ o' 3.4101 4.9582 5.0299 6.8365 35.690 40.068

We believe that these deviations once more stress that the Mermin IDF is not exactly a response function. This
question deserves further investigation.

Conclusions. It is shown that even the «collision-corrected» Mermin approximation does not satisfy the exact
sum rules and other exact relations valid for one-component plasmas.

In other words, the realm of applicability of some widely used approximations is established.

The problem to be studied soon is to which extent the above defects of the Mermin approximation might
influence the utility of the Mermin model for the calculation of the stopping power of strongly coupled plasmas at
finite temperature [11].

Acknowledgement. This work was partially supported by the Spanish Ministerio de Ciencia e Innovacion under
Grant No. ENE2010-21116-C02-02. The authors acknowledge the financial support of KazNU and I.M. T. is grateful
to the KazNU for its hospitality.
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