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ROBUST AR REPRESENTATIONS OF OCEAN SPECTRA

By
Josep R. Medinal, Member ASCE, and carlos R. Sanchez-Carratala?

INTRODUCTION

Numerical simulation techniques of stochastic processes

defined by a continuous variance spectrum are used to solve
problems in the area of engineering mechanics, as well as
structural and ocean engineering. Borgman(1969) was the first to
introduce the two basic linear simulation techniques in maritime
engineering: wave superposition and filtering of white noise.
Recently, Funke and Mansard(1987) have presented a complete
review of the wave generation techniques wused in physical
modelling . of maritime structures; they pointed out the
relationship between modern wave generators and the corresponding
numerical simulation techniques. Although simulations by wave
superposition are extensively used, the design of linear filters
for efficient simulation have been receiving increasing interest.
Spanos and Hansen(1981) introduced a method for determining the
AR parameters corresponding to a given ocean spectrum. Samii and
Vandiver(1984) presented a method based on ARMA filters for
simulating forces on offshore structures. Some other authors have
proposed different methods for estimating the parameters of ARMA
models associated with ocean spectra which can be also extended
to multi-variate and multi-dimensional stochastic processes.

The first objective of this note is to justify a reasonable

criterion for qualifying the goodness of fitting the transfer
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function of a proposed ARMA model to a target ocean spectrum.
once the criterion to qualifying simulators is stablished, the
existing techniques to define ARMA models are analyzed. As a
result, a new robust AR representation arise as the natural basic

element for ARMA representations of ocean spectra.

FILTERING OF WHITE NOISE
vumerical simulations of a stochastic process described by

its variance spectrumn, Sﬂ(f)’ can be obtained by filtering white

noise through a linear filter. The technique consists of
calculating the parameters of an ARMA filter whose transfer
function corresponds to the given target spectrun of the
stochastic process. The ARMA model is described by

TE e p q
nN(nAc) = zy = - 3 ak Zp-x + ¥np + I by ¥poq (1)
k=1 m=1
in wrich z, is the generated time series; wvp is a white noise
with variance owz; {ax)} are the p autoregressive parametersj and
{bp)} are the (¢ moving average parameters. The spectrum of the

simulations generated with the ARMA model given by Eq. 1 is

q = .
|1+ 2 by exp(~j2rfndt) |2
. , m=1
S(£) = 20y5?At|H(£) |2 = 204¢At _ , (2)
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in which H(f) is the frequency response function of the Filter;
Simulations by filtering white noise require a reliable
methodology for determining the ARMA parameters that fit the
target spectrum. A process considering only the autoregressive

parameters and referred to as AR(p) is described by

p )
n(nAt) = zy = - ¥ ay 2p-x *+ Wp (3)
k=1

Spanos and Hansen(1981), Spanos (1983) , and Spanos and
Mignolet (1986) presented succesive methods for calculating the

parameters of the AR model corresponding to a target ocean
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spectrum, Sp(f). specifically an eight-term Taylor expansion of
the exponential term of the P-M spectrum was used while trying to
avoid the stability problems. 1

The Yule-Walker ecuations applied to the theoretical |
autocorrelation function are the basis for estimating classic AR’
representations of ocean spectra. Fig. 1 shows a typical spectrum
corresponding to an AR representation (dotted line) of a target;
JONSWAP spectrum (solid 1line). 1In spite of the sharp peaks%

observed, the classic method accurately fits the low order

spectral moments (mg, mq, My, «en) where
[m

m, = | £V 8, (£) df (4)
0

However, the precise fitting of spectral moments shown by

the classic AR representations does not guarantee an acceptable
transfer function for practical applications in maritime]
engineering. The sharp peaks of the transfer function will
significantly modify the mean group lengths, variability of
variance, and other important aspects of the sea wavei
simulationsi

[Insert Fig.1l]

CRITERIA TO QUALIFY ARMA REPRESENTATIONS&
A variety of methods to determine ARMA representations have

peen proposed. Sometimes it is easy to discriminate petween
acceptable and unacceptable ARMA representations, such as those
shown in Fig.l1 . However, when the quality of the representation
increases, it is not easy to decide which is the best model.
Medina and Sanchez-Carratala(1988) introduced a hierarchic order
of spectral parameters for qualifying the goodness of fitting a
model to target ocean spectra. This hierarchic order appears to
be a reasonable basis to establish a useful criterion to qualify
ARMA representations. A reasonable qualification criterion is not
only convenient to select the best ARMA model among alternatives,
but also necessary to reject poor ARMA models for ocean

engineering applications.



For most common applications of simulation techniques, the

variance of the process, oﬁ%=md, is the most important sea wave

characteristic. The variance is related to the mean value of the’

squared wave height, the mean value of the flux of energy, and

other basic characteristics of the irregular waves. Therefore, it

is reasonable to affirm that any ARMA representation of ocean

spectra must fit exactly the variance of the process to be

modelled. From a practical point of view, this condition may be'

achieved by selecting awzfin Eq.2 to fit the target variance, and

also by checking the whiteness of the source of white noise used

in the simulation.
once the variance of the target spectrum has been fitted,

the mean value of wave periods appears to be the second most

important characteristic of sea waves  for most applications.
According to Hudspeth and Medina(1988), the mean period of the
orbital motion of a point floating in the sea surface is given by |
Tp1=Mg/my . Therefore, one should keep in mind that the relative
error of the first spectral moment of the ARMA spectrum in Eq.2

will be the same as the relative error of the mean wave period of

the corresponding simulations.

once the target variance is exactly fitted (mg) , and the
mean wave period is approximately fitted (m7), attention should
be paid to the spectral peakedness. According to Medina and
Hudspetr(1987), the mean wave group length and the variability of
variance are highly sensitive to the spectral peakedness
characterized by
2mq [m

Qe=
! m03 J 0

in which Q. is a dimensionless spectral peakedness parameter.

Snz(f) af (5)

Many ocean engineering applications require an appropriate

description of wave group lengths, correlation between

consecutive wave heights, and variability of variance. For these

cases, one should take into consideration that the relative error

of the coefficient of variation of 2z, s of the simulations is

approximately ‘one half the addition of the relative errors of Qg
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and mq of the ARMA spectrum. Additionally, the relative errors of
the mean wave group lengths and the correlation between
consecutive wave heights are approximately the same as the
relative error of Qo of the ARMA spectrum.

Finally, it seems reasonable to try to fit the second
spectral moment, m,. For applications in which the joint
distribution of wave heights and periods were important, one
should take into account that the model proposed by Longuet-
Higgins (1975) depends on the dimensionless spectral parameter

ﬁiks%£=(m2m0/m12~1). Therefore, the errors of m, and mp will alter
the p.d.f. of wave periods of the simulations.

A reasonable general criterion to gqualify ARMA
representations of ocean spectra is to demand first an exact
fitting of the my ARMA spectrum to the target variance, and then
to calculate the relative errors of mq, Qp, and my. If the three
errors show values below the acceptable levels for the
particular application, the ARMA representation can be accepted.

Otherwise, it should be rejected.

ROBUST AR REPRESENTATIONS
Most proposed ARMA representations of ocean spectra are

based on a classic AR representation, using the Yule-Walker
equations on the theoretical values of the autocorrelation
function. A typical AR representation of ocean spectra shows the
sharp peaks noted in Fig.l. One could expect that by increasing
the order of the AR model, better representations would be
obtained. However, by selecting larger p, the corresponding
Toeplitz matrix gradually becomes ill-conditioned, generating
spectral shapes with sharp deviations around the target function.
The classic method accurately fits the lower order spectral
moments when possible, but it does not fit the spectral
peakedness.

The unacceptable sharp peaks for most common applications
and the instability problems shown by the classic method are

related to the fact that theoretical ocean spectra show very low
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values in the low frequency range. This problem may be avoided by
considering that real ocean spectra are the common theoretical
spectra with a modicum level of white noise. This reasonable
consideration generates robust AR representations of ocean
spectra; +the Yule-Walker equations can then provide stable
solutions with insignificant errors for practical applications.
The addition of white noise with a variance about 0.0025-mg
allows for an acceptable flttlng of the AR transfer function to
JONSWAP type spectra (y“i to 10) with only 15 to 30 parameters.
Using robust AR representations as a basis, the authors have
found that most proposed techniques to design MA and ARMA models
for ocean spectra are 51gn1f1cantly improved. b

- Although not publlshed in current llterature, it has come to
the authors attention that some researchers have introduced in
their oral presentatlons the idea that the addltlon of white
noise to P—M spectra is-a ‘com;outatlonal trlck or a numerical
manoeuver to avoid -instability and not a break through in the-
mathematlcal basis for-the- s;mulatlon procedure. On ‘the contrary,
the proposed techn1que=¥eifirmly based from a mathematlcal point

of view. It must be considered-that the following inequality

[m Lo ZNFITE

J log(Sy(£)] Af » ~w - (6)
0 :

is a necessary condition for the existence of a finite AR
representation of a stochastic process and has also been
associated wih the existence of sharp peaks of the transfer
function of an AR representation as well as with the ill
conditioning of the autocovariance matrix used in fitting an
autoregre551ve model. A\

The propose&Q‘eddltlon f a modicum level of white noise
solves the failure to fu;&flﬁqu.G by the ocean spectra commonly
used, and is acceptable for all practical applications in
engineering design. Real wave records from the ocean and
hydraulic laboratories in fact contain large levels of

uncontrolled noise.
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CONCLUSTIONS

A general criterion to qualify ARMA representations of ocean

spectra 1is presented. An objective criterion to qualify
simulators becomes the key element to justify the selection and

rejection of ARMA representations for practical applications. A

‘heﬁjtechnique to calculate robust AR representations appears to

be the natural engineering solution to avoid the instability and
poor results provided by classic methods. The addition of a
modicum of white noise (0.0025-1mf) in the theoretical JONSWAP
type spectra has proved to be sufficient eﬁoﬁgh\‘to generate
robust AR representations. Said ~representations .-are free of
instabilities and show an\excellent qualification in accordance
with the general criterion justified for most ocean engineering

applications.
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LIST OF CAPTIONS

FIG. 1.~ Classic and Robust AR(30) Spectra Compared to the Target
JONSWAP Spectrum (y=3.3; f{=0.1 Hz;At=1 sec; H&=4 m).
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ABSTRACT

An objective general criterion is given to qualify ARMA
representations of ocean spectra. A new technique to calculate
robust AR models appears to be the natural solution to avoid the
instability and poor results provided by classic methods. An

addition of modicum white noise to JONSWAP spectra has shown

excellent results.
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