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Abstract

This paper extends both the deterministic fractional Riemann-Liouville integral and the Caputo
fractional derivative to the random framework using the mean square random calculus. Char-
acterizations and sufficient conditions to guarantee the existence of both fractional random op-
erators are given. Assuming mild conditions on the random input parameters (initial condition,
forcing term and diffusion coefficient), the solution of the general random fractional linear differ-
ential equation, whose fractional order of the derivative is & €]0, 1], is constructed. The approach
is based on a mean square chain rule, recently established, together with the random Frobenius
method. Closed formulae to construct reliable approximations for the mean and the covariance
of the solution stochastic process are also given. Several examples illustrating the theoretical
results are included.

Keywords: Random mean square Riemann-Liouville integral, random mean square Caputo
derivative, random fractional linear differential equation, random Frobenius method.

1. Introduction

The goal of this paper is twofold. Firstly, to extend some important concepts and results that
belong to the deterministic fractional calculus to the random framework using the so-called mean
square approach. Secondly, to show some applications of the mean square random fractional
calculus to solve fractional differential equations with uncertainties. To start with, we will give
a motivation of our study in connection with the different available approaches to deal with
differential equations with randomness.

Nowadays, it is widely accepted that the behaviour of many physical phenomena is governed
by chance. Thus, it is not appropriate to describe them just using deterministic physical laws
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but considering the randomness into the physical formulations. In this regard, it is well-known
that the trajectory of a rocket is determined by the randomness of the initial speed; the electric
power exhibits visible irregular changes that behave irregularly; the value of assets in financial
markets is often very volatile, just as a few examples where it is reasonable to consider uncer-
tainty. From this point of view, it is natural to take advantage of the powerful effectiveness of
deterministic differential equations for describing physical phenomena and consider uncertainty
in their formulation. This leads to two different approaches, namely, stochastic differential equa-
tions (SDEs) and random differential equations (RDEs). While there is still in the scientific
community a wrong tendency to treat these two terms as synonymous, it is important to point out
that they are distinctly different and they require completely different techniques for analysis and
treatment [1]. The main difference between SDEs and RDEs comes from the kind of the uncer-
tainty that is considered in the formulation of both equations. On the one hand, SDEs are forced
by an irregular stochastic process such as a Wiener process (also termed brownian motion). This
is a gaussian stochastic process whose sampled trajectories are nowhere differentiable. Solving
SDE:s requires of a special stochastic calculus, usually referred to as It6 Calculus, whose corner-
stone is the Itd6 lemma [2]. On the other hand, RDEs are those in which the random effects are
manifested directly via the input parameters (coefficients, source terms and initial and boundary
conditions). Under this approach it is assumed that input parameters possess milder or regular
sample behaviour (e.g., sample continuity or sample differentiability, etc). Apart from gaussian
distribution, many other important probability distributions are allowed to have the input param-
eters (binomial, Poisson, beta, gamma, etc). This latter feature makes RDEs very attractive when
modelling physical phenomena since they permit the consideration of uncertainty in their formu-
lation. Both SDEs and RDEs have demonstrated to be powerful tools in dealing with important
theoretical and practical mathematical problems (see [3, 4] for SDEs, and [5, 6, 7, 8] for RDEs,
for instance).

Throughout this paper will be considered RDEs only. Some recent contributions about RDEs
are [9, 10, 11, 12]. It is important to point out that there are different approaches to deal with
RDEs, but in these pages we will follow the so-called mean square approach [8]. This approach
is based upon a strong stochastic type-convergence, termed mean square convergence, whose
main advantage is that the results established in mean square are also valid in other important
types of stochastic convergences, namely, convergence in probability and convergence in distri-
bution. Additionally, the mean square convergence possesses a distinctive property, which will
be used in this paper (see Proposition 10), that makes it especially suitable to construct reliable
approximations of the mean and variance of the solution stochastic process of RDEs. Some re-
cent papers where RDEs are studied using the mean square calculus are [13, 14, 15, 16], for
instance.

Over the last few decades deterministic fractional differential equations are having an impor-
tant impact on both the theory and applications of mathematics. Despite their physical meaning
of the fractional derivative is not still clear, fractional differential equations are gaining influ-
ence in mathematical modelling because their success in modelling phenomena having a micro-
scopic complex behaviour whose macroscopic dynamics can not be properly described using the
classical deterministic derivative. Some areas where deterministic fractional differential equa-
tions have demonstrated to be useful tools include Viscoelasticity Materials, Fluid Flows, Solute
Transport, etc., [17]. Many author attribute the success of fractional differential equations to the
fact that many of the physical processes related to complex systems possess non-local dynamics
involving long-memory in time, and the fractional integral and fractional derivative operators do
have some of those characteristics [17, 18, 19]. So, it is natural to introduce randomness into the
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mathematical formulation of fractional differential equations. While a number of contributions
have dealt with fractional SDEs [20, 21], for example, to the best of our knowledge there is a
lack of study regarding fractional RDEs. Some noteworthy exceptions have been recently pre-
sented in [22, 23]. In these two contributions interesting existence and uniqueness results, based
on the so-called sample path and L”-approaches, for initial value problems formulated through
fractional RDEs have been presented.

Finally, it is important to point out that there is a number of fractional derivatives such as
Caputo, Riemann-Liouville, Griinwald-Letnikov [24, 25]. In this paper we will only consider
the Caputo derivative since we are interested in constructing a mean square solution to the gen-
eral fractional linear first-order differential equation with random coeflicients and random initial
condition. The Caputo fractional derivative has the key property of allowing to express initial
conditions in terms of the classical derivatives.

This paper is organized as follows. Section 2 contains the main results related to the so-
called L?-random calculus, also termed mean square calculus that will be required throughout
this paper. In Section 3, we extend the concept of the fractional Riemann-Liouville integral
and fractional Caputo derivative to the mean square random calculus. Characterizations of these
two important random fractional operators, in terms of the correlation function of the involved
second-order stochastic process, are explicitly given. Section 4 is addressed to show how the
random Frobenius power series method can be applied to successfully solve the complete random
linear fractional differential equation under very general hypotheses and assuming randomness
in all its input parameters (initial condition, forcing term and diffusion coefficient). General
explicit formulaes for computing accurate approximations of the mean, variance and covariance
functions of the solution stochastic process to the complete random linear fractional differential
equation are given in Section 5. Section 6 is devoted to exhibit several illustrative examples.
Conclusions are drawn in Section 7.

2. Preliminaries about mean square random calculus

For the sake of completeness, henceforth we will summarize the main definitions and results
that will be used throughout this paper. A comprehensive survey of them can be found in [2,
ch.1], [26, ch.XI], [8, ch.4] and [27]. A complex random variable (RV), X : Q — C, defined
on a complete probability space (Q, &, P) is said to be of order p > 1 (p-RV, for short), if
E[|X|’] < +oo0, where E[-] denotes the expectation operator. The space L”(Q2) of all p-RVs
endowed with the norm

X1, = (E[IX1P])"7, (1)

is a Banach space [2, p.9]. The convergence in L?(€2), usually called convergence in p-th mean,
it is naturally inferred by the p-norm (1), i.e., a sequence of RVs {X,, : n > 0} in L?(Q) is said to
be p-th mean convergent to X € L?(Q) if, and only if, ||IX,, — X, — 0. Given 0 # U C R,
a family of RVs indexed by u € U, X(u) = {X(u) : u € U} is called a stochastic process (SP).
Throughout this paper, we will take U = [0, +oo[. If E[|X(u)|’] < +co for each u € U, then
X(u) is said to be a p-stochastic process (p-SP, for short). The definitions of p-continuity, p-
differentiability and p-integrability of p-SPs in L?(€))-spaces are the usual ones derived from the
p-norm (1) in Banach spaces. A significant case corresponds to p = 2. In fact, it can be seen that
(L*(), |I1ll,) is a Hilbert space with the inner product

X, Y)=E[IXY]], X, YeL*Q),
3
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IXIly = +/E[IXP] )

The convergence associated to this ||-||,-norm is usually referred to as mean square convergence.
Hereinafter, X, ™, X will denote a sequence, {X,, : n > 0}, of RVs in L?(Q) such that is mean

n—+oo

square convergent to X as n — +oo. As it shall see later, the Schwarz’s inequality
E[XY] <X YL, XY eL*Q), 3)

will be used extensively throughout the paper. Another important inequality that will be subse-
quently applied is the Jensen’s inequality. If f : R — R is a convex mapping and X is a RV,
then

fEXD <E[f(X)]. “)

provided all the above involved moments exist.

Although mean square convergence is an important type of stochastic convergence, some
basic operational rules do not fulfil unless additional hypotheses are assumed. Now, we prove a
result in this respect that will be required later.

Proposition 1. Let X be a bounded RV in L2(Q), i.e., there exist constants x; and x, such that
x1 £ X(w) £ xp, for all w € Q, and let us assume that Z,, converges in the mean square sense to

Z. Then, XZ,, —> XZ.

n—oo

Proof. Let x = max{|x;|, |x2|} < +o0, and observe that
0 < (IXZ, - XZIL? = E[IXPIZ, - 2P| < BPE[1Z, - 2P| = |3 (12, - ZIb)* — 0,
since {Z,} converges in the mean square sense to Z as n — +oo. Then, the result is proved. [
Another property that will be used throughout the paper is the following

Proposition 2. /28, p.92] Let f,g : R — R be measurable mappings and X,Y : Q — R
independent RVs. Then, f(X) and g(Y) are independent RVs and

E[fG0sM)] =E[fCO]E [¢()],
provided the above expectations exist.

As we shall see below, the concept of mean square differentiable 2-SP will be required for intro-
ducing the random mean square fractional Caputo derivative. We recall that a 2-SP {X(«) : u €

U} has a mean square derivative % atu € U if

Xu+1)-X dx
lim w+7) @) - @) =0, wu+tel.
-0 T du 2
Higher order mean square derivatives, denoted by % = X®(), n > 1, are defined analo-

gously.

When two o more RVs are involved, statistical dependence is an important matter. To deal with

statistical dependence it is convenient to introduce the definition of correlation function. If X(u)

is a 2-SP, then for each u;,u, > 0, the two-dimensional deterministic function I'y(u,u,) =
4
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E [X(u;)X(uy)] is called the correlation function associated to X(u). The correlation function
I'x(uy, uy) of a 2-SP X(u) always exists since

ICx (u1, u2)| = [E [X ()X ()] < E[IX )X @)l] < IX@ollz 1X ()]l < +oo. ®)

Notice that in the latter expression, we have applied first the Jensen inequality (4) with f(x) =
|x|, which is a convex function, and secondly, the Schwarz’s inequality (3). Finally, since
X(u1), X(up) € L*(Q), hence the norms || X(u;)||, and || X(u,)||, are finite.

We point out that many mean square properties, such as ||-||,-continuity, ||-||,-differentiability
and ||-||,-integrability of a 2-SP, say X(u), can be directly characterized through its correlation
function 'y (uy, uy) [8, ch.4].

Apart from the correlation function, other important functions that will be used in the subse-
quent sections to study the statistical dependence of the involved RVs are the covariance function,
Cx(uy, up) of 2-S.P. X(u), and the cross-covariance function, Cyx y(u;,u), of two second-order
SPs X(u) and Y (). These functions are defined by

Cx(uy, u2) = I'x(uy, up) = E[X(u)JE[X(u2)],
Cxy(ur, u2) = E[X(u1)Y(u2)] = E[X(u)]E[Y (u2)],

respectively.

We have seen that the mean square derivative of a 2-SP, say X(u), and its higher order ones, if
they exist are also 2-SPs. It can be shown that their correlation functions are determined simply
in terms of the correlation function of X(u) [8, p.97]. Specifically, if X(u) is n-times mean square
differentiable, then

Ty (ur, up)
Ty (uy,up) = ———. 6
xoo (U1, Ua) ol o (6)

The following result gives a characterization of the existence of the mean square Riemann
integral of a 2-SP, in terms of the existence of a two-dimensional integral involving the correlation
function of the 2-SP.

Proposition 3. ([8, Th. 4.5.1]) Let g(u,w) be a deterministic Riemann integrable function on
the real interval u € [c,d], for everyw € ‘W C R, and let X(u) be a 2-SP. Then, the 2-SP defined
by

Y(w) = fdg(u, wXw)du, weW,

exists if and only if, the deterministic double Riemann integral

d
fd f g, gz, W)y, ) dur i,

The following consequence of the previous proposition will be used later.

exists and is finite.

Remark 1. In the particular case that w = d € ‘W C R in Proposition 3, the RV

Y=Y = fg(u,d)X(u)du
K
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is well-defined as a 2-RV, if and only if, the deterministic double Riemann integral

i
f f gt d)g(uz, d)Tx(uy, u2) duy i,
C C

exists and is finite.

A key result, that will be used in this paper to construct a random generalized power series
solution to the random fractional linear differential equation with a random initial condition, is
the following chain rule [29]. This rule allows us to compute the mean square derivative of a
2-SP resulting from the composition of a differentiable deterministic function and a mean square
differentiable 2-SP.

Theorem 1. Let g be a deterministic continuous function on [ay, ay] such that g’ (t) exists and is
finite at some point t € [ay,az]. If {X(v) : v € V}isa 2-SP such that

i) The interval ‘V contains the range of g, g(la,az]) € V.

ii) X(v) is mean square differentiable at the point g(t).

dX)
dv

iii) The mean square derivative of X(v), is mean square continuous on V.

Then, the 2-SP, X(g(1)), is mean square differentiable at t and the mean square derivative is given
by

aXg@) _ dXo)
dr v h=gr®

Also connected with the previous result and, as it shall be seen later, we will require to apply
the mean square derivative of a random power series in order to formally construct the solution
of the random fractional linear differential equation with a random initial condition. For this
purpose we will use the following result:

Proposition 4. [30, p.1260] Let V C R be an interval, m > my > 0 a non-negative integer and
{Un(v) : v eV, m>my} be a sequence of 2-SPs such that

i) Uy(v) is mean square differentiable on V.

ii) The mean square derivative, U, (v), is mean square continuous on V.
iii) UW) = Xpsme Un(v) is mean square convergent on V.
V) Ymsme Un(v) is mean square uniformly convergent on V.

Then, the 2-SP, U(v), is mean square differentiable at every v € V and

U= UL ).

m=myg

Throughout this paper, I'(a) and B(ay, ;) will denote the deterministic Euler gamma and
beta functions, defined as

I(a) := f e v ldy, a>0, (7
0

+
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1
Banai= [ 1= anar >0, ®)
0
respectively. These special functions are related by the following well-known relationship

_ Te)l(az)

B N - )
(a1, 2) @ + an)

a1, qy > 0. (9)

The so-called duplication formula of the deterministic gamma function
[a+1)=al(a), a>0, (10)

will also be required later. Although these functions and relationships can be extended for «,
a; and a; lying in the whole complex plane except the negative integers, here they will only be
applied when @ > 0, @; > 0 and a; > 0. Also, the following asymptotic approximation to the
gamma function will be need later [31, pp. 227]

I'(x+1)~x*e™ V2rx, x— +oo. (11)

Notice that this approximation is just a generalization of the celebrated Stirling’s formula.
We conclude this section by stating a technical result related to the convergence of double
series that will be applied to develop the numerical examples exhibited in Section 6.

Proposition 5. [32, Lemma 9.1, ch.9] A double series 3,5, 2insn, Gmn IS absolutely convergent
if and only if the following conditions hold

(i) There are (my,ng) € N X N and ay > 0 such that

M N
Z Z lamn| <@g forall M > my, N > ny.

m=mq n=ng

(ii) Each row-series and each column-series are absolutely convergent.

3. Mean square random fractional differential and integral operators

This section is addressed to introduce the random Riemann-Liouville fractional integral and
the random Caputo fractional derivative in the mean square sense. As it shall see later, both
random fractional operators extend their deterministic counterparts. Their definitions are based
on the random mean square calculus. Firstly, we give the definition of the mean square random
Riemann-Liouville fractional integral.

Definition 1. Let D = [a,b], —0 < a < b < +o0, be a finite interval of the real line, R.
Let {X(¥) : t € D} be a 2-SP. The random mean square (left-sided) Riemann-Liouville fractional
integral of X(1), 15, X, of order a > 0 is defined by

4%, X) (1) := Lf(z—u)HX(u)du, teD=labl], (12)
() J,

where T'(@) denotes the deterministic gamma function given in (7).
7
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Notice that the integral that appears in the right-hand side of (12) is understood in the mean
square Riemann integral sense introduced in Section 1.

Remark 2. Analogously to Definition 1, we can define the random mean square (right-sided)
Riemann-Liouville fractional integral of a 2-SP, X(¢), as

1
T(a)

Throughout this paper, the random mean square (left-sided) Riemann-Liouville fractional inte-
gral will be used only.

Keeping the notation of Definition 1, and applying Remark 1 with the following identification
d =t € D an arbitrary but fixed number and g(u, d) = (d — u)*~' /T(«), one deduces the follow-
ing characterization of the existence of the random mean square (left-sided) Riemann-Liouville
fractional integral of a 2-SP {X(¢) : t € D}.

b
(T X) (@ = f (u— )" X(u) du.

Proposition 6. Let {X(¢) : t € D} be a 2-SP with correlation function Ux(:,-). Then, its random
mean square (left-sided) Riemann-Liouville fractional integral, denoted by (J;, X)(t), @ > O,
exists in the mean square sense if, and only if the following deterministic double Riemann integral

f f (t = 1) (t = )™ TgCaty, ) ity sy (13)

exists and is finite for each t € D.

Now we give a sufficient condition in order to guarantee the existence of random mean square
(left-sided) Riemann-Liouville fractional integral, (J%, X) (¢).

Proposition 7. Let @ > 0 and {X(¢) : t € D} be a 2-SP such as

f(t — )" IX ()|l du < +c0. (14)

Then, the random mean square (left-sided) Riemann-Liouville fractional integral (J§, X)(t) exists.

Proof. By Proposition 6, it is enough showing that the double deterministic integral (13) is
absolutely convergent. This follows by applying inequality (5) and Fubini’s theorem

! !
f f | =)™ (¢ = u2)" " Tx(uy, u)| duyduy

< f f (&= )0 = 1) (X )l X )l iy i

=( f (t = )" 11X ()l ds) ( f (t — )" IX(ua)ll, dua
f 2
=( f (t—u)*! ||X<u>||2du) < +00.

Notice that in the last step we have used hypothesis (14). [

Apart from the fractional Riemann-Liouville integral, in the deterministic scenario it is also

useful the concept of fractional derivative. In the subsequent development we introduce the

definition of the random (left-sided) fractional Caputo derivative, in the mean square sense. Thus,

we firstly give a characterization of its existence, and secondly, a sufficient condition in order to
guarantee its existence, in the mean square sense.
8



221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242

Definition 2. Let D = [a,b], —c0 < a < b < oo, be a finite interval of the real line R. Let
{X(®) : t € D} be a 2-SP. The random mean square (left-sided) Caputo fractional derivative of
X(1), (CD2, X)(t), of order a > 0 is defined by

@ n—-a n 1 ' n—a— n
(06 X) 0 1= (1" XV) 0 = =05 f (1 ="' X" ) du, (15)

where n = —[—al, being [-] the integer part function and, X" (t) denotes the n-th mean square
derivative of the 2-SP X(¢).

Naturally, the integral that appears in the right-hand side of (15) is a mean square Riemann
integral.

Remark 3. Analogously to Definition 2, the random mean square (right-sided) Caputo fractional
derivative of a 2-SP {X(¢) : t € D = [a, b]}, —o0 < a < b < o0, is defined as

(“Dy_x) (1) —(JZ_"X(”))(I)— f (u = 1" X" () dut.

Applying Proposition 6 to the 2-SP X (¢) and using the relationship (6), one straightforwardly
gets the following characterization on the existence of the random mean square Caputo fractional
derivative of a 2-SP, X(¢), that is n-times mean square differentiable.

Proposition 8. Ler {X(f) :t € D}, —0 < a < b < oo, be a 2-SP n-times differentiable with
correlation function Tx(-, -). Then, its (left-sided) Caputo fractional derivative, (CDngX) ), a>
0, exists in the mean square sense if, and only if, the following deterministic double Riemann

integral
T
ff(t—u Y (AP & X(ul’u2)d 1duy
auﬂa n

exists and is finite.

On the one hand, if we assume that the 2-SP {X(?) : t € D} is n-times mean square differentiable,
then applying (5) to its n-th mean square derivative, X (¢), which is also a 2-SP, one gets

T, u2) < [ X[, [|X* o), -

On the other hand, using an analogous reasoning that was exhibited in the proof of Proposition 7
yields

! !
f f | = w7t = u2)" ™ T (e, w2)| duy ey

! !
< f f (= up)" (e = )| X ) || | X )|, duy duy

t 2
_ ( = v, du) .

Then, the following result has been established:
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Proposition 9. Let @ > 0 and {X(¢) : t € D} be a 2-SP n-times mean square differentiable such
that

I3
f (= uy" | X" )|, du < +oo.
a
Then, the random (left-sided) Caputo fractional derivative, (CDZ +X) (1), exists.

Example 1. Let X(r) = At*", t € [0,T], T > 0,0 < a < 1, m > 0, and assume that A is a
bounded RV (hence A € L*(Q)). Then, X(¢) is a 2-SP

(IX(IR)* = E[A*P"] = 2" E[A®] < +oo,

since E [Az] = (||lAll)* < +00. Moreover, X(t) is mean square differentiable and its mean square
derivative is given by X' (t) = amAt™™!

2 am _ Aam 2
(qu LRGN X,(t)' ) & I(A(t A A,am_l) }
2

h

t+ h)* — ™ >
] (P amet) o,

since E [Az] < 400 and g(t) = t*™ is a deterministic differentiable function whose derivative is

amt® 1. Finally, according to Proposition 9 withn = 1, a = 0, we need to check the following
deterministic integral

! !
f(t —u)™® ||amAu(zm—lH2 du = am|Al|, f (- u)—aumn—l du
0 0

is convergent. Since ||All, < +oo, it is enough to show that the last integral is finite. To this end,
let us make the change of variable: u = vt, then using the definition of the beta function (see (8))
and its relationship with the gamma function (see (9)), one gets

i3 1
f(t _ u)—auam—l du = ta(m—l)f vam—l(l _ v)—adv
0 0
=" DB(am, 1 - a) (16)

_ qatn-n TlamI(l = @)
- T(am—1)+1)

Moreover the value of the random mean square Caputo fractional derivative of X(t) = At™ is
given by

1 g amA !
Cna - am—1 -a, am—1
Dy X)) = —/——— t— A du= — t— du. 17

(06X) 0= s [ 6= amaw™ du= S [t a)
Observe that the commutation between the mean square integral and the RV A that we have done
in the last step is legitimated because A is a bounded RV (see Proposition 1). Finally, substituting
expression (16) into (17) and using property (10), one gets the following closed expression for
the random (left-sided) Caputo fractional derivative of X(t)

[07

1
C na _ mA a(m—1) am—1 - ., _ Flam +1)
( D0+X) = ml jo‘ v (1-v)%dv=A

10

Tam—1)+1)

a(m—1)
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4. Solving the random linear fractional differential equation by the mean square general-
ized Frobenius method

This section is devoted to construct a solution SP to the random fractional linear differential
initial value problem (IVP)

y, t>0, O<a<l,

18
fo. (18)

{ (DY) () - ¥ (1)
Y(0)

where 8y, A and y are RVs defined in a common complete probability space (2, ¥, P) satisfying
certain conditions to be specified later (see hypotheses H1-H2). The solution SP will be con-
structed by extending the Frobenius method to random fractional differential equations using the
random Caputo fractional derivative, that we have previously introduced. The aforementioned
extension will be done using the mean square random calculus.

We will seek a solution SP to the random IVP (18) of the form

Y(0) =) Xut™, 0<t<T, T >0, (19)

m=0

imposing that it satisfies the random fractional differential equation. Notice that coefficients of
series Y(¢) have been denoted by X, instead of Y,,,. This fact will be apparent later. As expression
(19) is a generalized random power series, in order to take advantage of the mean square random
calculus for standard random power series

X0) =) X", 0<v<T? T>0, (20)

m>0

let us consider the following expression for the random fractional derivative of the generalized
random power series (19), in terms of the standard random power series (20),

(°Dg.Y) (0 = (DG x) (™) = (35 Z) @), @1

where Z = Z(t) = (X(¢*))’ denotes the mean square derivative of the SP X(f) compounded with
the deterministic function #*. Observe that in agreement with (15), the notation (Jé:" Z) (1) in
(21) stands for the the Caputo fractional derivative of Z(f) witha = 0 and n = 1.

Let us assume that for 7 fixed in [0, T'] the following conditions C1-C2 fulfill:

C1 : X(v), given by (20), is a mean square differentiable at v = t*. Moreover,

X/(ta) — Z meta(m—l)' (22)

m>1

dX(v

C2: ) is mean square continuous on v € [0, T].

g([0,T]) = [0,T*] € [0,T*]. Then, by Theorem 1 X(g(¢)) is mean square differentiable at # and
its mean square derivative is given by

As 0 < a < 1, it follows that V = [0, T“] contains the range of g(¥) = 1%, i.e., g([a;,a]) =

Z(0) = Y' () = (X)) = at®™ ' X (1) (23)
11
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2
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299

300

301

(Xm+lr(a(m + D+ 1)

Xll"(a/+1)—/1X0—y+Z X

_ ABo+y _ Al (am + 1) m
T T+ 1) il _lg(a(m+1)+l) mo =

Therefore, substituting (23) into (21) and taking into account (15), one gets

(“Dg.Y) (1) = (1" 2) (0

1 (04 a— ! (04
F(l—a) (t—u) (au 1X(u ))du

1 _ - (24)
(l _ I/t) @ a—1 meuoz(m 1) du
F( 1-a) { mzz;

1 am-—
F(l—a) (—u) {Zameu 1]du.

m>1

We will further assume that the following condition is satisfied

C3 : The random generalized power series Y.,,51 mX,,#*"~! is mean square uniformly conver-
gent on the domain 0 <t < T.

Then, the integral and the infinite sum that appear in (24) can be commuted, and applying the
results shown in Example 1, expression (24) can be written as

t

1

(t _ u)auwmldu)
0+

I'lam+1) a(m-1)
= Z( "Ham-D+1) ) (25)
v (x T+ D+,
— 4\ Tam+ 1) '

It is important to point out that conditions C1-C3 will be checked once the RVs X,,, that
define the random power series (20), are determined for the random IVP (18). With this goal
and using the Frobenius method, we impose that the random generalized power series solution
(19) satisfies the random fractional differential equation given in (18). Substituting formally
expressions (19) and (25) into (18), one gets

r 1)+1
(XWM ) A X =

I'lam+1)

m=>0

- AX,, |t -y =0,
T'lam+1) ) 7=0
( Ia(m+1)+1)

mil T

_ X am —_ .
INam+1) A ) =0

m>1

Therefore, a candidate solution SP of the form (19) to the random IVP (18) can be constructed if
the coeflicients X, are chosen so that they satisfy the following recurrence

>1
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314

315

316

317

318

319

320

321

322

where, we have used that the initial condition is Y(0) = Xy = By. The recursive application of
this relationship yields

"By + A"
X, = 2P Y Lo Xe=pe
I'am+1)

Summarizing, a candidate random generalized power series solution to the IVP (18) is given by

X 1 _ /’lﬂ’lﬁo
Y() = XA, XG)= Y XuV"+ Y KoV, where { Fam s+ 1) (26)
m=0 m>1 Xno = —y ,
’ I'lam+1)
that is,
/lmﬁo /lm_]’)/
Y(r) = — "+ " 27
® Zr(am+1) I'am+1) @7
m>0 m>1
Remark 4. The so-called Mittag-Leffler function
Zm

E., = = eR, a,v>0, 28
2(2) n;)l"(am—kv) Z a,v (28)

plays a key role in the investigation of deterministic fractional differential equations. Looking
at the expression (27), which is a random generalized power series, it is suggested a strong
connection with the Mittag-LefHler function and the solution found using the random generalized
Frobenius technique, namely,

Y (1) = BoEa, 1 (A) + y1% Eq q41(A17).

Notice that the study previously performed provides sufficient conditions on the RV A in order
to extend the Mittag-Leffler function to the random framework since it is well-defined in the
Banach space (L), |I]l,) introduced in (2).

So far, we have formally constructed a random generalized power series solution to the random
IVP (18), which is given by (27). Henceforth, we will prove that it is really a rigorous solution by
checking that conditions C1-C3 hold. This will be done for a rich enough class of RVs, denoted
by €, that contains significant RVs and that enables us to construct accurate approximations for
another important RVs that do not belong to the class €. These issues will be discussed later.

Definition 3. A RV, X, is said to belong to the class € if, and only if; there exist positive constants
L > 0and H > 0 such that

E[IX|"] < LH" < +c0, VYm > 0. (29)
Remark 5. Notice that condition (29) is equivalent to

E[IX"] =OH™), H>0,m>0, (30)
where O(+) stands for the Landau symbol. Observe that every RV of class € is a 2-RV.

13
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Remark 6. It is important to point out that this class of RVs has already been used successfully
to deal with the analysis of some classical (non-fractional) random differential equations [33, 34].
As it is shown in [33], bounded RVs belong to the class €. Hence, relevant RV such as binomial,
hypergeometric, uniform, trapezoidal, beta, A-distributed, etc., are of class €. While important
unbounded RVs like Poisson, exponential, gaussian, etc. can be approximated by truncating
appropriately their domain, that is, using bounded RVs.

Now, we are going to legitimate the conditions C1-C3 we have imposed to formally con-
struct the random generalized power solution (27). Hereinafter, we will assume the following
hypotheses:

H1 : The input data By, y and A are independent 2-RVs.
H2 : A belongs to the class € introduced in Definition 3.

Observe that hypothesis H2 entails that
Bolly < +e0, Iylly < +00, [l < VLH™ < +00, ¥m 20,

being L and H the positive constants introduced in Definition 3. The above bound for 2™ follows
from the definition of the ||-||,-norm given in (2) and (30)

7], = IE [|/l|2m] < VLH?m = VLH" < +00, VYm>0. 31

To check condition C1 we will apply Proposition 4 to the two series defined in (26). Specif-
ically, for the first series in (26) we apply Proposition 4 with the following identification: mgy = 0,
U,n(v) = X,,1V". Firstly, we prove that, for each m > 0 fixed, X,,,,1 (V) := X, 1V" = (A"Bo)/ T (a@m+
1))V is mean square differentiable at v = 1*, being X;, | (1) = mA"Bov*"~V /T (@m+1) its is mean
square derivative. Indeed, observe that for every v such that 0 < v < T, T > 0, one gets

X1 (1 + h) — X 1 (2 ,
0 < [ X ) 1 )—Xml(t”)
h ’ 2
am A"
:80 (la + h)m _ ﬂ() am
_ || T@m + 1) llem+1)  mad"By fatm=1)
- h I'lam+1)
2
/lmﬁo (t(l’ + h)l‘ﬂ — t(l/m a,(m_l)
_ - mt
Tam+ 1) ( h " , G2)
l (tl}’ + h)m _ tmn _1
— /lm _ ta(m )
127 Boll» Tam+ 1) 7 m
o 1 (t(x + h)m — gam e
= 11k Wolly o5 [ —— — "
(m . 1 @ + )™ — o™ —
< VLH" Bolly 5= ' h - mit S5 0,

where in the step (I) we have applied the hypothesis H1 of statistical independence of RVs Sy

and A together with Proposition 2 using the definition of the ||-||,-norm in terms of the expectation

operator; in step (II) we have directly used (31) and, finally for the last limit we have used that
14
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358

359

the deterministic function h(v) = V" is differentiable at v = ¢* and that Sy is a 2-RV, hence
l1Bolly < +oo.

Secondly, we need to prove that for each m > 1 fixed, X/ (V) = mA"Boy™” YT (am + 1) is
mean square continuous at v = ¢*. This can be checked by followmg an analogous reasoning to
the one exhibited in (32)

X ()],
m/l’”ﬁo(t" + h)m 1 B m/lmlgota(m—])
I'(am+ 1) T'lam+1)
A
H m BO ( + h)m—l _ tar(m—l))
I'am+1) 5
et m—1 a(m—1)
= 14" Boll, ﬁ |+ hy"t = 2
m m—1 _ a(m—l)
= 12”112 IBoll, F(— |t + i) |
m—1 _ wm—l
< VLH" ||Bolly = Tam |(f +h) ( )| — 0, t<T, T>0,

where in the last step we have applied that the deterministic function v"*~! is continuous at ¢*.
Thirdly, we shall check that the random power series },,50 Xm.1(V) = 2,0 Xm.1 V" is mean square
convergent for every v : 0 < v < T®. To do that we will majorize the deterministic series
om0 ||X,,,,1(v)||2 = Ym0 ||X,,,1||2 V" by a convergent series. With this goal, let us observe that

1

" < NLH" |Bolly ———— = 6,(v), 0<v<T® T >0.
2 I'(am

+1)
(33)
Then, using the test ratio for numerical series together with the asymptotic approximation of the
gamma function given in (11), one gets

6"“_1("):11(11 M)

m
motoo T(@(m + 1) + 1)

m
sl = | s

lim

m—+oo (V)

H

(am)am —am W )
i (a(m " 1))a<m+l> o) \ZraGn £ 1)

am 1 m
H (03 — O
( m+1 (a(m+1))a\/m+1)ev
m
=H =0,
(mem (a(m T \m+ 1)V
where we have used that

1 am —am

m am

lim( ) — lim = lim (14— =e@.
m—+co \m + 1 m—+oo| 1 4+ 1 m—+oo m

m

(34)

This proves the mean square convergence of the random power series ),,-0 Xn.1v" defined in

(26) for every vin 0 < v < T. Fourthly, we shall prove the mean square uniform convergence

of the random power series 3,50 X, l(v) D1 mX,,,ylv’”‘l, being X1 = A"Bo/T'(@m + 1) on
15
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the domain 0 < v < 7%, T > 0. As the reasoning is analogous to the one exhibited in (33)—(34),
we just show it directly

m—1

T o
"1 < mVLH" — =
) Vi <m 1Boll, Tam+1) >

A"Bo
T'lam+1)

5 1 1
im 27— gl im 2T =0
m—+oo 5m m—+o0o (a(m + 1))“ m

All this justifies that the random power series ).,-o X;,.1V" is mean square differentiable at v = 1.
By using similar arguments, one can prove that the second power series 3,1 Xy 2" in (26) is
mean square differentiable at v = #*. Both conclusions allows us to affirm that the random power
series X(v), defined in (26), satisfies condition C1. As a consequence, by applying Proposition 4
the mean square derivative (22) assumed in C1 is legitimated. Based upon similar arguments, it
can be shown that X(v) also satisfies conditions C2 and C3.

Summarizing, the following result has been proved

el =

and

Theorem 2. Let us consider the random fractional linear differential initial value problem (IVP)

{ (CDg.Y) (1) - AY ()
Y(0)

vy, t>0, O<a<l,
Bo,

where the input data satisfy the following hypotheses:

H1 : The input data By, y and A are independent RVs.

H2 : The input data B, y and A are 2-RVs, and there exist positive constants L > 0 and H > 0
such that
E[A"] £ LH" < +c0, ¥m > 0.

Then,
=3 AP g Ay
~= T(am+1) — I'am+1)

am
is a mean square solution to the IVP that converges for all t > 0.

5. Computing approximations of the mean, the variance, the covariance and the cross-
covariance functions of the solution stochastic process

So far we have provided sufficient conditions in order to guarantee the mean square conver-
gence of the solution SP defined by the random generalized power series (27). However, from a
practical point of view this infinite series needs to be truncated to keep computationally feasible.
This motivates the consideration of following finite sum (see (26)—(27))

0
YM(t) = Xm,ltam + Xm,Zt(lm = — "+ —_— " (35)
= — I'lam+1) I'lam+1)

m=0 m=1

From this expression we will compute approximations of both the mean and variance/standard
deviation functions of the solution SP given in (27). The following property of the mean square
convergence will play a key role to legitimate the computation of approximations.

16
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Proposition 10. [8, p.] Let {Xy : M > 0} and {Zy : N > 0} be two sequences of 2-RVs such that
Xu = XandZy = Z.Then
—+00 —+00

E[XuZy] v E[XZ].

Firstly, let us observe that taking ¢ € R arbitrary but fixed, and using the following identification
Xy = Yy (2) for all M > 0, being Yy, (?) the partial sum defined in (35) and Zy = 1 forall N > 0
in Proposition 10, then one deduces

ElYu()] — E[Y@), (36)

since we have proved the mean square convergence of Yy, (f) for every ¢ € R. Likewise, applying
Proposition 10 with M = N and Xy, = Zy = Yy(¢) for all M, N > 0, being Y,(¢) the partial sum
defined in (35), and taking into account that V[Y,,(¢)] = E[(Y3;(£))*] — (E[Ys(1)])? together with
(36), one gets

VIYu (0] el VIY(@)]. (37)

Expressions (36) and (37) legitimize that the approximations E[Y,,(¢)] and V[Y),(#)] of the mean
and the variance, respectively, constructed by Y, (¢) given in (35) will converge to the corre-
sponding exact values. At this point, we want to emphasize that this distinctive property of mean
square convergence is what has really justified the use of this strong type of convergence in our
study against alternative stochastic convergences like almost surely convergence, convergence in
probability and convergence in distribution, which do not have such key property. Below, we
shall provide expressions for E[Yy,(#)] and V[Yy,(¢)]. With this goal, let us take the expectation
operator and using its linearity property together with the hypothesis H1 of independence for the
input RVs 3y, v and A and Proposition 2, one gets

M

M Efam E Am—l
B0 = Blfo] ). o Lot 4 By Y ool
m=0

(am+1) — I'lam+1) (38)

As
VIYu(®)] = E[(Yu ()] - EIYu O],

in order to compute the variance of (35) it is enough to determine an expression of E[(Y,,(?))?] in
terms of the statistical moments of the input RVs 3, v and A. To achieve this goal, let us consider

17



107 the following development
M /lm,B M /lm_l’)/ 2
E —Otam + —ta/m
(n;)r(am+l) ;F(am+l) ]
2 2
~ I'am+ 1) — I'am+ 1)
% /lmﬁo m o /lmil’y fom
o F(am +1) o I'(am+ 1)
M m-1

[ Zm] - E[ m+n] o(mn
=E[(Bor’| (Z Cam+1) 2; ;1 Tlam+ DMan+ 1) | )]

M E[ /12(m—l)] M m-1 ]E[/l’””_z] a/(m+n)]

" E[yz] [m; I2(am + 1) £+ Z Z I'(am + DI'(an + 1)t

m=2 n=

E[(Ya(1)’] =

=E +E

+ 2K

(39)

M M E [/lm+n—l]
2E E Uz(m+n)’
*2E1BoJED] ;) z:; Tlam+ Dlan+ 1)’

ws where the hypothesis H1 has been applied.

409 If we choose the input RVs Sy, v and A satisfying the hypotheses H1-H2, then since we
40 have proved the unconditional mean square convergence over the whole real line of the random
411 generalized power series SP (27), it is guaranteed that the approximations of the mean and the
412 variance of the solution SP, Y(#), to the random IVP (18), given by (38)—(39), will converge to
4z the corresponding exact values for every 7 € R.

414 We finish this section by giving further probabilistic properties of the solution SP, Y(¢). These
ss properties will also be constructed from the truncated series (35). First, we will calculate an
416 approximation of the cross-covariance function of the solution SP. With this aim let us consider
a7 M,N > 1,t,s € R and the following development based on the properties of the cross-covariance
«is operator together with the expression (35)

Cyyy (8, 8) = Cov [Yu (1), Yn(s)]

—COV[ZXmltdm+ZX 217, ZX 1S‘"’+Zans }
" m=0
=),

M N
(COV[Xml,an fam an‘{'ZZCOV[Xmls ”2]tamsan

Mz

m=0 n=0 m=0 n=1

M N M N
Fam gan am an
+ZZCOV[X11127 nl + (C m27 ]t s,

—_
S

m=1 n= m=1 n=

419 where each one of the four covariances that appear in the last double sum can be computed in
w20 terms of the input data. For example, taking into account (26), the hypothesis H1 of indepen-
w21 dence of RVs 8y, y, and A, one gets
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431

Cov [Xm,l, Xn,l] =E [Xm,IXn,l] -E [Xml] E [Xn,l]
_ Elmer] Eg] E[B]
" T(am+ Dl(an + 1) B I'lam+ 1) I'(an+ 1)
~ E [/lm+n] E [(ﬂO)Z] . o) [/lm] E [/ln] (E [BO])Z
- I'(am + DI(an + 1) ’

In an analogous manner, it can be seen that

(E[am=t] - ELM E[41]) E[Bo] E [y]
T'(am + DI'(an + 1) ’

Cov [Xm,l R X,,,Q] =

(E[ame] —E [ |E[2"]) E[Bo] E[y]

(C Xm ’Xn = >
OV [Xn2, X1} Tam + Dl(an + 1)

and
e P

T'lam+ DI'(an+ 1)

Particularizing the expression Cy,, y, (¢, s) when

(COV [Xm’g, Xn,Z] =

e s = t, one obtains the covariance of the random approximations of order M and N at the
time instant ¢ of the solution SP.

e M = N, one obtains the covariance of the random approximation of order M at the two
time instants ¢ and s of the solution SP.

e M = N and s = ¢, one obtains the variance of the random approximation of order M at the
time instant ¢ of the solution SP. This expression is equivalent to the one determined by

19



432 (38)—(39). Specifically,
VIYu@®)] = Cy, y,(t.1)
U U EE[B0)?] - ELE [ E[Bo])
B ZZ I'(am + DI'(an + 1)
MU (B[t =B E (27 E[Bo] E
4 Z Z ( [ ] ("] [ ]) [’BO] [’Y] t(r(ern)
I'lam+ DI'(an + 1)

M M (E [/l"”n_l]—E[/lm_l]]E[ﬂn])EW()]E['y] somen
+;ZO T(am + Dl(an + 1) e

t(x(m+n)

. i i E I:/lm+n—2] E [72] - E [/lm_l] E [/ln_l] (E [7])2 ta(m+n)

I'lam+ DI'(an + 1)

S ol 1 V) R
:E[('BO)Z]ZZ @ns D@

=

M

g R E[A"]
2 am an
~ (E{fol) (Z F(am+1)t ](; F(a/n+1)t ]

i J (E [/lm"'”_l ]) ta(m+n)

4 F((xm + Dl(an + 1)

M m M E /lnl
_EWO]E[ ]( E[2"] om )[ZF([ ]t(m]

= (a'm+1) an+ 1)

L IE[/l’"”’*l] a(m+n
+Ew°]E[7ZZ (am+1)l"(om+l)t( )

n=

/lm 1 o M E[ n] .
Tam+1) 1) ][Zg Tlan+ 1) ]
2 M M [/lm+n 2] )
a(m+n
+E[7] ;Z (am+ Dian+ 1)’

e (e B
)2{ 1Iﬁ(am+1) ][;F(an+l)t”t )

—E[ﬂo]]E[Y (

=1

s 6. Some illustrative examples

(40)

434 This section is devoted to show two examples in order to illustrate all the theoretical results
a5 previously established. In particular, through the subsequent examples we want to highlight two
s key features of our study. Firstly, the method works successfully when A is a RV that belongs
w7 to the class € introduced in Definition 3. Specifically, in the first example (Example 2) we will
«s consider that A is a bounded RV, thus it belongs to the class € (see Remark 6). Secondly, the
w9 technique can also be applied to obtain reliable approximations when A is an unbounded RV
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and it is approximated by an appropriate truncated (thus bounded) RV. This approach is very
useful from a practical standpoint since explicit closed expressions for the statistical absolute
moments of many RVs are not available. In such cases, checking condition (29) is either very
difficult or simply impossible. This issue will be illustrated in the second example (Example 3).
Additionally, in the Example 2 we will further check that the convergence of the mean and the
variance (equivalently, the standard deviation) take place over the whole real line, i.e., for every
t € R. Although this fact is already known from the theoretical results previously established,
we think that the analysis is very instructive.

Example 2. Let us consider the random fractional IVP (18) where By and vy are 2-RVs such that
1 1

E[Bo] = E[y] = 3 ViBol = VIyl = 5 (4D

Observe that, for the sake of generality instead of fixing specific probability distributions for

the RVs By and y, we have only specified values of their mean and variance. Hence, bounded
1-vV6 1+v6
2 22

and unbounded RV like a uniform RV on the interval [ ] a gamma RV of parameters

(ri;m) = (1/2;1), and a gaussian RV of parameters (u;0%) = (1/2;1/2), are allowed to play
the role of both RVs, for example. Furthermore, we will assume that A has a beta distribution of
parameters (b1;by) = (3/4; 1), i.e., A ~ Be(3/4; 1), hence A is a bounded RV on the interval [0, 1]
and, as a consequence, it belongs to the class € introduced in Definition 3 (see Remark 6). We
will assume that all the input data By, y and A are statistically independent RVs. Therefore, hy-
potheses HI-H2 hold and it is then guaranteed that the approximation Yy (t), defined in (35) via
a random generalized power series, will converge in the mean square sense to the exact solution
SP, Y(¢). Accordingly, both the mean and the variance (or equivalently, the standard deviation)
of the solution SP, Y(t), to the random IVP (18) can be approximated using the expressions given
in (38)-(39).

In Fig. 1, we have plotted the approximations of the mean and the standard deviation of
the solution SP to the random IVP (18) with a = 0.7 using different orders of truncations M €
{6,7,8,9,10,12,15,17,20}. For the sake of clarity in the graphical representation, we have
shown the results over two different time intervals [0, 5] and [0, 10]. From these plots, we observe
that in order to get better approximations over larger intervals the order of truncation M must
be higher.

It is known from our previous theoretical development (see Section 5) that these approxima-
tions of order M for the mean and the standard deviation will converge all over the whole real
line as M — +oco. Nevertheless, it is instructive to check this general result in the context of this
example. With this aim, below we shall check this fact. Firstly, let us recall that the explicit value
of higher moments of the beta distribution of parameters (by; b,)

by +n
E[1"] = A ~ Be(by; by),
| nb1+b2+ e(b1; by)

satisfies the following first-order recurrence relationship

b] +m
E{A™! = ————E[2"]. 42
[ ] b1 +b2+m [ ] ( )
Let us denote by
E[A™
el @) 1= ] jam 3)

F(am +1)
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the general term of the first deterministic series that defines the approximation of order M for
the expectation of the solution SP (see (38)). Then, applying the ratio test for numerical series
and using (42) and (34), one gets

et - E[A™!]  T(am+1)
m—+oo erln([) - m—+oo ]E[/lm] F(a(m + 1) + 1)

= gim (=2 ) L[ )e_g
_m~>+oo b1+b2+m m—+o0 (a(m+1))0‘ m+1 o

for every t € R arbitrary but fixed. Following an analogous calculation, it can be seen the
second sum in (38) converges over the whole real line as M — +oco. Observe that the above
reasoning proves the convergence of the approximation for the mean given in (38) not only for
the particular choice A ~ Be(3/4; 1) but for any values b\ and b, of the parameters to the beta
distribution.

In order to check the convergence of the approximation of the variance over the whole real
line in the context of this example, we will use the representation given in (40). Therefore, we
must justify the convergence, of the several series that appear in (40), for all t € R. However,
essentially there are two different types of such series, namely, single and double series. We shall
prove the convergence of the double series by applying Proposition 5. Let us define the general
term

102

(44)

_ E[A4™"] A > 0=mg, n>0=n, t€R fixed.
I'am + DI'(an + 1)

Since A has a beta distribution, observe that

amn

l l
E[""] = fo A F() A < fo fda=1,

being f)(A1) the PDF of A. Then, fort € R fixed one gets

M N M N
]E [Amﬁ—n]
|G| = |t|a(m+n)
mZ:;)”Z:(; mZ:;)nZ:(; I'lam+ DI'(an+ 1)
M N

|t|(lﬂ‘l |t|CKVl
<
N ZZ I'(am+ 1) T'(an+ 1)

m=0 n=0

_ i |t|a/m N |t|(l/l‘l
- ZiT(am+ 1) )\ & T(an + 1)

|t|0m |t|(m
= [Z I'am + 1)][Z I'(an + 1)]

m=0 n=0

= (Eq1(f))* == a0 >0, YM>my=0,VYn>ng=0,

where in the last step we have used (28). Therefore, condition (i) of Proposition 5 holds. For
the symmetry of the general term a,,,, it is sufficient to check condition (ii) of Proposition 5 for
the rows, for instance. Let us take n = i > 0 arbitrary but fixed, and let us consider the infinite
series
E [/lm+ﬁ]
I'am + DI(ai + 1)
22

|t|(l(m+f1)

Dlan), () =

m=0
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Figure 1: Approximations of the mean (top) and the standard deviation (bottom) of the solution SP to the random IVP

(18) with «
Example 2.

0.7 using different orders of truncations M over the time intervals [0, 5] and [0, 10] in the context of
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() . E[/lmm“] T(am + D(ah + 1) |fetm+D
m—+oo (1) T oot [ [Am*7] T(am + a + DI(af + 1) |r|eom+d)

. bi+m+n . 1 m
Y T L | N 4°=0, VieR,
(miTmb1+b2+m+ﬁ)(miTw (@m + 1))° m+1)||

where we have used (34) and (42). The convergence of the second kind of infinite series can be
checked directly taking advantage of the previous reasoning. Indeed, let us directly observe that

Z ]:E [/lm] tam
Tam+1) °

m=0

and the convergence of this series follows using the same argument showed in (43)—(44).

In order to complete the probabilistic description of the solution SP to the fractional IVP
(18), in Fig. 2 we have represented the correlation coefficient function of the approximation of
order M

Cryry (1, 5)

T VI X NV T

Pyy(t,$)

0.4 %%% /
I

Figure 2: Correlation coefficient function py,, (¢, s) of the approximation Yy (¢) of order M = 20 of the solution SP Y(r)
to the random IVP (18) with @ = 0.7 over the time domain (¢, s) € [0, 5] X [0, 5] in the context of Example 2.
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In Fig. 3, we have represented the approximations of the mean and standard deviation of the
solution SP for different values of the differentiation parameters a = {0.1,0.2,...,0.9, 1} taking
as order of truncation M = 20 over the time interval [0, 5]. The plot of the mean provides a nice
picture of the manner the solution SP varies as the fractional differentiation parameter changes
from 0.1 to 1. It is interesting to observe that the value of a = 1 corresponds to the classical first
derivative. Thus, in that case the plot shows the mean of solution SP to the classical random IVP
associated to (18), i.e.,

{ Y'(f) — AY(¢) v, t>0,
Y(0) = Po.

We finish this example exhibiting a critical analysis about the computation of the order of
truncation M required so that, given an admissible error € > 0, the finite numerical series
approximation of the mean, given in (36), is uniformly bounded by € in a bounded domain. Our
next critical reflection can also be extended to the standard deviation. Let by = |E[By]| and
¢ = |E[yl| and assume that

Ag € (0,1): Hit|* < g, (45)

being H the positive constant associated to the RV A, that is assumed to satisfy condition (29).
Observe that applying (36), (29) and (45), one gets

00

i E[/lm] E[/lm_l]
[E[Y(®)] - E[Yu®] = |E[Bo] ——— 1" +E[y] — "
m;ﬂ F(am +1) 4 Tlam+1)

[eS]

Z bo E[|4"] + c E[|lA™'] e

_m=M+] I'lam+ 1)
— boLH™ +c LH"!
<), = Tam+n 1
m=M+1
< (bo+5)LH"
= B rowees ran UM
) I'am+ 1) (46)
Hly|*)"
=(bo+ )t 2 r( . )1
H et (am+1)
c = q"
= (b() + —)L —_—
H m;ﬂ I'am+1)
C (o)
= (b() +—|L qm
H m§+1
M+1
- (bo N £)L .
H/ 1-¢q
Therefore, given an admissible error € > 0, if we take the order of truncation so that
(€1 -aH
(boH + ¢)L
M>|———=—1|+1, 47

In(q)

25



0
L
NN
NN
NN
N
AN\
d §§\ .
.

i
§ §
N

.
i
e
0N

[
§§
%

20

M

standard deviation (bottom) of the solution SP to the random IVP

Approximations of the mean (top) and the

Figure 3

20 over

., 0.9, 1} taking as order of truncation M

(18) varying the fractional differentiation parameter @ = {0.1,0.2, ..

the time interval [0, 5] in the context of Example 2.
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where [-] stands for the ceiling function, then it is guaranteed that

q 1/a
[ELY()] - E[Yy @l <&, VI < (E) .

In Table 1, we show the theoretical values for the order of truncation M computed by (47) taking
the same numerical data used to construct the approximations of the mean that we have plotted
in Figure 1, i.e., « = 0.7, by = ¢ = 1/2. Besides, observe that the values L = H = 1 and H satisfy
condition (29). Indeed, they can be easily deduced since for the beta RV A, E[|A|"] < 1 for all
m > 0. The figures collected in Table 1 have been determined over the domain (45) with g = 0.9,
ie.,

1/0.7
0<lt < (T) = 0.8602648, (48)

for different admissible errors € > 0. In Table 1 we also compare the theoretical values of M with
those, denoted by M, obtained from directed computations. Specifically, M has been computed
as the first value so that

[E[Y; (O] - El[Y;;_, (0] <&, Y0 <l < 0.8602648,

for a given value of € > 0. We can observe that the values of M are very conservative estimates.
The determination of the order of truncation M given in (47) has been based on majorizing the
error by a geometric series (see (46)). This restricts the analysis to the domain (45) (or equiva-
lently to (48)), which is contained within the unit interval (0, 1). Using appropriate bounds for
the remainder of Mittag-Lefller type-series (see (28)), Y\ ns>pm+1 2" /T (@m + v), the above analysis
can be carried out for the complementary domain of (45). Such appropriate bounds can be found
from the results shown in [31, ch.4]. Although, interesting from a theoretical standpoint, these
results have a limited value in practice, as it has already been pointed out.

€e=1073[e=10%]e=10"e=10"° [ e= 107"
M 87 109 131 152 174
M 8 10 11 12 14

Table 1: Theoretical values for the order of truncation M using different values of the admissible error € > in the context
of Example 2. These theoretical values are compared with those, denoted by M, obtained directly from our numerical
computations.

Example 3. In Remark 6 it has been pointed out that the truncation method is a useful technique
to approximate unbounded RVs [35, ch.V]. In practice, this approach is preferable that checking
condition (29) for particular probability distributions assigned to the RV A. Indeed, this latter
idea could be even unaffordable since there are RVs, such as binomial RVs, for which a closed
expression for their statistical moments are not available. Motivated by fact, this example has
been devised to illustrate the capability of the proposed method to compute reliable approxima-
tions of the mean and the standard deviations of the solution SP to the random IVP (18), in the
case that the RV A is unbounded but it is approximated by means of appropriate truncation. With
this aim, let us assume that A is an exponential RV of mean 1/, i.e., 1 ~ Exp(dy) and let us
consider its probabilistic approximation using the truncation method. We thus approximate the
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exponential RV A by means of another exponential RV, say 1 ~ Exp(Ay), defined on the finite
interval [0, a], a > 0, so that both RVs, A and A, have the same mean

L E[1] = E[A]. (49)
Ao

The PDF of RV A is
/lo eXp(—/lo/l)
foa ;10 CXp(—;lo;l) d;l '

FQ) = 0<l<a. (50)

Now, we determine the value of the parameter Ay satisfying condition (49)

1 Jy Ao exp(-2p) dA 1)
o foa Ao exp(—Apd) dA

In our numerical experiments we have taken a = 10 and Ay = 2. Thus, according to (51) Ay is
the root of the following nonlinear equation

1 - exp(~10p) = (1 = exp(=1020)(1 + 101p)) do. (52)

Using a numerical iterative method it can be checked that 1y = 1.9999999175537901 is the
solution of (52). In order to demonstrate the reliability of the approximations obtained for the
mean and the standard deviation using the approach previously described, we have computed the
relative error for the mean, RE(Mean), and for the standard deviation, RE(SD). These relative
errors have been calculated using the following expressions

[E[Yx(0)] - E[Y(D)]]

RE(Mean) = RE(Mean)(t; M) = BV )] , (53)
NEZOERa)
RE(SD) = RE(SD)(t; M) = 00 (54)

where E[? ()] and V[f/ u(1)] are the approximation of the mean and the variance, respectively,
of the solution s.p. Y(t) at the time point t using the expression (38) and (40), respectively,
with @ = 0.7, E[Bo] = E[y] = 0.5, as in the Example 1 (see (41)), and using the bounded RV,
A ~ Exp(lg = 1.9999999175537901 defined on the finite interval [0,6). Therefore, the higher
moments of A, that appear in (38), have been computed by

6
E[A"] = f A" £ dA,
0

being f;l(;l) defined in (50). While the exact mean and variance of Y(t) in (53) and (54), denoted
by E[Y(¢)] and V[Y(?)], respectively, have been computed using (38) and (40) by taking A ~
Exp(A = 2) and M = 20, for which the numerical stabilization of approximations has been
checked to be exact up to the nine first decimals digits.

In Tables 2 and 3 we show the numerical results for both relative errors. From the figures
collected in these tables we can see that the approximations for the mean and standard devia-
tions obtained using the proposed truncated method are very accurate. As it is expected, these
approximations improve as M increases for t fixed, while the accuracy decreases as t departs
from the origin for M fixed.
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RE(Mean)(t;M) t=0.1 t=03 t=0.5 t=0.7 t=0.9
M=5 2.7235-107° | 2.9732- 1073 | 3.6638 - 1072 | 3.1118-107! | 8.4798 - 1071
M=7 1.3773-107° | 7.4927 - 107* | 2.0926 - 1072 | 2.7211-107T | 8.2723 - 107"
M=10 1.6241-107% | 1.2648 - 10~* | 1.077-107%2 | 2.2707-107" | 7.8983 - 1071
M=12 3.6711-1077 | 4.4072-107 | 7.2343-1073 | 1.9819-107T | 7.5255- 107"
M=15 5.1902-107° [ 9.9181-107° | 3.7974- 1073 | 1.4757-107! | 6.4953 - 107!

Table 2: Relative error for the mean RE(Mean)(#; M) computed by (53) for different values of # and M in the context of
Example 3.

RE(SD)(t;M) t=0.1 t=03 t=0.5 t=0.7 t=0.9
M=5 8.2462 - 107> | 4.3389-10"T [ 9.9813-107" | 9.9960- 10°T | 9.9999 . 10T
M=7 6.4702-107° | 3.9683- 10" [ 9.9741-107T [ 9.9991-107T | 9.9999 - 10~"
M=10 1.8467-1077 | 6.3619- 107" | 9.9424-10"T | 9.9953- 107" | 9.9992 - 107"
M=12 1.4535-107% | 3.8055- 107" | 9.8742- 107" | 9.9826- 107" | 9.9959 - 107!
M=15 6.0470- 1077 | 3.3668 - 107" | 9.4612- 10T [ 9.8411-107T | 9.9352- 107"

Table 3: Relative error for the standard deviation RE(SD)(#; M) computed by (54) for different values of  and M in the
context of Example 3.

7. Conclusions

In the first part of this paper we have extended to the random framework the deterministic
Riemann-Liouville integral and Caputo derivative. This extension has been done in the Banach
space (L%(Q), ||-|l,) of the random variables and stochastic process of second-order, i.e., having
finite variance. This condition is often met for the majority of physical phenomena. An impor-
tant advantage of the aforementioned extension is that it remains valid for other Banach spaces
(LP(€), |Ill,), p = 2. Furthermore, an additional benefit of our approach is that our results have
been established using a strong stochastic convergence, namely the mean square convergence.
Therefore, our results are also valid when using another type of weaker stochastic convergences,
such that the convergence in probability and in distribution, which are used in many contexts. In
the second part of the paper, we have taken advantage of the results established in the first part
together with a mean square chain rule for differentiating second-order stochastic processes, to
construct a solution stochastic process of the general random linear fractional differential equa-
tion assuming mild conditions of the random inputs (initial condition, forcing term and diffusion
coefficient). Furthermore, we have given general explicit expressions for constructing reliable
approximations of the mean, variance and covariance of the solution stochastic process. Finally,
we have illustrated our main theoretical findings and the potentiality of our approach through
two examples. We expect the results and ideas provided in this contribution can be useful in
forthcoming extension of random fractional differential equations using the mean square random
calculus.
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